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2.2.5. Comparación con métodos del estado del arte . . . . . . . . . 7
2.2.6. Métodos de segmentación . . . . . . . . . . . . . . . . . . . . 7

2.3. Experimentos y resultados . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3.1. Bases de datos . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3.2. Resultados . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3.3. Limitaciones . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3. Análisis de incertidumbre 11
3.1. Antecedentes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.1.1. Ensamble de redes neuronales . . . . . . . . . . . . . . . . . . 12
3.1.2. Penalización de confianza . . . . . . . . . . . . . . . . . . . . 12

3.2. Métodos propuestos . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2.1. Calibración en segmentación de imágenes . . . . . . . . . . . . 12
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de WMH y LA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

v





Resumen

El análisis de imágenes médicas es fundamental para la medicina moderna. En
los últimos años, el aprendizaje profundo y particularmente las redes neuronales
convolucionales (CNN, del inglés Convolutional Neural Networks) han logrado gran-
des mejoras en el desempeño de las técnicas de visión computacional, permitiendo
automatizar tareas complejas. En esta tesis se avanzará en el desarrollo de técni-
cas y metodoloǵıas basadas en redes profundas, focalizando en tres aplicaciones en
particular: la segmentación de estructuras en imágenes médicas, la estimación de
incertidumbre y el seguimiento de mirada en video-oculograf́ıa para detección de
enfermedades neurológicas.

1. A pesar de su sorprendente habilidad para segmentar imágenes médicas con
gran precisión, algunas de las arquitecturas más populares de CNNs todav́ıa conf́ıan
en estrategias de postprocesamiento (como los campos aleatorios condicionales) para
incorporar restricciones de conectividad a las máscaras resultantes. En esta tesis, se
presenta Post-DAE, un método de post-procesamiento basado en autocodificadores
que incorpora plausibilidad anatómica a las segmentaciones generadas por distintos
algoritmos. Post-DAE aprende un espacio bajo-dimensional anatómicamente plau-
sible, y lo usa para imponer restricciones de forma durante el post-procesamiento de
máscaras anatómicas obtenidas con métodos arbitrarios. Además, se entrena única-
mente con máscaras anatómicas por lo que es independiente de la modalidad y la
intensidad de la imagen, logrando un enfoque flexible.

2. Las CNNs han demostrado estar mal calibradas y poseer un exceso de confian-
za en sus predicciones, incluso ante salidas incorrectas, convirtiéndose en modelos
poco confiables. Para superar esta limitación, en este trabajo se analizan dos enfo-
ques. El aprendizaje de ensambles ha demostrado no sólo potenciar el desempeño
de los modelos individuales, sino también incrementar su calibración. En este esce-
nario, la diversidad de los modelos es un factor clave que facilita a que los mismos
convergan a soluciones funcionales diferentes. En este trabajo se propone un nuevo
método de entrenamiento de ensambles que fomenta la diversidad de sus modelos
constituyentes mediante la incorporación de restricciones de ortogonalidad. Con la
incorporación de dos términos de penalización basados en la similitud coseno, se
regulariza el entrenamiento secuencial de los ensambles, obteniendo modelos mejor
calibrados y con un mejor desempeño predictivo.

Como un enfoque alternativo, se propone el método de entroṕıa máxima para
predicciones erróneas (MEEP), una estrategia de entrenamiento que penaliza selec-
tivamente la sobre-confianza de las predicciones erróneas. Para esto, se incorpora
un término de regularización que promueve el incremento de entroṕıa del conjunto
de ṕıxeles mal clasificados. Los resultados experimentales demuestran que asociando
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MEEP con las funciones de pérdida más conocidas se obtienen mejoras significativas
tanto en la calibración del modelo, como en la calidad de las segmentaciones.

3. Recientemente, el seguimiento de ojos mediante video-oculograf́ıa (VOG) ha
comenzado a utilizarse como herramienta para el diagnóstico de una amplia varie-
dad de enfermedades neurológicas y mentales. Para esta aplicación, se utilizan los
denominados métodos basados en caracteŕısticas, los cuales utilizan caracteŕısticas
extráıdas de imágenes de alta resolución tomadas sobre la región ocular. La principal
debilidad de estos métodos es que la cabeza del usuario debe permanecer estática
para evitar errores de estimación. En algunos pacientes, los movimientos involunta-
rios no pueden evitarse, y es necesario medirlos. En esta tesis, se abordó la medición
de la posición de la cabeza del usuario, como un primer paso para mejorar el segui-
miento de ojos en aplicaciones de alta precisión. Se diseñó una CNN de regresión
en cascada para estimar, en dos etapas, las coordenadas de la esquina del ojo. Por
último, se adicionó información temporal para mejorar la precisión y disminuir el
costo computacional. El desempeño se evaluó de forma cuantitativa y cualitativa,
obteniendo mejoras significativas.
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Abstract

Medical imaging is a fundamental component of the modern medicine and it has
become essential to have automated systems that can analyze and manage the large
amount of information available quickly and efficiently. In recent years, deep lear-
ning and in particular convolutional neural networks (CNN), have achieved great
improvements in the performance of computer vision techniques, allowing the auto-
mation of complex tasks. This thesis will advance the development of techniques and
methodologies based on deep networks, focusing on three applications in particular:
medical imaging segmentation, uncertainty estimation and video-oculography gaze
tracking for neurological disease detection.

1. CNNs proved to be highly accurate to perform anatomical segmentation of
medical images. However, some of the most popular CNN architectures still rely on
post-processing strategies (e.g. Conditional Random Fields) to incorporate connecti-
vity constraints into the resulting masks. Post-DAE, a post-processing method based
on denoising autoencoders, is introduced in this thesis to improve the anatomical
plausibility of arbitrary biomedical image segmentation algorithms. Post-DAE learn
a low-dimensional space of anatomically plausible segmentations, and use it to im-
pose shape constraints by post-processing anatomical segmentation masks obtained
with arbitrary methods. The proposed approach is independent of image modality
and intensity information since it employs only segmentation masks for training,
making the approach very flexible.

2. On the other hand, despite the astonishing performance of deep-learning ba-
sed approaches in medical image segmentation tasks, it has recently been observed
that they tend to produce overconfident estimates, even in situations of high uncer-
tainty, leading to unreliable models. Two different approaches were proposed in this
thesis to improve this limitation. Ensemble learning has shown to not only boost the
performance of individual models but also reduce their miscalibration by averaging
the independent predictions. In this scenario, model diversity has become a key fac-
tor, which facilitates individual models converging to different functional solutions.
In this work, Orthogonal Ensemble Networks is designed to explicitly enforce model
diversity by means of orthogonal constraints. A new pairwise orthogonality cons-
traint was resorted to regularize a sequential ensemble training process, resulting
on improved predictive performance and better calibrated model outputs.The expe-
rimental results show that the approach produces more robust and well-calibrated
ensemble models and can deal with challenging tasks in the context of biomedical
image segmentation.

As an alternative approach, Maximum Entropy on Erroneous Predictions
(MEEP) was proposed. MEEP is a training strategy for segmentation networks
which selectively penalizes overconfident predictions, focusing only on misclassified
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pixels. In particular, It was designed a regularization term that encourages high en-
tropy posteriors for wrong predictions, increasing the network uncertainty in complex
scenarios. The experimental results demonstrate that coupling MEEP with standard
segmentation losses leads to improvements not only in terms of model calibration,
but also in segmentation quality.

3. Recently, video-oculographic gaze tracking has begun to be used in the diag-
nosis of a wide variety of neurological diseases, such as Parkinson and Alzheimer.
For this application, the so-called feature-based methods are used. They use geome-
trically derived eye features from high-resolution eye images captured by zooming
into the user’s eyes. The main weakness of these methods is that the head of the
user must remain motionless to avoid estimation errors. In some patients, some in-
voluntary movements cannot be avoided and it is necessary to measure them. In this
thesis, the measurement of head position was tackled as a way to improve the gaze
tracking on these precision demanding medical applications. As a first stage, the eye
corners coordinates were obtained as a reference point. The problem was handled as
a regression problem using a coarse-to-fine cascaded convolutional neural network
in order to accurately regress the coordinates of the eye corner. Finally, temporal
information was added to increase accuracy and decrease computation time. The
accuracy of the estimation was calculated and subjective performance was also eva-
luated through video inspection. In both cases, satisfactory results were obtained.
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Caṕıtulo 1

Introducción

1.1. Descripción del problema

Con el avance del procesamiento de imágenes y la visión computacional, el análi-
sis de imágenes médicas ha cobrado una gran importancia para la medicina moderna,
ya que permite diagnosticar, monitorear y tratar problemas médicos de manera tem-
prana y no invasiva. Sin embargo, debido a la variedad de patoloǵıas y al constante
aumento en el número de imágenes disponibles, se hace indispensable contar con
sistemas automáticos que permitan analizar y manejar esta gran cantidad de infor-
mación de una manera rápida y eficiente. Es por esto, que investigadores y médicos
han comenzado a beneficiarse de los sistemas asistidos por computadora.

Desde que las imágenes pudieron descargarse en una computadora, se ha in-
vestigado la forma de poder analizarlas automáticamente aplicando la tecnoloǵıa
disponible. Los primeros sistemas utilizaban métodos básicos de procesamiento de
imágenes, como filtros para detección de bordes, o modelos matemáticos basados en
regiones [1]. A principios de los años ’90, los enfoques de aprendizaje de máquina
basados en extracción de caracteŕısticas se convirtieron en la aproximación mas uti-
lizada por un largo peŕıodo. Sin embargo, la efectividad de estos métodos depend́ıa
en gran medida de expertos en el tema que deb́ıan definir, diseñar y extraer de las
imágenes las caracteŕısticas significativas relacionadas con la tarea que se deseaba
realizar. La complejidad de estos enfoques ha sido considerada como una limitación
para su desarrollo, ya que imposibilitaba que personas no expertas puedan explorar
técnicas de aprendizaje computacional para sus propios estudios.

En los últimos años, gracias a la sustancial mejora en el hardware disponible, el
aprendizaje profundo (DL, del inglés Deep Learning) ha atenuado estos obstáculos,
incluyendo la ingenieŕıa de extracción de caracteŕısticas dentro del procedimiento
completo de aprendizaje del modelo. Con este enfoque, en lugar de extraer las ca-
racteŕısticas de forma manual, los modelos descubren las representaciones relevantes
para cada problema, aprendiéndolas desde los datos [2].

Particularmente, las redes neuronales convolucionales (CNN, del inglés Convolu-
tional Neural Network) son un tipo de red neuronal que ha logrado desempeños muy
altos en una gran variedad de aplicaciones de la inteligencia artificial [3]. Básicamen-
te, una CNN puede pensarse como un tipo de red neuronal que utiliza muchas copias
idénticas de la misma neurona. Este esquema se denomina de parámetros comparti-
dos, y permite a la red generar modelos computacionales muy grandes manteniendo
el número de parámetros que deben aprenderse relativamente bajo. Además, la es-
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1.1.2. Estimación de incertidumbre

A pesar del éxito y su sorprendente habilidad para aprender caracteŕısticas al-
tamente discriminativas, las CNNs han demostrado estar mal calibradas y poseer
un exceso de confianza en sus predicciones, incluso ante salidas incorrectas [16]. En
otras palabras, se ha encontrado una baja correlación entre la confianza asociada a
sus predicciones y la precisión real de las mismas [17]. Esto resulta en un proble-
ma importante, que puede tener consecuencias catastróficas en sistemas de toma de
decisiones como el diagnóstico médico, que dependen de las probabilidades de las
predicciones. En este escenario, una vez que un método de segmentación es desarro-
llado y puesto en práctica, no es posible hacer una evaluación cuantitativa de rutina
sobre su desempeño, sin requerir una inspección visual de un experto humano [18].

Sin embargo, como se muestran en [19], la incertidumbre inferida de algunos
modelos de segmentación podŕıa dar una noción sobre la confianza asociada a de-
terminadas máscaras y resaltar regiones con posibles errores, para poder derivarlas
selectivamente a un especialista humano.

Siguiendo este esquema, para poder aumentar la confiabilidad de los modelos de
segmentación de imágenes médicas basados en CNNs e incorporarlos en la práctica
cĺınica estándar, es crucial desarrollar modelos precisos y calibrados que sean capaces
de informar cuándo sus predicciones fallan.

1.1.3. Seguimiento de ojos para diagnóstico de enfermedades

Recientemente, el seguimiento de ojos mediante video-oculograf́ıa (VOG) ha co-
menzado a utilizarse como herramienta para el diagnóstico de una amplia variedad
de enfermedades neurológicas y mentales. En esta aplicación, la estimación debe
realizarse con alta precisión, por lo que se utilizan los llamados métodos basados en
caracteŕısticas, más precisamente los métodos basados en regresión 2D. Aqúı, debe
estimarse una función que permita mapear el espacio bidimensional de las caracte-
ŕısticas a la dirección de la mirada o a las coordenadas de la pantalla en donde el
usuario está mirando.

Estas técnicas son muy utilizadas en aplicaciones de videojuegos, interfases no
táctiles y otras. Sin embargo, para el diagnóstico médico se requieren niveles de
precisión muy superiores en la estimación de la mirada. Surge aśı una limitación
funcional importante: la cabeza de la persona debe permanecer estática, de lo con-
trario se producen errores entre la dirección estimada y la dirección real. A pesar de
que suelen usarse sistemas de sujeción, en personas con ciertas enfermedades neu-
rológicas los movimientos cefálicos involuntarios persisten. Por lo tanto, ser capaz
de medir estos movimientos resulta muy importante, no sólo para corregir los erro-
res de estimación que producen, sino también porque esta medición parece ser otro
indicador de la presencia o del progreso de ciertas enfermedades.

Dado que este tipo de dispositivos generalmente sólo cuentan con cámaras y no
con otro tipo de sensores, los movimientos de la cabeza deben medirse a partir de
puntos de referencia detectados en las imágenes. Debido a que las esquinas del ojo
son los puntos del contorno cuya posición se ve menos afectada por los movimientos
del globo ocular o de los párpados, los cambios en su posición constituyen una buena
referencia para inferir los movimientos de la cabeza.
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1.2. Objetivos

El objetivo general de esta tesis es desarrollar nuevos métodos para mejorar el
desempeño y la credibilidad de las redes convolucionales profundas al ser aplicadas
al análisis de imágenes médicas.

Los objetivos espećıficos son:

Desarrollar nuevos métodos de post-procesamiento basados en autocodificado-
res para corregir segmentaciones erróneas, incorporando antecedentes topoló-
gicos de estructuras anatómicas.

Desarrollar nuevas estrategias de entrenamiento de ensambles para incorporar
diversidad en los modelos y obtener predicciones calibradas.

Diseñar e implementar nuevas funciones de pérdida que permitan entrenar
CNNs calibradas y con mejor estimación de la confianza asociada a sus pre-
dicciones.

Desarrollar una base de videos de video-oculograf́ıa para el diagnóstico de en-
fermedades neurológicas y mentales, junto a nuevos métodos para localización
de puntos de referencia del contorno del ojo y estimación de su posición.

Analizar relaciones existentes entre los movimientos cefálicos detectados y los
errores en la estimación de la mirada durante pruebas en pacientes.

1.3. Organización de la tesis

Esta tesis se encuentra organizada bajo el formato de tesis por compilación de
la siguiente forma:

En la presente sección se describió la motivación y los problemas a abordar y
se establecieron los objetivos planteados para llevar adelante el trabajo.

Debido a las distintas aplicaciones abordadas, se decidió organizarlas en las
siguientes secciones:

• En la sección 2 se aborda la segmentación de estructuras anatómicas en
imágenes médicas.

• En la sección 3 se aborda el análisis de incertidumbre aplicado a la seg-
mentación de imágenes médicas.

• En la sección 4 se aborda el seguimiento de ojos aplicado al diagnóstico
de enfermedades neurológicas.

En cada una de estas secciones se presentan los antecedentes y las técnicas exis-
tentes en el estado del arte para cada aplicación. Se introducen los conceptos
teóricos necesarios para la comprensión del problema, se detalla brevemente
la metodoloǵıa empleada y se describen los métodos propuestos y resultados
obtenidos.

Finalmente, en la sección 5 se presentan las conclusiones generales y espećıficas
de la tesis.
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Caṕıtulo 2

Segmentación de estructuras
anatómicas

2.1. Antecedentes

Múltiples alternativas se han propuesto para incorporar antecedentes anatómicos
al proceso de segmentación de imágenes médicas (vea [20] para una revisión com-
pleta). Una estrategia muy popular para integrar información de forma y topoloǵıa
en métodos de DL para segmentación de imágenes, consiste en modificar la función
de pérdida usada para entrenar el modelo. Por ejemplo, Aı̈cha et. al [15] incorpo-
raron una regularización de alto orden mediante una función de pérdida sensible
a la topoloǵıa. Mediante un enfoque similar, los autores de [21, 22] utilizaron un
autocodificador para aprender representaciones de baja dimensión de la imagen, con
las cuales imponer restricciones anatómicas durante el entrenamiento de la red. La
principal desventaja de estos enfoques es que sólo pueden usarse durante el entre-
namiento de redes neuronales y su uso no puede extenderse a otros métodos como
por ejemplo los basados en bosques aleatorios (RF, del inglés Random Forest).

Otros métodos considerados en la literatura son los métodos de post procesamien-
to basados en campos aleatorios de Markov [14], o en campos aleatorios condicionales
[13]. Estos métodos se basan en el supuesto de que los objetos suelen ser continuos,
y por lo tanto, a los ṕıxeles cercanos se les debe asignar la misma clase de objeto.
Sin embargo no incorporan antecedentes anatómicos por lo que no garantizan la
plausibilidad anatómica de las estructuras.

2.2. Métodos propuestos

2.2.1. Descripción del problema

Dada una base de datos formada por máscaras anatómicas independientes DA =
{SA

i }0≤i≤|DA| (independientes en el sentido de que no necesitan estar asociadas a una
imagen de intensidad) se busca aprender un modelo que pueda proyectar al espacio
anatómicamente plausible, las segmentaciones DP = {SP

i }0≤i≤|DP | generadas por
clasificadores arbitrarios P .
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Adición y sustracción de formas geométricas aleatorias (ćırculos, elipses, lineas)
para simular sub y sobre segmentaciones.

Operaciones morfológicas (erosión, dilatación).

Permutación aleatoria entre ṕıxeles cercanos a los bordes de las estructuras.

Se utilizaron segmentaciones binarias (pulmones, ventŕıculo izquierdo) y multi-
clase (pulmones, corazón).

2.2.5. Comparación con métodos del estado del arte

A modo de comparación, se utilizó un método basado en campos aleatorios condi-
cionales [25] (CRF, del inglés Conditional Random Field). Luego se compararon los
resultados obtenidos en dos escenarios diferentes que incluyen radiograf́ıa de tórax
e imágenes de resonancia magnética card́ıaca.

A diferencia del Post-DAE, que sólo utiliza las segmentaciones durante el post-
procesamiento y puede ser utilizado sin importar las propiedades de las imágenes,
el CRF incorpora información de intensidad de las imágenes originales y por lo
tanto debe reajustarse con cada conjunto de datos. Para medir la calidad de las
segmentaciones y comparar los métodos se utilizaron el coeficiente Dice (DSC) y la
distancia de Hausdorff (HD).

2.2.6. Métodos de segmentación

Para generar las segmentaciones iniciales, se entrenaron versiones binarias y
multi-clase de dos métodos estándares: un clasificador basado en RF y una CNN
basada en la arquitectura UNet [12].

A fin de evaluar el desempeño del Post-DAE al post-procesar segmentaciones
de distintas calidades, se usaron diferentes versiones de los métodos propuestos. En
el caso del RF, se varió la profundidad del árbol durante la inferencia. En cambio,
para la UNet, se guardaron los modelos cada 5 épocas durante el entrenamiento
y se utilizaron todos estos modelos para predecir las segmentaciones de los datos
de prueba. En todos los casos se compararon los resultados de post-procesar las
máscaras con Post-DAE y con CRF.

Para una descripción detallada de los métodos y su implementación puede refe-
rirse a la sección IV-D del Anexo B.

2.3. Experimentos y resultados

2.3.1. Bases de datos

El método se validó en dos escenarios diferentes. Se estudió la segmentación de
pulmón y corazón a partir de radiograf́ıas de tórax, usando una base de datos de la
Sociedad Japonesa de Tecnoloǵıa Radiológica (JRST). Estas estructuras presentan
una alta variabilidad entre sujetos, lo que hace a la tarea de aprendizaje de repre-
sentaciones aún más desafiante. También se estudió la segmentación del ventŕıculo
izquierdo (LV) a partir de imágenes de RM usando una versión de la base de datos
card́ıaca de Sunnybrook. Para una descripción detallada de las bases de datos puede
referirse a la sección IV-A del Anexo B.
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Caṕıtulo 3

Análisis de incertidumbre

3.1. Antecedentes

Existen distintos métodos que permiten cuantificar la incertidumbre asociada a
las predicciones de las redes neuronales profundas (DNN, del inglés deep neural net-
works). Un ejemplo son las redes neuronales Bayesianas. Los pesos de estas redes no
son valores fijos sino distribuciones gaussianas a través de las cuales puede calcularse
la incertidumbre del modelo. La desventaja de estas redes es que al ser modelos más
complejos, requieren muchos mas parámetros para ser optimizadas, lo que dificulta
su adopción en la práctica. Una alternativa muy utilizada es el método de Monte
Carlo Dropout, el cual intenta aproximar -en sentido bayesiano- un proceso gaussiano
probabiĺıstico al momento de la inferencia. Esto se consigue realizando múltiples ite-
raciones sobre el conjunto de prueba, aplicando dropout de forma aleatoria. De esta
forma se obtiene una distribución de las predicciones del modelo y se puede analizar
la incertidumbre asociada. Si bien esta técnica ha sido explorada en el contexto de
segmentación de imágenes médicas [26, 27], trabajos recientes [28, 29] han mostrado
que las redes neuronales Bayesianas suelen generar predicciones muy similares entre
śı. En cambio, un método no bayesiano muy popular que ha demostrado generar
predicciones más diversas y por lo tanto obtener mejores resultados en la estimación
de incertidumbre, es el ensamble de redes neuronales. Esta es una estrategia muy
sencilla para mejorar tanto la robustez como el desempeño en calibración de los
modelos predictivos [30, 31].

Un enfoque alternativo consiste en abordar el problema de la calibración al mo-
mento del entrenamiento de las redes profundas. Al utilizar funciones de pérdidas
basadas en reglas de puntuación como la entroṕıa cruzada (CE), se esperaŕıa re-
cuperar la distribución original de incertidumbre. Sin embargo, debido a la gran
capacidad de este tipo de redes y a la poca cantidad de datos disponibles, sobre
todo en aplicaciones como el análisis de imágenes médicas, estas funciones tienden a
sobre-ajustarse y a sobre-estimar la confianza de sus predicciones [16, 32]. Sumado
a esto, se ha observado que entrenar las redes con una función de pérdida basada
en el coeficiente dice (DSL), mejora la calidad de las segmentaciones pero empeora
aún mas la calibración del modelo. Por ejemplo, los autores de [33] analizaron el
comportamiento de las redes de segmentación entrenadas con las dos funciones de
pérdida más usadas en la literatura (DSL y CE). En linea con [34, 35], mostraron
que la función elegida afecta directamente la calidad de las segmentaciones y la cali-
bración del modelo, destacando que los modelos entrenados con DSL tienden a estar
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muy mal calibrados y a ser sobre-confiados. Es por esto que se ha hecho énfasis en
la necesidad de explorar nuevas funciones de pérdida que mejoren tanto la calidad
de la segmentación como de la calibración.

3.1.1. Ensamble de redes neuronales

El ensamble de DNNs es una estrategia simple que se utiliza para incrementar
la robustez y la calibración de los modelos predictivos [30, 31]. El enfoque clásico
consiste en generar distintas soluciones funcionales entrenando un único modelo bajo
condiciones diferentes. Algunas de las técnicas para entrenamiento de ensambles
son el corrimiento de dominio [36], el ensamblado por batch [37] y la variación de
hiperparámetros [38], entre otras. Una vez entrenados los modelos, se promedian sus
predicciones para lograr una disminución de los errores individuales y un aumento en
la calibración. Para que el ensamble sea efectivo y robusto, es imprescindible asegurar
la diversidad entre los modelos constituyentes. Se han propuesto distintas soluciones
para este fin, como el uso de variables latentes [39] o la integración de mecanismos
de atención que incentiven a diferentes modelos a focalizarse en diferentes partes de
los objetos [40].

3.1.2. Penalización de confianza

Distintos trabajos han estudiado la forma de obtener una mejor estimación de
la incertidumbre modificando las funciones de pérdida existentes. Pereyra et. al.
[41], propusieron regularizar la salida de una DNN integrando un término en la
función objetivo para penalizar la baja entroṕıa de las predicciones. Además, los
autores propusieron una variante del método, denominada suavizado de etiquetas,
que penaliza la baja entroṕıa de manera indirecta, al usar una versión suavizada
de las etiquetas para calcular la CE. Por otro lado, los autores de [32] mostraron
emṕıricamente la mejora en calibración que se obtiene al utilizar la focal loss como
función objetivo.

Si bien estos enfoques son prometedores en problemas de clasificación, su bene-
ficio es menos claro en tareas de segmentación. En un trabajo reciente, Islam et.
al. [42] destacaron que una limitación de suavizar las etiquetas con una distribución
uniforme es el hecho de no considerar la relación espacial existente entre los ṕıxeles.
Por ejemplo, que la incertidumbre del modelo siempre es mayor cerca de los bordes
de las estructuras que en el centro de las mismas.

3.2. Métodos propuestos

3.2.1. Calibración en segmentación de imágenes

Dada una base de datos D = {(x,y)i}0≤i≤|D| compuesta de imágenes x y sus
máscaras de segmentación correspondientes y, el objetivo es entrenar un modelo
que aproxime la distribución condicional subyacente p(y|x), que mapee las imágenes
de entrada x a las segmentaciones y. Por lo tanto, p(yj = k|x) debe indicar la
probabilidad de que a un determinado pixel (o voxel) j se le asigne la clase k

perteneciente al conjunto de clases posibles C. Esta distribución suele aproximarse
utilizando una red neuronal fw parametrizada por sus pesos w. En otras palabras,
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fw(x) = p(y|x;w). Estos pesos w se calculan minimizando una determinada función
de pérdida sobre los datos de entrenamiento. Si el modelo está bien calibrado, la
probabilidad correspondiente a la clase puede verse como la confianza del modelo
y puede usarse como una medida de la incertidumbre asociada a la predicción del
pixel [33].

3.2.2. Ensamble de redes neuronales

Dado un conjunto de redes de segmentación {fw1 , fw2 ...fwN}, la forma más sen-
cilla de construir un ensamble fE consiste en promediar sus predicciones:

fE(x) =
1

N

N
∑

i=1

fwi(x). (3.1)

Se ha observado que si se aplican restricciones de ortogonalidad a los filtros
durante el entrenamiento de las DNNs, estas aprenden caracteŕısticas mas decorre-
lacionadas y menos redundantes, haciendo un mejor uso de la capacidad del modelo
[43, 44]. En este trabajo, se extiende este principio para impulsar la diversidad de los
ensambles imponiendo restricciones de ortogonalidad tanto dentro de cada modelo,
como entre los distintos modelos del ensamble.

3.2.3. Restricciones de ortogonalidad

La similitud coseno es una métrica utilizada para cuantificar la ortogonalidad (o
decorrelación) entre dos vectores x y y. Toma valores entre -1 (vectores opuestos)
y 1 (vectores iguales), con 0 indicando vectores ortogonales. Esta medida se puede
definir como:

SIMC(x, y) =
< x, y >

||x|| ||y||
(3.2)

Con el objetivo de impulsar la ortogonalidad entre los filtros, siguiendo el planteo
de [43], se propone agregar en la función de pérdida un término de regularización
definido como el cuadrado de la similitud coseno. Una de las ventajas de esta medida
es que considera tanto las correlaciones positivas como negativas.

3.2.4. Ensambles ortogonales

Se incluyeron dos términos de regularización en la función objetivo. El primero
es un término de ortogonalidad intra-modelo (LSelfOrth), que penaliza la correlación
entre los filtros de cada capa de una determinada CNN. Siendo l una capa convolu-
cional, este término se calcula como:

LSelfOrth(wl) =
1

2

n
∑

i=1

n
∑

j=1,j 6=i

SIMC(wl,i,wl,j)
2, (3.3)

donde wl,i y wl,j son las versiones vectorizadas de cada uno de los n filtros
de la capa l. El segundo es un término de ortogonalidad inter-modelo (LInterOrth),
que penaliza la correlación entre los filtros de las distintas CNNs pertenecientes al
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ensamble. Siguiendo un esquema secuencial, el término de la capa l del modelo Ne

se calcula de la siguiente manera:

LInterOrth(wl; {w
e
l }0≤e<Ne

) =
1

Ne

Ne−1
∑

e=0

n
∑

i=1

n
∑

j=1

SIMC(wl,i,w
e
l,j)

2, (3.4)

donde {we
l }0≤e<Ne

son los parámetros de los Ne − 1 modelos previamente entre-
nados.

Finalmente, la función objetivo del ensamble se define como:

L = LSeg + λ
∑

l

(

LSelfOrth(wl) + LInterOrth(wl; {w
e
l })

)

, (3.5)

donde LSeg es la función de pérdida de segmentación (por ejemplo DSL o CE) y
λ es el hiper parámetro que controla la influencia de los términos de ortogonalidad.

3.2.5. Entroṕıa máxima para predicciones erróneas

En general, la entroṕıa de una distribución de probabilidad p(x) con variable
aleatoria x se puede calcular como:

H(p(x)) = −
∑

i

p(xi) ln p(xi), (3.6)

donde xi son los valores posibles que puede tomar la variable aleatoria. Una de
las propiedades de la entroṕıa, es que su valor es máximo cuando la distribución
p es uniforme, es decir, cuando la incertidumbre es máxima. En este trabajo, se
hace uso del concepto de entroṕıa para reducir la confianza (es decir, aumentar la
incertidumbre) de las predicciones erróneas de la red.

Se busca entonces entrenar un modelo capaz de advertir la presencia de regio-
nes dif́ıciles de segmentar sin perder la confianza en sus predicciones ante regiones
identificables. Para esto, como se detalla en la sección 3 del Anexo D, se propone
penalizar exclusivamente la sobre-confianza de los ṕıxeles mal clasificados durante
el entrenamiento. Dadas las predicciones de clase a nivel de ṕıxel ŷi realizadas por
una red neuronal, y sus etiquetas asociadas yi, se define el conjunto de ṕıxeles mal
clasificados como ŷw = {yi|ŷi 6= yi} y se computa el negativo de la entroṕıa para
este conjunto:

−H(ŷw) =
1

|ŷw|

∑

k∈C,i∈ŷw

p(yi = k|x;w) log p(yi = k|x;w) (3.7)

De esta forma, minimizar el término (3.7), como mı́nw −H(ŷw) equivale a maxi-
mizar la entroṕıa de ŷw. Luego, siendo ŷ el conjunto completo de ṕıxeles, la función
objetivo puede calcularse como:

L = LSeg(y, ŷ) − λH(ŷw) (3.8)

donde LSeg corresponde a la función de pérdida de segmentación (CE o DSL) y
λ da la importancia relativa de cada término dentro de la función objetivo.
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3.2.6. Alternativa a la maximización de entroṕıa

Maximizar la entroṕıa de yw equivale a minimizar la divergencia de Kullback-
Leibler (KL) entre yw y una distribución uniforme q.

Como regularizador alternativo, se implementó una variante de la divergencia de
KL que intenta acercar las probabilidades de salida en yw a una distribución uniforme
(todos los elementos en el vector de salida q iguales a 1

K
), lo cual corresponde al nivel

de incertidumbre máximo. Este término puede ser expresado como:

DKL(q||ŷw)
C
= H(q, ŷw), (3.9)

donde el śımbolo C= indica igualdad escalando por una constante asociada a la
cantidad de clases. Es importante notar que a pesar de que los dos términos (3.7) y
(3.9) empujan ŷw hacia una distribución uniforme, la dinámica de sus gradientes es
diferente y por tanto ambas versiones serán consideradas para evaluar su impacto
durante el entrenamiento de la red.

3.3. Experimentos y resultados

3.3.1. Bases de datos

Los ensambles ortogonales se validaron en dos tareas complejas de segmentación
de lesiones cerebrales a partir de imágenes de RM: tumores (BraTS 2020 [45, 46, 47])
e hiperintensidades de la sustancia blanca (WMH [48]). A fin de evaluar el segundo
método, además de los datos de WMH, se utilizó una base de datos de segmentación
de ventŕıculo izquierdo (LA) [49] que provee 100 imágenes de RM con las máscaras
asociadas. Para una descripción detallada de los datos y las particiones, referirse a
la sección 4 de los Anexos C y D.

3.3.2. Métricas de calibración

Brier score: Es una métrica muy usada para medir el desempeño en calibración [50],
es una regla de puntuación cuyo valor óptimo corresponde a una predicción perfecta.
En otras palabras, un sistema perfectamente discriminativo y perfectamente calibra-
do tendrá un Brier score igual a cero. En el contexto de segmentación de imágenes
médicas, para una imagen con N pixeles (voxeles), el Brier score se puede definir
como:

Br =
1

N

N
∑

i=1

1

|C|

|C|
∑

k=1

(

p(yi = k|x;w) − ✶[yi = k]
)2

, (3.10)

donde ✶[yi = k] es una función indicadora que toma el valor 1 cuando yi (la
etiqueta del pixel i) es igual a k, y 0 de otra forma.

Brier Score estratificado: En problemas con altos desbalances de clases, como la
segmentación de lesiones cerebrales en donde la mayoŕıa de los pixeles corresponden
al fondo, el modelo puede estar bien calibrado desde un punto de vista global pero
no estarlo cuando sólo se mira a las clases minoritarias. En este escenario, la clase
mayoritaria domina el Brier Score y la mala calibración que existe en la clase de
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interés no se ve reflejada. Wallace et al. [51] propusieron el Brier score estratificado
para medir la calibración en problemas de clasificación binarios con altos grados de
desbalance. En esta tesis, extendemos este concepto a la tarea de segmentación y
utilizamos el Brier score estratificado para medir la calibración de cada estructura
anatómica de forma individual. Para una determinada imagen con etiqueta y, el
Brier score estratificado para la clase k (Brk) se calcula utilizando sólo el subconjunto
de ṕıxeles Pk = {p : yp = k} mediante

Brk =
1

|Pk|

∑

i∈Pk

(

p(yi = k|x;w) − ✶[yi = k]
)2

. (3.11)

Diagramas de confianza y error esperado de calibración. Una forma de medir la
calidad de la calibración de un modelo, es comparar la confianza de sus predicciones
contra la frecuencia de observación de los ejemplos positivos. Para esto, se divide
el intervalo [0, 1] en M bins equiespaciados, donde el bin i corresponde al intervalo
(

i−1

M
, i
M

]

, y Bi denota el conjunto de ṕıxeles cuya confianza pertenece al bin i.
Luego, se calcula la frecuencia de ejemplos positivos para cada bin como freq(Bi) =
1

|Bi|

∑

i∈Bi
✶[ŷi = k] y su confianza como Ci = 1

|Bi|

∑

i∈Bi
p(yi = k|x;w). Finalmente,

el diagrama de confianza se grafica como la frecuencia de ejemplos positivos en
función de la confianza promedio del bin. Se dice que un modelo está perfectamente
calibrado cuando estos valores se acercan a la recta identidad.

Para resumir estas estad́ısticas en un único valor, se calcula el error esperado de
calibración (ECE) como:

ECE =
M
∑

m=1

|Bm|

N
|freq(Bm) − conf(Bm)|

3.3.3. Resultados con ensambles ortogonales

Se implementaron 3 configuraciones de ensambles. Un ensamble aleatorio donde
no se agregó ninguna regularización y los modelos se entrenaron para reducir el error
de segmentación LSeg. Un ensamble con ortogonalidad intra-modelo, donde se agregó
el término LSelfOrth a la función objetivo, pero no se impuso ninguna regularización
entre los modelos constituyentes del ensamble. Y el ensamble ortogonal propuesto
en esta tesis al que se le incorporó el término de ortogonalidad inter-modelo en la
función objetivo (como se ve en la ecuación 3.5).

Se entrenaron 10 modelos por cada configuración y luego, durante la evaluación,
se ensamblaron grupos de 1, 3 y 5 CNNs promediando las predicciones individuales
de cada uno. En la Figura 3.1 se muestran los resultados para la segmentación de
tumores y de WMH. Para medir el desempeño en segmentación se utilizó el DSC,
mientras que la calidad en calibración se midió con el Brier score y el Brier score
estratificado.

Se puede observar que con sólo agregar el término de ortogonalidad intra-modelo
se supera al modelo de referencia en todos los grupos y con todas las métricas.
Esta mejora es aún más notable cuando se impone expĺıcitamente la diversidad del
ensamble incorporando el término de ortogonalidad inter-modelo durante el entrena-
miento secuencial. Las mejoras obtenidas tanto en calibración como en segmentación
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Segmentation performance Calibration performance

Training loss dice coefficient HD Brier (1−4) Brier+ ECE (1−3)

WMH LA WMH LA WMH LA WMH LA WMH LA

Ldice

– 0.770 (0.100) 0.886 (0.060) 24.041 (10.845) 28.282 (11.316) 6.717 (4.184) 29.182(15.068) 0.257 (0.125) 0.107 (0.090) 0.667 (0.414) 28.861 (15.009)

+LH(Ŷ ) [41] 0.769 (0.099) 0.885 (0.050) 21.608 (8.830) 29.811 (11.168) 6.751 (4.194) 29.019(12.709) 0.249 (0.125) 0.109 (0.077) 0.670 (0.415) 28.458 (12.514)

+LH(Ŷw) 0.758 (0.108) 0.873 (0.069) 21.243 (8.755) 29.374 (10.965) 5.874 (3.875) 24.709(13.774) 0.244 (0.124) 0.103 (0.086) 0.510 (0.350) 18.796 (15.005)

+LKL(Ŷw) 0.770 (0.098) 0.881 (0.064) 20.804 (8.122) 28.415 (12.860) 5.564 (3.586) 23.182(12.464) 0.231 (0.114) 0.095 (0.077) 0.471 (0.318) 15.587 (13.391)

LCE

– 0.755 (0.111) 0.878 (0.070) 21.236 (7.735) 27.163 (11.967) 6.462 (4.141) 24.447 (14.876) 0.280 (0.140) 0.108 (0.092) 0.620 (0.400) 18.383 (16.700)

+LH(Ŷ ) [41] 0.760 (0.109) 0.881 (0.070) 23.124 (9.523) 29.464 (14.389) 6.369 (4.018) 23.539 (11.903) 0.242 (0.125) 0.096 (0.070) 4.100 (0.582) 15.590 (14.002)

+LH(Ŷw) 0.770 (0.095) 0.883 (0.058) 19.544 (7.254) 28.560(13.352) 5.417 (3.547) 22.506 (11.903) 0.217 (0.104) 0.093 (0.071) 0.436 (0.301) 15.242 (13.730)

+LKL(Ŷw) 0.777 (0.093) 0.876 (0.070) 22.298 (9.566) 28.736 (11.972) 5.331 (3.478) 24.085 (13.330) 0.213 (0.099) 0.105 (0.090) 0.422 (0.289) 17.348 (14.786)

LFL 0.753 (0.113) 0.881 (0.064) 21.931 (8.167) 28.599 (11.968) 5.760 (3.732) 23.928 (11.626) 0.243 (0.130) 0.095 (0.066) 0.438 (0.310) 25.998 (12.740)

Tabla 3.1: Evaluación cuantitativa: Se muestra el valor medio y la desviación es-
tándar de las predicciones obtenidas con las distintas configuraciones de función
objetivo para segmentación de WMH y LA. Se indica en negrita el método que
obtuvo el mejor desempeño.

demuestran los beneficios de la estrategia propuesta para generar modelos precisos
y bien calibrados. Para un mayor análisis de los resultados referirse a la sección 5
del Anexo C.

3.3.4. Resultados con entroṕıa máxima para predicciones erróneas

La efectividad del método se evaluó entrenando dos DNN del estado del arte
(UNet [12] y ResUNet [52]) con diferentes configuraciones de su función objetivo. Se
usaron la CE y el DSL como funciones de referencia y, para comparar con métodos
mas sofisticados, se implementaron la función focal-loss (LFL) y el método de pena-
lización de entroṕıa detallado en [41]. En este caso no solo se usó la versión original
del método (LCE(y, ŷ) + βLH(ŷ)) sino que también se combinó el término de pe-
nalización de entroṕıa usando el DSL como función de segmentación. Finalmente,
los dos términos de penalización de confianza para predicciones erróneas, (LH(Ŷw) y
LKL(Ŷw)), se combinaron con las funciones de segmentación y se compararon todas
las variantes (para una descripción completa referirse a la sección 3 del Anexo D).

En la Tabla 3.1 se muestran los resultados obtenidos con la UNet para la segmen-
tación de WMH y LA. Se observa que al agregar el término propuesto, se mantiene o
incluso mejora el desempeño de la segmentación mientras que se obtiene una mejora
significativa en calibración para todas las métricas y bases de datos.

En la Figura 3.2 se muestran ejemplos de los mapas de probabilidad obtenidos
para cada función de pérdida. Vale la pena destacar la mejora significativa que se
logra cuando el DSL es usado en la función objetivo. En esos casos, se observa
claramente que las predicciones realizadas por los modelos de referencia, tienden a
ser sobre-confiadas y asignan probabilidades iguales a 0 o a 1. Sin embargo, cuando
se agrega el regularizador propuesto, el modelo tiende a usar un mayor rango de
valores, asignando valores cercanos a 0.5 (marcados en rojo) para los ṕıxeles mas
dif́ıciles.

En la figura 3.3 se muestran los diagramas de confianza y las distribuciones de
probabilidad producidas por cada uno de los métodos en las dos bases de datos.
En los diagramas de confianza, las curvas mas cercanas a la diagonal indican redes
mejor calibradas. Se puede observar fácilmente que al maximizar la entroṕıa de las
predicciones erróneas mediante los regularizadores propuestos, se obtienen modelos
mejor calibrados. Para un mayor análisis y resultados complementarios, refirirse a
la sección 5 del Anexo D.
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Caṕıtulo 4

Seguimiento de ojos

4.1. Antecedentes

Se han desarrollado distintos algoritmos con el fin de identificar automáticamen-
te la ubicación de puntos de referencia en imágenes o videos. La mayoŕıa, se han
diseñado para detectar puntos caracteŕısticos de todo el rostro [53, 54] y por lo tanto
utilizan imágenes de rostros completos. Otros trabajos, principalmente para aplica-
ciones de bajo costo, se han enfocado en detectar las esquinas de los ojos [55, 56] en
regiones extráıdas de la imagen a muy baja resolución. Por el contrario, en la apli-
cación estudiada en este trabajo, los videos contienen únicamente la región ocular,
tomada a una resolución muy alta mediante zoom sobre la zona. Esto provoca que
la apariencia del ojo y de sus contornos vaŕıe significativamente entre individuos o
ante pequeños movimientos de los párpados. De esta forma, el objetivo de estimar la
posición exacta de la esquina del ojo a partir de su apariencia se vuelve desafiante.

Recientemente se observa una marcada tendencia a reemplazar el uso de métodos
tradicionales de procesamiento de imágenes o de inteligencia artificial por métodos
basados en aprendizaje profundo. Espećıficamente, por métodos basados en CNNs
para la tarea de detección y seguimiento de puntos de referencia facial [57, 58, 59].

4.2. Métodos propuestos

4.2.1. Cascada de CNN

Se diseñó una cascada de CNNs para la estimación precisa de las coordenadas
de las esquinas del ojo en imágenes de alta resolución.

Para esto, se implementó una red de estimación gruesa, la cual realiza una pri-
mera predicción a partir de la imagen completa. Posteriormente, una red de refi-
namiento, la cual recibe una región mas pequeña extráıda a partir de la primera y
realiza una estimación fina de la coordenada del punto.

4.2.2. Seguimiento de regiones

Se adicionó información temporal para incrementar la precisión del algoritmo y
disminuir el tiempo computacional. Para esto se adoptó un enfoque mixto donde
una vez detectada la esquina del ojo, la red de regresión gruesa es reemplazada por
un algoritmo de seguimiento estándar.
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Figura 4.1: Imágenes oculares obtenidas con el dispositivo Oscann.

Se utilizó el filtro de correlación kernelizado (KFC) implementado en la libreŕıa
OpenCV3 [60] como algoritmo de seguimiento. El mismo se inicializa con la pre-
dicción de la cascada de CNNs y luego, la primera CCN es reemplazada por la
actualización del algoritmo de seguimiento a lo largo del video.

Para estabilizar el punto estimado a lo largo del tiempo, se agregó un filtro off-line
a las predicciones de cada video [61].

4.2.3. Datos

Se creó una base de datos según las especificaciones requeridas para aplicaciones
de diagnóstico de enfermedades neurológicas.

Espećıficamente, se grabaron 18 videos de pacientes diferentes utilizando el dis-
positivo Oscann [62]. El mismo cuenta con una cámara infraroja con resolución de
imagen de 640x480 ṕıxeles. Luego, se seleccionaron 15 cuadros por cada video como
los que se muestran en la Figura 4.1.

Por último, las coordenadas (en ṕıxeles) de la esquina del ojo fueron cuidadosa-
mente etiquetadas a mano para cada imagen seleccionada.

4.2.4. Pre-procesamiento

Debido a la poca cantidad de datos disponibles, se realizó un complejo proceso
de aumentación de datos, aplicando los siguientes métodos de forma aleatoria:

Rotaciones (± 40 grados)

Suavizado Gaussiano.

Variaciones de brillo.

Transformaciones afin con matrices aleatorias.

Deformaciones elásticas [63].

Para el entrenamiento de la CNN de refinamiento, se extrajeron múltiples re-
giones por cada imagen, aplicando desplazamientos aleatorios a la coordenada de
referencia. Luego se aplicaron las mismas transformaciones previamente listadas. La
Figura 4.2 muestra cuatro regiones diferentes generadas a partir de una única ima-
gen. Se observa cómo la apariencia y la posición de la esquina dentro de la imagen
vaŕıan considerablemente.
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Caṕıtulo 5

Conclusiones

En esta tesis se desarrollaron métodos computacionales para el análisis de imá-
genes médicas basados en aprendizaje profundo, que resultaron en nuevos aportes
metodológicos en tres contextos de aplicación diferentes.

En primer lugar, se demostró que los auto-codificadores para reducción de ruido
pueden usarse para convertir segmentaciones erróneas de distintos órganos o estruc-
turas en máscaras anatómicamente plausibles. El método desarrollado funciona como
un paso independiente de post-procesamiento, que permite incorporar restricciones
anatómicas a métodos arbitrarios de segmentación. Se realizaron experimentos para
tareas de segmentación anatómica binaria y multi-clase de imágenes de rayos-X y
RM indicando que el método propuesto funciona para distintas estructuras anató-
micas y modalidades de imágenes. Además, Post-DAE no utiliza la información de
intensidad. Por lo tanto, puede ser entrenado con máscaras independientes que ha-
yan sido anotadas para otra modalidad de imagen, haciendo al método robusto a los
corrimientos de dominio. Post-DAE puede implementarse fácilmente, es rápido al
momento de la inferencia, es independiente de la modalidad de imagen y del método
original de segmentación. Además se realizó un análisis sobre su comportamiento
frente a estructuras con alguna patoloǵıa, y pudo comprobarse que el método tiende
a reconstruir la estructura anatómica original. Esto constituye, al mismo tiempo,
una ventaja y una limitación del enfoque propuesto ya que Post-DAE transforma
las máscaras de segmentación para que luzcan similares a las anatómicamente plau-
sibles utilizadas en el entrenamiento. Estos son hechos importantes que deben ser
considerados cuando se diseñan algoritmos de segmentación que incluyan Post-DAE
como etapa de post-procesamiento. Lo mismo ocurre con problemas diferentes a la
segmentación anatómica. En escenarios como la segmentación de lesiones o tumo-
res cerebrales, donde la forma y la topoloǵıa no son regulares, la aplicabilidad de
Post-DAE puede ser limitada.

También se abordó el problema de estimación de incertidumbre aplicado a la
segmentación de imágenes médicas. Para esto se estudiaron dos enfoques diferentes.
En primer lugar se diseñó un método de ensamble ortogonal de redes. Este consiste
en un esquema novedoso de entrenamiento de ensambles que aporta diversidad entre
sus modelos al imponer expĺıcitamente restricciones de ortogonalidad mediante la in-
corporación de un término de regularización. Se realizaron experimentos para tareas
de segmentación binaria y multi-clase de imágenes de RM y se demostró que además
de mejorar el desempeño en segmentación de los ensambles, el término propuesto
reduce los errores de calibración, logrando modelos más precisos y confiables.
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En segundo lugar, se siguió un enfoque alternativo y se abordó el problema de
calibración promoviendo directamente la auto-conciencia de las DNNs referida a la
incertidumbre de sus predicciones. Para esto se diseñó un término de regularización
que penaliza la baja entroṕıa de las salidas de la red únicamente para los ṕıxeles mal
clasificados, lo que acerca su estimación a posteriori hacia una distribución uniforme.
Se realizaron experimentos con dos bases de datos populares, funciones de pérdida de
segmentación y arquitecturas de redes demostrando que el método propuesto supera
a la literatura en tareas de segmentación y calibración, mejorando la estimación de
incerteza de los modelos entrenados con las funciones de pérdida clásicas de forma
sencilla y efectiva.

Por último, con el objetivo de contribuir en la mejora de los algoritmos actua-
les de seguimiento de ojos para diagnóstico de enfermedades neurológicas, se diseñó
e implementó un modelo para la regresión de las coordenadas de las esquina del
ojo. El modelo fue diseñado para esta aplicación en particular por lo que fue nece-
sario recolectar y etiquetar una base de datos completa. Se implementó una CNN
en cascada para regresión con refinamiento de coordenadas de puntos de referencia
en imágenes estáticas. Se agregó información temporal tanto utilizando un enfoque
mixto de seguimiento de regiones a lo largo del video como implementando un filtro
de suavizado temporal a la estimación final. Los resultados experimentales confir-
maron la eficacia del método propuesto en diferentes videos. Con estos resultados
prometedores, se espera aportar información valiosa para, en una segunda etapa, ser
capaz de medir cambios en la posición de la cabeza durante experimentos cĺınicos
en pacientes.
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Abstract. Deep convolutional neural networks (CNN) proved to be
highly accurate to perform anatomical segmentation of medical images.
However, some of the most popular CNN architectures for image segmen-
tation still rely on post-processing strategies (e.g. Conditional Random
Fields) to incorporate connectivity constraints into the resulting masks.
These post-processing steps are based on the assumption that objects
are usually continuous and therefore nearby pixels should be assigned
the same object label. Even if it is a valid assumption in general, these
methods do not offer a straightforward way to incorporate more complex
priors like convexity or arbitrary shape restrictions.
In this work we propose Post-DAE, a post-processing method based on
denoising autoencoders (DAE) trained using only segmentation masks.
We learn a low-dimensional space of anatomically plausible segmenta-
tions, and use it as a post-processing step to impose shape constraints
on the resulting masks obtained with arbitrary segmentation methods.
Our approach is independent of image modality and intensity informa-
tion since it employs only segmentation masks for training. This enables
the use of anatomical segmentations that do not need to be paired with
intensity images, making the approach very flexible. Our experimental
results on anatomical segmentation of X-ray images show that Post-DAE
can improve the quality of noisy and incorrect segmentation masks ob-
tained with a variety of standard methods, by bringing them back to a
feasible space, with almost no extra computational time.

Keywords: anatomical segmentation, autoencoders, convolutional neu-
ral networks, learning representations, post-processing

1 Introduction

Segmentation of anatomical structures is a fundamental task for biomedical im-
age analysis. It constitutes the first step in several medical procedures such as
shape analysis for population studies, computed assisted diagnosis and auto-
matic radiotherapy planning, among many others. The accuracy and anatomical
plausibility of these segmentations is therefore of paramount importance, since
it will necessarily influence the overall quality of such procedures.

During the last years, convolutional neural networks (CNNs) proved to be
highly accurate to perform segmentation in biomedical images [1–3]. One of the





methods; (ii) we design a method that can be trained using segmentation-only
datasets or anatomical masks coming from arbitrary image modalities, since the
DAE is trained using only segmentation masks, and no intensity information is
required during learning; (iii) we validate Post-DAE in the context of lung seg-
mentation in X-ray images, bench-marking with other classical post-processing
method and showing its robustness by improving segmentation masks coming
from both, CNN and RF-based classifiers.

Related works. One popular strategy to incorporate prior knowledge about
shape and topology into medical image segmentation is to modify the loss used to
train the model. The work of [4] incorporates high-order regularization through a
topology aware loss function. The main disadvantage is that such loss function is
constructed ad-hoc for every dataset, requiring the user to manually specify the
topological relations between the semantic classes through a topological validity
table. More similar to our work are those by [6, 7], where an autoencoder (AE)
is used to learn lower dimensional representations of image anatomy. The AE is
used to define a loss term that imposes anatomical constraints during training.
The main disadvantage of these approaches is that they can only be used during
training of CNN architectures. Other methods like RF-based segmentation can
not be improved through this technique. On the contrary, our method post-
processes arbitrary segmentation masks. Therefore, it can be used to improve
results obtained with any segmentation method, even those methods which do
not rely on an explicit training phase (e.g. level-sets methods).

Post-processing methods have also been considered in the literature. In [3],
the output CNN scores are considered as unary potentials of a Markov random
field (MRF) energy minimization problem, where spatial homogeneity is propa-
gated through pairwise relations. Similarly, [2] uses a fully connected conditional
random field (CRF) as post-processing step. However, as stated by [2], finding
a global set of parameters for the graphical models which can consistently im-
prove the segmentation of all classes remains a challenging problem. Moreover,
these methods do not incorporate shape priors. Instead, they are based on the
assumption that objects are usually continuous and therefore nearby pixels (or
pixels with similar appearence) should be assigned the same object label. Con-
versely, our post-processing method makes use of a DAE to impose shape priors,
transforming any segmentation mask into an anatomically plausible one.

2 Anatomical Priors for Image Segmentation via

Post-Processing with DAE

Problem statement. Given a dataset of unpaired anatomical segmentation
masks DA = {SA

i }0≤i≤|DA| (unpaired in the sense that no corresponding inten-
sity image associated to the segmentation mask is required) we aim at learning
a model that can bring segmentations DP = {SP

i }0≤i≤|DP | predicted by arbi-
trary classifiers P into an anatomically feasible space. We stress the fact that
our method works as a post-processing step in the space of segmentations, mak-





The model is called denoising autoenconder because a degradation function
φ is used to degrade the ground-truth segmentation masks, producing noisy
segmentations Ŝi = φ(Si) used for training. The model is trained to minimize
the reconstruction error measured by a loss function based on the Dice coefficient
(DSC), a metric used to compare the quality of predicted segmentations with
respect to the ground-truth (we refer the reader to [9] for a complete description
of the Dice loss):

LDAE(Si) = DSC(Si, fdec(fenc(φ(Si))). (1)

The dimensionality of the learned representation h = fenc(Si) is much lower
than the input, producing a bottleneck effect which forces the code h to retain
as much information as possible about the input. In that way, minimizing the
reconstruction error amounts to maximizing a lower bound on the mutual infor-
mation between input Si and the learnt representation h [8].

Mask degradation strategy. The masks used to train the DAE were artifi-
cially degraded during training to simulate erroneous segmentations. To this end,
we randomly apply the following degradation functions φ(Si) to the ground truth
masks Si: (i) addition and removal of random geometric shapes (circles, ellipses,
lines and rectangles) to simulate over and under segmentations; (ii) morphologi-
cal operations (e.g. erosion, dilation, etc) with variable kernels to perform more
subtle mask modifications and (iii) random swapping of foreground-background
labels in the pixels close to the mask borders.
Note that, even if the proposed degradation strategy does not represent the dis-
tribution of masks generated by a particular classifier, it worked well in practise
when post-processing both, random forest and U-Net masks. However, better
results could be obtained if we know the classifier beforehand, by feeding the
predicted segmentation masks while training the DAE.

Post-processing with DAEs. The proposed method is rooted in the so-
called manifold assumption [10], which states that natural high dimensional
data (like anatomical segmentation masks) concentrate close to a non-linear
low-dimensional manifold. We learn such low-dimensional anatomically plausi-
ble manifold using the aforementioned DAE. Then, given a segmentation mask
SP
i obtained with an arbitrary predictor P (e.g. CNN or RF), we project it

into that manifold using fenc and reconstruct the corresponding anatomically
feasible mask with fdec. Unlike other methods like [6, 7] which incorporate the
anatomical priors while training the segmentation network, we choose to make it
a post-processing step. In that way, we achieve independence with respect to the
initial predictor, and enable improvement for arbitrary segmentation methods.

Our hypothesis (empirically validated by the following experiments) is that
those masks which are far from the anatomical space, will be mapped to a similar,
but anatomically plausible segmentation. Meanwhile, masks which are anatomi-
cally correct, will be mapped to themselves, incurring in almost no modification.



3 Experiments and Discussion

Database description. We benchmark the proposed method in the context of
lung segmentation in X-Ray images, using the Japanese Society of Radiologi-
cal Technology (JSRT) database [11]. JSRT is a public database containing 247
PA chest X-ray images with expert segmentation masks, of 2048x2048 pixels
and isotropic spacing of 0.175 mm/pixel, which are downsampled to 1024x1024
in our experiments. Lungs present high variability among subjects, making the
representation learning task especially challenging. Note that we did not per-
form any pre-processing regarding image alignment. We divide the database in 3
folds considering 70% for training, 10% for validation and 20% for testing. The
same folds were used to train the U-Net, Random Forest and Post-DAE methods.

Post-processing with DAE. Post-DAE receives a 1024x1024 binary segmen-
tation as input. The network was trained to minimize the Dice loss function
using Adam Optimizer. We employed learning rate 0.0001; batch size of 15 and
150 epochs.

Post-processing with CRF. We compare Post-DAE with the SOA post-
processing method based on a fully connected CRF [12]. The CRF is used to im-
pose connectivity constraints to a given segmentation, based on the assumption
that objects are usually continuous and nearby pixels with similar appearance
should be assigned the same object label. We use an efficient implementation of a
dense CRF1 that can handle large pixel neighbourhoods in reasonable inference
times. Differently from our method which uses only binary segmentations for
post-processing, the CRF incorporates intensity information from the original
images. Therefore, it has to be re-adjusted depending on the image properties
of every dataset. Instead, our method is trained once and can be used indepen-
dently of the image propierties. Note that we do not compare Post-DAE with
other methods like [6, 7] which incorporate anatomical priors while training the
segmentation method itself, since these are not post-processing strategies.

Baseline segmentation methods. We train two different models which pro-
duce segmentation masks of various qualities to benchmark our post-processing
method. The first model is a CNN based on UNet architecture [1] (see the Sup.
Mat. for a detailed description of the architecture and the training parameters
such as optimizer, learning rate, etc.). The UNet was implemented in Keras and
trained in GPU using a Dice loss function. To evaluate the effect of Post-DAE
in different masks, we save the UNet model every 5 epochs during training, and
predict segmentation masks for the test fold using all these models. The sec-
ond method is a RF classifier trained using intensity and texture features. We

1 We used the public implementation available at https://github.com/lucasb-eyer/
pydensecrf with Potts compatibility function and hand-tuned parameters θα = 17,
θβ = 3, θγ = 3 chosen using the validation fold. See the implementation website for
more details about the aforementioned parameters.





mentation masks like those obtained by the RF model and the UNet trained for
only 5 epochs. In these cases, substantial improvements are obtained in terms
of Dice coefficient and Hausdorff distance, by bringing the erroneous segmen-
tation masks into an anatomically feasible space. In case of segmentations that
are already of good quality (like the UNet trained until convergence), the post-
processing significantly improves the Hausdorff distance, by erasing spurious
segmentations (holes in the lung and small isolated blobs) that remain even in
well trained models. When compared with CRF post-processing, Post-DAE sig-
nificantly outperforms the baseline in the context of anatomical segmentation.
In terms of running time, the CRF model takes 1.3 seconds in a Intel i7-7700
CPU, while Post-DAE takes 0.7 seconds in a Titan Xp GPU.

One of the limitations of Post-DAE is related to data regularity. In case of
anatomical structures like lung, heart or liver, even if we found high inter-subject
variability, the segmentation masks are somehow uniform in terms of shape and
topology. Even pathological organs tend to have similar structure, which can be
well-encoded by the DAE (specially if pathological cases are seen during train-
ing). However, in other cases like brain lesions or tumors where shape is not that
regular, it is not clear how Post-DAE would perform. This case lies out of the
scope of this paper, but will be explored as future work.

Conclusions and future works. In this work we have showed, for the first
time in the MIC community, that autoencoders can be used as an independent
post-processing step to incorporate anatomical priors into arbitrary segmenta-
tion methods. Post-DAE can be easily implemented, is fast at inference, can
cope with arbitrary shape priors and is independent of the image modality and
segmentation method. In the future, we plan to extend this method to muti-
class and volumetric segmentation cases (like anatomical segmentation in brain
images).
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Post-DAE: Anatomically Plausible Segmentation

via Post-Processing with Denoising Autoencoders
Agostina J Larrazabal, César Martı́nez, Ben Glocker and Enzo Ferrante

Abstract—We introduce Post-DAE, a post-processing method
based on denoising autoencoders (DAE) to improve the anatom-
ical plausibility of arbitrary biomedical image segmentation
algorithms. Some of the most popular segmentation methods
(e.g. based on convolutional neural networks or random forest
classifiers) incorporate additional post-processing steps to ensure
that the resulting masks fulfill expected connectivity constraints.
These methods operate under the hypothesis that contiguous
pixels with similar aspect should belong to the same class. Even if
valid in general, this assumption does not consider more complex
priors like topological restrictions or convexity, which cannot be
easily incorporated into these methods.

Post-DAE leverages the latest developments in manifold learn-
ing via denoising autoencoders. First, we learn a compact and
non-linear embedding that represents the space of anatomically
plausible segmentations. Then, given a segmentation mask ob-
tained with an arbitrary method, we reconstruct its anatomically
plausible version by projecting it onto the learnt manifold. The
proposed method is trained using unpaired segmentation mask,
what makes it independent of intensity information and image
modality. We performed experiments in binary and multi-label
segmentation of chest X-ray and cardiac magnetic resonance
images. We show how erroneous and noisy segmentation masks
can be improved using Post-DAE. With almost no additional
computation cost, our method brings erroneous segmentations
back to a feasible space.

Index Terms—anatomical segmentation, autoencoders, con-
volutional neural networks, learning representations, post-
processing

I. INTRODUCTION

A
NATOMICAL segmentation is a fundamental task in

medical image computing, which consists in associating

pixels of a medical image with a given organ or anatomical

structure. It constitutes an essential step in many imaging

pipelines such as computer assisted diagnosis, morphometric

analysis for population studies and radiotherapy planning. The

correctness and anatomical plausibility of these results is thus

of paramount importance, since it will directly influence the

overall quality of subsequent analyses.
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Convolutional neural networks (CNNs) proved to perform

biomedical image segmentation in a highly accurate way [1]–

[3]. CNNs constitute a particular type of neural network

specially suited for regularly structured data, like 2D or 3D

images, where hierarchical representations of the input are

learned using stacked convolutional layers. At every layer,

shared parameters (also referred as weights or kernel) are used

to learn new representations of the input image. This sharing

scheme reduces the number of parameters that should be learnt

and allows the use of CNNs in large images. Thanks to the

inherently regular structure of the images, these parameters

are successively convoluted with the input data resulting in

more abstract representations. This trick is particularly helpful

for tasks in which invariance to translation is an expected

property, such as image classification. However, in medical

images, where the location of the anatomical structures is

often highly regular, this property may lead to incorrect

predictions in regions with similar intensities when insufficient

contextual information is considered. The organs observed in

anatomical images tend to preserve shape and topology across

patients. Nonetheless, the pixel-level predictions of most CNN

architectures do not account for such higher-order topological

properties, as discussed in [4].

Before the emergence of CNNs, other learning-based meth-

ods were popular for biomedical image segmentation (e.g.

Random Forest (RF) [5]). When the amount of annotated data

is small and insufficient for training deep CNNs, some of

these classical methods are still in use. A popular strategy

is to adopt patch-based methods, where handcrafted features

are generated from image patches and then used to train a

classifier. Such classifier will then make pixel-level predictions

considering only the image area around the central pixel of the

patch. This results in methods which are also agnostic to the

global shape and topology of the anatomical structures.

In this work we introduce Post-DAE, a post-processing

method which improves pixel-level predictions generated with

arbitrary classifiers by incorporating shape and topological

priors. We employ denoising autoencoders (DAEs) to learn

compact and non-linear representations of anatomical struc-

tures, using only segmentation masks. The DAE is then used

to bring potentially erroneous segmentation masks into an

anatomically plausible space (see Figure 1).

Contributions. A preliminary version of this work was pub-

lished in MICCAI 2019 [6]. In this extended version we

provide additional experiments in the context of multi-class

lung and heart segmentation of X-ray images, and left ventricle

delineation in cardiac magnetic resonance (CMR) images.
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TABLE I: Mean and standard deviation for post-processing random forest predictions. The numbers in bold indicates that

Post-DAE outperforms the other methods (no post-processing and CRF) with statistical significance according to Wilcoxon

test with Bonferroni correction.

JRST Chest X-ray Sunnybrook Cardiac MR

Segmentations Multi-class Binary Binary

Depth: 8 Depth: 12 Depth: 16 Depth: 20 Full model Full model Full model

Dice

RF 0.858 0.913 0.936 0.949 0.956 0.781 0.46

(0.042) (0.033) (0.029) (0.029) (0.028) (0.070) (0.24)

RF + CRF 0.860 0.914 0.937 0.950 0.956 0.795 0.44

(0.042) (0.032) (0.029) (0.029) (0.027) (0.074) 0.25

RF + DAE 0.922 0.943 0.948 0.951 0.951 0.865 0.47

(0.024) (0.020) (0.018) (0.018) (0.019) (0.056) (0.25)

RF 102.26 96.00 88.70 77.45 72.28 91.41 27.73

(11.68) (14.31) (14.04) (12.98) (14.07) (17.52) (9.89)

Hausdorff Distance RF+CRF 101.17 92.97 81.26 74.51 67.29 80.45 26.87

(HD) (12.94) (14.72) (12.73) (13.10) (13.53)) (22.28) (10.03)

RF +DAE 63.73 60.72 62.47 62.95 60.69 32.01 23.60

(11.85) (12.20) (15.16) (16.84) (14.12) (18.44) (9.88)

V. RESULTS AND DISCUSSION

Figure 2 shows some visual examples while Table I and

Figure 3 summarize the quantitative results obtained when

post-processing segmentations produced by a RF classifier and

a UNet. Our best results are in line with those obtained for

other deep learning based state-of-the-art methods. For JSRT,

recent works [24]–[27] report average Dice values for lung

and heart ranging from 0.943 [27] to 0.965 [24]. For the

Sunnybrook dataset, recent works [28]–[31] report average

Dice ranging from 0.88 [28] to 0.93 [30] for LV segmentation.

Both figures show the consistent improvement achieved when

using Post-DAE as a post-processing step, specially in low

quality segmentation masks like those obtained by the binary

RF model, the multiclass RF considering incomplete tree

depths and the UNet trained only for a few epochs. In these

cases, substantial improvements are obtained in terms of Dice

coefficient and Hausdorff distance (HD), by bringing the

erroneous segmentation masks into an anatomically feasible

space. In case of segmentations that are already of good quality

(like multi-class RF or the UNet trained until convergence),

Post-DAE significantly improves the HD, by erasing spurious

segmentations that remain even in well trained models, like

holes in the lung or small isolated blobs. When compared with

CRF post-processing, Post-DAE significantly outperforms the

baseline in the context of anatomical segmentation. In terms

of running time, the CRF model takes 1.3 seconds while Post-

DAE takes 0.76 seconds in a Intel i7-7700 CPU.

Scatter plots in Figure 4 show the change in terms of Dice

(top) and HD (bottom) between initial segmentations before

post-processing (x-axis) and after post-processing (y-axis),

when comparing them with the ground-truth masks. In the

Dice plots we observe how the green points tend to concentrate

in the upper part of the diagonal, while orange crosses stick to

it, indicating that Post-DAE improves the segmentations more

than CRF. HD scatter plots should be read in the opposite

way, i.e. the lower the better. Green points, corresponding to

Post-DAE, concentrate in the bottom part while the orange

crosses (CRF) tend to be over them, indicating that Post-DAE

outperforms CRF also in terms of HD.

We include additional experiments in the Supplementary

Material showing that Post-DAE can be trained with un-

paired segmentation masks. These segmentation masks could

be annotated on different image modalities, come from a

different dataset with the same image modality or even from

segmentation-only datasets. This experiment highlights the fact

that our method does not require image intensity information

for training/testing, making it robust to domain shift.

A. Out-of-distribution segmentation masks and limitations

In this section we analyze the behaviour and limitations

of Post-DAE when post-processing masks which are out-of-

distribution. In this context, out-of-distribution cases could

appear mainly due to two reasons: erroneous segmentations

or pathological images.

In the first case, erroneous masks may be generated by a

segmentation method with low performance. See for example

the masks in Figure 2, obtained with the RF model or the UNet

trained for only 5 or 10 epochs. These cases are represented

in the scatter plots depicted in Figure 4 by the points with

low Dice or high Hausdorff before post-processing. Post-DAE

clearly improves erroneous segmentations in this scenario,

increasing the Dice after post processing and/or reducing its

Hausdorff distance. This improvement is explained by the way

Post-DAE was trained: we degraded the ground truth masks

by introducing similar errors (see Section III-A) and force

the DAE to reconstruct anatomically plausible segmentation

masks. Since the test images are anatomically plausible as

well, mapping erroneous segmentations to realistic ones im-

proves the results.

The second scenario is related to abnormal cases. Big

occlusions or deformed organs, possibly due to manifestations





8

different image modalities or coming from segmentation-only

datasets, making the method robust to domain shift. Post-DAE

can be easily implemented, is fast at inference, can cope with

arbitrary shape priors and is independent of the image modality

and segmentation method. In the future, we plan to explore the

use of Post-DAE in the context of lesion segmentation [35],

where the regions of interest are not as regular as anatomical

structures.
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SUPPLEMENTARY MATERIAL

A. UNet details

The UNet model (see Table II) receives a 1024x1024 gray

image as input and was trained using the soft Dice loss

[15], batch size of 4, Adam optimizer with learning rate 1e-5

and the other parameters as by Keras default. We used data

augmentation including random rotations, shifts, zoom and

shear. We also used dropout for regularization, including a

dropout layer after layer L5 with keep probability p=0.5. For

the multi-class UNet we used categorical cross-entropy loss

and changed the initial learning rate to to 1e-4.

TABLE II: Detailed description of the UNet architecture used

as baseline model segmentation

Kernel Stride #Kernels NonLin

Binary MC Binary MC

L1 Conv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Max Pooling (f:2,2) (s:2,2)

L2 Conv (f:3,3) (s:1,1) (N:32) (N:32) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:32) (N:32) ReLu ReLu
Max Pooling (f:2,2) (s:2,2)

L3 Conv (f:3,3) (s:1,1) (N:64) (N:64) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:64) (N:64) ReLu ReLu
Max Pooling (f:2,2) (s:2,2)

L4 Conv (f:3,3) (s:1,1) (N:128) (N:128) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:128) (N:128) ReLu ReLu
Max Pooling (f:2,2) (s:2,2)

L5 Conv (f:3,3) (s:1,1) (N:256) (N:256) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:256) (N:256) ReLu ReLu

L6 UpConv (f:3,3) (s:1,1) (N:128) (N:128) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:128) (N:128) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:128) (N:128) ReLu ReLu

L7 UpConv (f:3,3) (s:1,1) (N:64) (N:64) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:64) (N:64) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:64) (N:64) ReLu ReLu

L8 UpConv (f:3,3) (s:1,1) (N:32) (N:32) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:32) (N:32) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:32) (N:32) ReLu ReLu

L9 UpConv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu

L10 Conv (f:3,3) (s:1,1) (N:2) (N:3) ReLu ReLu
Conv (f:1,1) (s:1,1) (N:1) (N:3) Sigmoid SoftMax

B. Post-DAE

Post-DAE (see Table III) receives a 1024x1024 segmenta-

tion as input. The network was also trained to minimize the

Dice loss function using Adam Optimizer. We used learning

rate of 0.0001, batch size of 15 and 150 epochs. The multi-

class Post-DAE implementation receives a one-hot encoded

segmentation of size 1024x1024x3 segmentation as input.

Because of memory restrictions, in this case we reduced the

batch size to 8.

C. Additional experiments for segmentation-only datasets

We performed an extra experiment aiming to show that it

is possible to use annotations from a different dataset to train

Post-DAE. We used the DAE trained with JSRT database to

post-process results obtained with the binary UNet for the

Montgomery County X-ray Set [36], a different chest X-ray

dataset with manual lung annotations. X-ray images in this

dataset were acquired from the tuberculosis control program

of the Department of Health and Human Services of Mont-

gomery County, MD, USA. This set contains 138 posterior-

anterior x-rays, which were divided in 100 for training, 14

TABLE III: Detailed architecture of the simple denoising auto

encoder model used to implement the proposed Post-DAE.

Kernel Stride #Kernels NonLin

Binary MC Binary MC

L1 Conv (f:3,3) (s:2,2) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:16) (N:16 ReLu ReLu

L2 Conv (f:3,3) (s:2,2) (N:32) (N:32) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:32) (N:32) ReLu ReLu

L3 Conv (f:3,3) (s:2,2) (N:32) (N:32) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:32) (N:32) ReLu ReLu

L4 Conv (f:3,3) (s:2,2) (N:32) (N:32) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:32) (N:32) ReLu ReLu

L5 Conv (f:3,3) (s:2,2) (N:32) (N:32) ReLu ReLu

L6 FC - - (N:512) (N:1024) None None

L6 FC - - (N:1024) (N:4096) Relu Relu

L8 UpConv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu

L9 UpConv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu

L10 UpConv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu

L11 UpConv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu

L12 UpConv (f:3,3) (s:1,1) (N:16) (N:16) ReLu ReLu
Conv (f:3,3) (s:1,1) (N:1) (N:3) Sigmoid SoftMax

for validation and 24 for testing. The size of the X-rays

is either 4020x4892 or 4892x4020 pixels. All images were

downsampled to 1024x1024 in our experiments, padded with

0’s to obtain a 1:1 aspect ratio and rigidly aligned. With this

dataset, we trained two segmentation models: a Random Forest

and a UNet architecture (saving its output every 5 epochs

during training), predicting segmentation masks for the test

fold using all these models. These masks were then post-

processed using Post-DAE. Figure 6 shows the results for

this experiment, where unpaired annotations coming from a

different dataset are used to train Post-DAE. It can be observed

how our method improves the segmentation quality even when

the annotations used to train Post-DAE are coming from a

different dataset.
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Abstract. Despite the astonishing performance of deep-learning based
approaches for visual tasks such as semantic segmentation, they are
known to produce miscalibrated predictions, which could be harmful for
critical decision-making processes. Ensemble learning has shown to not
only boost the performance of individual models but also reduce their
miscalibration by averaging independent predictions. In this scenario,
model diversity has become a key factor, which facilitates individual
models converging to different functional solutions. In this work, we in-
troduce Orthogonal Ensemble Networks (OEN), a novel framework to ex-
plicitly enforce model diversity by means of orthogonal constraints. The
proposed method is based on the hypothesis that inducing orthogonality
among the constituents of the ensemble will increase the overall model
diversity. We resort to a new pairwise orthogonality constraint which can
be used to regularize a sequential ensemble training process, resulting on
improved predictive performance and better calibrated model outputs.
We benchmark the proposed framework in two challenging brain lesion
segmentation tasks –brain tumor and white matter hyper-intensity seg-
mentation in MR images. The experimental results show that our ap-
proach produces more robust and well-calibrated ensemble models and
can deal with challenging tasks in the context of biomedical image seg-
mentation.

Keywords: image segmentation, ensemble networks, orthogonal con-
straints

1 Introduction

In the past few years, deep learning-based methods have become the de facto

solution for many computer vision and medical imaging tasks. Nevertheless, de-
spite their success and great ability to learn highly discriminative features, they
are shown to be poorly calibrated [1], often resulting in over-confident predic-
tions. This results in a major problem, which can have catastrophic consequences
in critical decision-making systems, such as medical diagnosis, where the down-
stream decision depends on predicted probabilities.



Ensemble learning is a simple strategy to improve both the robustness and
calibration performance of predictive models [2, 3]. In this scenario, a common
approach is to train the same model under different conditions, which can foster
the model convergence to different functional solutions. Techniques to produce
ensembles include dataset shift [4], Monte-Carlo Dropout [5], batch-ensemble [6]
or different model hyperparameters [7], among others. Then, by averaging the
predictions, individual mistakes can be dismissed leading to a reduced miscali-
bration. In this context, ensuring diversity across models is a key factor to build
a robust ensemble. To promote model diversity in ensembles many mechanisms
have been proposed. These include using latent variables [8], integrating atten-
tion in the embeddings to enforce different learners to attend to different parts of
the object [9] or isolating the adversarial vulnerability in sub-models by distilling
non-robust features to induce diverse outputs against a transfer attack [10].

Nevertheless, despite the relevance of obtaining well-calibrated models in clin-
ical applications, relatively few works have studied this problem. Particularly, in
the context of medical image segmentation, it was suggested that models trained
with the well-known soft Dice loss [11] produce miscalibrated models [12], which
tend to be highly overconfident. Furthermore, the recent work in [13] proposed
the use of ensembles to improve confidence calibration. However, the importance
of model diversity was not assessed in this work. Thus, given the negative im-
pact of miscalibrated models in health-related tasks, and the current practices
in medical image segmentation of systematically employing the Dice loss as an
objective function, we believe it is of paramount importance to investigate the
effect of ensemble learning in image segmentation, and how to enforce model
diversity to generate high-performing and well-calibrated models.

Contributions. In this work, we propose a novel learning strategy to boost
model diversity in deep convolutional neural networks (DCNN) ensembles, which
improves both segmentation accuracy and model calibration in two challenging
brain lesion segmentation scenarios. The main hypothesis is that inducing or-
thogonality among the constituents of the ensemble will increase the overall
model diversity. We resort to a novel pairwise orthogonality constraint which
can be used to regularize a sequential ensemble training process, resulting on
improved predictive performance and better calibrated model outputs. In this
context, our contributions are 3-fold: (1) we propose a novel filter orthogonality
constraint for ensemble diversification, (2) we show that diversified ensembles im-
prove not only segmentation accuracy but also confidence calibration and (3) we
showcase the proposed framework in two challenging brain lesion segmentation
tasks, including tumor and white-matter hyperintensity (WMH) segmentation
on magnetic resonance images.

2 Related works

Diversifying ensembles has been used to improve classification and segmentation
performance of DCNNs in several contexts. In [14] authors propose an explicit



way to construct diverse ensembles bringing together multiple CNN models and
architectures. Although they obtain successful results, this approach requires
to manually design and train various architectures. An ensemble of 3D U-Nets
with different hyper-parameters for brain tumor segmentation is proposed in [15],
where authors point out that using different hyper-parameters reduces the corre-
lations of random errors with respect to homogeneous configurations. However,
no study on the diversity of the models and its influence on performance is pre-
sented. In [16] authors present a different view, highlighting that many automatic
segmentation algorithms tend to exhibit asymmetric errors, typically producing
more false positives than false negatives. By modifying the loss function, they
train a diverse ensemble of models with very high recall, while sacrificing their
precision, with a sufficiently high threshold to remove all false positives. While
the authors achieve a significant increase in performance no study on the final
calibration of the ensemble is carried out.

Following the success of ensemble methods at improving discriminative per-
formance, its capability to improve confidence calibration has begun to be ex-
plored. [2] uses a combination of independent models to reduce confidence uncer-
tainty by averaging predictions over multiple models. In [13] authors achieve an
improvement in both segmentation quality and uncertainty estimation by train-
ing ensembles of CNNs with random initialization of parameters and random
shuffling of training data. While these results are promising, we believe that
confidence calibration can be further improved by directly enforcing diversity
into the models instead of randomly initializing the weights.

As pointed out in [17] over-sized DNNs often result in a high level of over-
fitting and many redundant features. However, when filters are learned to be as
orthogonal as possible, they become decorrelated and their filter responses are
no longer redundant, thereby fully utilizing the model capacity. [18] follows a
very similar approach but they regularize both negatively and positively corre-
lated features according to their differentiation and based on their relative cosine
distances. Differently from these works where ortogonality constraints are used
to decorrelated the filters within a single model, here we propose to enforce filter
orthogonality among the constituents of the ensemble to boost model diversity.

3 Orthogonal Ensemble Networks for Image

Segmentation

Given a dataset D = {(x,y)i}0≤i≤|D| composed of images x and correspond-
ing segmentation masks y, we aim at training a model which approximates the
underlying conditional distribution p(y|x), mapping input images x into seg-
mentation maps y. Thus, p(yj = k|x) will indicate the probability that a given
pixel (or voxel) j is assigned class k ∈ C from a set of possible classes C. The
distribution is commonly approximated by a neural network fw parameterized
by weights w. In other words, fw(x) = p(y|x;w). Parameters w are learnt so
that they minimize a particular loss function over the training dataset. Given



a set of segmentation networks {fw1 , fw2 ...fwN }, a simple strategy to build an
ensemble network fE is to average their predictions as:

fE(x) =
1

N

N
∑

i=1

fwi(x). (1)

Under the hypothesis that diversifying the set of models f i
w will lead to more

accurate and calibrated ensemble predictions, we propose to boost its overall
performance by incorporating pairwise orthogonality constraints during train-
ing.

Inducing model diversity via orthogonal constraints. Modern deep
neural networks are parameterized by millons of learnable weights, resulting in
redundant features that can be either a shifted version of each other or be very
similar with almost no variation [18]. Inducing orthogonality between convolu-
tional filters from the same layer of a given network has shown to be a good
way to reduce filter redundancy [17]. Here we exploit this principle not only to
avoid redundancy within a single neural model, but among the constituents of
a neural ensemble.

Given two vectors x and y, cosine similarity quantifies orthogonality (or
decorrelation), ranging from -1 (i.e., exactly opposite) to 1 (i.e., exactly the
same), with 0 indicating orthogonality. It can be defined as:

SIMC(x,y) =
< x,y >

||x|| ||y||
. (2)

Following [18], we consider the squared cosine similarity to induce orthog-
onality between filters through a new regularization term in the loss function.
An advantage of this measure is that it takes into account both negative and
positive correlations.

In order to enforce diversity within and between the ensemble models, we
propose to include two regularization terms into the overall learning objective.
The first one, referred to as self-orthogonality loss (LSelfOrth), aims at penalizing
the correlation between filters in the same layer, for a given model. Thus, for a
given convolutional layer l, this term is calculated as follows:

LSelfOrth(wl) =
1

2

n
∑

i=1

n
∑

j=1,j 6=i

SIMC(wl,i,wl,j)
2, (3)

where wl,i and wl,j are vectorized versions of each of the n convolutional kernels
from layer l. We also define an inter-orthogonality loss term (LInterOrth) which
penalizes correlation between filters from different models in the ensemble. To
this end, following a sequential training scheme, the inter-orthogonality loss for
layer l of model Ne is estimated as follows:

LInterOrth(wl; {w
e
l }0≤e<Ne

) =
1

Ne

Ne−1
∑

e=0

n
∑

i=1

n
∑

j=1

SIMC(wl,i,w
e
l,j)

2, (4)



where {we
l }0≤e<Ne

are the parameters of the previous Ne − 1 models trained
during the sequential ensemble construction.

Thus, the learning objective to train the proposed OEN amounts to:

L = LSeg + λ
∑

l

(

LSelfOrth(wl) + LInterOrth(wl; {w
e
l })

)

, (5)

where LSeg is the segmentation loss (e.g. soft Dice loss or cross entropy) and λ

is a hyperparamether controlling the influence of the orthogonality terms. 1

4 Experimental framework

Database description. We benchmark the proposed method in the context of
brain tumor and WMH segmentation in MR images. For brain tumor we use the
BraTS 2020 dataset [19–21] which contains 369 images with expert segmentation
masks (including GD-enhancing tumor, peritumoral edema, and the necrotic and
non-enhancing tumor core). Each patient was scanned with FLAIR, T1ce, T1,
and T2. The images were re-sampled to an isotropic 1.0mm voxel spacing, skull-
striped and co-registered by the challenge organizers. The provided training set,
we divide the database in training (315), validation (17) and test (37). The sec-
ond dataset [22] consists of 60 MR images with binary masks indicating the
presence of WMH lesions. For each subject, co-registered 3D T1-weighted and
a 2D multi-slice FLAIR images were provided. We split the dataset in training
(42), validation (3) and test (15). All images have 3mm spacing in the z dimen-
sion, and approximately 1mm × 1mm in the axial plane.

Segmentation network. For all the experiments, the backbone segmentation
network was a state-of-the-art ResUNet architecture [23] implemented in Keras
2.3 with TensorFlow as backend, with soft Dice [11] as segmentation loss LSeg.
For the BraTS dataset, the input was a four-channel tensor (FLAIR, T1ce, T1,
and T2) and a softmax activation was used as output, whereas a two-channel
input (T1, FLAIR) was employed in the WMH, with a sigmoid activation func-
tion in the output. During training, patches of size 64× 64× 64 were extracted
from each volume, and networks were trained until convergence by sampling the
patches randomly, with equal probability for each class in the case of tumour
segmentation, and 0.9 probability in the case of WMH. We used Adam optimizer
with a batch size of 64. The initial learning rate was set to 0.001 for BraTS and
0.0001 for WMH, and it was reduced by a factor of 0.85 every 10 epochs. Hyper-
parameters were chosen using the validation split, and results reported on the
hold-out test set.

Baselines and ensemble training. We trained two different baselines to
benchmark the proposed method. In the first one (random ensemble) each model

1 Our code associated to the orthogonal ensemble networks training is publicly avail-
able at: https://github.com/agosl/Orthogonal_Ensemble_Networks



was randomly initialized and trained to reduce only the segmentation error
LSeg. Therefore, its main source of diversity comes from the initialization of the
weights. The second approach (self-orthogonal ensemble) includes the LSelfOrth

term in the learning objective, creating and ensemble of models individually
trained with the self-orthogonality constraint. Thus, while each model learns
orthogonal filters, orthogonality between different models in the ensemble was
not imposed. We compared these two models with the proposed orthogonal en-
semble network which also encourages inter-model diversity by minimizing the
full objective defined in Eq. 5 (referred as inter-orthogonal). Note that in our
approach models are trained sequentially. For each of the proposed settings we
trained 10 models. During evaluation, we assembled groups of 1, 3 and 5 models
from each setting by averaging the individual probability outputs. To provide
better statistics, we repeated this process 10 times, each with different model
selection. We empirically observed that beyond 5 models, the performance of the
ensemble did not improve. Furthermore, λ was set to 0.1 and 1 for the WMH
and brain tumour segmentation task, respectively.

Measuring calibration for image segmentation. Given a segmentation net-
work fw, if the model is well-calibrated its output for a single pixel j can be
interpreted as the probability p(yj = k|x;w) for a given class k ∈ C. In this
case, the class probability can be seen as the model confidence or probability
of correctness, and can be used as a measure for predictive uncertainty at the
pixel level [13]. A common metric used to measure calibration performance is
the Brier score [24], a proper scoring rule whose optimal value corresponds to
a perfect prediction. In other words, a system that is both perfectly calibrated
and perfectly discriminative will have a Brier score of zero. In the context of
image segmentation, for an image with N pixels (voxels), the Brier score can be
defined as:

Br =
1

N

N
∑

i=1

1

|C|

|C|
∑

k=1

(

p(yi = k|x;w)− 1[ȳi = k]
)2

, (6)

where 1[ȳi = k] is the indicator function whose value is 1 when ȳi (the ground
truth class for pixel i) is equal to k, and 0 otherwise.

Stratified Brier Score. In problems with highly imbalanced classes (such as
brain lesion segmentation where most of the pixels are background), calibration
may be good overall but poor for the minority class. In this case, the majority
class will dominate and miscalibration in the class of interest will not be re-
flected in the standard Brier score. In [25], the authors proposed the stratified
Brier score to measure calibration in binary classification problems with high
imbalance. Here, we extend this concept to the segmentation task and propose
to measure the stratified Brier score individually per-class, treating every struc-
ture of interest as a binary segmentation problem, to account for mis-calibration
in the minority classes. For a given image with ground truth segmentation ȳ,
we construct the stratified Brier score for the class k, Brk, by computing it only
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Abstract

Modern deep neural networks have achieved remark-

able progress in medical image segmentation tasks. How-

ever, it has recently been observed that they tend to produce

overconfident estimates, even in situations of high uncer-

tainty, leading to unreliable models. In this work we intro-

duce Maximum Entropy on Erroneous Predictions (MEEP),

a training strategy for segmentation networks which selec-

tively penalizes overconfident predictions, focusing only on

misclassified pixels. In particular, we design a regulariza-

tion term that encourages high entropy posteriors for wrong

predictions, increasing the network uncertainty in complex

scenarios. Our method is agnostic to the neural architec-

ture, does not increase model complexity and can be cou-

pled with multiple segmentation loss functions. We bench-

mark the proposed strategy in two challenging 3D medical

image segmentation tasks: white matter hyperintensity le-

sions in magnetic resonance images (MRI) of the brain, and

atrial segmentation in cardiac MRI. The experimental re-

sults obtained when training two state-of-the-art segmen-

tation architectures (UNet and ResUNet) demonstrate that

coupling MEEP with standard segmentation losses leads to

improvements not only in terms of model calibration, but

also in segmentation quality.

1. Introduction

Deep learning-based methods have become the de facto

solution for many computer vision and medical imaging

tasks, dominating the literature in image segmentation.

Nevertheless, despite their success and great ability to learn

highly discriminative features, they are shown to be poorly

calibrated, often resulting in over-confident predictions,

even when they are wrong [1]. Thus, when a model is mis-

calibrated, there is little correlation between the confidence

of its predictions and how accurate such predictions actu-

ally are [2]. This results in a major problem, which can

have catastrophic consequences in critical decision-making

systems, such as medical diagnosis, where the downstream

decision depends on predicted probabilities.

As shown by [4], the uncertainty estimates inferred from

segmentation models can provide insights into the confi-

dence of any particular segmentation mask, and highlight

areas of likely segmentation errors for the practitioner. In

order to improve the accuracy and reliability of CNN-based

medical image segmentation models, it is crucial to de-

velop both accurate and well-calibrated systems, which al-

low the user to distinguish between reliable and unreli-

able predictions. Even though this is an important aspect

that should be considered when comprehensively evaluat-

ing model performance in image segmentation (particularly

important in biomedical imaging), most of the metrics used

to quantify segmentation quality focus only on the maxi-

mum a posteriori (MAP) estimates. Since these metrics

(like Sørensen–Dice (DSC) coefficient and Jaccard index)

operate on the space of hard segmentation masks instead

of soft probabilities, they are good at evaluating the dis-

criminative performance of the model (i.e. the capacity to

distinguish between different classes of interest) but they

overlook the quality of the estimated posteriors. Differently

from DSC and Jaccard, proper scoring rules [5] like the

negative log likelihood or Brier score [6] operate directly

on the estimated posteriors and are not only affected by the

discrimination performance, but also by model calibration.

The more visually appealing reliability diagrams [7], and

associated quantitative metrics like the Expected Calibra-

tion Error (ECE) [8], are also affected by calibration and

have been adopted to comprehensively evaluate model per-

formance for deep networks. Even though several studies

dealing with calibration on image classification have been

published [1, 9], assessing the effect of miscalibrated net-

works in the context of image segmentation, and particu-

larly biomedical images, has been mostly overlooked.

Contribution. In this work, we propose a new method

based on entropy maximization to enhance the quality of

the posteriors estimated by segmentation networks, and as-
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low confidence) in the network predictions. In contrast to

prior work [10], which penalizes low entropy in the en-

tire output distributions, we propose to selectively penalize

overconfidence exclusively for those pixels which are mis-

classified, i.e. the more challenging ones. To motivate our

strategy, we plot the distribution of the magnitude of soft-

max probabilities in Figure 2. It can be observed that for

models trained with standard Ldice loss [30], most of the

predictions lie in the first or last bin of the histogram, in-

dicating that the network assigns either high or low proba-

bility to the pixels, avoiding the use of intermediate values,

i.e., high-entropy. We hypothesize that encouraging the net-

work to assign high entropy values to erroneous predictions

(i.e. uniformly distributed probabilities) will help to penal-

ize overconfidence in complex scenarios. To this end, for

every iteration of stochastic gradient descent during train-

ing, given the pixel-level class predictions ŷi and their asso-

ciated ground truth class yi, we define the set of misclassi-

fied pixels as ŷw = {yi|ŷi 6= yi}. We can then compute the

entropy for this set as:

H(ŷw) = −
1

|ŷw|

∑

k,i∈ŷw

p̂i,k log p̂i,k, (1)

where | · | is used to denote the cardinality of the set. As

we aim at maximizing the entropy of the output probabil-

ities ŷw (eq. (1)), this equals to minimizing the negative

entropy, i.e., minθ −H(ŷw). Note that given a uniform dis-

tribution q, maximizing the entropy of yw boils down to

minimizing the Kullback-Leibler (KL) divergence between

yw and q. From now, we will use LH(ŷw) = H(ŷw) to re-

fer to the additional loss term which computes the entropy

for the missclassified pixels follwing equation 1.

Proxy for entropy maximization: In addition to explicitly

maximizing the entropy of predictions (or to minimizing the

negative entropy) as proposed in Equation 1, we resort to

an alternative regularizer, which is a variant of the KL di-

vergence, as presented in [34]. The idea is to encourage

the output probabilities in yw (the misclassified pixels) to

be close to the uniform distribution (i.e. all elements in the

probability simplex vector q are equal to 1

K
), resulting in

max-uncertainty. This term can be expressed as:

DKL(q||ŷw)
K
= H(q, ŷw) (2)

with q being the uniform distriubtion and the symbol
K
=

representing equality up to an additive or multiplicative

constant asociated with the number of classes. We refer

the reader to the Appendix I in [34] for the Proof of

this KL divergence variant, as well as its gradients. It

is important to note that despite both terms, (1) and (2),

push ŷw towards a uniform distribution, their gradient

dynamics are different, and thus the effect on the weight

updates differs. Here we perform an experimental analysis

to assess which term leads to better performance. We will

use LKL(ŷw) = DKL(q||ŷw) to refer to the additional

loss term which employs the KL divergence as a proxy for

entropy maximitation, as defined in eq. 2.

Global learning objective: Our final loss function takes

the following form:

L = LSeg(y, ŷ)− λLme(ŷw) (3)

where ŷ is the entire set of pixel predictions, LSeg the seg-

mentation loss1, Lme is one of the proposed maximum en-

tropy regularization terms and λ balances the importance

of each objective. Note that Lme can be defined in two

ways, depending on whether we consider the standard en-

tropy definition (i.e. we define Lme(ŷw) = LH(ŷw) based

on eq. (1)) or the proxy for entropy maximization using the

KL divergence (i.e. we set Lme(ŷw) = LKL(ŷw) While

the first term on the right side of eq. 3 will account for pro-

ducing good quality segmentations at the pixel level, the in-

tuition behind the second term is that penalizing overconfi-

dent predictions only for challenging pixels should increase

the awareness of the model about the more uncertain im-

age regions, maintaining high confidence in regions that are

actually identified correctly.

3.3. Baseline models

We trained different models to benchmark our proposed

approach. As baseline, we trained the segmentation net-

works using a simple loss composed of a single segmen-

tation error term LSeg , without adding any regularization

term. For this purpose, we used two popular segmentation

losses which are dominating the literature on semantic seg-

mentation: cross-entropy loss (LCE) and the negative soft

Dice coefficient known as soft Dice loss (Ldice) as defined

by [30]. Furthermore, we also compare our method to state-

of-the-art approaches that have proven to provide better cal-

ibrated deep neural networks.

First, due to its similarity with our work, we include the

confidence penalty loss proposed in [10], which discour-

ages all the neural network predictions from being over-

confident by penalizing low-entropy distributions. This is

achieved by adding a low-entropy penalty term over all the

pixels (in contrast with our method which only penalizes

the missclassified pixels), which can be defined as:

LH(ŷ) = −
1

|ŷ|

∑

k,i∈ŷ

p̂i,k log p̂i,k. (4)

We train two baseline models using the aforementioned

regularizer LH(ŷ): one considering cross-entropy (LCE) as

the segmentation loss and another one using the Dice loss

1LSeg can take the form of any segmentation loss (e.g., CE or Dice)
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(Ldice). We also assess the performance of focal-loss [22],

since recent findings [9] demonstrated the benefits of us-

ing this objective to train well-calibrated networks. Inter-

estingly, authors observed that focal loss minimizes a KL

divergence between the predicted softmax distribution and

the target distribution, while increasing the entropy of the

predicted distribution. Thus, the form of the learning ob-

jective, and in particular the regularizer, has the same spirit

than our proposed term:

LFL(y, ŷ) = −
∑

k,i∈y

1[yi = k]
(

1− p̂i,k

)γ

log p̂i,k (5)

where γ is the focusing hyper-parameter2, and 1[yi = k] the

indicator function, whose value is 1 when yi (the ground

truth class for pixel i) is equal to k, and 0 otherwise The

intuition behind the modulating factor is to reduce the con-

tribution of easy samples into the total loss.

4. Experiments and results

Dataset details. We benchmark the proposed method in the

context of Left Atrial (LA) cavity and White Matter Hyper-

intensities (WMH) segmentation in MR images. For LA,

we used the Atrial Segmentation Challenge dataset [35],

which provides 100 3D gadolinium-enhanced MR imaging

scans (GE-MRIs) and LA segmentation masks for training

and validation. These scans have an isotropic resolution of

0.625 × 0.625 × 0.625mm3. We used the splits and pre-

processed data from [36] where the scans were split into 80

for training and 20 for evaluation (5% of traininig images

were used for validation). The WMH dataset [37] consists

of 60 MR images with binary masks indicating the pres-

ence of WMH lesions. For each subject, co-registered 3D

T1-weighted and a 2D multi-slice FLAIR images were pro-

vided, with images having a resolution of 1mm × 1mm ×
3mm. We split the dataset into independent training (42),

validation (3) and test (15) sets.

Segmentation network details. We benchmark our pro-

posed method with two state-of-the-art DNN architectures

(UNet [38] and ResUNet [39]) which were implemented

using Tensorflow 2.3. During training, for the WMH

dataset we extract patches of size 64 × 64 × 64 from

each volume, and we train the networks until convergence

by randomly sampling patches so that the central pixel

corresponds to foreground label with 0.9 probability. This

patch based sampling strategy is used in highly imbalanced

scenarios like WMH, where most of the pixels correspond

to the background class while just a few of them are

associated to foreground (lesion). For LA dataset all

the scans were cropped to size 144 × 144 × 80 during

training, and centered at the heart region during test for

2Note that when γ = 0, LFL is equivalent to LCE .

better comparison of the segmentation performance. We

used Adam optimizer with a batch size of 64 for WMH

and 2 for LA. The initial learning rate was set to 0.0001,

and it was reduced by a factor of 0.85 every 10 epochs.

Hyper-parameters were chosen using the validation split,

and results reported on the hold-out test set.

Training the baseline models. To benchmark our pro-

posed method we trained the networks introduced in the

previous section with different configurations in their learn-

ing objective. As baselines, we use the standard cross-

entropy loss (LCE), and the negative of Dice coefficient

[30] (Ldice), which have been widely employed in med-

ical image segmentation. To compare with more sophis-

ticated methods we implemented the confidence penalty-

based method [10] detailed in section 3.3 by adding the

entropy penalizer LH(ŷ) to the segmentation loss function,

and using the hyper-parameter β = 0.2 suggested by the au-

thors. We also include the focal-loss (see eq. 5) (LFL) with

γ = 2, following the authors’ findings. We compare these

loss functions with the proposed regularizers. In particu-

lar, both LCE and Ldice are employed as segmentation loss

functions, and combined with the two proposed terms to

penalize low entropy in wrongly classified pixels: LH(ŷw)
(eq. 1) and LKL(ŷw) (eq. 2). We performed a grid search

using different values of λ, and we found empirically for

the WMH that 0.3 works best for models trained with LCE

and 1.0 for models trained with Ldice. For the LA dataset,

we chose 0.1 when combined with LCE and 0.5 for models

trained using Ldice. For each setting we trained 3 models

and report the average results.

4.1. Evaluation metrics

To assess segmentation performance we resort to the

standard Dice Similarity Coefficient (DSC) and Hausdorff

Distance (HD), widely used in medical image segmenta-

tion. We also included metrics which are affected by model

calibration, namely the Brier score, Stratified Brier score

and Expected Calibration Error.

Brier score. Brier score [6] is a proper scoring rule whose

optimal value corresponds to a perfect prediction. In other

words, a system that is both perfectly calibrated and per-

fectly discriminative will have a Brier score of zero. In the

context of image segmentation, for an image with N pixels

(voxels), the Brier score can be defined as:

Br =
1

N

N
∑

i=1

1

|K|

K
∑

k=1

(

p̂i,k − 1[yi = k]
)2

. (6)

Stratified Brier Score. In problems with highly imbal-

anced classes, e.g., brain lesion segmentation, calibration

may be good overall but poor for the minority class. In this
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Segmentation performance Calibration performance

Training loss dice coefficient HD Brier (1−4) Brier+ ECE (1−3)

WMH LA WMH LA WMH LA WMH LA WMH LA

Ldice

– 0.770 (0.100) 0.886 (0.060) 24.041 (10.845) 28.282 (11.316) 6.717 (4.184) 29.182(15.068) 0.257 (0.125) 0.107 (0.090) 0.667 (0.414) 28.861 (15.009)

+LH(Ŷ ) [10] 0.769 (0.099) 0.885 (0.050) 21.608 (8.830) 29.811 (11.168) 6.751 (4.194) 29.019(12.709) 0.249 (0.125) 0.109 (0.077) 0.670 (0.415) 28.458 (12.514)

+LH(Ŷw) 0.758 (0.108) 0.873 (0.069) 21.243 (8.755) 29.374 (10.965) 5.874 (3.875) 24.709(13.774) 0.244 (0.124) 0.103 (0.086) 0.510 (0.350) 18.796 (15.005)

+LKL(Ŷw) 0.770 (0.098) 0.881 (0.064) 20.804 (8.122) 28.415 (12.860) 5.564 (3.586) 23.182(12.464) 0.231 (0.114) 0.095 (0.077) 0.471 (0.318) 15.587 (13.391)

LCE

– 0.755 (0.111) 0.878 (0.070) 21.236 (7.735) 27.163 (11.967) 6.462 (4.141) 24.447 (14.876) 0.280 (0.140) 0.108 (0.092) 0.620 (0.400) 18.383 (16.700)

+LH(Ŷ ) [10] 0.760 (0.109) 0.881 (0.070) 23.124 (9.523) 29.464 (14.389) 6.369 (4.018) 23.539 (11.903) 0.242 (0.125) 0.096 (0.070) 4.100 (0.582) 15.590 (14.002)

+LH(Ŷw) 0.770 (0.095) 0.883 (0.058) 19.544 (7.254) 28.560(13.352) 5.417 (3.547) 22.506 (11.903) 0.217 (0.104) 0.093 (0.071) 0.436 (0.301) 15.242 (13.730)

+LKL(Ŷw) 0.777 (0.093) 0.876 (0.070) 22.298 (9.566) 28.736 (11.972) 5.331 (3.478) 24.085 (13.330) 0.213 (0.099) 0.105 (0.090) 0.422 (0.289) 17.348 (14.786)

LFL 0.753 (0.113) 0.881 (0.064) 21.931 (8.167) 28.599 (11.968) 5.760 (3.732) 23.928 (11.626) 0.243 (0.130) 0.095 (0.066) 0.438 (0.310) 25.998 (12.740)

Table 1. Mean accuracy and standard deviation for both WMH and LA segmentation tasks with UNet as backbone. Our models are

gray-shadowed and best results are highlighted in bold.

case, the majority class will dominate and miscalibration

in the class of interest will not be reflected in the standard

Brier score. In [40], the authors proposed the stratified Brier

score to measure calibration in binary classification prob-

lems with high imbalance. In this work, we follow [20],

where stratified Brier score was adopted for image segmen-

tation. We compute the stratified Brier score individually

per-class, treating every structure of interest as a binary seg-

mentation problem. For a given image with ground truth

segmentation y, we construct the stratified Brier score for

the class k, Brk, by computing it only in the subset of pix-

els Sk = {s : ys = k}, i.e. pixels whose ground truth

label is k. The problem is therefore binarized considering

all the other classes within a single background class. The

formulation of the stratified Brier score Brk is given by:

Brk =
1

|Sk|

∑

i∈Sk

(

p̂i,k − 1[yi = k]
)2

. (7)

Expected Calibration Error and reliability diagrams.

Another measure widely adopted to quantify model cali-

bration, which can be used as a complement to Brier score

is the Expected Calibration Error (ECE) [8]. This met-

ric directly assess the predictive power of the models by

analyzing test examples confidence against the observed

frequency of positive examples. To this end, the interval

[0, 1] is divided into M equispaced bins, where the ith bin

is the interval
(

i−1

M
, i
M

]

, and Bi denote the set of sam-

ples with confidence belonging to the ith bin. Then, for

each bin, the frequency of positive examples of Bi is com-

puted as freq(Bi) = 1

|Bi|

∑

i∈Bi
1[yi = k]while the con-

fidence C(Bi) of the ith bin is computed as C(Bi) =
1

|Bi|

∑

i∈Bi
p̂i,k. To summarize these statistics we calculate

the ECE as:

ECE =
M
∑

m=1

|Bm|

N
|freq(Bm)− C(Bm)|

We also generate reliability diagrams by plotting the ob-

served frequency as a function of the class probability. In

a perfectly calibrated model, the frequency on each bin

matches the confidence, and hence all of the bars lie on the

diagonal.

5. Results

Segmentation performance. The main goal of the pro-

posed methodology is to improve the estimated uncertainty

of the predictions, while retaining the segmentation power

of original losses. Thus, we first assess whether integrating

our regularization terms leads to a performance degrada-

tion. Table 1 reports the results across the different datasets

with UNet as backbone architecture. First, we can ob-

serve that adding the proposed regularizers does not result

in a remarkable loss of segmentation performance. Indeed,

in some cases, e.g., Ldice + LKL(Ŷw) in WMH, the pro-

posed model outperforms the baseline by more than 3%

in terms of HD. Furthermore, this behaviour holds when

the standard CE loss is used in conjunction with the pro-

posed terms, suggesting that the overall segmentation per-

formance is not negatively impacted by adding our regular-

izers into the main learning objective. Last, it is noteworthy

to mention that even though focal loss sometimes outper-

forms the baselines, it typically falls behind the proposed

two-terms losses.

Calibration performance. Our main focus in this sec-

tion is to evaluate the calibration quality of a network that

is trained with different losses. Recent empirical evidence

[23] shows that, despite leading to strong predictive models,

CE and specially Dice losses result in highly-confident pre-

dictions. The results obtained for calibration metrics (i.e.

Brier and ECE, reported in the right-side of Table 1), are

in line with these observations. These results evidence that

regardless of the dataset, networks trained with any of these

losses as a single objective, lead to the worst calibrated

models. Explicitly penalizing low-entropy predictions over

all the pixels, as in [10], typically improves the calibration

metrics. Nevertheless, despite the gains observed with [10],
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the same objective, we hypothesize that differences in per-
formance might stem from the different gradient dynamics.
Last, quantitative results suggest that models that perform
satisfactorily in segmentation are not necessarily well cali-
brated, which is of pivotal importance in critical decision-
making systems. Thus, we argue that both segmentation
and calibration metrics should be preferred when assessing
the performance of segmentation models for medical im-
ages.
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Anexo E

Video-oculography eye tracking
towards clinical applications: A review
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ô✆ö✄✁☎✆�✁❛❧ ù✄❛✂ó✡✄ ✝✄✟✂�✡☎ ù�✡ ✄☎✂✆ö❛✂✆✁õ õ❛♦✄ ô✆✡✄✟✂✆�✁☎ ❬✸✶❪ú ❚û✄
�ó✂øó✂þ õ❛♦✄ ô✆✡✄✟✂✆�✁þ ✟❛✁ ✞✄ ✡✄ø✡✄☎✄✁✂✄ô ❛☎ ✂û✄ ✟��✡ô✆✁❛✂✄☎ x y( , ) �✁
✂û✄ ☎✟✡✄✄✁ üû✄✡✄ ✂û✄ õ❛♦✄ ù❛❧❧☎ �✡ ✂û✄ ✡�✂❛✂✆�✁ ❛✁õ❧✄☎ �ù ✂û✄ ✄÷✄ ü✆✂û
✡✄☎ø✄✟✂ ✂� ✂û✄ û✄❛ô ø�☎✆✂✆�✁ú ÿ�✡ ❧�ü ✉ó❛❧✆✂÷ ✆ö❛õ✄☎þ ✂û✆☎ ✆☎ ❛ õ✡✄❛✂
❛ô✝❛✁✂❛õ✄ ✟�öø❛✡✄ô ✂� ✂û✄ ✂✄✟û✁✆✉ó✄☎ ✄öø❧�÷✄ô ✞÷ ù✄❛✂ó✡✄ý✞❛☎✄ô
ö✄✂û�ô☎þ üû✆✟û û❛✝✄ ✂� ☎✄õö✄✁✂ ❛✁ô ❛✁❛❧÷♦✄ õ✄�ö✄✂✡✆✟❛❧❧÷ ô✄✡✆✝✄ô ✄÷✄
ù✄❛✂ó✡✄☎ ù✡�ö û✆õûý✡✄☎�❧ó✂✆�✁ �✞☎✄✡✝❛✂✆�✁☎ ❛☎ ü✆❧❧ ✞✄ ☎✄✄✁ ✆✁ ✂û✄ ✁✄❡✂
☎✄✟✂✆�✁ú

❚û✄ ö❛øø✆✁õ ùó✁✟✂✆�✁ ❛❧❧�ü☎ ✂� ✡✄❧❛✂✄ ✂û✄ ✡❛ü ✆✁øó✂ ✆ö❛õ✄ ü✆✂û ✂û✄
✟��✡ô✆✁❛✂✄☎ �ù ✂û✄ õ❛♦✄ ô✆✡✄✟✂✆�✁ú ❚û✄☎✄ ùó✁✟✂✆�✁☎ ô� ✁�✂ ❛ôô✡✄☎☎ ❛✁÷
ø❛✡✂✆✟ó❧❛✡ ö�ô✄❧þ ✞ó✂ ❛✡✄ ô✄☎✆õ✁✄ô ❛ôýû�✟ ❛✁ô ❛✡✄ ✂✡❛✆✁✄ô ü✆✂û ✄÷✄
✆ö❛õ✄☎ �ù ❦✁�ü✁ õ❛♦✄ ô✆✡✄✟✂✆�✁ ó☎✆✁õ ✝❛✡✆�ó☎ ✡✄õ✡✄☎☎✆�✁ ✂✄✟û✁✆✉ó✄☎þ
✆✁✟❧óô✆✁õ ✁✄ó✡❛❧ ✁✄✂ü�✡❦☎ ❬✸✷➊✸✹❪þ ❧�✟❛❧ ✆✁✂✄✡ø�❧❛✂✆�✁ ❬✸✺þ✸✻❪þ �✡
✭❛ó☎☎✆❛✁ ø✡�✟✄☎☎ ❬✸✼þ✸✽❪ú ■✂☎ ù�✡öó❧❛✂✆�✁ ô✄ø✄✁ô☎ �✁ ✂û✄ ✡✄õ✡✄☎☎✆�✁
✂✄✟û✁✆✉ó✄ ù�❧❧�ü✄ôú ÿ✆õú ✶ ☎û�ü☎ ❛✁ ✄❡❛öø❧✄ üû✄✡✄ ❛ ✟�✁✝�❧ó✂✆�✁❛❧
✁✄ó✡❛❧ ✁✄✂ü�✡❦ ✭❈òò✆ ✆☎ ó☎✄ô ❛☎ ❛ ö❛øø✆✁õ ùó✁✟✂✆�✁ú

❚û✄☎✄ ❛øø✡�❛✟û✄☎ ö❛❦✄ ✂û✄ ☎÷☎✂✄ö ❧✄☎☎ ✡✄☎✂✡✆✟✂✆✝✄þ ❛✁ô ✄✝✄✁ ✂û�óõû
✂û✄ ø✡✄✟✆☎✆�✁ ✆☎ ✁�✂ õ��ô ✄✁�óõû ù�✡ ✟✄✡✂❛✆✁ ❛øø❧✆✟❛✂✆�✁☎þ ✂û✄÷ ❛✡✄ ✝✄✡÷
✡�✞ó☎✂ ✄✝✄✁ üû✄✁ ✂û✄÷ ❛✡✄ ❛øø❧✆✄ô ✂� ✡✄❧❛✂✆✝✄❧÷ ❧�üý✡✄☎�❧ó✂✆�✁ ✟❛ö✄✡❛☎
�✡ ó✁ô✄✡ ✁❛✂ó✡❛❧ ✆❧❧óö✆✁❛✂✆�✁þ ☎ó✟û ❛☎ ü✆✂û ❛ øû�✁✄ �✡ ✟�öøó✂✄✡ ❛øý
ø❧✆✟❛✂✆�✁☎ �✡ ûóö❛✁ ✟�öøó✂✄✡ ✆✁✂✄✡❛✟✂✆�✁ú

❚û✄ ö❛✆✁ ø✡�✞❧✄ö �ù ✂û✄☎✄ ö✄✂û�ô☎ ✆☎ ✂û❛✂ ✂û✄ ❛øø✄❛✡❛✁✟✄ �ù ❛✁ ✄÷✄

❋✙✚✛ ✜✛ ✑➬❐Ö✃➹➴❐➹➷➬➴ ➪Ò ➹Ö➴ ❈ÚÚ ➷➶➴❮ ❒➶ Ï❒ÐÐ✃➘➱ Ò➷➘❐➹✃➪➘ ➹➪ Ð➬➴❮✃❐➹ ➱❒Õ➴ ❮✃Ü
➬➴❐➹✃➪➘Ó ✢❋➬➪Ï ✢❒➬ß ➴➹ ❒➮Ó ❬â✣❪▲Ó

➉❿➎❿ ❺❪❫❫❪➑❪➋❪①② ❬❢ ❪①❿ ✤✥✦✧★✩✪✫✬ ✮✯ ✰✮✥✱✥✲✳ ✴✯✵ ✸✪✵✮✹✮✯✪ ✺✻✼ ✽✾✻✺✿❀ ❁❂❃❄❄

❅❇



ô✄ø✄✁ô☎ ✁�✂ �✁❧÷ óø�✁ õ❛♦✄ ô✆✡✄✟✂✆�✁ ✞ó✂ ❛❧☎� óø�✁ ✂û✄ û✄❛ô ø�☎✄☎þ
✆ö❛õ✆✁õ ✟�✁ô✆✂✆�✁☎ ❛✁ô ✄✝✄✁ �✁ ✂û✄ ✆ô✄✁✂✆✂✆✄☎ �ù ☎ó✞✐✄✟✂☎þ ö❛❦✆✁õ ✆✂
✁✄✟✄☎☎❛✡÷ ✂� õ✄✁✄✡❛✂✄ ❛ ø✄✡☎�✁ý☎ø✄✟✆✄✟ ✂✡❛✆✁✆✁õú ■✁ ❛ôô✆✂✆�✁þ ôó✄ ✂� ✂û✄
û✆õû ô✆ö✄✁☎✆�✁❛❧ ù✄❛✂ó✡✄ ✝✄✟✂�✡☎ ✂û❛✂ öó☎✂ ✞✄ ö❛øø✄ô ✆✁✂� ✂û✄ õ❛♦✄
ô✆✡✄✟✂✆�✁☎þ ✂û�ó☎❛✁ô☎ �ù ✆✁ô✆✝✆ôó❛❧ ✂✡❛✆✁✆✁õ ☎❛öø❧✄☎ ❛✡✄ ✡✄✉ó✆✡✄ô ✂�
✟❛❧✟ó❧❛✂✄ ✂û✄ ö❛øø✆✁õ ✟�✄✆✟✆✄✁✂☎ú

❚� �✝✄✡✟�ö✄ ✂û✄☎✄ ❧✆ö✆✂❛✂✆�✁☎þ ❙óõ❛✁� ✄✂ ❛❧ú ❬✸✾❪ ø✡�ø�☎✄ ❛
❧✄❛✡✁✆✁õý✞÷ý☎÷✁✂û✄☎✆☎ ❛øø✡�❛✟û ✂� ❛øø✄❛✡❛✁✟✄ý✞❛☎✄ô õ❛♦✄ ✄☎✂✆ö❛✂✆�✁
ó☎✆✁õ ❛ ❧❛✡õ✄ ô❛✂❛☎✄✂ ✂û❛✂ ✟�✁✂❛✆✁☎ ô✆✝✄✡☎✄ ø✄�ø❧✄þ û✄❛ô ø�☎✄☎þ ❛✁ô õ❛♦✄
ô✆✡✄✟✂✆�✁☎ú ❆❧☎� ✂� ❛✝�✆ô ✂û✄ ✁✄✄ô �ù ❛ ø✄✡☎�✁ý☎ø✄✟✆✄✟ ✂✡❛✆✁✆✁õþ ▲ó ✄✂ ❛❧ú
❬✹✶❪ ✄❡✂✡❛✟✂ ö�✡✄ ❛ô✝❛✁✟✄ô ✄÷✄ ù✄❛✂ó✡✄☎þ üû✆✟û û✄❧ø ✂� ❧✄❛✡✁ ❛ ø✄✡☎�✁ý
✆✁ô✄ø✄✁ô✄✁✂ ✡✄❧❛✂✆�✁☎û✆ø ✞✄✂ü✄✄✁ ✄÷✄ õ❛♦✄ ✟û❛✁õ✄ ❛✁ô ✄÷✄ ❛øø✄❛✡❛✁✟✄
✝❛✡✆❛✂✆�✁ú �✁ ✂û✄ �✂û✄✡ û❛✁ôþ ❙✟û✁✄✆ô✄✡ ✄✂ ❛❧ú ❬✹✶❪ ø✄✡ù�✡ö ✄ö✞✄ôô✆✁õ
ù�✡ ✄❛✟û ø✄✡☎�✁ ✆✁ ✂û✄ ✂✡❛✆✁✆✁õ ☎✄✂ ❛✁ô ✂û✄✁ ❧✄❛✡✁ ❛ ❧✆✁✄❛✡ ✂✡❛✁☎ù�✡ö❛ý
✂✆�✁ ✂û❛✂ ö❛ø☎ �ó✂ ✂û✄ ✆✁ô✆✝✆ôó❛❧þ ☎ó✞✐✄✟✂ýô✄ø✄✁ô✄✁✂ ö❛✁✆ù�❧ô☎
❛✝�✆ô✆✁õ ✂û✄ ✁✄✄ô �ù ✆✁ô✆✝✆ôó❛❧ ✟❛❧✆✞✡❛✂✆�✁ú

✠✄☎ø✆✂✄ ✂û✄ ✡✄✟✄✁✂ ✡✄☎✄❛✡✟û ø✡�õ✡✄☎☎ ✆✁ ✂û✄ ✄✄❧ô �ù ✟�öøó✂✄✡ ✝✆☎✆�✁þ
✄☎✂✆ö❛✂✆✁õ ûóö❛✁ õ❛♦✄ ô✆✡✄✟✂✆�✁☎ ù✡�ö �✁❧÷ ✄÷✄ ❛øø✄❛✡❛✁✟✄ ✆☎ ☎✂✆❧❧ ❛✁
�ø✄✁ ✟û❛❧❧✄✁õ✄ú ❚û✄ ø✄✡ù�✡ö❛✁✟✄ �ù ❛øø✄❛✡❛✁✟✄ý✞❛☎✄ô ö✄✂û�ô☎ õ✄✁ý
✄✡❛❧❧÷ ô✄ø✄✁ô☎ �✁ ✂û✄ ✉ó❛❧✆✂÷ ❛✁ô ô✆✝✄✡☎✆✂÷ �ù ✂û✄ ✂✡❛✆✁✆✁õ ô❛✂❛ ❛✁ô
õ✄✁✄✡❛❧✆♦❛✂✆�✁ ❛✞✆❧✆✂÷ �ù ✂û✄ ✡✄õ✡✄☎☎✆�✁ ❛❧õ�✡✆✂ûöú ▼�✡✄�✝✄✡þ ✂û✄✆✡ ❛✟ý
✟ó✡❛✟÷ ✆☎ ✁�✂ û✆õû ✄✁�óõû ù�✡ ✟❧✆✁✆✟❛❧ ó☎✄☎ú ÿ�✡ ✂û✄☎✄ ✡✄❛☎�✁☎þ ❛øø✄❛✡ý
❛✁✟✄ý✞❛☎✄ô ö✄✂û�ô☎ ✟❛✁ ✞✄ ✡ó❧✄ô �ó✂ ù�✡ ô✄✝✆✟✄☎ ô✄☎✆õ✁✄ô ù�✡ ✂û✆☎
øó✡ø�☎✄ú

✠✡✠✡ ❋✌✍✖�✎✌✒✓✍✔✌✕ ♠✌✖✗✘✕✔

▼✄✂û�ô☎ ó☎✆✁õ ✄❡✂✡❛✟✂✄ô ❧�✟❛❧ ù✄❛✂ó✡✄☎ ☎ó✟û ❛☎ ✟�✁✂�ó✡☎þ ✄÷✄ ✟�✡ý
✁✄✡☎þ ❛✁ô ✄÷✄ ✡✄☎✄✟✂✆�✁☎þ ✟❛❧❧✄ô ù✄❛✂ó✡✄ý✞❛☎✄ô ö✄✂û�ô☎þ ❛✡✄ ✂û✄ ö�☎✂
ø�øó❧❛✡ ❛øø✡�❛✟û ù�✡ õ❛♦✄ ✄☎✂✆ö❛✂✆�✁ú ❚û✄☎✄ ö✄✂û�ô☎ ó☎✄ õ✄�ö✄✂✡✆✟❛❧❧÷
ô✄✡✆✝✄ô ✄÷✄ ù✄❛✂ó✡✄☎ ù✡�ö û✆õûý✡✄☎�❧ó✂✆�✁ ✄÷✄ý✆ö❛õ✄☎ ✟❛ø✂ó✡✄ô ✞÷
♦��ö✆✁õ ✆✁ ✂û✄ ó☎✄✡♣☎ ✄÷✄☎ ✭❙✄✄ ÿ✆õú ✷✆ú �✁✟✄ ✂û✄ ù✄❛✂ó✡✄☎ ❛✡✄ ✄❡✂✡❛✟✂✄ôþ
✂û✄ ✟�✁✁✄✟✂✆�✁ ✞✄✂ü✄✄✁ ✂û✄ õ❛♦✄ ô✆✡✄✟✂✆�✁☎ ❛✁ô ✂û✄ö ✟❛✁ ✞✄ ö�ô✄❧✄ô ✆✁
✝❛✡✆�ó☎ ü❛÷☎ú ❇✄☎✆ô✄☎þ ô✄ø✄✁ô✆✁õ �✁ üû✄✂û✄✡ ✂û✄÷ ❛✡✄ ✞❛☎✄ô �✁ ✄÷✄
õ✄�ö✄✂✡÷ �✡ ✁�✂þ ✂û✄☎✄ ö✄✂û�ô☎ ✟❛✁ ✞✄ ô✆✝✆ô✄ô ✆✁✂� ✂ü� ö❛✆✁ õ✡�óø☎♠
✷✠ ö❛øø✆✁õý✞❛☎✄ô õ❛♦✄ ✄☎✂✆ö❛✂✆�✁ ö✄✂û�ô☎ ❛✁ô ✸✠ ö�ô✄❧ý✞❛☎✄ô õ❛♦✄
✄☎✂✆ö❛✂✆�✁ ö✄✂û�ô☎ú

❚û✄ ✸✠ ö�ô✄❧ý✞❛☎✄ô ö✄✂û�ô☎ ❬✹✷þ✹✸❪þ ô✆✡✄✟✂❧÷ ✟�öøó✂✄ ✂û✄ ✸✠ õ❛♦✄
ô✆✡✄✟✂✆�✁ ✝✄✟✂�✡ ù✡�ö ✂û✄ ✄÷✄ ù✄❛✂ó✡✄☎ ✞❛☎✄ô �✁ ❛ õ✄�ö✄✂✡✆✟ ö�ô✄❧ �ù
✂û✄ ✄÷✄ú ❚û✄✁þ ✂û✄ ø�✆✁✂ �ù õ❛♦✄ ✆☎ ✄☎✂✆ö❛✂✄ô ✞÷ ✆✁✂✄✡☎✄✟✂✆✁õ ✂û✄ õ❛♦✄
ô✆✡✄✟✂✆�✁ ü✆✂û ✂û✄ �✞✐✄✟✂ ✞✄✆✁õ ✝✆✄ü✄ôþ ✆ú✄ ❛ ✟�öøó✂✄✡ ö�✁✆✂�✡ú ■✁ �✡ô✄✡
✂� ✟❛❧✟ó❧❛✂✄ ✂û✄ ✟✄✁✂✄✡ �ù ✂û✄ ✟�✡✁✄❛ ❛✁ô ✂û✄ ✄÷✄ ✝✄✟✂�✡þ ✂û✄☎✄ ö�ô✄❧☎
✡✄✉ó✆✡✄ ❛✟✟ó✡❛✂✄ ✄☎✂✆ö❛✂✆�✁ �ù ö❛✁÷ ó☎✄✡ýô✄ø✄✁ô✄✁✂ ø❛✡❛ö✄✂✄✡☎ ☎ó✟û ❛☎
✟�✡✁✄❛ ✡❛ô✆✆þ ❛✁õ❧✄☎ ✞✄✂ü✄✄✁ ✝✆☎ó❛❧ ❛✁ô �ø✂✆✟❛❧ ❛❡✄☎þ ✂û✄ ô✆☎✂❛✁✟✄ ✞✄ý
✂ü✄✄✁ ✂û✄ ✟�✡✁✄❛ ✟✄✁✂✄✡ ❛✁ô øóø✆❧ ✟✄✁✂✄✡þ ❛ö�✁õ �✂û✄✡☎ú ❚� ó✁ô✄✡☎✂❛✁ô
üû÷ ✂û✄☎✄ ø❛✡❛ö✄✂✄✡☎ ☎û�ó❧ô ✞✄ ✄☎✂✆ö❛✂✄ôþ ❛✁ô üû✆✟û ✟�öø❧✄❡ û❛✡ôý
ü❛✡✄ ✟❛❧✆✞✡❛✂✆�✁ ☎û�ó❧ô ✞✄ ö❛ô✄ ôó✡✆✁õ ✆✁✆✂✆❛❧ ☎✄✂óøþ ✂û✄ ö�ô✄❧ ø✡�ý
ø�☎✄ô ✞÷ ✭ó✄☎✂✡✆✁ ✄✂ ❛❧ú ❬✹✹❪ ü✆❧❧ ✞✄ ô✄✝✄❧�ø✄ôú ❚û✆☎ ✄❡❛öø❧✄ ✆☎ ❛❧☎� ❛
õ��ô ✞❛☎✆☎ ù�✡ ó✁ô✄✡☎✂❛✁ô✆✁õ ö�ô✄❧ý✞❛☎✄ô ö✄✂û�ô☎ú ❚û✄ ö�ô✄❧ ❛✁ô
✂û✄✆✡ ø❛✡❛ö✄✂✄✡☎ ❛✡✄ ☎û�ü✁ ✆✁ ÿ✆õú ✸ú

❈�✁☎✆ô✄✡✆✁õ ❛ ✡❛÷ ✂û❛✂ ✟�ö✄☎ ù✡�ö ✂û✄ ❧✆õû✂ ☎�ó✡✟✄ Iiþ ✡✄☎✄✟✂☎ ❛✂ ❛
ø�✆✁✂ qi j, �✁ ✂û✄ ✟�✡✁✄❛❧ ☎ó✡ù❛✟✄þ üû✆✟û ✆☎ ö�ô✄❧✄ô ❛☎ ❛ ✟�✁✝✄❡ ☎øû✄✡✆✟❛❧
ö✆✡✡�✡ �ù ✡❛ô✆ó☎ ❘þ ø❛☎☎✄☎ ✂û✡�óõû ✂û✄ ✁�ô❛❧ ø�✆✁✂ �ù ✂û✄ ✟❛ö✄✡❛ ojþ ❛✁ô
✆✁✂✄✡☎✄✟✂☎ ✂û✄ ✟❛ö✄✡❛ ✆ö❛õ✄ ø❧❛✁✄ ❛✂ ❛ ø�✆✁✂ ui j, þ ✂û✄ ✁✄❡✂ ✂ü� ✄✉ó❛✂✆�✁☎
✟❛✁ ✞✄ ù�✡öó❧❛✂✄ô♠

= + −k for some ko o uq ( )ij j q ij j ij q ij, , ✭✶✆

− = Rq c|| ||ij ✭✷✆

■✁ ❛ôô✆✂✆�✁þ ✞❛☎✄ô �✁ ✂û✄ ✞✄❛ö ✡✄☎✄✟✂✆�✁ ❧❛ü☎þ ✂ü� ö�✡✄ ✄✉ó❛✂✆�✁☎
✟❛✁ ✞✄ ✡❛✆☎✄ô ù�✡ ✂û✄☎✄ ø�✆✁✂☎ú

− × − − =i o q o c o( ) ( )•( ) 0i j ij j j ✭✸✆

− − ⋅ −
= − − ⋅ −
i q q c o q

o q q c i q

( )•( ) || ||

( )•( ) || ||

i ij ij j ij

j ij ij i ij ✭✹✆

■✁ ✂û✄ ☎❛ö✄ ü❛÷þ ✟�✁☎✆ô✄✡✆✁õ ❛ ✡❛÷ ✂û❛✂ ✟�ö✄☎ ù✡�ö øóø✆❧ ✟✄✁✂✄✡ ☎þ
✡✄ù✡❛✟✂ ❛✂ ✂û✄ ø�✆✁✂ rj �✁ ✂û✄ ✟�✡✁✄❛❧ ☎ó✡ù❛✟✄þ ø❛☎☎✄☎ ✂û✡�óõû ✂û✄ ✁�ô❛❧
ø�✆✁✂ �ù ✟❛ö✄✡❛ ojþ ❛✁ô ✆✁✂✄✡☎✄✟✂☎ ✂û✄ ✟❛ö✄✡❛ ✆ö❛õ✄ ø❧❛✁✄ ❛✂ ❛ ø�✆✁✂ vijþ
✂ü� ö�✡✄ ✄✉ó❛✂✆�✁☎ ✟❛✁ ✞✄ �✞✂❛✆✁✄ôú

= + −k for some kr o o v( )ij j r j j ij r j, , ✭✺✆

− = Rr c|| ||ij ✭✻✆

❚û✄✁þ ❛øø❧÷✆✁õ ✞✄❛ö ✡✄ù✡❛✟✂✆�✁ ❧❛ü☎þ ✂û✄ ù�❧❧�ü✆✁õ ✄✉ó❛✂✆�✁☎ ❛✡✄
ô✄✡✆✝✄ô üû✄✡✄ n1 ❛✁ô n2 ❛✡✄ ✂û✄ ✡✄ù✡❛✟✂✆�✁ ✆✁ô✄❡ �ù ✂û✄ ❛✉ó✄�ó☎ ûóö�✡
❛✁ô ✟�✡✁✄❛ ✟�ö✞✆✁✄ô ❛✁ô �ù ❛✆✡ ✡✄☎ø✄✟✂✆✝✄❧÷ú

− × − − =r o c o p o( ) ( )•( ) 0j j j j ✭✼✆

− × − ⋅ −
= − × − −
n

n

r c p r o r

r c o r p r

||( ) ( )|| || ||

||( ) ( )||•|| ||

j j j j

j j j j

1

2 ✭✽✆

ÿ✆✁❛❧❧÷þ ✟�✁☎✆ô✄✡✆✁õ ❑ ❛☎ ✂û✄ ô✆☎✂❛✁✟✄ ✞✄✂ü✄✄✁ ✂û✄ øóø✆❧ ✟✄✁✂✄✡ ❛✁ô
✂û✄ ✟✄✁✂✄✡ �ù ✟�✡✁✄❛❧ ✟ó✡✝❛✂ó✡✄ ❧✄❛ô☎ ✂�♠

− = Kp c|| || ✭✾✆

❇÷ ö✄❛✁☎ �ù ☎�❧✝✆✁õ ✂û✄ ø✡�ø�☎✄ô ☎÷☎✂✄ö �ù ✄✉ó❛✂✆�✁☎ ù�✡ ð ❛✁ô ☎þ
✂û✄ �ø✂✆✟ ❛❡✆☎ �ù ✂û✄ ✄÷✄ ✆✁ ✂û✄ ☎ø❛✟✄ ✟❛✁ ✞✄ ✡✄✟�✁☎✂✡ó✟✂✄ô ❛☎ ✂û✄ ❧✆✁✄
ô✄✄✁✄ô ✞÷ ✂û✄☎✄ ✂ü� ø�✆✁✂☎ú ■✂ ✆☎ ✆öø�✡✂❛✁✂ ✂� ✁�✂✄ ✂û❛✂ ✂� ☎�❧✝✄ ✂û✄☎✄
✄✉ó❛✂✆�✁☎þ ❛❧❧ ✂û✄ ☎ó✞✐✄✟✂ý☎ø✄✟✆✄✟ ø❛✡❛ö✄✂✄✡☎ ✭R K, ❛✁ô n1✆ û❛✝✄ ✂� ✞✄
❦✁�ü✁ú ■✁ õ✄✁✄✡❛❧þ ✆ù �✁❧÷ �✁✄ ✟❛ö✄✡❛ ✆☎ ❛✝❛✆❧❛✞❧✄þ ✂û✄÷ ❛✡✄ �✞✂❛✆✁✄ô ✞÷
✂û✄ ✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄☎☎ ýô✄✂❛✆❧✄ô ✞✄❧�üýú ❆❧☎�þ ✂û✄ ❛✁õ❧✄ ✞✄✂ü✄✄✁ ✂û✄
�ø✂✆✟ ❛❡✆☎ ❛✁ô ✝✆☎ó❛❧ ❛❡✆☎ öó☎✂ ✞✄ ✟❛❧✟ó❧❛✂✄ô ❛✁ô ✆☎ ó☎ó❛❧❧÷ ô�✁✄ ôó✡✆✁õ
✂û✄ ✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄ôó✡✄ú

❚û✆☎ ø❛✡❛ö✄✂✄✡☎ ❛❧☎� ✡✄❧÷ �✁ ö✄✂✡✆✟ ✆✁ù�✡ö❛✂✆�✁ ✡✄✉ó✆✡✆✁õ ✟❛ö✄✡❛
✟❛❧✆✞✡❛✂✆�✁ ❛✁ô ✄❡❛✟✂ ❦✁�ü❧✄ôõ✄ �ù ✂û✄ ❧✆õû✂ ☎�ó✡✟✄☎ ❛✁ô ö�✁✆✂�✡ ø�ý
☎✆✂✆�✁ú ❚û✄☎✄ ✝❛❧ó✄☎ ö❛÷ ✞✄ ô✆✡✄✟✂❧÷ ö✄❛☎ó✡✄ô �✁✟✄ ôó✡✆✁õ ✂û✄ ✄✡☎✂
☎✄✂óø ✞ó✂þ ✂� ❛✟û✆✄✝✄ ❛ û✆õû ❛✟✟ó✡❛✟÷þ ✂û✄ ✄÷✄ ø❛✡❛ö✄✂✄✡☎ ✁✄✄ô ✂� ✞✄
✄☎✂✆ö❛✂✄ô ✆✁ô✄ø✄✁ô✄✁✂❧÷ ù�✡ ✄❛✟û ✆✁ô✆✝✆ôó❛❧þ ö❛❦✆✁õ ✂û❛✂ ❛ ø✡✄✝✆�ó☎
✟❛❧✆✞✡❛✂✆�✁ ☎✂✄ø ✟❛✁✁�✂ ✞✄ �ö✆✂✂✄ôú

❚û✄ ✸✠ ö�ô✄❧ý✞❛☎✄ô ❛øø✡�❛✟û✄☎ ✟❛✁ û❛✁ô❧✄ û✄❛ô ö�✝✄ö✄✁✂☎ ✆✁ ❛
✡�✞ó☎✂ ö❛✁✁✄✡ ü✆✂û û✆õû ❛✟✟ó✡❛✟÷ ✞ó✂ ✆✁✝�❧✝✆✁õ ✂û✆☎ ✡✄❧❛✂✆✝✄❧÷ ✟�öø❧✄❡
✆✁✆✂✆❛❧ ☎✄✂óøú ❚û✄÷ ✁✄✄ô ✂� ó☎✄ ❛✂ ❧✄❛☎✂ ❛ ☎✆✁õ❧✄ ✟❛ö✄✡❛ ü✆✂û öó❧✂✆ø❧✄
✟❛❧✆✞✡❛✂✄ô ❧✆õû✂ ☎�ó✡✟✄☎ ❬✹✹❪ �✡ ☎✂✄✡✄� ✟❛ö✄✡❛☎ ❬✹✺➊✹✼❪ú ❊✝✄✁ ☎�þ ù�✡
☎�ö✄ ✟❧✆✁✆✟❛❧ ô✆❛õ✁�☎✄☎þ ✆✂ ✆☎ ✆öø�✡✂❛✁✂ ✂� ✞✄ ❛✞❧✄ ✂� ô✆✁✄✡✄✁✂✆❛✂✄ ✞✄ý
✂ü✄✄✁ �✟ó❧�✟✄øû❛❧✆✟ ❛✁ô øó✡✄ ✄÷✄ ö�✝✄ö✄✁✂☎þ ☎� ✟❛❧✟ó❧❛✂✆✁õ ✂û✄ ❛✞ý
☎�❧ó✂✄ ø�☎✆✂✆�✁ �ù ✂û✄ õ❛♦✄ ✆☎ ✁�✂ ❛❧ü❛÷☎ ó☎✄ùó❧ú ÿó✡✂û✄✡ö�✡✄þ ✡✄õ❛✡ô❧✄☎☎
�ù ✂û✄ ö�ô✄❧ ✟�öø❧✄❡✆✂÷þ ✂û✄ ✟❛❧✆✞✡❛✂✆�✁ ö✆õû✂ ✞✄ �✁❧÷ ☎✆öø❧✆✄✄ôþ ✞ó✂❋✙✚✛ ✷✛ ❋➴❒➹➷➬➴➶ Ò➬➪Ï Ö✃➱ÖÜ➬➴➶➪➮➷➹✃➪➘ ➴❰➴Ü✃Ï❒➱➴➶ ✢Ò➬➪Ï ✢❒➬ß ➴➹ ❒➮Ó ❬✹ä❪▲Ó

❋✙✚✛ ✸✛ ❙❐Ö➴Ï❒➹✃❐ ➬➴Ð➬➴➶➴➘➹❒➹✃➪➘➶ ➪Ò ➹Ö➴ ➴❰➴Û ❒ ❐❒Ï➴➬❒Û ❒➘❮ ❒ ➮✃➱Ö➹ ➶➪➷➬❐➴ ✢Ò➬➪Ï
●➷➴➶➹➬✃➘ ➴➹ ❒➮Ó ❬✹✹❪▲Ó

➉❿➎❿ ❺❪❫❫❪➑❪➋❪①② ❬❢ ❪①❿ ✤✥✦✧★✩✪✫✬ ✮✯ ✰✮✥✱✥✲✳ ✴✯✵ ✸✪✵✮✹✮✯✪ ✺✻✼ ✽✾✻✺✿❀ ❁❂❃❄❄

❅✁



✁�✂ ❛✝�✆ô✄ô ❛✂ ❛❧❧ú ■✁ ☎�ö✄ ü�✡❦☎þ ✂� ❛✝�✆ô ✂û✄ ✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄☎☎þ ❛
✝✄✡÷ ☎✆öø❧✆✄✄ô ✄÷✄ ö�ô✄❧ ✆☎ ó☎✄ôú ❲û✆❧✄ ✆✂ ✡✄ôó✟✄☎ ✟❛❧✆✞✡❛✂✆�✁ ✂✆ö✄☎
❛✁ô ✟�öø❧✄❡✆✂÷þ ✂û✄ ❛✟✟ó✡❛✟÷ �✞✂❛✆✁✄ô ❛❧☎� õ✡✄❛✂❧÷ ô✄✟✡✄❛☎✄☎ú

�✁ ✂û✄ �✂û✄✡ û❛✁ôþ ✂û✄ ✷✠ ö❛øø✆✁õ ❛øø✡�❛✟û✄☎ ❬✷✸þ✹✽þ✹✾❪ ❛✡✄
✞❛☎✄ô ✆✁ ✄✁ô✆✁õ ❛ ö❛øø✆✁õ ùó✁✟✂✆�✁ ù✡�ö ✷✠ ù✄❛✂ó✡✄ ☎ø❛✟✄ ❧✆❦✄ Póø✆❧ý
❈✄✁✂✄✡ý❈�✡✁✄❛❧ý✂✄☎✄✟✂✆�✁☎ ✭P❈❈✂✆þ ✟�✁✂�ó✡☎þ ✄✂✟ú ✂� õ❛♦✄ ø�✆✁✂ ☎ó✟û ✂û✄
✟�öøó✂✄✡ ☎✟✡✄✄✁ ✟��✡ô✆✁❛✂✄☎ú ❚û❛✂ ùó✁✟✂✆�✁ ❛✝�✆ô☎ ✂û✄ ✁✄✄ô ù�✡ ✂û✄
ô✆✡✄✟✂ ö✄❛☎ó✡✄ö✄✁✂ �✡ ✄☎✂✆ö❛✂✆�✁ �ù ✂û✄ ✄÷✄ ö�ô✄❧ ø❛✡❛ö✄✂✄✡☎
✂û✡�óõû�ó✂ ✂û✄ ☎÷☎✂✄ö ☎✄✂óøú ■✁☎✂✄❛ôþ ✂û✄÷ ❛✡✄ ✆öø❧✆✟✆✂❧÷ ✆✁✟❧óô✄ô ✆✁ ✂û✄
❧✄❛✡✁✆✁õ �ù ✂û✄ ö❛øø✆✁õ ùó✁✟✂✆�✁ ☎✆öø❧✆ù÷✆✁õ ✂û✄ ☎✄✂óø ø✡�✟✄☎☎ ✆✂☎✄❧ùú
❚û✄ ☎❛ö✄ û❛øø✄✁☎ ü✆✂û ✂û✄ ✟❛ö✄✡❛ ✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄☎☎ ❛✁ô ✂û✄ ☎÷☎✂✄ö
õ✄�ö✄✂✡÷ ô✄✂✄✡ö✆✁❛✂✆�✁ú

✠✆✁✄✡✄✁✂ ù✄❛✂ó✡✄☎ ❛✡✄ ó☎✄ô ❛☎ ✆✁øó✂☎ ✂� ✂û✄ ö❛øø✆✁õ ùó✁✟✂✆�✁ ô✄ý
ø✄✁ô✆✁õ �✁ ✂û✄ ❛øø❧✆✟❛✂✆�✁ ❛✁ô ✂û✄ ✆ö❛õ✄ ✟�✁ô✆✂✆�✁☎ú ▼�☎✂❧÷þ ✂û✄÷ ✟❛✁
✞✄ ùó✡✂û✄✡ ô✆✝✆ô✄ô ✆✁✂� ❛✟✂✆✝✄ ❧✆õû✂ ✂✄✟û✁✆✉ó✄☎ ☎ó✟û ❛☎ P❈❈✂ �✡ ø❛☎☎✆✝✄
❧✆õû✂ ✂✄✟û✁✆✉ó✄☎ ☎ó✟û ❛☎ ☎û❛ø✄ý✞❛☎✄ô ö✄✂û�ô☎þ ô✄ø✄✁ô✆✁õ �✁ üû✄✂û✄✡
✂û✄÷ ✡✄✉ó✆✡✄ ✄❡✂✄✡✁❛❧ ❧✆õû✂ ☎�ó✡✟✄☎ ✂� ô✄✂✄✟✂ ✄÷✄ ù✄❛✂ó✡✄☎ú

■✁ ✂û✄ ✡✄✟✄✁✂ ÷✄❛✡☎þ ✄÷✄ ✂✡❛✟❦✆✁õ ❛øø❧✆✟❛✂✆�✁☎ ó☎✆✁õ ü✄✞✟❛ö☎ ó✁ô✄✡
✁❛✂ó✡❛❧ ✆❧❧óö✆✁❛✂✆�✁ û❛✝✄ õ❛✆✁✄ô û✆õû❧÷ ✡✄❧✄✝❛✁✟✄ ✆✁ ✂û✄ ✟�ööó✁✆✂÷ú ■✁
ø❛✡✂✆✟ó❧❛✡þ ø❛☎☎✆✝✄ ✆ö❛õ✄ý✞❛☎✄ô ❛❧õ�✡✆✂ûö☎ ù�✡ ✄÷✄ ❧�✟❛❧✆♦✆✁õ ❛✁ô
✂✡❛✟❦✆✁õ ✆✁ ✂û✄ ✝✆☎✆✞❧✄ ☎ø✄✟✂✡óö û❛✝✄ ✞✄✄✁ ✡✄☎✄❛✡✟û✄ô �✝✄✡ ✂û✄ ❧❛☎✂
÷✄❛✡☎ ❬✷✼þ✺✶þ✺✶❪ú ❚û✄☎✄ ❛❧õ�✡✆✂ûö☎ ø✡�ø�☎✄ ✂û✄ ☎✄❛✡✟û ù�✡ ☎�ö✄ ù✄❛ý
✂ó✡✄☎ ❧✆❦✄ ✆✡✆☎ �✡ øóø✆❧ ✟✄✁✂✄✡ú ÿ�✡ ✂û✄ øó✡ø�☎✄ �ù ✆✡✆☎ ✂✡❛✟❦✆✁õþ ✂û✄
❧✆ö✞ó☎þ üû✆✟û ✆☎ ✂û✄ ✞�ó✁ô❛✡÷ ✞✄✂ü✄✄✁ ✂û✄ ☎✟❧✄✡❛ ✭✁�✡ö❛❧❧÷ üû✆✂✄✆ ❛✁ô
✆✡✆☎ ✭✟�öø❛✡❛✂✆✝✄❧÷ ô❛✡❦✆ ✆☎ �ø✂✆✟❛❧❧÷ ô✄✂✄✟✂✄ô ❛✁ô ✂✡❛✟❦✄ôú Póø✆❧
✂✡❛✟❦✆✁õ ✆☎ ☎✆ö✆❧❛✡ ✂� ✆✡✆☎ ✂✡❛✟❦✆✁õ ✄❡✟✄ø✂ ✂û❛✂ ❛ ☎ö❛❧❧✄✡ ✞�ó✁ô❛✡÷ ✞✄ý
✂ü✄✄✁ ✆✡✆☎ ❛✁ô øóø✆❧ ✆☎ ó☎✄ô ù�✡ ✡✄❧❛✂✆✝✄ ö✄❛☎ó✡✄ö✄✁✂ú

❆❧✂û�óõû ü✆✂û�ó✂ ❛✟✂✆✝✄ ✆❧❧óö✆✁❛✂✆�✁ ✆✂ ✆☎ ✄❛☎✆✄✡ ✂� ☎✄õö✄✁✂ ✂û✄
❧✆ö✞ó☎ ôó✄ ✂� ✂û✄ û✆õû✄✡ ✟�✁✂✡❛☎✂ ✞✄✂ü✄✄✁ ✂û✄ ✆✡✆☎ ❛✁ô ✂û✄ ☎✟❧✄✡❛
✟�öø❛✡✄ô ✂� ✂û✄ ✟�✁✂✡❛☎✂ ✞✄✂ü✄✄✁ ✂û✄ øóø✆❧ ❛✁ô ✂û✄ ✆✡✆☎þ øóø✆❧ ✂✡❛✟❦✆✁õ
û❛☎ ❛ ❧�✂ �ù ❛ô✝❛✁✂❛õ✄☎ú ❚û✄ øóø✆❧þ üû✆✟û ✆☎ öó✟û ❧✄☎☎ ✟�✝✄✡✄ô ✞÷ ✂û✄
✄÷✄❧✆ô☎ ✂û❛✁ ✂û✄ ❧✆ö✞ó☎þ ✄✁❛✞❧✄☎ ✝✄✡✂✆✟❛❧ ✂✡❛✟❦✆✁õú ■✁ ❛ôô✆✂✆�✁þ ✂û✄
☎û❛✡ø✄✡ ✄ôõ✄ ✞✄✂ü✄✄✁ ✂û✄ øóø✆❧ ❛✁ô ✂û✄ ✆✡✆☎ ø✡�✝✆ô✄☎ ❛ û✆õû✄✡ ✡✄☎�❧óý
✂✆�✁ú

❱❛✡✆�ó☎ ✆✡✆☎ ❛✁ô øóø✆❧ ✟✄✁✂✄✡ ❧�✟❛❧✆♦❛✂✆�✁ ö✄✂û�ô☎ û❛✝✄ ✞✄✄✁ ✡✄ý
ø�✡✂✄ô ✆✁ ✂û✄ ❧✆✂✄✡❛✂ó✡✄ ❬✺✷þ✺✸❪ú ❙✄✝✄✡❛❧ ✂✡✄❛✂ ✆✡✆☎ �✡ øóø✆❧ ✟✄✁✂✄✡ ❧�✟❛ý
❧✆♦❛✂✆�✁ ❛☎ ❛ ✟✆✡✟❧✄ ô✄✂✄✟✂✆�✁ �✡ ✄❧❧✆ø☎✄ ✄✂✂✆✁õ ø✡�✞❧✄ö ❬✺✹➊✺✼❪ú ✠✄ý
ø✄✁ô✆✁õ �✁ ✂û✄ ✝✆✄ü✆✁õ ❛✁õ❧✄þ ✞�✂û ✆✡✆☎ ❛✁ô øóø✆❧ ❛øø✄❛✡ ✄❧❧✆ø✂✆✟❛❧ ❛✁ô
✟�✁☎✄✉ó✄✁✂❧÷ ✟❛✁ ✞✄ ö�ô✄❧✄ô ✞÷ ô✆✁✄✡✄✁✂ ☎û❛ø✄ ø❛✡❛ö✄✂✄✡☎ú ❙✆öø❧✄
✄❧❧✆ø☎✄ ö�ô✄❧☎ ✟�✁☎✆☎✂ �ù ✝�✂✆✁õý✞❛☎✄ô ö✄✂û�ô☎ ❬✺✽þ✺✾❪ ❛✁ô ö�ô✄❧ ✄✂ý
✂✆✁õ ö✄✂û�ô☎ ❬✻✶þ✻✶❪ú �✁✟✄ ✂û✄ ✆✡✆☎ ✟✄✁✂✄✡ û❛☎ ✞✄✄✁ ☎ó✟✟✄☎☎ùó❧❧÷ ❧�✟❛ý
❧✆♦✄ôþ ✡✄õ✡✄☎☎✆�✁ý✞❛☎✄ô ö✄✂û�ô☎ ✟❛✁ ✞✄ ó☎✄ô ù�✡ ✄✁ô✆✁õ ✂û✄ ✟�✡✡✄ý
☎ø�✁ô✆✁õ õ❛♦✄ ø�✆✁✂☎ �✁ ✂û✄ ☎✟✡✄✄✁ú

❙✆✁✟✄ ✂û✄☎✄ ö✄✂û�ô☎ ô✆✡✄✟✂❧÷ ö❛ø ✂û✄ ✄÷✄☎ ✆✡✆☎ ✟✄✁✂✄✡ �✡ øóø✆❧ ✟✄✁✂✄✡
❧�✟❛✂✆�✁ ✂� ❛ ✂❛✡õ✄✂ ø❧❛✁✄ ☎ó✟û ❛☎ ✂û✄ ö�✁✆✂�✡ ☎✟✡✄✄✁þ ✂û✄ ❛✟✟ó✡❛✟÷ ❛✁ô
✡�✞ó☎✂✁✄☎☎ �ù ✂û✄ ✟✄✁✂✄✡ ❧�✟❛❧✆♦❛✂✆�✁ ☎✆õ✁✆✄✟❛✁✂❧÷ ❛✁✄✟✂ ✂û✄ ø✄✡ù�✡ý
ö❛✁✟✄ �ù õ❛♦✄ ✂✡❛✟❦✆✁õú ÿ�✡ ✄❡❛öø❧✄þ ô✄✂✄✟✂✆�✁ û❛☎ ☎�ö✄ ø✡�✞❧✄ö☎
üû✄✁ ✂û✄ ✆✡✆☎ ö�✝✄☎ ✂�ü❛✡ô ✂û✄ ✟�✡✁✄✡☎ �✡ üû✄✁ ✂û✄ óøø✄✡ ❛✁ô ❧�ü✄✡
✞�ó✁ô❛✡✆✄☎ �ù ✂û✄ ✆✡✆☎ ❛✡✄ �✟✟❧óô✄ô ✞÷ ✂û✄ ✄÷✄❧✆ô☎ ❛✁ô ✄÷✄❧❛☎û✄☎þ ❧✄❛ô✆✁õ
✂� õ❛♦✄ ✄☎✂✆ö❛✂✆�✁ ✄✡✡�✡☎ú

�✁ ✂û✄ �✂û✄✡ û❛✁ôþ ù�✡ ❛øø❧✆✟❛✂✆�✁☎ ❧✆❦✄ ✟❧✆✁✆✟❛❧ ✡✄☎✄❛✡✟ûþ üû✄✡✄
✄❡ø✄✡✆ö✄✁✂☎ ❛✡✄ ø✄✡ù�✡ö✄ô ✆✁ ❛ ô�✟✂�✡♣☎ �✆✟✄þ ✆✂ ✆☎ ✁�✂ ❛ ø✡�✞❧✄ö ✂�
û❛✝✄ ✆✁ù✡❛✡✄ô ❧✆õû✂✆✁õþ ❛✁ô ✂ûó☎ ❛✟✂✆✝✄ ö✄✂û�ô☎ ü�ó❧ô ✞✄ ❛ ✞✄✂✂✄✡ �øý
✂✆�✁ú P❈❈✂ ✆☎ ✂û✄ ö�☎✂ ✟�öö�✁ ❛øø✡�❛✟û ù�✡ ù✄❛✂ó✡✄ý✞❛☎✄ô õ❛♦✄ ✄☎✂✆ý
ö❛✂✆�✁ ö✄✂û�ô☎ú

❲û✄✁ ❛ ❧✆õû✂ ☎�ó✡✟✄ ✭ó☎ó❛❧❧÷ ✆✁ù✡❛✡✄ô✆ ✆❧❧óö✆✁❛✂✄☎ ✂û✄ ✄÷✄☎ ❛✂ ô✆ùý
ù✄✡✄✁✂ ❧❛÷✄✡☎þ ✂û✄ ✞�ó✁ô❛✡✆✄☎ ✞✄✂ü✄✄✁ ✂û✄ ❧✄✁☎ ❛✁ô ✂û✄ ✟�✡✁✄❛ ❛✟✂ ❛☎
✟�✁✝✄❡ ö✆✡✡�✡☎ ❛✁ô ø✡�ôó✟✄☎ ☎�ö✄ ✡✄☎✄✟✂✆�✁☎ �✡ ✝✆✡✂ó❛❧ ✆ö❛õ✄☎þ üû✆✟û
❛✡✄ ✟❛❧❧✄ô ✟�✡✁✄❛❧ ✡✄☎✄✟✂✆�✁☎ �✡ Pó✡❦✆✁✐✄ ✆ö❛õ✄☎ú ■✁ ø❛✡✂✆✟ó❧❛✡þ ✂û✄
Pó✡❦✆✁✐✄ ✆ö❛õ✄ ù�✡ö✄ô ✞÷ ✂û✄ ✡✄☎✄✟✂✆�✁ �ù ✂û✄ �ó✂✄✡ ☎ó✡ù❛✟✄ �ù ✂û✄
✟�✡✁✄❛þ ✟❛❧❧✄ô ✂û✄ ✄✡☎✂ Pó✡❦✆✁✐✄ ✆ö❛õ✄þ ✆☎ ❦✁�ü✁ ❛☎ õ❧✆✁✂ú ❚û✄ õ❧✆✁✂ ✆☎ ✂û✄
✞✡✆õû✂✄☎✂ ❛✁ô ✄❛☎✆✄☎✂ ✡✄☎✄✟✂✆�✁ ✂� ô✄✂✄✟✂ ❛✁ô ✂✡❛✟❦ú ❚û✄ P❈❈✂ ✂✄✟û✁✆✉ó✄
ó☎✄☎ ✂û✄ ✝✄✟✂�✡ ù�✡ö✄ô ✞÷ ✂û✄ ☎ó✞✂✡❛✟✂✆�✁ ✞✄✂ü✄✄✁ ✂û✄ ✄☎✂✆ö❛✂✄ô ✟✄✁✂✄✡
�ù ✂û✄ øóø✆❧ ❛✁ô �✁✄ �✡ ö�✡✄ ✁✄❛✡ ✆✁ù✡❛✡✄ô ✭ò■✂✆ ✟�✡✁✄❛❧ ✡✄☎✄✟✂✆�✁☎ ✂�
✄☎✂✆ö❛✂✄ ✂û✄ õ❛♦✄ ô✆✡✄✟✂✆�✁ ❬✹✾þ✻✷❪ú

❚� ✟�öøó✂✄ ✂û✄ øóø✆❧ýõ❧✆✁✂ ✝✄✟✂�✡þ ✂û✄ øóø✆❧ ✟✄✁✂✄✡ öó☎✂ ❛❧☎� ✞✄

✄❡✂✡❛✟✂✄ô ù✡�ö ✂û✄ ✆ö❛õ✄ú ❆☎ ✆✂ ü❛☎ ❛❧✡✄❛ô÷ ö✄✁✂✆�✁✄ôþ ô✆✁✄✡✄✁✂
✂✄✟û✁✆✉ó✄☎ ❛✡✄ ❛✝❛✆✞❧✄ ù�✡ ô�✆✁õ ✂û✆☎ ✞ó✂þ ü✆✂û ❛✟✂✆✝✄ ✆❧❧óö✆✁❛✂✆�✁þ ✂û✄
✞✡✆õû✂ øóø✆❧ýô❛✡❦ øóø✆❧ ö✄✂û�ô ✭❇Pý✠P✆ ✆☎ �✁✄ �ù ✂û✄ ö�☎✂ ü✆ô✄❧÷ ó☎✄ô
ù�✡ ô✄✂✄✡ö✆✁✆✁õ ✂û✄ ❛✟✟ó✡❛✂✄ ❧�✟❛✂✆�✁ �ù ✂û✄ øóø✆❧ú ❲û✄✁ ❛ ❧✆õû✂ ☎�ó✡✟✄
✆☎ ø❧❛✟✄ô ✟�❧❧✆✁✄❛✡❧÷ ✂� ✂û✄ �ø✂✆✟❛❧ ❛❡✆☎ �ù ✂û✄ ✟❛ö✄✡❛þ ö�☎✂ �ù ✂û✄ ❧✆õû✂ ✆☎
✡✄☎✄✟✂✄ô ✞❛✟❦ ✂� ✂û✄ ✟❛ö✄✡❛ ❛✁ô ✂û✄ ✄÷✄ ✆ö❛õ✄ ☎û�ü☎ ❛ ✞✡✆õû✂ øóø✆❧ú
❈�✁✝✄✡☎✄❧÷þ üû✄✁ ❛ ❧✆õû✂ ☎�ó✡✟✄ ✆☎ ❧�✟❛✂✄ô ❛ü❛÷ ù✡�ö ✂û✄ ✟❛ö✄✡❛♣☎
�ø✂✆✟❛❧ ❛❡✆☎þ ✂û✄ ✆ö❛õ✄ ☎û�ü☎ ❛ ô❛✡❦ øóø✆❧ú ❚û✄✡✄ù�✡✄þ ✄÷✄ ✂✡❛✟❦✄✡☎ ü✆✂û
❛✟✂✆✝✄ ■✂ ✆❧❧óö✆✁❛✂✆�✁ ✟❛✁ ó☎✄ ✂û✄ ô✆✁✄✡✄✁✟✄ ✞✄✂ü✄✄✁ ô❛✡❦ ❛✁ô ✞✡✆õû✂
øóø✆❧ ✆ö❛õ✄☎ ✞÷ ☎÷✁✟û✡�✁�ó☎❧÷ ☎ü✆✂✟û✆✁õ ✞✄✂ü✄✄✁ ✂û✄ ✂ü� ❧✆õû✂
☎�ó✡✟✄☎ú ❚û✆☎ ✂✄✟û✁✆✉ó✄ ✆☎ ✝✄✡÷ ☎✆öø❧✄ ❛✁ô ✡�✞ó☎✂ ✆✁ ✟�✁✂✡�❧❧✄ô ✟�✁ô✆ý
✂✆�✁☎ ❬✶✶❪ú

❇✄☎✆ô✄☎ ✂û❛✂þ ✂û✄ ô✄✂✄✟✂✆�✁ �ù ✂û✄ ✟�✡✁✄❛❧ ✡✄☎✄✟✂✆�✁☎ ✡✄✉ó✆✡✄☎ ❛
✁❛✡✡�ü ✄✄❧ô �ù ✝✆✄ü ✭ÿ�❱✆ ✟❛ö✄✡❛ ✭❧�✁õ ù�✟❛❧ ❧✄✁õ✂û✆ ☎✆✁✟✄ ✂û✄ ✡✄ý
☎✄✟✂✆�✁☎ ❛✡✄ ✆✁ õ✄✁✄✡❛❧ ✝✄✡÷ ☎ö❛❧❧ú ❚û✄✡✄ù�✡✄þ ✂û✄☎✄ ☎÷☎✂✄ö☎ ü�✡❦ ü✆✂û
û✆õûý✡✄☎�❧ó✂✆�✁ ✄÷✄ ✆ö❛õ✄☎ ✟❛ø✂ó✡✄ô ✞÷ ♦��ö✆✁õ ✆✁ �✁ ö�✝✄ö✄✁✂ý✡✄ý
☎✂✡✆✟✂✄ô ó☎✄✡☎ú ❯✁ô✄✡ ✂û✄☎✄ ✟�✁ô✆✂✆�✁☎þ ✄÷✄ ù✄❛✂ó✡✄☎ ✟❛✁ ✞✄ ✄❛☎✆❧÷ ❛✁ô
✡�✞ó☎✂❧÷ ✄❡✂✡❛✟✂✄ôþ ✂û✆☎ ✞✄✆✁õ ❛✁ ❛ô✝❛✁✂❛õ✄ �✝✄✡ �✂û✄✡ ö✄✂û�ô☎ú

❚û✄☎✄ ✡✄ø�✡✂✄ô ✂✄✟û✁✆✉ó✄☎ ❛✡✄ ü✆ô✄❧÷ ó☎✄ô ❛✁ô ❛✟û✆✄✝✄ ✡✄❛❧❧÷ õ��ô
✡✄☎ó❧✂☎þ ✞ó✂ ✂û✄÷ û❛✝✄ ✂ü� ö❛✐�✡ ✆☎☎ó✄☎ú ÿ✆✡☎✂þ ✞✄✟❛ó☎✄ ✂û✄ ö❛øø✆✁õ
ùó✁✟✂✆�✁ ✆☎ ô✆✁✄✡✄✁✂ ù�✡ ✄❛✟û ø✄✡☎�✁ ❛✁ô ù�✡ ✄❛✟û ☎÷☎✂✄ö ✟�✁✄õó✡❛✂✆�✁þ
✆✂ ✆☎ ✁✄✟✄☎☎❛✡÷ ✂� ø✄✡ù�✡ö ❛ ✂✄ô✆�ó☎ ✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄ôó✡✄ ✞✄ù�✡✄ ✄❛✟û
✂✄☎✂ ✂� �✞✂❛✆✁ ✂û✄ ✁✄✟✄☎☎❛✡÷ ø❛✡❛ö✄✂✄✡☎ú ■✁ ❛ ✂÷ø✆✟❛❧ ✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄ý
ôó✡✄þ ❛ ☎✄✂ �ù ✝✆☎ó❛❧ ✂❛✡õ✄✂☎ ☎ó✟û ❛☎ ✂û�☎✄ ☎û�ü✁ ✆✁ ÿ✆õú ✹þ ✆☎ ø✡✄☎✄✁✂✄ô ✂�
✂û✄ ó☎✄✡ üû� ✁�✡ö❛❧❧÷ û❛☎ ✂� ☎✂❛✡✄ ✂� ✂û✄ ✟�öøó✂✄✡ ù�✡ ❛ ø✄✡✆�ô üû✆❧✄
✂û✄ ✟�✡✡✄☎ø�✁ô✆✁õ ö✄❛☎ó✡✄ö✄✁✂ ✆☎ ✞✄✆✁õ ô�✁✄ú ❆ù✂✄✡ü�✡ô☎þ ù✡�ö ✂û✄☎✄
✟�✡✡✄☎ø�✁ô✄✁✟✄☎þ ❛ ö❛øø✆✁õ ùó✁✟✂✆�✁ ✆☎ ✟❛❧✟ó❧❛✂✄ôú

❚û✄ ☎✄✟�✁ô ô✡❛ü✞❛✟❦ ✆☎ ✂û❛✂ �✁✟✄ ✂û✄ ✟❛❧✆✞✡❛✂✆�✁ û❛☎ ✞✄✄✁ ø✄✡ý
ù�✡ö✄ôþ ✂û✄ ø✄✡☎�✁♣☎ û✄❛ô öó☎✂ ✡✄ö❛✆✁ ö�✂✆�✁❧✄☎☎ú �✂û✄✡ü✆☎✄þ ✂û✄✡✄
ü✆❧❧ ✞✄ ❧❛✡õ✄ ✄✡✡�✡☎ ✞✄✂ü✄✄✁ ✂û✄ ❛✟✂ó❛❧ ❛✁ô ✄☎✂✆ö❛✂✄ô ô✆✡✄✟✂✆�✁☎ú ❚�
❛✝�✆ô ✂û✄☎✄ ✄✡✡�✡☎ û✄❛ô ✡✄☎✂✡❛✆✁✂ ☎÷☎✂✄ö☎ ❛✡✄ �ù✂✄✁ ó☎✄ôþ ❛✁ô ✂û✄ ✟❛❧✆ý
✞✡❛✂✆�✁ ø✡�✟✄☎☎ ✆☎ ✡✄ø✄❛✂✄ô ✄✝✄✡÷ ✂✆ö✄ ö�✝✄ö✄✁✂☎ ❛✡✄ �✞☎✄✡✝✄ô ✆✁ ✂û✄
ø❛✂✆✄✁✂ú ÿ✆õú ✺ ☎û�ü☎ ❛✁ ❛✟✂✆✝✄ ù✄❛✂ó✡✄ý✞❛☎✄ô ☎÷☎✂✄öþ ❛✁ô ✂û✄ ✡✄☎✂✡❛✆✁✂
☎÷☎✂✄ö ✆✂ ó☎✄☎ ✂� ø✡✄✝✄✁✂ û✄❛ô ö�✝✄ö✄✁✂ú ❲✆✂û ✂û✆☎ ô✄✝✆✟✄þ ❍✄✡✁❛✁ô✄♦
✄✂ ❛❧ú ❬✷✸❪ ❛✟û✆✄✝✄ ❛✁ ❛✟✟ó✡❛✟÷ �ù ❧✄☎☎ ✂û❛✁ ✶ú✹✞þ ✡✄ø�✡✂✄ô ❛☎ �✁✄ �ù ✂û✄
ö✆✁✆öóö ✡✄❛✟û✄☎ ✆✁ ✂û✄ ❧✆✂✄✡❛✂ó✡✄ú

❆ ✁óö✞✄✡ �ù ✄✁�✡✂☎ ❛✡✄ ✞✄✆✁õ ö❛ô✄ ✂� ö✆✁✆ö✆♦✄ ✂û✄☎✄ ☎û�✡✂✟�ö✆✁õ☎ú
✷✠ ö❛øø✆✁õ ö✄✂û�ô☎ ❛☎☎óö✄ ✂û❛✂ ✂û✄ ö❛øø✆✁õ ùó✁✟✂✆�✁ û❛✝✄ ❛ ø❛✡✂✆ý
✟ó❧❛✡ ø❛✡❛ö✄✂✡✆✟ ù�✡ö ☎ó✟û ❛☎ ❛ ø�❧÷✁�ö✆❛❧ �✡ ❛ ✁�✁ýø❛✡❛ö✄✂✡✆✟ ù�✡ö
☎ó✟û ❛☎ ❛ ✁✄ó✡❛❧ ✁✄✂ü�✡❦☎ üû�☎✄ ✟�✄✆✟✆✄✁✂☎ û❛✝✄ ✁� øû÷☎✆�❧�õ✆✟❛❧ �✡
øû÷☎✆✟❛❧ ö✄❛✁✆✁õú

P�❧÷✁�ö✆❛❧ ✆✁✂✄✡ø�❧❛✂✆�✁ ✆☎ �✁✄ �ù ✂û✄ ö❛✆✁ ✂��❧☎ ù�✡ ø❛✡❛ö✄✂✡✆✟
ö❛øø✆✁õ ùó✁✟✂✆�✁☎þ ö❛✆✁❧÷ ôó✄ ✂� ✆✂☎ ☎✆öø❧✆✟✆✂÷ �ù ✄❡✄✟ó✂✆�✁ ❛✁ô ✂û✄
õ��ô ✉ó❛❧✆✂÷ �ù ✂û✄ ✡✄☎ó❧✂ �✞✂❛✆✁✄ô ù✡�ö ✆✂ú ■✁ ✂û✆☎ ✟❛☎✄þ ✂û✄ ① ❛✁ô ② õ❛♦✄
✟��✡ô✆✁❛✂✄☎ ❛✡✄ ✄☎✂✆ö❛✂✄ô ✞÷ ö✄❛✁☎ �ù ❛ ø�❧÷✁�ö✆❛❧ ùó✁✟✂✆�✁ú ÿ�✡ ✄❡ý
❛öø❧✄þ ❛ ☎✄✟�✁ô �✡ô✄✡ ø�❧÷✁�ö✆❛❧ ✂✡❛✁☎ù�✡ö❛✂✆�✁ ✆☎ ô✄✄✁✄ô ❛☎♠
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üû✄✡✄ x y( , )c c ✆☎ ✂û✄ ✟��✡ô✆✁❛✂✄ �ù ✂û✄ ø�✆✁✂ �✁ ✂û✄ ☎✟✡✄✄✁ üû✄✡✄ ✂û✄ õ❛♦✄
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ù❛❧❧☎þ x y( , )e e ✆☎ ✂û✄ ✟��✡ô✆✁❛✂✄ �ù ✂û✄ øóø✆❧ýõ❧✆✁✂ ✝✄✟✂�✡ ❛✁ô ai✝ bi ❛✡✄ ✂û✄
ø�❧÷✁�ö✆❛❧ ✟�✄✆✟✆✄✁✂☎ú ❚û✄☎✄ ✟�✄✆✟✆✄✁✂☎ ❛✡✄ ✟❛❧✟ó❧❛✂✄ô ✆✁ ✂û✄ ✟❛❧✆ý
✞✡❛✂✆�✁ ø✡�✟✄ôó✡✄ú ✠ó✡✆✁õ ✂û✆☎ ø✡�✟✄ôó✡✄þ ✂û✄ ø❛✂✆✄✁✂ ✆☎ ❛☎❦✄ô ✂� ☎✂❛✡✄ ❛✂
❛ ☎✄✂ �ù ❦✁�ü✁ ✂❛✡õ✄✂☎þ üû✆❧✄ ❛ ☎✄✂ �ù ✟�✡✡✄☎ø�✁ô✆✁õ ø�✆✁✂☎ ❛✡✄ �✞✂❛✆✁✄ôú
ÿ�✡ ✄❡❛öø❧✄þ ù�✡ ❛ ✻ýø�✆✁✂ ✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄ôó✡✄þ ✻ ✟�✡✡✄☎ø�✁ô✆✁õ
ø�✆✁✂☎ ❛✡✄ �✞✂❛✆✁✄ô x y( , )ci ci ✝ x y( , )ei ei ü✆✂û = …i 1,2, 6 ❛✁ô ❛ ☎÷☎✂✄ö �ù ✶✷
✄✉ó❛✂✆�✁☎ ✆☎ õ✄✁✄✡❛✂✄ô ✂� ✟❛❧✟ó❧❛✂✄ ✂û✄ ø�❧÷✁�ö✆❛❧ ✟�✄✆✟✆✄✁✂☎ ai✝ biþ ✞÷
❛øø❧÷✆✁õ ✂û✄ ❧✄❛☎✂ ☎✉ó❛✡✄☎ ✄☎✂✆ö❛✂✆�✁ ø✡�✟✄ôó✡✄þ ✂û❛✂ ✆☎þ ö✆✁✆ö✆♦✆✁õ ✂û✄
✉ó❛ô✡❛✂✆✟ ✄✡✡�✡ E2 ✞✄✂ü✄✄✁ ✂û✄ ✄☎✂✆ö❛✂✆�✁☎ ❛✁ô ✂û✄ ✟❛❧✆✞✡❛✂✆�✁ ø�✆✁✂☎
✟��✡ô✆✁❛✂✄☎ú ❚û✄ û✆õû✄✡ ✆☎ ✂û✄ �✡ô✄✡ �ù ✂û✄ ø�❧÷✁�ö✆❛❧ ö❛øø✆✁õ ùó✁✟ý
✂✆�✁þ ✂û✄ õ✡✄❛✂✄✡ ü✆❧❧ ✞✄ ✂û✄ ✁óö✞✄✡ �ù ✟❛❧✆✞✡❛✂✆�✁ ø�✆✁✂☎ ✁✄✄ô✄ô ✂�
✟❛❧✟ó❧❛✂✄ ❛❧❧ ✟�✄✆✟✆✄✁✂☎ú ■✁ ❊✉ó❛✂✆�✁ ✭✶✶✆ ✂û✄ ✉ó❛ô✡❛✂✆✟ ✄✡✡�✡ ùó✁✟✂✆�✁
ù�✡ ò ✟❛❧✆✞✡❛✂✆�✁ ø�✆✁✂☎ ✆☎ ô✆☎ø❧❛÷✄ôú

= ∑ − + + + +

= ∑ − + + + +
=

=

E N x a a x a y a x y

E N y b b x b y b x y

[ ( ..)]

[ ( ..)]

x i ci ei ei ei ei

y i ci ei ei ei ei

2
1 1 2 3 4

2

2
1 1 2 3 4

2

✭✶✶✆

▼✆ö✆✟❛ ✄✂ ❛❧ú ❬✻✸❪ ó☎✄ ❛ ☎✄✟�✁ô �✡ô✄✡ ø�❧÷✁�ö✆❛❧ ✂� ö✆✁✆ö✆♦✄ ✂û✄
✁óö✞✄✡ �ù ✟❛❧✆✞✡❛✂✆�✁ ø�✆✁✂☎ ✡✄✉ó✆✡✄ô ✟�öø❛✡✆✁õ ✂� ✂û�☎✄ ✡✄✉ó✆✡✄ô ✞÷ ❛
û✆õû✄✡ �✡ô✄✡ ø�❧÷✁�ö✆❛❧ú ❈✄✡✡�❧❛♦❛ ✄✂ ❛❧ú ❬✻✹þ✻✺❪ ✟❛✡✡✆✄ô �ó✂ ❛ ☎✂óô÷ �✁
✂û✄ ø�✂✄✁✂✆❛❧ ✄✁✄✟✂ �ù ✂û✄ �✡ô✄✡ ❛✁ô ☎÷☎✂✄ö❛✂✆✟ ✆✁✟❧ó☎✆�✁ �ù ❛❧❧ ø�❧÷ý
✁�ö✆❛❧ ✂✄✡ö☎þ �✁ ✂û✄ ❛✟✟ó✡❛✟÷ ❛✁ô ✡�✞ó☎✂✁✄☎☎ �ù ✂û✄ õ❛♦✄ ✂✡❛✟❦✄✡ú ÿ�✡
✂û✆☎þ ❛ ✡✄❛❧ ❱�✭ ☎÷☎✂✄ö ü✆✂û ô✆✁✄✡✄✁✂ ✟�✁✄õó✡❛✂✆�✁☎ ü❛☎ ó☎✄ôú ❚û✄
❛ó✂û�✡☎ ø�✆✁✂ �ó✂ ✂û❛✂ ✂û✄ õ❛♦✄ ✄☎✂✆ö❛✂✆�✁ ❛✟✟ó✡❛✟÷ �ù ❛ õ❛♦✄ ✂✡❛✟❦✆✁õ
☎÷☎✂✄ö ✆☎ ✁�✂ ✁�✂✆✟✄❛✞❧÷ ✆✁✟✡✄❛☎✄ô ü✆✂û ✂û✄ ✄✁û❛✁✟✄ö✄✁✂ �ù ø�❧÷✁�ö✆❛❧
�✡ô✄✡ �✡ ü✆✂û ö�✡✄ ✟�öø❧✄✂✄ ö❛✂û✄ö❛✂✆✟❛❧ ✄❡ø✡✄☎☎✆�✁☎ ôó✄ ✂� ✂û✄
ù❛✟✂�✡☎ �ù û✄❛ô ö�✂✆�✁þ ❛✁ô ✟❛❧✟ó❧❛✂✆�✁ ö✄✂û�ô �ù ✂û✄ øóø✆❧ýõ❧✆✁✂
✝✄✟✂�✡ú

❚û✄ ✟û�✆✟✄ �ù ✂û✄ ö❛øø✆✁õ ùó✁✟✂✆�✁ ô✄✂✄✡ö✆✁✄☎ ✁�✂ �✁❧÷ ✂û✄ ❛✟✟óý
✡❛✟÷ �ù ✂û✄ ☎÷☎✂✄ö ✞ó✂ ❛❧☎� ✂û✄ û✄❛ô ö�✝✄ö✄✁✂ ✂�❧✄✡❛✁✟✄ ❛✁ô ✂û✄ ✟❛ý
❧✆✞✡❛✂✆�✁ ✂✆ö✄ú ❚û✄✡✄ù�✡✄þ üû✄✁ ❧✆✁✄❛✡ ✡✄õ✡✄☎☎✆�✁ ☎�❧ó✂✆�✁ ö✄✂û�ô☎ ❛✡✄
❛øø❧✆✄ô ✂� ☎�❧✝✄ ✂û✄ ö❛øø✆✁õ ùó✁✟✂✆�✁þ ❛ ☎✄✟�✁ôý�✡ô✄✡ ❧✆✁✄❛✡ ø�❧÷ý
✁�ö✆❛❧ ✆☎ ✂û✄ ö�☎✂ ó☎✄ô ôó✄ ✂� ✆✂☎ ❛ô✝❛✁✂❛õ✄☎ �ù ❧✄☎☎ ✟❛❧✆✞✡❛✂✆�✁ ö❛✡❦✄✡☎
❛✁ô ✞✄✂✂✄✡ ❛øø✡�❡✆ö❛✂✆�✁ ✄✁✄✟✂ú

❆❧✂✄✡✁❛✂✆✝✄❧÷þ ❇❛❧ó✐❛ ✄✂ ❛❧ú ❬✸✷❪ ✄✡☎✂ ø✡�ø�☎✄ô ❛ ö✄✂û�ô ó☎✆✁õ ❛
☎✆öø❧✄ ❛✡✂✆✄✟✆❛❧ ✁✄ó✡❛❧ ✁✄✂ü�✡❦ ✭❆òò✆ ✂� ✟❛❧✟ó❧❛✂✄ ❛ ✁�✁ý❧✆✁✄❛✡ ö❛øý
ø✆✁õ ùó✁✟✂✆�✁ú ÿ✆✡☎✂þ ✂û✄÷ ö❛øø✄ô ✆ö❛õ✄☎ �ù �✁❧÷ ✂û✄ øóø✆❧ ❛✁ô ✟�✡✁✄❛
❛☎ ✂û✄ ✆✁øó✂☎ ✂� ❆òò ✂� ✂û✄ ✟��✡ô✆✁❛✂✄☎ �ù ✂û✄ õ❛♦✄ ø�✆✁✂ ❛☎ ✂û✄ �ó✂øó✂☎ú
❚û✄✁þ ✂û✄÷ ✆✁✟❧óô✄ô ✂û✄ ✂�✂❛❧ ✄÷✄ ☎�✟❦✄✂ ❛☎ ❛✁ ✆✁øó✂ ✂� ✆öø✡�✝✄ ✂û✄
☎÷☎✂✄ö ❛✟✟ó✡❛✟÷ ✭❛✞�ó✂ ✶ú✺✞✆ú ■✁ ❛ôô✆✂✆�✁þ ❩ûó ❛✁ô ❏✆ ❬✻✻❪ ó✂✆❧✆♦✄ õ✄✁ý
✄✡❛❧✆♦✄ô ✡✄õ✡✄☎☎✆�✁ ✁✄ó✡❛❧ ✁✄✂ü�✡❦☎ ✂� ✄☎✂✆ö❛✂✄ ✂û✄ õ❛♦✄ ô✆✡✄✟✂✆�✁ú ÿ�✡
✂û✆☎ øó✡ø�☎✄þ ✻ øóø✆❧ ❛✁ô õ❧✆✁✂ ø❛✡❛ö✄✂✄✡☎ ü✄✡✄ ó☎✄ô ❛☎ ✆✁øó✂☎ ✂� ✂û✄
✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄ôó✡✄ú ❚û✄ ø❛✡❛ö✄✂✄✡☎ ü✄✡✄ ✟û�☎✄✁ ✆✁ ☎ó✟û ❛ ü❛÷ ✂û❛✂
✂û✄÷ ✡✄ø✡✄☎✄✁✂ ✄÷✄ ❛✁ô û✄❛ô ö�✝✄ö✄✁✂☎ ❛✁ô ✡✄ö❛✆✁ ✡✄❧❛✂✆✝✄❧÷

ó✁✟û❛✁õ✄ô ù�✡ ô✆✁✄✡✄✁✂ ø✄�ø❧✄ú ❚û✄✡✄ù�✡✄þ ✄✝✄✁ ✂û�óõû ✂û✄ ❛✟✟ó✡❛✟÷
❛✟✉ó✆✡✄ô ✆☎ ✁�✂ õ��ô ✄✁�óõû ✭❛✞�ó✂ ✺✞✆þ ✆✂ ✆☎ ❛ ù✡✄✄ ✟❛❧✆✞✡❛✂✆�✁ ø✡�✟✄☎☎
❛✁ô û✄❛ô ö�✝✄ö✄✁✂☎ ❛✡✄ ❛❧❧�ü✄ôú

■✁ ❛ ☎✆ö✆❧❛✡ ü❛÷þ ✭✁✄� ✄✂ ❛❧ú ❬✻✼❪ ó✂✆❧✆♦✄ öó❧✂✆❧❛÷✄✡ ✁✄ó✡❛❧ ù✄✄ôý
ù�✡ü❛✡ô ✁✄✂ü�✡❦☎ ✂� ✟❛❧✟ó❧❛✂✄ õ❛♦✄ ø�✆✁✂ ✟��✡ô✆✁❛✂✄☎ ✞❛☎✄ô �✁ øóø✆❧ý
õ❧✆✁✂ ✝✄✟✂�✡☎ú ■✁ �✡ô✄✡ ✂� ö✆✁✆ö✆♦✄ ✂û✄ ✁óö✞✄✡ �ù �ó✂øó✂ ✁✄ó✡�✁☎þ ✂û✄÷
ó☎✄ �✁✄ ☎✄ø❛✡❛✂✄ ✁✄✂ü�✡❦ ü✆✂û ✂û✄ ☎❛ö✄ ✆✁øó✂ ù�✡ ✄❛✟û õ❛♦✄ ✟��✡ô✆✁❛✂✄
x y( , )ú ❚û✄ ✡✄ø�✡✂✄ô ✡✄☎ó❧✂☎ ü✄✡✄ ✟�öø✄✂✆✂✆✝✄ ü✆✂û û✆õû ❛✟✟ó✡❛✟÷ ✭❛✞�ó✂
✶ú✻✞✆ú ▼�✡✄ ✡✄✟✄✁✂❧÷þ❲❛✁õ ✄✂ ❛❧ú ø✡�ø�☎✄ ✆✁ ✂✄ùú ❬✹✾❪ ❛✁ ✆öø✡�✝✄ô ❆òò
✞❛☎✄ô �✁ ô✆✡✄✟✂ ❧✄❛☎✂ ☎✉ó❛✡✄☎ ✡✄õ✡✄☎☎✆�✁ ✂� ✟❛❧✟ó❧❛✂✄ ✂û✄ ö❛øø✆✁õ
ùó✁✟✂✆�✁ ✞✄✂ü✄✄✁ øóø✆❧ýõ❧✆✁✂ ✝✄✟✂�✡☎ ❛✁ô ❛✟✂ó❛❧ õ❛♦✄ ø�✆✁✂☎ú ❚û✄÷
✟�ö✞✆✁✄ ✂û✄ ❛ô✝❛✁✂❛õ✄☎ �ù ✞�✂û ö✄✂û�ô☎♠ ✂û✄ û✆õû ☎ø✄✄ô �ù ô✆✡✄✟✂ ❧✄❛☎✂
☎✉ó❛✡✄☎ ✡✄õ✡✄☎☎✆�✁ ❛✁ô ✂û✄ û✆õû ❛✟✟ó✡❛✟÷ �ù ❆òòú ❚û✄÷ ❛✟û✆✄✝✄ô ❛ õ��ô
❛✟✟ó✡❛✟÷ ✭❛✞�ó✂ ✶ú✹✞✆ ✆✁ ❛ û✄❛ôýö�ó✁✂✄ô ô✄✝✆✟✄ üû✆✟û ✟❛✁ ✞✄ ☎✄✄✁ ✆✁
ÿ✆õú ✻ú

❚ûó☎þ ❛☎ ✆✂ ü❛☎ ø�✆✁✂✄ô �ó✂ ✞✄ù�✡✄þ ✂û✄ ✟û�✆✟✄ �ù ✂û✄ ö�ô✄❧ ô✄ø✄✁ô☎
�✁ öó❧✂✆ø❧✄ ù❛✟✂�✡☎♠ ✡✄✉ó✆✡✄ô ❛✟✟ó✡❛✟÷þ û❛✡ôü❛✡✄ ✟�☎✂þ ✆ö❛õ✄ ✉ó❛❧✆✂÷q
✄÷✄ ✡✄õ✆�✁ ✡✄☎�❧ó✂✆�✁þ ❛✝❛✆❧❛✞❧✄ ✆✁ù�✡ö❛✂✆�✁ ✆✁ ✂û✄ ✆ö❛õ✄ ✭✄úõúþ õ❧✆✁✂☎✆þ
❛✁ô ✟�✁✄õó✡❛✂✆�✁ ☎✄❡✆✞✆❧✆✂÷ú ÿ�✡ ✆✁☎✂❛✁✟✄þ ù✄❛✂ó✡✄ý✞❛☎✄ô ö✄✂û�ô☎ ❛✟ý
✟ó✡❛✟÷ ö❛÷ ô✄✟✡✄❛☎✄ üû✄✁ ö�ô✄❧ ❛☎☎óöø✂✆�✁☎ ❛✡✄ ✝✆�❧❛✂✄ôú ■✁ ☎�ö✄
❛øø❧✆✟❛✂✆�✁☎ ☎ó✟û ❛☎ ✟❧✆✁✆✟❛❧ ✡✄☎✄❛✡✟û �✡ ô✆☎✄❛☎✄ ô✆❛õ✁�☎✆☎þ üû✄✡✄ ✆✂ ✆☎
ø�☎☎✆✞❧✄ ✂� ✟�✁✂✡�❧ ✂û✄ ✆❧❧óö✆✁❛✂✆�✁ ✟�✁ô✆✂✆�✁☎þ ✂û✄ ✟❛ö✄✡❛♣☎ ✉ó❛❧✆✂÷þ
❛✁ô ✂û✄ ☎÷☎✂✄ö ☎✄✂✂✆✁õ☎þ ✂û✄☎✄ ö✄✂û�ô☎ ❛✟û✆✄✝✄ ❛ ✡✄❛❧❧÷ û✆õû ❛✟✟ó✡❛✟÷
üû✆✟û ✆☎ ✟✡✆✂✆✟❛❧ ✂� ✆✁✝✄☎✂✆õ❛✂✄ ✆öø✄✡ù✄✟✂✆�✁☎ ✆✁ ✂û✄ �✟ó❧�ö�✂�✡ ☎÷☎✂✄ö
❬✻✽❪ú

▼�✡✄�✝✄✡þ ô✄☎ø✆✂✄ ✂û✄ ù❛✟✂ ✂û❛✂ ö❛øø✆✁õ ö✄✂û�ô☎ ø✡�✝✆ô✄ ❧✆✂✂❧✄ ✆✁ý
ù�✡ö❛✂✆�✁ ❛✞�ó✂ ✂û✄ ✆✁✂✡✆✁☎✆✟ ✞✄û❛✝✆�✡ �ù ✂û✄ ☎÷☎✂✄öþ ✂û✄÷ ❛✡✄ öó✟û
☎✆öø❧✄✡ ✂� ✟�✁☎✂✡ó✟✂ ✂û❛✁ ✂û✄ ö�ô✄❧ý✞❛☎✄ô ö✄✂û�ô☎ ❛✁ô ô� ✁�✂ ✡✄✉ó✆✡✄
❛ôô✆✂✆�✁❛❧ û❛✡ôü❛✡✄ ✟❛❧✆✞✡❛✂✆�✁þ üû✆✟û ö❛❦✄☎ ☎✄✂óø öó✟û ù❛☎✂✄✡ ù�✡ ✂û✄
☎÷☎✂✄ö ó☎✄✡ú ❚û❛✂ ✆☎ üû÷þ ö�☎✂ ✟�öö✄✡✟✆❛❧ õ❛♦✄ ✂✡❛✟❦✆✁õ ☎÷☎✂✄ö☎ ó☎✄
✷✠ ö❛øø✆✁õ ù✄❛✂ó✡✄☎ý✞❛☎✄ô ö✄✂û�ô☎ ü✆✂û ■✂ ✟❛ö✄✡❛ ❛✁ô ❛✟✂✆✝✄ ■✂ ✆❧ý
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✄÷✄ ✂✡❛✟❦✄✡ ü✆✂û ❛ ✁❛✡✡�üý❛✁õ❧✄ ✟❛ö✄✡❛ ó☎✆✁õ ø❛✁ ❛✁ô ✂✆❧✂ ☎✄✡✝� ö�✂�✡☎þ
üû✆❧✄ ✆✁ ✂✄ùú ❬✼✻❪ ❈û� ✄✂ ❛❧ú ø✡�ø�☎✄ ❛ ✞✆✁�✟ó❧❛✡ ✄÷✄ õ❛♦✄ ✂✡❛✟❦✆✁õ
☎÷☎✂✄ö ✂û❛✂þ ó☎✆✁õ ø❛✁þ ✂✆❧✂ ❛✁ô ♦��ö ö�✝✄ö✄✁✂☎þ ✟�✁✂✆✁ó✄ ✂� ✂✡❛✟❦ ✂û✄
✄÷✄☎ ü✆✂û ❛ ✁❛✡✡�ü ✟❛ö✄✡❛ üû✆❧✄ ✂û✄ ó☎✄✡ ö�✝✄☎ û✆☎ û✄❛ô ù✡✄✄❧÷ ✆✁
ô✄ø✂ûú ❚û✄✁ ✞�✂û ✄☎✂✆ö❛✂✄ ✂û✄ P�✭ ✞÷ ❛ ✷✠ ö❛øø✆✁õ ùó✁✟✂✆�✁ ö�ô✆✄✄ô
ü✆✂û ✂û✄ ô✄ø✂û �ù ✂û✄ ✄÷✄☎ú ❆❧❧ ✂û✄☎✄ ö✄✂û�ô☎ ü�✡❦ ✡✄❧❛✂✆✝✄❧÷ ü✄❧❧ ✞ó✂
❛✡✄ ✝✄✡÷ ✟�öø❧✄❡þ ✄❡ø✄✁☎✆✝✄ ❛✁ôþ ö�☎✂ ✁�✂❛✞❧÷þ ☎❧�üú ❚û✄☎✄ ❧✆ö✆✂❛✂✆�✁☎
✡✄☎✂✡✆✟✂ ✆✂☎ ó☎✄ ☎� ✂û❛✂ ✆✁ ø✡❛✟✂✆✟✄þ û✄❛ô ø�☎✄ ✆✁ù�✡ö❛✂✆�✁ ✆☎ ✡❛✡✄❧÷ ó☎✄ô
ô✆✡✄✟✂❧÷ ✆✁ ✂û✄ õ❛♦✄ ö�ô✄❧☎ú ■✂ ✆☎ ö�✡✄ ✟�öö�✁ ✂� ✆✁✟�✡ø�✡❛✂✄ ✂û✆☎ ✆✁ý
ù�✡ö❛✂✆�✁ ✆öø❧✆✟✆✂❧÷ ✄✆✂û✄✡ ✂û✡�óõû ✂û✄ ö❛øø✆✁õ ùó✁✟✂✆�✁ ✭✡✄õ✡✄☎☎✆�✁ý
✞❛☎✄ô ö✄✂û�ô✆ �✡ ✂û✡�óõû ✂û✄ ó☎✄ �ù ✡✄☎✄✟✂✆�✁☎ �✁ ✂û✄ ✟�✡✁✄❛ ✭✸✠
ö�ô✄❧ý✞❛☎✄ô ❛øø✡�❛✟û✄☎✆ú

❆ø❛✡✂ ù✡�ö ✂û❛✂þ ✂û✄ ✸✠ ö�ô✄❧ý✞❛☎✄ô ö✄✂û�ô☎ ❛✡✄ ✂û✄ ö�☎✂ ✡�✞ó☎✂ ✂�
û✄❛ô ø�☎✄ ✟û❛✁õ✄☎ ❛✁ô ✂û✄÷ ✟❛✁ �✞✂❛✆✁ ✂û✄ û✄❛ô ø�☎✄ ✆✁✝❛✡✆❛✁✟✄
✂û✡�óõû ✝❛✡✆�ó☎ û❛✡ôü❛✡✄ ✟�✁✄õó✡❛✂✆�✁☎ ❛✁ô ø✡✆�✡ ❦✁�ü❧✄ôõ✄ �ù ✂û✄
õ✄�ö✄✂✡÷ ❛✁ô ✟❛ö✄✡❛☎ú ✭ó✄☎✂✡✆✁ ✄✂ ❛❧ú ❬✹✹❪ ø✡✄☎✄✁✂✄ô ❛ õ✄✁✄✡❛❧ ☎✂óô÷
ù�✡ P❈❈✂ ✟�✝✄✡✆✁õ ❛❧❧ ✂û✄ ø�☎☎✆✞❧✄ ☎÷☎✂✄ö ✟�✁✄õó✡❛✂✆�✁☎ ✆✁ ✂✄✡ö☎ �ù
✁óö✞✄✡ ❛✁ô ø�☎✆✂✆�✁✆✁õ �ù ■✂ ❧✆õû✂ ☎�ó✡✟✄☎ ❛✁ô ✟❛ö✄✡❛☎ú ■✁ ✂û❛✂ ü�✡❦
✂û✄ ❛ó✂û�✡☎ ✟❧❛✆ö✄ô ✂û❛✂ ó☎✆✁õ �✁❧÷ �✁✄ ✟❛ö✄✡❛ ü✆✂û ✂ü� ❧✆õû✂ ☎�ó✡✟✄☎
✆☎ ✂û✄ ☎✆öø❧✄☎✂ ✟�✁✄õó✡❛✂✆�✁ ✂û❛✂ ❛❧❧�ü☎ ù�✡ ✞�✂û ✂û✄ ✄☎✂✆ö❛✂✆�✁ �ù P�✭

❛✁ô ù✡✄✄ û✄❛ô ó☎✄✡ ö�✝✄ö✄✁✂☎ú ❚� ✄☎✂✆ö❛✂✄ ✂û✄ P�✭ ü✆✂û ✂û✆☎ ☎÷☎✂✄ö
✟�✁✄õó✡❛✂✆�✁þ ✆✂ ✆☎ ✁✄✟✄☎☎❛✡÷ ✂� ö❛❦✄ ❛ ☎ó✞✐✄✟✂ý☎ø✄✟✆✄✟ ✟❛❧✆✞✡❛✂✆�✁
ø✡�✟✄ôó✡✄ ✂û❛✂ ✡✄✉ó✆✡✄☎ ✂û✄ ☎ó✞✐✄✟✂ ✂� ✄❡❛✂✄ �✁ öó❧✂✆ø❧✄ ø�✆✁✂☎ú ❚�
❛✝�✆ô ✂û✄ ✁✄✄ô �ù ✟❛❧✆✞✡❛✂✆�✁þ ❛✁ ❛ôô✆✂✆�✁❛❧ ✟❛ö✄✡❛ ✆☎ ❛❧☎� ✁✄✟✄☎☎❛✡÷ú

❯☎✆✁õ �✁✄ ✟❛ö✄✡❛ ❛✁ô �✁✄ ❧✆õû✂ ☎�ó✡✟✄ ✂û✄ P�✭ ✟❛✁ ✞✄ ✄☎✂✆ö❛✂✄ô
�✁❧÷ ✆ù ✂û✄ û✄❛ô ✆☎ ✟�öø❧✄✂✄❧÷ ☎✂❛✂✆�✁❛✡÷ú ❚û✆☎ ✡✄☎✂✡✆✟✂✆�✁ ✆☎ ☎û❛✡✄ô ü✆✂û
✂û✄ ✷✠ ✡✄õ✡✄☎☎✆�✁ ö✄✂û�ô☎þ üû✆✟û ❛☎☎óö✄ ☎✂❛✂✆✟ û✄❛ô ✟�✁ô✆✂✆�✁☎ú ■✁
õ✄✁✄✡❛❧þ õ❛♦✄ ✄☎✂✆ö❛✂✆�✁ ☎÷☎✂✄ö☎ ✂û❛✂ ó☎✄ �✁✄ ✟❛ö✄✡❛ ❛✁ô �✁✄ ❧✆õû✂
☎�ó✡✟✄ ❛☎☎óö✄ ✂û❛✂ ✂û✄ û✄❛ô ö�✝✄ö✄✁✂☎ ❛✡✄ ✁✄õ❧✆õ✆✞❧✄ú ❚û✄✡✄ù�✡✄þ ✆✂
☎û�ó❧ô ✞✄ ✁�✂✄ô ✂û❛✂ ✂û✄ �✁❧÷ ✝✆ô✄� �✟ó❧�õ✡❛øû÷ ö✄✂û�ô ✂û❛✂ ❛❧❧�ü☎
❧❛✡õ✄ û✄❛ô ö�✝✄ö✄✁✂☎ üû✆❧✄ ö❛✆✁✂❛✆✁✆✁õ õ��ô ❛✟✟ó✡❛✟÷ ❛✡✄ ☎�ö✄ ✸✠
ö�ô✄❧ý✞❛☎✄ô ö✄✂û�ô☎ú ❇ó✂ ❛☎ ❛ ô✡❛ü✞❛✟❦þ ✂û✄÷ ✡✄✉ó✆✡✄ ❛ ✡✄❛❧❧÷ ✟�öø❧✄❡
❛✁ô ✟❛❧✆✞✡❛✂✄ô ☎÷☎✂✄ö ☎✄✂✂✆✁õþ ô✆✆✟ó❧✂✆✁õ ✂û✄✆✡ ó☎✄ ✆✁ ✟�öö�✁ ❛øø❧✆ý
✟❛✂✆�✁☎ú ■✁ ❛ôô✆✂✆�✁þ ✂û✄ ö�✝✄ö✄✁✂ �ù ✂û✄ û✄❛ô ✆☎ ✂❛❦✄✁ ✆✁✂� ❛✟✟�ó✁✂
✆öø❧✆✟✆✂❧÷þ ❛✁ô ✆✂ ✆☎ ✁�✂ ø�☎☎✆✞❧✄ ✂� ô✆✁✄✡✄✁✂✆❛✂✄ ✞✄✂ü✄✄✁ �✟ó❧�✟✄øû❛❧✆✟
❛✁ô øó✡✄❧÷ �✟ó❧❛✡ ö�✝✄ö✄✁✂☎ú

❚û✆☎ ✆☎ ❛✁�✂û✄✡ ✡✄❛☎�✁ üû÷ ✂û✄ ✄÷✄ ❧�✟❛✂✆�✁ ❛❧õ�✡✆✂ûö☎ ù�ó✁ô ✆✁
✟�öö✄✡✟✆❛❧❧÷ ❛✝❛✆❧❛✞❧✄ ✄÷✄ ✂✡❛✟❦✄✡☎ ó☎✄ ✂û✄ ✷✠ ✡✄õ✡✄☎☎✆�✁ ✂✄✟û✁✆✉ó✄☎
üû✄✡✄ ✂û✄ ✸✠ ✄÷✄ ❧�✟❛✂✆�✁ ✆☎ ó☎ó❛❧❧÷ ó✁❦✁�ü✁ ❛✁ô �✁❧÷ ✂û✄ ✡✄❧❛✂✆✝✄
�✡✆✄✁✂❛✂✆�✁ �ù ✂û✄ ó☎✄✡♣☎ ✄÷✄ ü✆✂û ✡✄☎ø✄✟✂ ✂� ✂û✄ ó☎✄✡♣☎ û✄❛ô ✆☎ ö✄❛☎ó✡✄ôú
P❛✡✂✆✟ó❧❛✡❧÷þ õ❛♦✄ ✄☎✂✆ö❛✂✆�✁ ✆☎ ✞❛☎✄ô �✁ ✂û✄ ✡✄❧❛✂✆✝✄ ø�☎✆✂✆�✁ ✞✄✂ü✄✄✁
øóø✆❧ ❛✁ô õ❧✆✁✂ú ❆☎☎óö✆✁õ ❛ ☎✂❛✂✆✟ û✄❛ôþ ö✄✂û�ô☎ ✞❛☎✄ô �✁ ✂û✆☎ ✆ô✄❛ ó☎✄
✂û✄ õ❧✆✁✂ ❛☎ ❛ ✡✄ù✄✡✄✁✟✄ ø�✆✁✂þ ✂ûó☎ ✂û✄ ✝✄✟✂�✡ ù✡�ö ✂û✄ õ❧✆✁✂ ✂� ✂û✄ ✟✄✁✂✄✡
�ù ✂û✄ øóø✆❧ ü✆❧❧ ô✄☎✟✡✆✞✄ ✂û✄ õ❛♦✄ ô✆✡✄✟✂✆�✁ú ❲û✆❧✄ ✟�✁✂❛✟✂ýù✡✄✄ ❛✁ô
✁�✁ý✆✁✂✡ó☎✆✝✄þ ✂û✄☎✄ ö✄✂û�ô☎ ü�✡❦ ü✄❧❧ �✁❧÷ ù�✡ ❛ ☎✂❛✂✆✟ û✄❛ôþ ✞ó✂ ✄✝✄✁
ö✆✁�✡ û✄❛ô ✟❛✁ ù❛✆❧ ✂û✄☎✄ ✂✄✟û✁✆✉ó✄☎ú

■✁ ❛ôô✆✂✆�✁þ ☎✆✁✟✄ ✂û✄ øóø✆❧ ❛✁ô õ❧✆✁✂☎ ❛✡✄ ✝✄✡÷ ☎ö❛❧❧þ ✂û✄ ÿ�❱ �ù ✂û✄
✄÷✄ ✂✡❛✟❦✆✁õ ✟❛ö✄✡❛ û❛☎ ✂� ✞✄ ✟�✁✄✁✄ô ✂� �✞✂❛✆✁ ❛ û✆õû ô✄✄✁✆✂✆�✁ ✄÷✄

❋✙✚✛ ✼✛ ã✃❒➱➬❒Ï ➪Ò ❒ ➶➹❒➘❮❒➬❮ ➴❰➴ ➹➬❒❐ß➴➬ Ù✃➹Ö âã Ï❒ÐÐ✃➘➱ Ï➴➹Ö➪❮Ó

➉❿➎❿ ❺❪❫❫❪➑❪➋❪①② ❬❢ ❪①❿ ✤✥✦✧★✩✪✫✬ ✮✯ ✰✮✥✱✥✲✳ ✴✯✵ ✸✪✵✮✹✮✯✪ ✺✻✼ ✽✾✻✺✿❀ ❁❂❃❄❄
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✆ö❛õ✄ú ❚û✆☎ ❛☎ø✄✟✂ ❛❧☎� ❧✆ö✆✂☎ ✂û✄ û✄❛ô ☎� ✂û❛✂ ✂û✄ ✄÷✄ ô�✄☎ ✁�✂ ô✆☎ý
❛øø✄❛✡ ù✡�ö ✂û✄ ÿ�❱ ❛✁ô ✄öøû❛☎✆♦✄☎ ✂û✄ ø✡�✞❧✄ö �ù ☎✄✁☎✆✂✆✝✆✂÷ ✂� û✄❛ô
ø�☎✄ ✝❛✡✆❛✂✆�✁☎þ ✡✄✉ó✆✡✆✁õ ✂û✄ ó☎✄✡ ✂� ✞✄ ✄✆✂û✄✡ ✄✉ó✆øø✄ô ü✆✂û ❛ û✄❛ôý
ö�ó✁✂✄ô ô✄✝✆✟✄ �✡ ✂� ó☎✄ ❛ û✆õûý✡✄☎�❧ó✂✆�✁ ✟❛ö✄✡❛ ✟�ö✞✆✁✄ô ü✆✂û ❛
✟û✆✁ ✡✄☎✂ ✂� ❧✆ö✆✂ ✂û✄ ❛❧❧�ü✄ô û✄❛ô ö�✝✄ö✄✁✂☎ú

■✁ ö❛✁÷ ✟❧✆✁✆✟ ❛øø❧✆✟❛✂✆�✁☎ üû✄✡✄ ✂✄☎✂☎ ❛✡✄ ✟�✁ôó✟✂✄ô ù�✡ �✁❧÷ ❛ ù✄ü
ö✆✁ó✂✄☎ ❛✁ô ✆✂ ✆☎ ✁�✂ ✄❛☎÷ ✂� ø✄✡ù�✡ö ✟�öø❧✄❡ ☎÷☎✂✄ö ✟❛❧✆✞✡❛✂✆�✁☎þ ✂û�☎✄
✡✄☎✂✡❛✆✁✂ ☎÷☎✂✄ö☎ ❛✡✄ ☎ó✆✂❛✞❧✄ ❛✁ô ü�✡❦ ✝✄✡÷ ü✄❧❧ú ❊✝✄✁ ☎�þ ô✄☎ø✆✂✄ ✂û✄
ù❛✟✂ ✂û❛✂ ✂û✄ û✄❛ô ö�✝✄ö✄✁✂☎ ❛✡✄ ✡✄☎✂✡✆✟✂✄ôþ ✆✁ ø✄�ø❧✄ ü✆✂û ✟✄✡✂❛✆✁
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ø✄✟✂✄ôþ ✂û✆☎ ø✡�✟✄ôó✡✄ ✡✄✉ó✆✡✄☎ õ✡✄❛✂ ø✡✄✟✆☎✆�✁þ ❛✁ô ❛❧✂û�óõû ✂û✄ ø❛ý
✂✆✄✁✂ ✆☎ ❛☎❦✄ô ✂� ❧��❦ ❛✂ ❛ ✄❡✄ô ø�✆✁✂ ôó✡✆✁õ ✂û✄ ù✄ü ö✆✁ó✂✄☎ ✂û❛✂ ✂û✄
☎ó✡õ✄✡÷ ❧❛☎✂☎þ ✂û✄ ø❛✂✆✄✁✂♣☎ ✄÷✄ ✆☎ ✁�✂ ✄❡✄ô ❛✁ô ☎ö❛❧❧ ö�✝✄ö✄✁✂☎ ö❛÷
�✟✟ó✡ú ❚û✄✡✄ù�✡✄þ ö�ô✄✡✁ ❧❛☎✄✡ ô✄✝✆✟✄☎ ❛✡✄ ✄✉ó✆øø✄ô ü✆✂û ☎�øû✆☎✂✆✟❛✂✄ô
✄÷✄ý✂✡❛✟❦✆✁õ ☎÷☎✂✄ö☎þ üû✆✟û ✞÷ ô✄✂✄✟✂✆✁õ ❛✁ô ✂✡❛✟❦✆✁õ ✂û✄ øóø✆❧ ❛✁ô
❧✆ö✞ó☎þ ù�❧❧�ü ✂û✄ ✄÷✄ ö�✝✄ö✄✁✂☎ ❛✁ô ✡✄✟✂✆ù÷ ✆✁ ✡✄❛❧ ✂✆ö✄ ✂û✄ ø�☎✆✂✆�✁
�ù ✂û✄ ö✆✡✡�✡☎ ✂û❛✂ ô✆✡✄✟✂ ✂û✄ ❧❛☎✄✡ú ❚� ❛✟û✆✄✝✄ ✂û✆☎ ❛ô✐ó☎✂ö✄✁✂þ ✟❛ö✄✡❛☎
ü✆✂û ❛✟✉ó✆☎✆✂✆�✁ ù✡✄✉ó✄✁✟✆✄☎ �ù ✂û✄ �✡ô✄✡ �ù ✶✶✶✶❍♦ ❛✁ô ❧❛✂✄✁✟✆✄☎ �ù
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✂� ô✆☎✂✆✁õó✆☎û ☎�ö✄ �ù ✂û✄ �✟ó❧❛✡ ö�✝✄ö✄✁✂ ❛❧✂✄✡❛✂✆�✁☎þ ✄✁ô✆✁õ ☎✆õý
✁✆✄✟❛✁✂ ✟�✁✂✡✆✞ó✂✆�✁☎ ù�✡ ✂û✄ ô✆❛õ✁�☎✆☎ �ù ✂û✄ ô✆☎✄❛☎✄þ ✄✝✄✁ ✆✁ ✆✂☎ ✄❛✡❧÷
☎✂❛õ✄☎ú ■✁ ✂✄ù☎ú ❬✽✸þ✽✺❪ ✂û✄ ❛ó✂û�✡☎ ø✡✄☎✄✁✂✄ô ❛ ☎✂óô÷ �ù ❙❊▼ ✆✁ ø❛✂✆✄✁✂☎
ü✆✂û ❆❧♦û✄✆ö✄✡ ❛✁ô û✄❛❧✂û÷ ✟�✁✂✡�❧ ø❛✂✆✄✁✂☎ ✄✁ô✆✁õ ☎✆õ✁✆✄✟❛✁✂ ô✆✁✄✡ý
✄✁✟✄☎ú ÿ�✡ ✆✁☎✂❛✁✟✄þ ✆✂ ü❛☎ ù�ó✁ô ✂û❛✂ ❆✠ ø❛✂✆✄✁✂☎ û❛ô û✆õû✄✡ ❧❛✂✄✁✟÷
❛✁ô ❧❛✂✄✁✟÷ ✝❛✡✆❛✞✆❧✆✂÷ ✡✄õ❛✡ô❧✄☎☎ �ù ✂û✄ ✂❛☎❦☎ú ▼�✡✄�✝✄✡þ ❆✠ ø❛✂✆✄✁✂☎
ö❛ô✄ ö�✡✄ ó✁✟�✡✡✄✟✂✄ô ❆✁✂✆ý❙❛✟✟❛ô✄ ✭❆❙✆ ❛✁ô ✂��❦ ö�✡✄ ✂✆ö✄ý✂�ý✟�✡ý
✡✄✟✂ ✆✁✟�✡✡✄✟✂ ❆❙ú ■✁ ❛ôô✆✂✆�✁þ ✟❧�☎✄ ✡✄❧❛✂✆�✁☎û✆ø☎ ü✄✡✄ ù�ó✁ô ✞✄✂ü✄✄✁
✂û✄ ö❛✐�✡✆✂÷ �ù ❙❊▼ ✝❛✡✆❛✞❧✄☎ ❛✁ô ô✄ö✄✁✂✆❛ ☎✟✡✄✄✁✆✁õ ✂✄☎✂☎þ ✄☎ø✄✟✆❛❧❧÷
✂û✄ ▼✆✁✆▼✄✁✂❛❧ ❙✂❛✂✄ ❊❡❛ö✆✁❛✂✆�✁ ✭▼▼❊❊✆ ❛✁ô ✄ø✆☎�ô✆✟ ö✄ö�✡÷
ö✄❛☎ó✡✄ú ❆❧☎� ✆✁ ✂✄ùú ❬✽✻❪ ✂û✄ ❆❙ ✂✄☎✂ ü❛☎ ø✄✡ù�✡ö✄ôþ ✄✁ô✆✁õ ☎✆õý
✁✆✄✟❛✁✂ ô✆✁✄✡✄✁✟✄☎ ✆✁ ✞�✂û ✂û✄ ✁óö✞✄✡ �ù ❆❙ ✄✡✡�✡☎ ❛✁ô ✂û✄ ✁óö✞✄✡ �ù
✄✡✡�✡☎ ✂û❛✂ ✡✄ö❛✆✁ ó✁✟�✡✡✄✟✂✄ôú

P❛✡❦✆✁☎�✁♣☎ ô✆☎✄❛☎✄ ❛✁ô �✂û✄✡ ø❛✡❦✆✁☎�✁✆❛✁ ☎÷✁ô✡�ö✄☎ ❬✽✼❪ ❛✡✄
❛✁�✂û✄✡ �ù ✂û✄ ✟�✁ô✆✂✆�✁☎ ✆✁ üû✆✟û ✂û✆☎ ✂÷ø✄ �ù ö✄❛☎ó✡✄ö✄✁✂☎ ø✡�✝✆ô✄☎
✝✄✡÷ ✆öø�✡✂❛✁✂ ✆✁ù�✡ö❛✂✆�✁ ❬✽✽þ✽✾❪ú �✁✄ �ù ✂û✄ ö�☎✂ ø✡�ö✆✁✄✁✂ ù✄❛ý
✂ó✡✄☎ �ù ✄÷✄ ö�✝✄ö✄✁✂ ❛✞✁�✡ö❛❧✆✂÷ ✆✁ P✠ ❛✡✄ ☎❛✟✟❛ô✄ û÷ø�ö✄✂✡✆❛þ
❛✞✁�✡ö❛❧❧÷ ù✡❛õö✄✁✂✄ô ☎❛✟✟❛ô✄☎þ ✟❛❧❧✄ô öó❧✂✆☎✂✄ø �✡ ☎✂❛✆✡✟❛☎✄ ☎❛✟✟❛ô✄☎þ
❛✁ ✆✁✟✡✄ö✄✁✂ �ù ✂û✄ ❧❛✂✄✁✟÷ �ù ✂û✄ ☎❛✟✟❛ô✄☎ ❛✁ô ❛ ö❛✡❦✄ô ô✆✆✟ó❧✂÷ ✆✁
✆✁û✆✞✆✂✆✁õ ✂û✄ ☎❛✟✟❛ô✄ ö�✝✄ö✄✁✂ ✡✄☎✄❡ ôó✡✆✁õ ✂û✄ ✂✄☎✂ �ù ✂û✄ ❆❙ ❬✽✼❪ú

▼✄❛☎ó✡✄ö✄✁✂☎ �ù ✄÷✄ ö�✝✄ö✄✁✂ ❛✞✁�✡ö❛❧✆✂✆✄☎ û❛✝✄ ❛❧☎� ô✡❛ü✁
❛✂✂✄✁✂✆�✁ ❛☎ ❛ ✞✆�ö❛✡❦✄✡ ✆✁ ✂û✄ ô✆❛õ✁�☎✆☎ �ù öó❧✂✆ø❧✄ ☎✟❧✄✡�☎✆☎ ✭▼❙✆
❬✾✶❪ú ÿ�✡ ✂û✆☎ ✂❛☎❦þ ❛ ø❛✡✂✆✟ó❧❛✡ ø❛✡❛ô✆õö ❦✁�ü✁ ❛☎ ✂û✄ ✄✁ô�õ✄✁�ó☎❧÷
õ✄✁✄✡❛✂✄ô ☎❛✟❛ôô✄ ø❛✡❛ô✆õö ✆☎ ó☎✄ôú ❚û✄ ☎❛ö✄ ✆☎ ☎✆ö✆❧❛✡ ✂� ✂û✄ ø✡�ý
☎❛✟❛ôô✄ ✂✄☎✂ ✞ó✂ ❛✁ ✆✁✂✄✡ö✄ô✆❛✂✄ ☎✂✄ø ✆☎ ❛ôô✄ô ✂� ✆✂ú ❆ù✂✄✡ ✂û✄ ✆✁✆✂✆❛❧
✂❛✡õ✄✂ ô✆☎❛øø✄❛✡☎ ù✡�ö ✂û✄ ☎✟✡✄✄✁þ ❛✁ ❛✡✡�ü ✆☎ ☎û�ü✁ �✁ ✆✂ üû�☎✄ ô✆ý
✡✄✟✂✆�✁ ö❛÷ ✞✄ ✄✉ó❛❧ �✡ �øø�☎✆✂✄ ✂� ✂û❛✂ �ù ✂û✄ ✄✁❛❧ ✂❛✡õ✄✂ú ❲✆✂û ☎ó✟û
☎✂óô✆✄☎þ ☎❛✟✟❛ô✄ ❧❛✂✄✁✟✆✄☎ ü✄✡✄ ù�ó✁ô ✂� ✆✁✟✡✄❛☎✄ ✆✁ ø❛✂✆✄✁✂☎ ü✆✂û ▼❙
✄✝✄✁ ❛☎ ❛ ùó✁✟✂✆�✁ �ù ✂û✄ ô✆☎✄❛☎✄ ôó✡❛✂✆�✁ ❬✾✶❪ú ■✁ ❛ôô✆✂✆�✁þ ✂û✄☎✄ ø❛ý
✂✆✄✁✂☎ ù✡✄✉ó✄✁✂❧÷ ✄❡û✆✞✆✂ ù❛✂✆õó✄ ☎÷öø✂�ö☎ ❛✂ ❛✁÷ ☎✂❛õ✄ �ù ✂û✄ ô✆☎✄❛☎✄þ
û❛✝✆✁õ ❛ ö❛✐�✡ ✆öø❛✟✂ �✁ ✂û✄✆✡ ✉ó❛❧✆✂÷ �ù ❧✆ù✄ú ✂✄✟✄✁✂ ✡✄ø�✡✂☎ û❛✝✄
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✂û✄ ø✄❛❦ ✝✄❧�✟✆✂✆✄☎ ❛☎☎�✟✆❛✂✄ô ü✆✂û ✂û✆☎ ☎÷öø✂�ö ❬✾✷❪ú
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■✁ ✂û✆☎ ❛✡✂✆✟❧✄þ ☎✄✝✄✡❛❧ õ❛♦✄ ✂✡❛✟❦✆✁õ ❛❧õ�✡✆✂ûö☎ ❛✁ô ✂û✄✆✡ ✡✄☎ø✄✟✂✆✝✄
❛ô✝❛✁✂❛õ✄☎ ❛✁ô ô✆☎❛ô✝❛✁✂❛õ✄☎ ù�✡ ó☎✄ ✆✁ ô✆☎✄❛☎✄ ô✆❛õ✁�☎✆☎ ü✄✡✄ ❛✁❛ý
❧÷♦✄ôú ❚❛✞❧✄ ✶ ☎óöö❛✡✆♦✄☎ ✂û✄ ☎✂❛✂✄ �ù ✂û✄ ❛✡✂ �ù ❱�✭ ö✄✂û�ô☎ ✞÷
õ✡�óø✆✁õ ✂û✄ö ❛✟✟�✡ô✆✁õ ✂� ✂û✄✆✡ ✟❧❛☎☎✆✄✟❛✂✆�✁ú ❚û✄ ö✄✂û�ô ❛✟✟ó✡❛✟÷ ✆☎
✟❛❧✟ó❧❛✂✄ô ❛☎ ✂û✄ ö✄❛✁ ❛✁õó❧❛✡ ✄✡✡�✡ �ù ✂û✄ õ❛♦✄ ✄☎✂✆ö❛✂✆�✁ú ■✁ ❛ôô✆✂✆�✁þ
✂û✄ ☎÷☎✂✄ö ☎✄✂óø ✭✁óö✞✄✡ �ù ✟❛ö✄✡❛☎ ❛✁ô ✆✁ù✡❛✡✄ô ❧❛öø☎✆þ ✂û✄ ✁óö✞✄✡
�ù ✟❛❧✆✞✡❛✂✆�✁ ø�✆✁✂☎ ó☎✄ôþ ❛✁ô ✂û✄ ❛❧❧�ü✄ô û✄❛ô ö�✝✄ö✄✁✂☎ ❛✡✄ ☎ø✄ý
✟✆✄✄ôú ■✂ ☎û�ó❧ô ✞✄ ✁�✂✄ô ✂û❛✂ ✆✂ ü�ó❧ô ✞✄ ❛ ☎✆õ✁✆✄✟❛✁✂ ✟�✁✂✡✆✞ó✂✆�✁ ✂�
✞✄ ❛✞❧✄ ✂� ø✡�✝✆ô✄ ✂û✄ ✡✄☎�❧ó✂✆�✁ �ù ✂û✄ û❛✡ôü❛✡✄ ó☎✄ôþ ó✁ù�✡✂ó✁❛✂✄❧÷
✂û✆☎ ✆✁ù�✡ö❛✂✆�✁ ✆☎ ✁�✂ ❛✝❛✆❧❛✞❧✄ ✆✁ ö❛✁÷ �ù ✂û✄ �✡✆õ✆✁❛❧ ü�✡❦☎ú ■✁ ❛ôý
ô✆✂✆�✁þ ôó✄ ✂� ✂û✄ ✝❛✡✆✄✂÷ �ù ö✄✂û�ô☎ ø✡✄☎✄✁✂✄ôþ ø✡�✝✆ô✆✁õ �✁❧÷ ✂û✄
✟❛ö✄✡❛ ✡✄☎�❧ó✂✆�✁ ü�ó❧ô ✁�✂ ✞✄ ✄✁�óõû ✂� ❛✟✟�ó✁✂ ✂û✄ û❛✡ôü❛✡✄ ✡✄ý
☎�❧ó✂✆�✁ú ❙✆✁✟✄ ✆✁ ☎�ö✄ ✟❛☎✄☎ ✂û✄ ✆ö❛õ✄☎ ❛✡✄ ✂❛❦✄✁ ù✡�ö ✂û✄ üû�❧✄ ù❛✟✄
üû✆❧✄ ✆✁ �✂û✄✡☎ ❛✡✄ ✂❛❦✄✁ ü✆✂û ♦��ö �✁ ✂û✄ ✄÷✄þ ✂û✄☎✄ ô✆✁✄✡✄✁✟✄☎ ö❛❦✄
✆✂ ✝✄✡÷ ô✆✆✟ó❧✂ ✂� ó✁✆✉ó✄❧÷ ✟û❛✡❛✟✂✄✡✆♦✄ ❛✟✉ó✆☎✆✂✆�✁ ☎÷☎✂✄ö☎ú

❆øø✄❛✡❛✁✟✄ý✞❛☎✄ô ❛✁ô ø❛☎☎✆✝✄ý☎û❛ø✄ ✞❛☎✄ô ö✄✂û�ô☎ ❛✡✄ ✁�✂ ☎ó✆✂❛✞❧✄
ù�✡ ✟❧✆✁✆✟❛❧ ❛øø❧✆✟❛✂✆�✁☎ ✞✄✟❛ó☎✄ �ù ✂û✄✆✡ ❧�ü ❛✟✟ó✡❛✟÷ú ❚û✄☎✄ ö✄✂û�ô☎
û❛✝✄ ✞✄✄✁ ✡✄☎✄❛✡✟û✄ô ù�✡ ô❛✆❧÷ ❛øø❧✆✟❛✂✆�✁☎ üû✆✟û ❛✡✄ ✟❛✡✡✆✄ô �ó✂ ✆✁
✁❛✂ó✡❛❧ ✆❧❧óö✆✁❛✂✆�✁ ✟�✁ô✆✂✆�✁☎ ❛✁ôq�✡ ü✆✂û ❧�üý✡✄☎�❧ó✂✆�✁ ✟❛ö✄✡❛☎ ✞ó✂
✁�✂ ù�✡ ✟❧✆✁✆✟❛❧ ❛øø❧✆✟❛✂✆�✁☎þ üû✄✡✄ ✂û✄ ✄❡ø✄✡✆ö✄✁✂❛❧ ✄✁✝✆✡�✁ö✄✁✂ ✟❛✁
✞✄ ✟�✁✂✡�❧❧✄ô ü✆✂û ✂û✄ ø�☎☎✆✞✆❧✆✂÷ �ù ✄✝✄✁ ó☎✆✁õ ✆✁ù✡❛✡✄ô ✆❧❧óö✆✁❛✂✆�✁ú
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❬✄✼☎ ▼➵➤➨➢➭ ❑➥➲➲➩➡➤✆❲➨❊❊➨➥➺ P➥➢➡➤➥✆ ✠➩➳➤➡➥➲ ❇✞❊❊➨➩➫✆ P✞☛➨❊❤ ➥➩ ➵☛➡➩ ➲➵✞➤➦➡ ☛❊➥➢✡➵➤➺ ✡➵➤
☛➡➤➻➥➲➨➻➡ ➡➠➡ ➢➤➥➦➧➨➩➫ ➥➩➳ ➺➵✟➨❊➡ ➫➥➭➡♥✟➥➲➡➳ ➨➩➢➡➤➥➦➢➨➵➩✆ P➤➵➦➡➡➳➨➩➫➲ ➵✡ ➢✝➡ ✷☞✄✌

✠❈▼ ✓➩➢➡➤➩➥➢➨➵➩➥❊ ❏➵➨➩➢ ❈➵➩✡➡➤➡➩➦➡ ➵➩ P➡➤➻➥➲➨➻➡ ➥➩➳ ❯✟➨❖✞➨➢➵✞➲ ❈➵➺☛✞➢➨➩➫✆ ✠❈▼✆
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❬✷☞☎ ➟➺➨❊➨➡➩ ➯✞✟➵➨➲✆ ❈➵❊➨➩ ❇❊❇➢➢❊➡➤✆ ❈➠➤➨❊ ❈➥➺➥➦✝➵➩✆ ❈✝➤➨➲➢➵☛✝➡ ➸✞➤➢➡➤✆ ➟➠➡ ➺➵➻➡➺➡➩➢➲
➳➥➢➥ ☛➤➵➦➡➲➲➨➩➫ ✡➵➤ ➥✟ ➨➩➨➢➨➵ ➺➨❊➨➢➥➤➠ ☛➨❊➵➢ ➢➤➥➨➩➨➩➫✆ ✓➩➢➡❊❊➨➫➡➩➢ ➯➡➦➨➲➨➵➩
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❈➵➩✡➡➤➡➩➦➡✆ ✠❈▼✆ ✷☞✄✑✆ ☛✏ ✄✻✏
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❬✷✌☎ ❏✞➥➩ ❇➨➵➩➳➨✆ ●➡➤➥➤➳➵ ❋➡➤➩➥➩➳➡➭✆ ➼➨❊➻➨➥ ❈➥➲➢➤➵✆ ❖➲➻➥❊➳➵ ✠➫➥➺➡➩➩➵➩➨✆ ➟➠➡♥➺➵➻➡♥
➺➡➩➢ ❇➡✝➥➻➨➵➤ ✓➳➡➩➢➨✄➦➥➢➨➵➩ ✡➵➤ ✠➳ ➯➨➥➫➩➵➲➨➲✆ ✭✷☞✄✼✍ ➥➤❛➨➻ ☛➤➡☛➤➨➩➢
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❬✷✑☎ ✠➩✞➤➥➳✝➥ ❑➥➤✆ P➡➢➡➤ ❈➵➤➦➵➤➥➩✆ ✠ ➤➡➻➨➡✇ ➥➩➳ ➥➩➥❊➠➲➨➲ ➵✡ ➡➠➡♥➫➥➭➡ ➡➲➢➨➺➥➢➨➵➩ ➲➠➲♥
➢➡➺➲✆ ➥❊➫➵➤➨➢✝➺➲ ➥➩➳ ☛➡➤✡➵➤➺➥➩➦➡ ➡➻➥❊✞➥➢➨➵➩ ➺➡➢✝➵➳➲ ➨➩ ➦➵➩➲✞➺➡➤ ☛❊➥➢✡➵➤➺➲✆ ✓➟➟➟
✠➦➦➡➲➲ ✑ ✭✷☞✄✼✍ ✄✻✌✾✑➊✄✻✑✄✾✏

❬✷✻☎ ➼➢➡✡➥➩➨➥ ❈➤➨➲➢➨➩➥✆ ❑➡➩➩➡➢✝ P✏ ❈➥➺➨❊❊➡➤➨✆ ❯➩➵✟➢➤✞➲➨➻➡ ➥➩➳ P➡➤➻➥➲➨➻➡ ❱➨➳➡➵♥❇➥➲➡➳
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❬✷✼☎ ❛✞➦➵➩➫ ❩✝➥➩➫✆ ❨✞➲✞➧➡ ➼✞➫➥➩➵✆ ▼➥➤➨➵ ❋➤➨➢➭✆ ✠➩➳➤➡➥➲ ❇✞❊❊➨➩➫✆ ✠☛☛➡➥➤➥➩➦➡♥✟➥➲➡➳
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❬✷✔☎ ❑➥➤♥➸➥➩ ❚➥➩✆ ➯➥➻➨➳ ❏✏ ❑➤➨➡➫➺➥➩✆ ◆➥➤➡➩➳➤➥ ✠✝✞�➥✆ ✠☛☛➡➥➤➥➩➦➡♥✟➥➲➡➳ ➡➠➡ ➫➥➭➡ ➡➲♥
➢➨➺➥➢➨➵➩✆ ✠☛☛❊➨➦➥➢➨➵➩➲ ➵✡ ❈➵➺☛✞➢➡➤ ❱➨➲➨➵➩✆ ✷☞☞✷✏✭❲✠❈❱ ✷☞☞✷✍✏ P➤➵➦➡➡➳➨➩➫➲✏ ➼➨✣➢✝
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❬✷✾☎ ❨➥➲✞✝➨➤➵ ❖➩➵✆ ❚➥➧➥✝➨➤➵ ❖➧➥✟➡✆ ❨➵➨➦✝➨ ➼➥➢➵✆ ●➥➭➡ ➡➲➢➨➺➥➢➨➵➩ ✡➤➵➺ ❊➵✇ ➤➡➲➵❊✞➢➨➵➩
➨➺➥➫➡➲✆ P➥➦➨✄➦♥➤➨➺ ➼➠➺☛➵➲➨✞➺ ➵➩ ✓➺➥➫➡ ➥➩➳ ❱➨➳➡➵ ❚➡➦✝➩➵❊➵➫➠✆ ➼☛➤➨➩➫➡➤✆ ✷☞☞✻✆
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❬✒☞☎ ❖➩✞➤ ❋➡➤✝➥➢✆ ❋➡➤➩➥➩➳➵ ❱➨❊➥➤➨✆➵✆ ▲➵✇ ➦➵➲➢ ➡➠➡ ➢➤➥➦➧➨➩➫✆ ❈➵➺☛✞➢✏ ✓➩➢➡❊❊✏ ◆➡✞➤➵➲➦➨✏ ✄✼
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❬✒✷☎ ➼✝✞➺➡➡➢ ❇➥❊✞�➥✆ P➵➺➡➤❊➡➥✞ ➯➡➥➩✆ ◆➵➩♥➨➩➢➤✞➲➨➻➡ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ✞➲➨➩➫ ➥➤➢➨✄➦➨➥❊
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❬✒✌☎ ❲➡➲➢➵➩ ➼➡✇➡❊❊✆ ❖❊➡➫ ❑➵➺➵➫➵➤➢➲➡➻✆ ✕➡➥❊♥➢➨➺➡ ➡➠➡ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ✇➨➢✝ ➥➩ ✞➩➺➵➳➨✄➡➳
➦➵➺➺➵➳➨➢➠ ✇➡✟➦➥➺ ➡➺☛❊➵➠➨➩➫ ➥ ➩➡✞➤➥❊ ➩➡➢✇➵➤➧✆ ❈➸✓➆✄☞ ➟✣➢➡➩➳➡➳ ✠✟➲➢➤➥➦➢➲ ➵➩

➸✞➺➥➩ ❋➥➦➢➵➤➲ ➨➩ ❈➵➺☛✞➢➨➩➫ ➼➠➲➢➡➺➲✆ ✠❈▼✆ ✷☞✄☞✆ ☛☛✏ ✒✼✒✾➊✒✼✌✌✏

❬✒✑☎ ❋➡➩➫ ▲✞✆ ❨✞➲✞➧➡ ➼✞➫➥➩➵✆ ❚➥➧➥✝➨➤➵ ❖➧➥✟➡✆ ❨➵➨➦✝➨ ➼➥➢➵✆ ✓➩✡➡➤➤➨➩➫ ✝✞➺➥➩ ➫➥➭➡ ✡➤➵➺
➥☛☛➡➥➤➥➩➦➡ ➻➨➥ ➥➳➥☛➢➨➻➡ ❊➨➩➡➥➤ ➤➡➫➤➡➲➲➨➵➩✆ ❈➵➺☛✞➢➡➤ ❱➨➲➨➵➩ ✭✓❈❈❱✍✆ ✷☞✄✄ ✓➟➟➟
✓➩➢➡➤➩➥➢➨➵➩➥❊ ❈➵➩✡➡➤➡➩➦➡ ➵➩✆ ✓➟➟➟✆ ✷☞✄✄✆ ☛☛✏ ✄✑✒➊✄✻☞✏

❬✒✻☎ ❑➥➤♥➸➥➩ ❚➥➩✆ ➯➥➻➨➳ ❏✏ ❑➤➨➡➫➺➥➩✆ ◆➥➤➡➩➳➤➥ ✠✝✞�➥✆ ✠☛☛➡➥➤➥➩➦➡♥✟➥➲➡➳ ➡➠➡ ➫➥➭➡ ➡➲♥
➢➨➺➥➢➨➵➩✆ ✠☛☛❊➨➦➥➢➨➵➩➲ ➵✡ ❈➵➺☛✞➢➡➤ ❱➨➲➨➵➩✆ ✷☞☞✷✏✭❲✠❈❱ ✷☞☞✷✍✏ P➤➵➦➡➡➳➨➩➫➲✏ ➼➨✣➢✝
✓➟➟➟ ❲➵➤➧➲✝➵☛ ➵➩✆ ✓➟➟➟✆ ✷☞☞✷✆ ☛☛✏ ✄✾✄➊✄✾✑✏

❬✒✼☎ ❨✞➲✞➧➡ ➼✞➫➥➩➵✆ ❨➥➲✞➠✞➧➨ ▼➥➢➲✞➲✝➨➢➥✆ ❨➵➨➦✝➨ ➼➥➢➵✆ ✠☛☛➡➥➤➥➩➦➡♥✟➥➲➡➳ ➫➥➭➡ ➡➲➢➨➺➥♥
➢➨➵➩ ✞➲➨➩➫ ➻➨➲✞➥❊ ➲➥❊➨➡➩➦➠✆ ✓➟➟➟ ❚➤➥➩➲✏ P➥➢➢➡➤➩ ✠➩➥❊✏ ▼➥➦✝✏ ✓➩➢➡❊❊✏ ✒✑ ✭✷✍ ✭✷☞✄✒✍

✒✷✾➊✒✌✄✏

❬✒✔☎ ❑➡ ▲➨➥➩➫✆ ❨➵✞➲➲➡✡ ❈✝➥✝➨➤✆ ▼➨➦✝▼❊➡ ▼➵❊➨➩➥✆ ❈✝➥➤❊➡➲ ❚➨�✞➲✆ ❋➤➥➩✝➵➨➲ ❏➵✞➡➩✆
✠☛☛➡➥➤➥➩➦➡♥✟➥➲➡➳ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ✇➨➢✝ ➲☛➡➦➢➤➥❊ ➦❊✞➲➢➡➤➨➩➫ ➥➩➳ ➲➡➺➨♥➲✞☛➡➤➻➨➲➡➳
●➥✞➲➲➨➥➩ ☛➤➵➦➡➲➲ ➤➡➫➤➡➲➲➨➵➩✆ P➤➵➦➡➡➳➨➩➫➲ ➵✡ ➢✝➡ ✷☞✄✒ ❈➵➩✡➡➤➡➩➦➡ ➵➩ ➟➠➡ ❚➤➥➦➧➨➩➫
➼➵✞➢✝ ✠✡➤➨➦➥✆ ✠❈▼✆ ✷☞✄✒✆ ☛☛✏ ✄✼➊✷✒✏

❬✒✾☎ ❨✞➲✞➧➡ ➼✞➫➥➩➵✆ ❨➥➲✞➠✞➧➨ ▼➥➢➲✞➲✝➨➢➥✆ ❨➵➨➦✝➨ ➼➥➢➵✆ ▲➡➥➤➩➨➩➫♥✟➠♥➲➠➩➢✝➡➲➨➲ ✡➵➤ ➥☛♥
☛➡➥➤➥➩➦➡♥✟➥➲➡➳ ✒➳ ➫➥➭➡ ➡➲➢➨➺➥➢➨➵➩✆ ❈➵➺☛✞➢➡➤ ❱➨➲➨➵➩ ➥➩➳ P➥➢➢➡➤➩ ✕➡➦➵➫➩➨➢➨➵➩
✭❈❱P✕✍✆ ✷☞✄✌ ✓➟➟➟ ❈➵➩✡➡➤➡➩➦➡ ➵➩✆ ✓➟➟➟✆ ✷☞✄✌✆ ☛☛✏ ✄✔✷✄➊✄✔✷✔✏

❬✌☞☎ ❋➡➩➫ ▲✞✆ ❛➨➥➵✇✞ ❈✝➡➩✆ P➡➤➲➵➩♥➨➩➳➡☛➡➩➳➡➩➢ ➡➠➡ ➫➥➭➡ ☛➤➡➳➨➦➢➨➵➩ ✡➤➵➺ ➡➠➡ ➨➺➥➫➡➲
✞➲➨➩➫ ☛➥➢➦✝♥✟➥➲➡➳ ✡➡➥➢✞➤➡➲✆ ◆➡✞➤➵➦➵➺☛✞➢➨➩➫ ✄✔✷ ✭✷☞✄✻✍ ✄☞➊✄✼✏

❬✌✄☎ ❚➨➺➵ ➼➦✝➩➡➨➳➡➤✆ ❇➵➤➨➲ ➼➦✝➥✞➡➤➢➡✆ ✕➥➨➩➡➤ ➼➢➨➡✡➡❊✝➥➫➡➩✆ ▼➥➩➨✡➵❊➳ ➥❊➨➫➩➺➡➩➢ ✡➵➤
☛➡➤➲➵➩ ➨➩➳➡☛➡➩➳➡➩➢ ➥☛☛➡➥➤➥➩➦➡♥✟➥➲➡➳ ➫➥➭➡ ➡➲➢➨➺➥➢➨➵➩✆ P➥➢➢➡➤➩ ✕➡➦➵➫➩➨➢➨➵➩ ✭✓❈P✕✍✆

✷☞✄✌ ✷✷➩➳ ✓➩➢➡➤➩➥➢➨➵➩➥❊ ❈➵➩✡➡➤➡➩➦➡ ➵➩✆ ✓➟➟➟✆ ✷☞✄✌✆ ☛☛✏ ✄✄✻✼➊✄✄✼✷✏
❬✌✷☎ ❏➨✣✞ ❈✝➡➩✆ ◗➨➥➩➫ ❏➨✆ ✠ ☛➤➵✟➥✟➨❊➨➲➢➨➦ ➥☛☛➤➵➥➦✝ ➢➵ ➵➩❊➨➩➡ ➡➠➡ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ✇➨➢✝➵✞➢

➡✣☛❊➨➦➨➢ ☛➡➤➲➵➩➥❊ ➦➥❊➨✟➤➥➢➨➵➩✆ ✓➟➟➟ ❚➤➥➩➲✏ ✓➺➥➫➡ P➤➵➦➡➲➲✏ ✷✌ ✭✒✍ ✭✷☞✄✑✍ ✄☞✼✻➊✄☞✔✻✏

❬✌✒☎ ✕➠➵✞➩➫ P➥➤➧ ❑➥➩➫✆ ✠ ➤➡➥❊♥➢➨➺➡ ➫➥➭➡ ☛➵➲➨➢➨➵➩ ➡➲➢➨➺➥➢➨➵➩ ➺➡➢✝➵➳ ✟➥➲➡➳ ➵➩ ➥ ✒♥➳ ➡➠➡
➺➵➳➡❊✆ ✓➟➟➟ ❚➤➥➩➲➥➦➢➨➵➩➲ ➵➩ ➼➠➲➢➡➺➲✆ ▼➥➩✆ ➥➩➳ ❈➠✟➡➤➩➡➢➨➦➲✆ P➥➤➢ ❇ ✭❈➠✟➡➤➩➡➢➨➦➲✍
✒✼ ✭✄✍ ✭✷☞☞✼✍ ✄✾✾➊✷✄✷✏

❬✌✌☎ ➟❊➨➥➲ ➯➥➩➨➡❊ ●✞➡➲➢➤➨➩✆ ▼➵➲✝➡ ➟➨➭➡➩➺➥➩✆ ●➡➩➡➤➥❊ ➢✝➡➵➤➠ ➵✡ ➤➡➺➵➢➡ ➫➥➭➡ ➡➲➢➨➺➥➢➨➵➩
✞➲➨➩➫ ➢✝➡ ☛✞☛➨❊ ➦➡➩➢➡➤ ➥➩➳ ➦➵➤➩➡➥❊ ➤➡☎➡➦➢➨➵➩➲✆ ✓➟➟➟ ❚➤➥➩➲✏ ❇➨➵➺➡➳✏ ➟➩➫✏ ✑✒ ✭✻✍

✭✷☞☞✻✍ ✄✄✷✌➊✄✄✒✒✏

❬✌✑☎ ➟❊➨➥➲ ➯➥➩➨➡❊ ●✞➡➲➢➤➨➩✆ ▼➵➲✝➡ ➟➨➭➡➩➺➥➩✆ ✕➡➺➵➢➡ ☛➵➨➩➢♥➵✡♥➫➥➭➡ ➡➲➢➨➺➥➢➨➵➩ ➤➡❖✞➨➤➨➩➫
➥ ➲➨➩➫❊➡♥☛➵➨➩➢ ➦➥❊➨✟➤➥➢➨➵➩ ✡➵➤ ➥☛☛❊➨➦➥➢➨➵➩➲ ✇➨➢✝ ➨➩✡➥➩➢➲✆ P➤➵➦➡➡➳➨➩➫➲ ➵✡ ➢✝➡ ✷☞☞✔

➼➠➺☛➵➲➨✞➺ ➵➩ ➟➠➡ ❚➤➥➦➧➨➩➫ ✕➡➲➡➥➤➦✝ ✫ ✠☛☛❊➨➦➥➢➨➵➩➲✆ ✠❈▼✆ ✷☞☞✔✆ ☛☛✏ ✷✻✼➊✷✼✌✏

❬✌✻☎ ➼✝➡➩➫♥❲➡➩ ➼✝➨✝✆ ❏➨➩ ▲➨✞✆ ✠ ➩➵➻➡❊ ➥☛☛➤➵➥➦✝ ➢➵ ✒♥➯ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ✞➲➨➩➫ ➲➢➡➤➡➵
➦➥➺➡➤➥➲✆ ✓➟➟➟ ❚➤➥➩➲➥➦➢➨➵➩➲ ➵➩ ➼➠➲➢➡➺➲✆ ▼➥➩✆ ➥➩➳ ❈➠✟➡➤➩➡➢➨➦➲✆ P➥➤➢ ❇ ✭❈➠✟➡➤➩➡➢➨➦➲✍
✒✌ ✭✄✍ ✭✷☞☞✌✍ ✷✒✌➊✷✌✑✏

❬✌✼☎ ❏➨✣✞ ❈✝➡➩✆ ❨➥➩ ❚➵➩➫✆ ❲➥➠➩➡ ●➤➥➠✆ ◗➨➥➩➫ ❏➨✆ ✠ ➤➵✟✞➲➢ ✒➯ ➡➠➡ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ➲➠➲➢➡➺
✞➲➨➩➫ ➩➵➨➲➡ ➤➡➳✞➦➢➨➵➩✆ P➤➵➦➡➡➳➨➩➫➲ ➵✡ ➢✝➡ ✷☞☞✔ ➼➠➺☛➵➲➨✞➺ ➵➩ ➟➠➡ ❚➤➥➦➧➨➩➫
✕➡➲➡➥➤➦✝ ✫ ✠☛☛❊➨➦➥➢➨➵➩➲✆ ✠❈▼✆ ✷☞☞✔✆ ☛☛✏ ✄✔✾➊✄✾✻✏

❬✌✔☎ ❈➥➤❊➵➲ ➸✏ ▼➵➤➨➺➵➢➵✆ ▼➥➤➦➨➵ ✕▼✏ ▼➨➺➨➦➥✆ ➟➠➡ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ➢➡➦✝➩➨❖✞➡➲ ✡➵➤ ➨➩➢➡➤♥
➥➦➢➨➻➡ ➥☛☛❊➨➦➥➢➨➵➩➲✆ ❈➵➺☛✞➢✏ ❱➨➲✏ ✓➺➥➫➡ ❯➩➳➡➤➲➢➥➩➳✏ ✾✔ ✭✄✍ ✭✷☞☞✑✍ ✌➊✷✌✏

❬✌✾☎ ❏➨➥➩➭✝➵➩➫ ❲➥➩➫✆ ●✞➥➩➫➠✞➡ ❩✝➥➩➫✆ ❏➨➥➳➵➩➫ ➼✝➨✆ ✷➳ ➫➥➭➡ ➡➲➢➨➺➥➢➨➵➩ ✟➥➲➡➳ ➵➩ ☛✞☛➨❊♥
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✠❈▼✆ ✷☞☞✔✆ ☛☛✏ ✷✑✾➊✷✻✻✏

❬✻✑☎ ❏✞➥➩ ❏✏ ❈➡➤➤➵❊➥➭➥✆ ✠➤➥➩➢✣➥ ❱➨❊❊➥➩✞➡➻➥✆ ✕➥✡➥➡❊ ❈➥✟➡➭➥✆ ➼➢✞➳➠ ➵✡ ☛➵❊➠➩➵➺➨➥❊➺➥☛☛➨➩➫
✡✞➩➦➢➨➵➩➲ ➨➩ ➻➨➳➡➵♥➵➦✞❊➵➫➤➥☛✝➠ ➡➠➡ ➢➤➥➦➧➡➤➲✆ ✠❈▼ ❚➤➥➩➲✏ ❈➵➺☛✞➢✏ ➸✞➺✏ ✓➩➢➡➤➥➦➢✏
✄✾ ✭✷✍ ✭✷☞✄✷✍ ✄☞✏

❬✻✻☎ ❩✝➨✇➡➨ ❩✝✞✆ ◗➨➥➩➫ ❏➨✆ ➟➠➡ ➥➩➳ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ✡➵➤ ➨➩➢➡➤➥➦➢➨➻➡ ➫➤➥☛✝➨➦ ➳➨➲☛❊➥➠✆ ▼➥➦✝✏
❱➨➲✏ ✠☛☛❊✏ ✄✑ ✭✒✍ ✭✷☞☞✌✍ ✄✒✾➊✄✌✔✏

❬✻✼☎ ▼➥➲➲➨➺➵ ●➩➡➵✆ ▼➥✞➤➨➭➨➵ ➼➦✝➺➨➳✆ ➼➨❊➻➨➥ ❈➵➩✡➵➤➢➵✆ ❚➵➺➺➥➲➵ ➯✠❊➡➲➲➨➵✆ ✠ ✡➤➡➡ ➫➡➵♥
➺➡➢➤➠ ➺➵➳➡❊♥➨➩➳➡☛➡➩➳➡➩➢ ➩➡✞➤➥❊ ➡➠➡♥➫➥➭➡ ➢➤➥➦➧➨➩➫ ➲➠➲➢➡➺✆ ❏✏ ◆➡✞➤➵➟➩➫✏ ✕➡✝➥✟➨❊✏ ✾
✭✄✍ ✭✷☞✄✷✍ ✔✷✏

❬✻✔☎ ▼➥➤➦✞➲ ◆➠➲➢➤◆➺✆ ✕➨➦✝➥➤➳ ✠➩➳➡➤➲➲➵➩✆ ❑➡➩➩➡➢✝ ➸➵❊➺❖➻➨➲➢✆ ❏➵➵➲➢ ❱➥➩ ➯➡❲➡➨�➡➤✆ ❚✝➡
➨➩☎✞➡➩➦➡ ➵✡ ➦➥❊➨✟➤➥➢➨➵➩ ➺➡➢✝➵➳ ➥➩➳ ➡➠➡ ☛✝➠➲➨➵❊➵➫➠ ➵➩ ➡➠➡➢➤➥➦➧➨➩➫ ➳➥➢➥ ❖✞➥❊➨➢➠✆
❇➡✝➥➻✏ ✕➡➲✏ ▼➡➢✝➵➳➲ ✌✑ ✭✄✍ ✭✷☞✄✒✍ ✷✼✷➊✷✔✔✏

❬✻✾☎ ❋➡➩➫ ▲✞✆ ❨✞➲✞➧➡ ➼✞➫➥➩➵✆ ❚➥➧➥✝➨➤➵ ❖➧➥✟➡✆ ❨➵➨➦✝➨ ➼➥➢➵✆ ●➥➭➡ ➡➲➢➨➺➥➢➨➵➩ ✡➤➵➺ ➡➠➡
➥☛☛➡➥➤➥➩➦➡❤ ➥ ✝➡➥➳ ☛➵➲➡♥✡➤➡➡ ➺➡➢✝➵➳ ➻➨➥ ➡➠➡ ➨➺➥➫➡ ➲➠➩➢✝➡➲➨➲✆ ✓➟➟➟ ❚➤➥➩➲✏ ✓➺➥➫➡
P➤➵➦➡➲➲✏ ✷✌ ✭✄✄✍ ✭✷☞✄✑✍ ✒✻✔☞➊✒✻✾✒✏

❬✼☞☎ ❋➡➩➫ ▲✞✆ ❚➥➧➥✝➨➤➵ ❖➧➥✟➡✆ ❨✞➲✞➧➡ ➼✞➫➥➩➵✆ ❨➵➨➦✝➨ ➼➥➢➵✆ ▲➡➥➤➩➨➩➫ ➫➥➭➡ ✟➨➥➲➡➲ ✇➨➢✝
✝➡➥➳ ➺➵➢➨➵➩ ✡➵➤ ✝➡➥➳ ☛➵➲➡♥✡➤➡➡ ➫➥➭➡ ➡➲➢➨➺➥➢➨➵➩✆ ✓➺➥➫➡ ❱➨➲ ❈➵➺☛✞➢✏ ✒✷ ✭✒✍ ✭✷☞✄✌✍

✄✻✾➊✄✼✾✏

❬✼✄☎ ❈✝➨✝♥❈✝✞➥➩ ▲➥➨✆ ❨✞♥❚➨➩➫ ❈✝➡➩✆ ❑✞➥➩♥❲➡➩ ❈✝➡➩✆ ➼✝➡➩♥❈✝➨ ❈✝➡➩✆ ➼✝➡➩➫♥❲➡➩ ➼✝➨✝✆
❨➨♥P➨➩➫ ➸✞➩➫✆ ✠☛☛➡➥➤➥➩➦➡♥✟➥➲➡➳ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ✇➨➢✝ ✡➤➡➡ ✝➡➥➳ ➺➵➻➡➺➡➩➢✆ P➥➢➢➡➤➩
✕➡➦➵➫➩➨➢➨➵➩ ✭✓❈P✕✍✆ ✷☞✄✌ ✷✷➩➳ ✓➩➢➡➤➩➥➢➨➵➩➥❊ ❈➵➩✡➡➤➡➩➦➡ ➵➩✆ ✓➟➟➟✆ ✷☞✄✌✆ ☛☛✏
✄✔✻✾➊✄✔✼✒✏

❬✼✷☎ ❑✇➥➩➫ ➸➵ ✠➩✆ ▼➠✞➩➫ ❏➨➩ ❈✝✞➩➫✆ ✒➳ ✝➡➥➳ ➢➤➥➦➧➨➩➫ ➥➩➳ ☛➵➲➡♥➤➵✟✞➲➢ ✷➳ ➢➡✣➢✞➤➡ ➺➥☛♥
✟➥➲➡➳ ✡➥➦➡ ➤➡➦➵➫➩➨➢➨➵➩ ✞➲➨➩➫ ➥ ➲➨➺☛❊➡ ➡❊❊➨☛➲➵➨➳ ➺➵➳➡❊✆ ✓➩➢➡❊❊➨➫➡➩➢ ✕➵✟➵➢➲ ➥➩➳
➼➠➲➢➡➺➲✆ ✷☞☞✔✏ ✓✕❖➼ ✷☞☞✔✏ ✓➟➟➟✎✕➼❏ ✓➩➢➡➤➩➥➢➨➵➩➥❊ ❈➵➩✡➡➤➡➩➦➡ ➵➩✆ ✓➟➟➟✆ ✷☞☞✔✆ ☛☛✏
✒☞✼➊✒✄✷✏

❬✼✒☎ ❏➨❊➨➩ ❚✞✆ ❚✝➵➺➥➲ ➸✞➥➩➫✆ ➸➥➨ ❚➥➵✆ ✠➦➦✞➤➥➢➡ ✝➡➥➳ ☛➵➲➡ ➢➤➥➦➧➨➩➫ ➨➩ ❊➵✇ ➤➡➲➵❊✞➢➨➵➩
➻➨➳➡➵✆ ✠✞➢➵➺➥➢➨➦ ❋➥➦➡ ➥➩➳ ●➡➲➢✞➤➡ ✕➡➦➵➫➩➨➢➨➵➩✆ ✷☞☞✻✏ ❋●✕ ✷☞☞✻✏ ✼➢✝ ✓➩➢➡➤➩➥➢➨➵➩➥❊
❈➵➩✡➡➤➡➩➦➡ ➵➩✆ ✓➟➟➟✆ ✷☞☞✻✆ ☛☛✏ ✑✼✒➊✑✼✔✏

❬✼✌☎ ✕➵✟➡➤➢➵ ❱➥❊➡➩➢➨✆ ◆➨➦✞ ➼➡✟➡✆ ❚✝➡➵ ●➡➻➡➤➲✆ ❈➵➺✟➨➩➨➩➫ ✝➡➥➳ ☛➵➲➡ ➥➩➳ ➡➠➡ ❊➵➦➥➢➨➵➩
➨➩✡➵➤➺➥➢➨➵➩ ✡➵➤ ➫➥➭➡ ➡➲➢➨➺➥➢➨➵➩✆ ✓➟➟➟ ❚➤➥➩➲✏ ✓➺➥➫➡ P➤➵➦➡➲➲✏ ✷✄ ✭✷✍ ✭✷☞✄✷✍ ✔☞✷➊✔✄✑✏

❬✼✑☎ ➸➡➩➩➡➲➲➡➠ ❈➤➥➨➫✆ ❋➨➲➡➢ ❏➥➦➵✟✆ ▲➵➩➫ ➤➥➩➫➡ ➡➠➡ ➢➤➥➦➧➨➩➫❤ ✟➤➨➩➫➨➩➫ ➡➠➡ ➢➤➥➦➧➨➩➫ ➨➩➢➵
➢✝➡ ❊➨➻➨➩➫ ➤➵➵➺✆ P➤➵➦➡➡➳➨➩➫➲ ➵✡ ➢✝➡ ➼➠➺☛➵➲➨✞➺ ➵➩ ➟➠➡ ❚➤➥➦➧➨➩➫ ✕➡➲➡➥➤➦✝ ➥➩➳
✠☛☛❊➨➦➥➢➨➵➩➲✆ ✠❈▼✆ ✷☞✄✷✆ ☛☛✏ ✷✌✾➊✷✑✷✏

❬✼✻☎ ➯➵➩➫♥❈✝➥➩ ❈✝➵✆ ❲➥✝♥➼➡➩➫ ❨➥☛✆ ➸➡➡❑➠✞➩➫ ▲➡➡✆ ✓➩�➥➡ ▲➡➡✆ ❲✝➵➨♥❨✞❊ ❑➨➺✆ ▲➵➩➫
➤➥➩➫➡ ➡➠➡ ➫➥➭➡ ➢➤➥➦➧➨➩➫ ➲➠➲➢➡➺ ✡➵➤ ➥ ❊➥➤➫➡ ➲➦➤➡➡➩✆ ✓➟➟➟ ❚➤➥➩➲✏ ❈➵➩➲✞➺✏ ➟❊➡➦➢➤➵➩✏ ✑✔
✭✌✍ ✭✷☞✄✷✍✏

❬✼✼☎ ❈✝➨ ❏➨➥➩♥➩➥➩✆ ❈✝✞➥➩➫ ❩✝➥➩➫✆ ❨➥➩ ❨➥➩♥➢➥➵✆ ❨➥➩➫ ▲➨✞✆ ➸➥➩ ❩✝➥➩➫✆ ➟➠➡ ➫➥➭➡ ➦➥❊➦✞♥
❊➥➢➨➵➩ ✟➥➲➡➳ ➵➩ ➩➵➩❊➨➩➡➥➤ ☛➵❊➠➩➵➺➨➥❊ ➥➩➳ ➫➡➩➡➤➥❊➨➭➡➳ ➤➡➫➤➡➲➲➨➵➩ ➩➡✞➤➥❊ ➩➡➢✇➵➤➧✆
◆➥➢✞➤➥❊ ❈➵➺☛✞➢➥➢➨➵➩✆ ✷☞☞✾✏ ✓❈◆❈➆☞✾✏ ❋➨✡➢✝ ✓➩➢➡➤➩➥➢➨➵➩➥❊ ❈➵➩✡➡➤➡➩➦➡ ➵➩✆ ➻➵❊✏ ✒✆
✓➟➟➟✆ ✷☞☞✾✆ ☛☛✏ ✻✄✼➊✻✷✒✏

❬✼✔☎ ▼➨➦✝➥➡❊ ▼➤➵➦✝➡➩✆ ▼➵➲➢➥✡➥ ➼➥❊➥✝ ➟❊➳➨➩➡✆ ▼➥➨➧ ❑➥➡➺➺➡➤➡➤✆ ❚✝➡➵ ➼➡➨❊➡➤✆
➸❍➢➭❲➡➤➩➡➤✆ ✓➺☛➤➵➻➡➺➡➩➢ ➨➩ ☛✝➵➢➵➤➡✡➤➥➦➢➨➻➡ ➦➵➤➩➡➥❊ ❊➥➲➡➤ ➲✞➤➫➡➤➠ ➤➡➲✞❊➢➲ ✞➲➨➩➫ ➥➩

➥➦➢➨➻➡ ➡➠➡♥➢➤➥➦➧➨➩➫ ➲➠➲➢➡➺✆ ❏✏ ❈➥➢➥➤➥➦➢ ✕➡✡➤➥➦➢✏ ➼✞➤➫✏ ✷✼ ✭✼✍ ✭✷☞☞✄✍ ✄☞☞☞➊✄☞☞✻✏

❬✼✾☎ ❈✝➨➡✝ ▲➡➡ ❨✞➥➩✆ ✠➦➢➨➻➡ ➡➠➡♥➢➤➥➦➧➨➩➫ ➨➺☛➤➵➻➡➲ ❊➥➲➨➧ ➤➡➲✞❊➢➲✆ ❏✏ ✕➡✡➤➥➦➢✏ ➼✞➤➫✏ ✷✒ ✭✻✍

✭✷☞☞✼✍ ✑✔✄➊✑✔✑✏

❬✔☞☎ ❑➡➤➤➠ ➯✏ ➼➵❊➵➺➵➩✆ ▲✞➨➲ ➟✏ ❋➡➤➩❋➩➳➡➭ ➳➡ ❈➥➲➢➤➵✆ ➸➡❊➫➥ P✏ ➼➥➩➳➵➻➥❊✆ ❏➵➲➡☛✝ ▼✏ ❇➨✟➡➤✆
❇➤➨➥➩ ●➤➵➥➢✆ ❑➤➨➲➢➨➥➩➥ ➯✏ ◆➡✁✆ ➼ ❨➨➩➫ ▼➨➦✝➡❊❊➡✆ ❏➵✝➩❲✏ ❋➤➡➩➦✝✆ ➯ ➯➵➩➩➡➩✡➡❊➳ ➟➤➨➦✆
✕➨➦✝➥➤➳ ▲✏ ▲➨➩➳➲➢➤➵➺✆ ➡➢ ➥❊✏✆ ▲➥➲➨➧ ✇➵➤❊➳ ❊➨➢➡➤➥➢✞➤➡ ➤➡➻➨➡✇❤ ❖✞➥❊➨➢➠ ➵✡ ❊➨✡➡ ➥➩➳ ☛➥➢➨➡➩➢
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Abstract—Recently, video-oculographic gaze tracking has be-
gun to be used in the diagnosis of a wide variety of neurological
diseases, such as Parkinson and Alzheimer. For this application,
the so-called feature-based methods are used, more precisely, 2D
regression-based methods. They use geometrically derived eye
features from high-resolution eye images captured by zooming
into the user’s eyes. The main weakness of these methods is that
the head of the user must remain motionless to avoid estimation
errors. In some patients, some involuntary movements cannot be
avoided and it is necessary to measure them. In this paper, we
tackle the measurement of head position as a way to improve the
gaze tracking on these precision demanding medical applications.
As a first stage, we propose to obtain the eye corners coordinates
as a reference point, since they are the most stable points in
front of the eyeball and eyelids movements. The problem was
handled as a regression problem using a coarse-to-fine cascaded
convolutional neural network in order to accurately regress the
coordinates of the eye corner. Particularly, with the aim of
achieving high precision we cascade two levels of convolutional
networks. Finally, we added temporal information to increase
accuracy and decrease computation time. The accuracy of the
estimation was calculated from the mean square error between
the predictions and the ground truth. Subjective performance
was also evaluated through video inspection. In both cases,
satisfactory results were obtained.

Index Terms—Landmark Tracking, Convolutional Neural Net-
works, Head Movements

I. INTRODUCTION

Studies have shown that activity related to eye movements is

observed in cortical and subcortical areas, which are directly

and indirectly connected with several neural systems. They

interact with each other to control the suitable performance

of the ocular and ocular-cephalic movements. As a result, a

broad spectrum of oculomotor alterations are usually observed

in the presence of neurodegenerative motor disorders. An

accurate and detailed analysis of eye movements becomes a

unique opportunity to detect the presence of different injuries

in the nervous center. These injuries involve a wide variety

of neurological diseases including parkinsonian syndromes

[1], amyotrophic lateral sclerosis [2], Huntingtons disease [3]

Alzheimer disease [4] and minimal hepatic encephalopathy

[5], among others. In recent years, the video-oculography

(VOG) has become the most widely used eye-movements

assessment method, as it is the only one considered non-

invasive; also it allows for easy coordination of test design

and stimuli provision that make it possible to automatically

analyse the data [6], [7].

In order to be able to measure alterations in eye movements,

the measurement of them must be performed with high pre-

cision and accuracy. That is why methods that use extracted

eye features, such as pupil center or eye reflections, called

feature-based methods, are the most popular approaches to

gaze estimation in these kinds of applications. Feature-based

methods, more precisely 2D regression-based methods, use

geometrically derived eye features from high-resolution eye

images captured by zooming in on the user’s eyes. Then,

they find a mapping function from the 2D feature space to

gaze directions or the computer screen coordinates. These

techniques are widely used and achieve really good results,

but they have one major issue: the head of the person must

remain motionless, otherwise there will be large errors be-

tween the actual and estimated directions. In order to avoid

these errors, head restraint systems are often used. In spite

of the fact that the head movements are restricted, in people

with certain neurological diseases, it is possible to observe

some involuntary movements. Being able to measure these

head movements would be very important not only to correct

the gaze estimation errors but also because these measurements

seem to be another indicators of the presence or progress of

certain diseases.

As of today, despite its importance for clinical diagnosis,

there are not many studies about gaze estimation techniques

that considers both the head and eye movements in the detailed

conditions. We have also not found any research work aimed

at detecting short involuntary head movements for future

analysis. In this paper we tackle the measurement of the head

position with the goal of being able to register small head

movements only from videos of the patient’s eye. With this

aim, as a first stage we develop a method for estimating the

eye corners coordinates. Since the eye corners are the most

stable points in front of the eyeball and eyelids movements,

the changes in their position may be used as a reference for

the head movements estimation.

Facial landmark detection is a topic of much interest these

days. Different algorithms aim to automatically identify the

locations of the facial key points on facial images or videos

for different applications. Most of them are designed for

landmarks detection throughout the entire face [8], [9] and
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therefore require the whole face to be present in the image,

regardless of variations in position, angle or illumination.

Others are intended to detect the eye’s corners exclusively

by extracting the eye region from a given face image, mainly

for low cost gaze tracking systems [10], [11]. In such circum-

stances, the extracted region is usually small in comparison to

the image size and therefore the eye has a poor resolution.

Contrary to this, in the studied application, the eyes are

recorded directly at very high resolution. Therefore, their

appearance and the their corners shape change significantly

through the subjects or through small eye movements. This

is why the goal of regressing the exact position of the corner

becomes more challenging.

In recent time, there is a trend to shift from traditional

methods to deep learning based methods, more specifically

Convolutional Neural Network (CNN) for the task of facial

landmark detection and tracking [12]–[14]. In this work, the

problem is handled as a regression problem and a deep

CNN is proposed to regress the landmark positions from the

image appearance. Particularly, with the aim of achieving

high precision, we cascade two levels of convolutional neural

networks to make a coarse-to-fine prediction of the eye corners

position in each frame.

Another point to consider, is the fact that many works

address the landmark detection task in the same way for both

static images and videos. Thus, when detection is performed in

each individual frame, information from preceding frames is

not used. Instead, the location of facial landmarks in preceding

frames could be used to make it easier to find the facial

landmarks in the current frame. One way to add temporal

information consists of tracking the landmark region instead of

detecting it each time. The problem with the direct application

of a conventional tracker is that they are sensitive to appear-

ance changes. At high image resolutions, when the person

blinks the eye’s corner region appearance changes completely

and the tracker get lost. In these cases it is really complex

to recover the region-of-interest (ROI) tracked and when is

recovered, the position is not exactly the same, decreasing

the accuracy. Alternatively, in this work we propose a mix

approach: during the first frames a tracker is initialized with

the two level networks prediction, afterwards the first network

is no longer used. Instead, the corner patch is tracked along

the video and the fine estimation is obtained with the second

network from these patches. This approach showed to provide

a fast estimation and a more accurate measurement. The latter

is accomplished since when the eye’s appearance does not

change, the second level network receive the same patch and

give a similar landmark estimation.

Finally, we can sum up the main contributions of this paper

as follows.

• We created a specific database for this type of videos.

• We designed a coarse-to-fine cascaded convolutional neu-

ral network in order to accurately regress the coordinates

of the eye corner.

• We added temporal information to increase accuracy and

decrease computation time.

(a) (b)

Fig. 1: Eye images from different patients.

II. DATA

Unlike the large number of facial landmark datasets avail-

able [15]–[17], there are no public datasets for this kind

of application. Therefore, it was necessary to generate a

customized database by selecting eye images with accurate eye

related landmark labels for training and testing, and annotate

them with ground truth. Eighteen videos were recorded from

eighteen different patients using the Oscann device [18]. An

infrared camera and an image resolution of 640x480 pixels

were used. As these clinical studies are carry out on either

of the two eyes and the choice is made by the doctor, the

videos were recorded from both eyes. Therefore it was decided

to mirror some of them in order to make them all look the

same. Figure 1 shows an example of eye images from different

patients.

Then, fifteen frames per video were carefully selected. Due

to the large size of the eye in the image, its shape varies greatly

depending on the person and in the presence of eye movements

or blinks. As a consequence and in order to have a wider range

of training data, those frames in which the eye position and the

eyeball direction differ as much as possible were chosen. Each

frame was identified with the patient number, so that we can

split the data in training and validation sets without blending

the patient. Since the eye’s corner are kept relatively stable

again the eye deformations, its accurate detection is critical

to estimate the head movements only from the videos. To this

end, the ground truth was carefully generated by hand for each

eye’s corner.

III. METHODOLOGY

A. Pre-processing

One of the main challenges faced in implementing this

landmark regression cascade is the limited amount of available

data. Deep learning methods have outperformed state of the

art in various tasks but, due to the large number of parameters

to be learned in the model, they require large amount of data.

One way to add more data to the training process without the

need to collect it is to perform data augmentation. It consists

of a series of methods applied to each image in a random

way during training, in order to train the networks in a robust

manner avoiding overfitting at the same time. The individual

transformations considered are:
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(a) (b) (c)

(d) (e) (f)

Fig. 2: Different appearance obtained from data augmentation

techniques.

• Image rotations by an angle θ between ±40° about the

centre.

• Gaussian blurring with a 5× 5 kernel.

• Change in brightness level.

• Changes in the image shape applying an affine transfor-

mation with random matrices.

• Elastic deformations [19].

For training the second level network, different ROIs were

obtained from the original training images using the eye’s

corner ground truth as the reference point. To make the

network more robust to the varying position of the eye corner,

in each frame the ROI was cropped with a random offset from

the centered reference point. In this way, all possible corner

positions could be learned from the network. In addition, the

ROIs were cropped with random width and height, and then

interpolated to the pre-established size. This also varies the eye

corner aspect and adds new data to the training process. After

that, the data augmentation techniques previously explained

were performed to these patches. Figure 2 shows six different

patches generated by applying these transformations to a single

frame. It should be noted that both, the appearance and the

position of the corner, vary considerably. Finally, the intensity

of the transformed images was normalized between 0 and 1

to be used as network inputs.

In the augmentation process, the landmarks coordinates

were mapped to their new positions. Lastly, these ground truth

coordinates lx and ly were normalized between -1 and 1 using

the following equations:

lxn =
lx− 0.5 · Iw

0.5 · Iw
lyn =

ly − 0.5 · Ih

0.5 · Ih
(1)

where Iw and Ih are the image (or patch) width and height,

respectively.

B. Convolutional Neural Network Structure

For landmark regression, we cascade two levels of convo-

lutional neural networks to make a coarse-to-fine prediction.

TABLE I: Network architecture

First level network Second level network

Block Layer (type) Filter size Layer (type) Filter size

Input eye image image patch
(640x480) (140x140)

Conv 1 convolutional 3x3(32) convolutional 3x3(32)
convolutional 3x3(32) convolutional 3x3(32)
Max pooling Max pooling

Conv 2 convolutional 3x3(64) convolutional 3x3(64)
convolutional 3x3(64) convolutional 3x3(64)
Max pooling Max pooling

Conv 3 convolutional 3x3(128) convolutional 3x3(128)
convolutional 3x3(128) convolutional 3x3(128)
Max pooling Max pooling

Conv 4 convolutional 3x3(128) convolutional 3x3(128)
convolutional 3x3(128) convolutional 3x3(128)
Max pooling Max pooling

Conv 5 convolutional 3x3(256)
convolutional 3x3(256)
Max pooling

Conv 6 convolutional 3x3(256)
convolutional 3x3(256)
Max pooling

Fully flatten flatten
connected dense 600 dense 600

dense 300 dense 300
dense 2 dense 2

The first level network makes an initial prediction of the

eye corner landmarks. The second level network receives the

image patch cropped from the original image centered in

the first prediction, and implement a local refinement of the

landmark coordinate. Since not all videos show the complete

eye, the network was designed to estimate only the coordinates

of one eye corner at a time. After preliminary experiments, the

selected network architecture detailed in Table I was used. The

ReLu activation function was applied after each convolutional

layer and after the first two dense layer. In the last layer, a

linear activation function was used.

C. Training

The first and second networks were trained separately.

During training, the coarse regression network received the

640x480px augmented images as inputs and the refinement

network received the 140x140px patches generated as it was

detailed above. In some videos the eye does not appear

complete within the image. This is why only sixteen of the

patients could be used to train the inner corner model and

seventeen could be used to train the outer corner model. The

following steps were shared by both CNN.

1) Cross-Validation: An eigth-fold cross-validation [20]

approach was used in this study. The data were split into eight

folders depending on the patient number, i.e. in each iteration

two patients were left for testing and the rest was used to train

the neural network. For the outer corner models, as we had an

odd number of patients, three of them were used for validation
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in the first run. The partition was designed in this way to test

the generalization ability of the network to correctly regress

the position of the eye corner on previously unseen patients.

The models were then compared using the average and the

standard deviation of the eight folds.

2) Network parameters: The network was trained to min-

imise the mean square error (mse) between the landmarks

labels and predictions applying the Adam Optimizer. To select

the training parameters, a grid was designed in which different

learning rates, batch sizes, patch sizes and dropout rates were

tested. The best performance was achieve with learning rate:

0.0001; batch size: 16; patch size for the second network:

140x140px.

3) Testing: For testing, the original 15 frames of each

patient were used following the validation scheme. To this end,

the first network made the coarse prediction and, centered in

its prediction, the patch was cropped and it was used as input

for the second network which regressed the final coordinate.

This prediction was transformed to pixel value by means of:

lxp = lxn · 0.5 · Pw + 0.5 · Pw + l

lyp = lyn · 0.5 · Ph+ 0.5 · Ph+ t
(2)

being l and t the right and top patch positions and (lxp, lyp)
the eye corner coordinate in pixels. For each model, the mean

error and the standard deviation were calculated among all

patients.

In addition, a subjective analysis with videos was carried

out. Due to the laboriousness of annotating hundreds of data,

it is really difficult to have an objective performance evaluation

over the large videos. Furthermore, some aspects such as the

tremor of the estimated point around the corner are complex

to evaluate only by means of these metrics, but can be easily

evaluated by inspection.

4) Tracking: The tracker used to follow the patch through-

out the video was the Kernelized Correlation Filter (KCF) from

OpenCV3 [21]. To initialize the tracker, the two-step network

prediction was applied to the first frame and the ROI centered

in its prediction was selected. After that, the first part of the

network was no longer used and the input patch to the second

network was update with this tracker along the videos.

IV. RESULTS

In Figure 3 it can be seen a diagram of the entire process

applied as an example to a particular frame. It is possible to

observe how the patch is cropped on test time and how the

second network improve the first network prediction. Figure 4

shows the mean error and standard deviation of the predictions

given by the first and second networks on the complete dataset.

The results show separately the predictions made on the inner

and the outer corner of the eye. It can be seen that the second

network greatly improves the results of the first one achieving

a significantly better prediction.

Despite the fact that the mean accuracy obtained was quite

good, and it improved even more by adding the tracker, the

jiterring did not disappear completely. For this reason, we

decided to add an off-line filter that smooths the prediction

over time [22]. This feature was subjectively evaluated and

it was found that the filter significantly improves this unde-

sirable effect. These qualitative results for difficult validation

videos can be seen in the videos of the following link:

https://agostinal.github.io/Corner-detector-project. It is impor-

tant to point out that for this application it is not necessary to

work online since the final purpose is to use the predictions

to post-process an eye tracking algorithm.

Finally, the tracking instance was also evaluated subjectively

throughout the videos, finding that it is robust to blinking and

rapid eye movements. Furthermore, the computation time was

measured during each video both applying the cascade to each

frame and following the tracking approach where only the fine-

convolutional neural network is applied to each frame. The

analysis was made in CPU as the algorithm it is thought to

be used in a doctor office. It was found that applying patch

tracking, the processing time was reduced 4 times. While on

average the double cascade lasts 300 ms per frame, applying

the tracker reduces the time per frame to 70 ms. This becomes

very significant if it is considered that the videos are taken at

100 fps.

V. CONCLUSION

A model for eye corner coordinate estimation was con-

structed from scratch. The model was designed for a par-

ticular application for which it was necessary to collect and

annotate the complete database. A coarse-to-fine cascaded

convolutional neural network was implemented for static-

frames landmark regression. Temporal information was added

both from the patch tracking along the videos and from the im-

plementation of a temporal filter to smooth the estimation. The

experimental results confirmed the efficacy of the proposed

method in different videos. With these promising results, we

expect to provide a valuable information to be able to measure

changes in the head position during clinical routine trials in

patients.
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rak, et al. Automated quality control in image segmentation: application to
the uk biobank cardiovascular magnetic resonance imaging study. Journal of
Cardiovascular Magnetic Resonance, 21(1):1–14, 2019.

[19] Steffen Czolbe, Kasra Arnavaz, Oswin Krause, and Aasa Feragen. Is segmenta-
tion uncertainty useful? In International Conference on Information Processing
in Medical Imaging, pages 715–726. Springer, 2021.

[20] Masoud S Nosrati and Ghassan Hamarneh. Incorporating prior knowledge in
medical image segmentation: a survey. arXiv preprint arXiv:1607.01092, 2016.

[21] Ozan Oktay, Enzo Ferrante, Konstantinos Kamnitsas, Mattias Heinrich, Wenjia
Bai, Jose Caballero, et al. Anatomically constrained neural networks (ACNNs):
application to cardiac image enhancement and segmentation. IEEE TMI,
37(2):384–395, 2018.

[22] Hariharan Ravishankar, Rahul Venkataramani, Sheshadri Thiruvenkadam, Pra-
sad Sudhakar, and Vivek Vaidya. Learning and incorporating shape models for
semantic segmentation. In Proc. of MICCAI, 2017.

100



[23] Pascal Vincent, Hugo Larochelle, Isabelle Lajoie, Yoshua Bengio, and Pierre-
Antoine Manzagol. Stacked denoising autoencoders: Learning useful represen-
tations in a deep network with a local denoising criterion. JMLR, 11:3371–3408,
2010.

[24] Olivier Chapelle, Bernhard Scholkopf, and Alexander Zien. Semi-supervised
learning. MIT Press, 2009.
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