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Resumen

En el dmbito industrial, una gran variedad de maquinas y mecanismos — tales como turbinas
aeronduticas, equipos de perforacion utilizados en la industria petrolera, sistemas de separacién
en vehiculos espaciales, rodamientos y engranajes — operan bajo condiciones fisicas extremas,
caracterizadas por movimientos de rotacion de alta frecuencia, friccion e impactos multiples. En
este contexto, las simulaciones computacionales constituyen una herramienta fundamental en las
etapas de disefio y optimizacion de estos dispositivos. Su aplicacion permite evaluar de manera
virtual diversas configuraciones geométricas, materiales y condiciones operativas, antes de avanzar
hacia la fabricacion fisica o la construcciéon de modelos prototipo. Este enfoque no solo contribuye
a la reduccion de costos y tiempos de desarrollo, sino que también posibilita un andlisis detallado
del comportamiento del sistema bajo diversos escenarios de funcionamiento.

A raiz de ello, la principal contribucién de esta Tesis radica en el desarrollo, implementacion y
validaciéon de modelos numéricos, orientados a la simulacion de sistemas mecanicos complejos
sujetos a impacto en el marco de la dindmica de contacto no suave. Luego, el estudio de la friccion
se realiza mediante las leyes de friccion de Coulomb y Coulomb-Contensou. La estrategia elegida
para describir el movimiento general de los cuerpos se basa en el Método de los Elementos Finitos
no lineal. La regularizacién del problema variacional asociado al contacto con friccién se aborda
mediante una formulacién basada en un método del tipo Lagrangiano aumentado. Las ecuaciones
de movimiento se integran mediante el esquema temporal a-generalizado no suave desacoplado,
donde en esta Tesis se propone una extension para incorporar los efectos de friccion cuando se
consideran multiples impactos entre cuerpos rigidos esféricos.

Dado que los enfoques de dindmica no suave no permiten calcular directamente las fuerzas de
contacto, esta Tesis introduce una metodologia novedosa que permite obtener fuerzas mediante la
combinacién de modelos de contacto suave con los resultados impulsivos y de velocidades derivados
de las formulaciones no suaves.

En esta Tesis, las herramientas desarrolladas permiten predecir el comportamiento dindmico de
sistemas mecdnicos complejos, posibilitando la evaluacion de impactos, deformaciones, asi como
de fuerzas y tensiones de contacto, con una mayor eficiencia computacional respecto a los modelos
utilizados actualmente.

El aporte de este trabajo se refleja en las publicaciones con referato que compila esta Tesis,
contribuyendo de manera significativa al avance del conocimiento en el campo de la simulacion de

sistemas multicuerpos.






Abstract

In the industrial field, a wide variety of machines and mechanisms — such as aircraft turbines,
drilling equipment used in the oil industry, separation systems in spacecraft, bearings, and gears
— operate under extreme physical conditions, characterized by high-frequency rotational motions,
friction, and multiple impacts. In this context, computational simulations constitute a fundamental
tool in the design and optimization stages of these devices. Their application allows for the
virtual evaluation of different geometric configurations, materials, and operating conditions before
proceeding to physical manufacturing or prototype model construction. This approach not only
contributes to reducing development costs and time but also enables a detailed analysis of the
system’s behavior under various operating scenarios.

As a result, the main contribution of this Thesis lies in the development, implementation, and
validation of numerical models aimed at simulating complex mechanical systems subjected to
impact, within the framework of non-smooth contact dynamics. The study of friction is carried out
using Coulomb’s friction law and the Coulomb-Contensou law. The strategy chosen to describe the
general motion of the bodies is based on the nonlinear Finite Element Method. The regularization
of the variational problem associated with contact with friction is addressed through a formulation
based on an augmented Lagrangian method. The equations of motion are integrated using the
decoupled non-smooth a-generalized time integration scheme, for which this Thesis proposes an
extension to incorporate friction effects when considering multiple impacts between rigid spherical
bodies.

Since non-smooth dynamics approaches do not allow for the direct computation of contact forces,
this Thesis introduces a novel methodology that enables the calculation of forces through the
combination of smooth contact models with the impulsive and velocity results derived from
non-smooth formulations.

Moreover, the tools developed allow for the prediction of the dynamic behavior of complex
mechanical systems, enabling the evaluation of impacts, deformations, as well as contact forces and
stresses, with greater computational efficiency compared to currently used models.

The contribution of this work is reflected in the publications compiled in this Thesis, significantly

advancing knowledge in the field of multibody systems simulation.
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Capitulo 1

Introduccion

1.1. Motivacion

Numerosas miquinas y mecanismos utilizados en la industria, como por ejemplo robots manipuladores,
rodamientos, cajas de engranajes, disyuntores eléctricos, entre otros, estdn sujetos a impactos entre sus
componentes, lo que genera vibraciones de muy alta frecuencia que pueden propagarse por los restantes
componentes del mecanismo. Estos impactos, junto con los efectos de la fuerza de friccidn, luego de un
determinado ciclo de trabajo, provocan desgaste y/o fatiga en los componentes del mecanismo, reduciendo la

vida util y afectando negativamente el funcionamiento global del sistema.

La motivacion central de esta Tesis radica en el desafio que presentan estos mecanismos para la prediccién
de los desplazamientos, las velocidades y las fuerzas que ocurren en periodos de tiempo muy breves y que son
requeridos para alcanzar un disefio eficiente desde el punto de vista de la resistencia de materiales y los costos

de produccién.

Hasta el momento, no se dispone de modelos suficientemente precisos en los resultados y eficientes desde
el punto de vista computacional, para modelar mecanismos complejos, combinando de manera simultdnea los

efectos de friccion, impacto o miltiple impacto [142, 58].

1.2. Objetivos

El objetivo general de esta Tesis consiste en desarrollar herramientas de simulacién computacional,
orientadas al estudio de la dindmica estructural no lineal, producida por el impacto entre diferentes componentes
de un sistema mecéanico complejo. Se estudiardn problemas académicos y de aplicacién industrial con el fin

de proveer algoritmos de mayor precision en los resultados respecto de los disponibles actualmente.
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1.2.1. Objetivos Especificos

El objetivo especifico consiste en analizar el efecto del impacto en componentes mecdnicos modelados
como cuerpos rigidos y flexibles en el marco de la dindmica de contacto no suave, mediante la formulacién de

nuevos algoritmos o modificacién de existentes. Para ello, se propone:

= Desarrollar un elemento de contacto entre un cuerpo rigido esférico y un plano, considerando la friccién
por deslizamiento, rodadura y rotacién en el marco del integrador temporal a-generalizado no suave

[17] (Anexo A).

= Desarrollar un elemento de contacto entre dos cuerpos rigidos esféricos, considerando la friccién por
deslizamiento en el contexto del integrador temporal a-generalizado no suave[17], y extender dicha

formulacién al caso de contacto con friccién y multiples impactos (véase Anexo B).

= Implementar una nueva metodologia que permita evaluar la fuerza de contacto en los componentes de
mecanismos compuestos por cuerpos rigidos, flexibles o una combinacién de ambos, en los cuales se

produzcan impactos (véase Anexo C).

= Desarrollar un elemento tipo rodamiento que sea capaz de capturar los efectos de impacto que surgen
por los huelgos entre sus componentes, bolas y pistas, con el objetivo de predecir las fuerzas y tensiones

generadas en el mismo.

= Validar los desarrollos propuestos con soluciones analiticas o de referencia.

1.3. Metodologia

La mecdnica computacional es una disciplina interdisciplinaria que integra conocimientos provenientes de
la Fisica, la Matematica, la Ingenieria y la Informética. La metodologia general empleada para la resolucién de
problemas mediante métodos numéricos contempla las siguientes etapas: (i) formulacién fisica del problema,
(ii) esquema de discretizacién numérica, (iii) programacion, y (iv) validacién/verificacién de resultados.

La metodologia particular que se desarrolla a lo largo de esta Tesis se sustenta en los siguientes

lineamientos generales:

1. Se utiliza el Método de los Elementos Finitos (MEF) no lineal, considerando grandes desplazamientos
y rotaciones, y donde la descripcién cinemadtica de los cuerpos rigidos o flexibles se realiza siguiendo la

metodologia propuesta por Géradin y Cardona [55].

2. La integracion temporal de las ecuaciones de movimiento se efectia mediante el integrador temporal
a-generalizado no suave [32]. Esta eleccién permite una mayor precision en el calculo de los campos de
desplazamiento, velocidad y aceleracién, superando las limitaciones de los integradores convencionales,

como por ejemplo el Newmark, el Hilbert-Hughes-Taylor (HHT), Moreau-Jean [109, 68, 79].
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3. En los algoritmos de contacto propuestos se consideran los efectos de friccion, modelados mediante la
ley de Coulomb. La regularizacion del problema varacional de contacto con friccién se realiza siguiendo
la formulacién de Alart y Curnier [3]. Esta estrategia asegura el cumplimiento exacto de las restricciones

de desigualdad asociadas al modelo de contacto con friccién.

4. Siguiendo la propuesta de Césimo et al. [33], se implementa un nuevo algoritmo de contacto orientado
a la simulacién de impactos multiples entre cuerpos rigidos esféricos, considerando los efectos de

friccion.

5. Tomando como base los modelos de fuerza de contacto continuo [51] y, mediante una nueva metodologia
de post-procesamiento, se calculan las fuerzas y tensiones de contacto a partir de las velocidades e

impulsos determinados por el integrador temporal a-generalizado no suave [32].

6. Como casos de aplicacion, se estudian los efectos inducidos en sistemas mecédnicos que incluyen juntas
y/o rodamientos de bolas, producto de los huelgos presentes entre sus componentes. Se analiza la
propagacion de las ondas de vibracién mecénica generadas en dichos elementos hacia el resto del

sistema, y se determinan las fuerzas y tensiones de contacto desarrolladas en el conjunto.

7. Todos los algoritmos desarrollados son incorporados al cédigo de elementos finitos Oofelie [21] (Object
Oriented Finite Elements Led by Interactive Executor), el cual comprende un conjunto de herramientas
implementadas en lenguaje C++, destinadas a la resolucién de problemas en Mecénica del Continuo

mediante el MEF.

1.4. Estado del Arte

1.4.1. Sistema Multicuerpo

Un sistema multicuerpo se define como un conjunto de cuerpos rigidos o flexibles interconectados mediante
uniones cinematicas, como por ejemplo bisagras o pasadores, y/o a través de elementos de fuerza, tales como
actuadores, resortes, amortiguadores, entre otros [47]. Los sistemas multicuerpo presentan dos caracteristicas
fundamentales. Por un lado, los componentes mecédnicos pueden experimentar grandes desplazamientos tanto
de traslacién como de rotacién. Por otro lado, las uniones cineméticas y elementos de fuerza restringen el
movimiento relativo entre los cuerpos [47].

En este contexto, un cuerpo rigido es aquel cuyas deformaciones son despreciables durante el andlisis, de
modo que las distancias relativas entre sus puntos materiales permanecen constantes a lo largo del movimiento
[125]. En contraste, un cuerpo flexible presenta deformaciones internas no despreciables, y su movimiento

incluye tanto el desplazamiento global tipico de un cuerpo rigido como la deformacién [55].
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Las fuerzas aplicadas sobre los distintos componentes de un sistema multicuerpo se originan en fendmenos
fisicos como la gravedad o la inercia. Estas fuerzas pueden representarse mediante funciones puntuales o bien
como funciones dependientes del estado de los cuerpos que conforman el sistema [30]. Dentro de este tltimo
grupo se incluyen los fenémenos de contacto e impacto, los cuales estdn presentes en un gran nimero de

mecanismos.

1.4.2. Problema del Contacto

El contacto mecénico con friccién es un fenémeno presente en muchos sistemas de ingenieria y tiene una
influencia determinante en su comportamiento dindmico [102]. La interaccién entre las superficies de contacto
genera disipacién de energia y puede inducir tanto variaciones graduales como discontinuidades abruptas
en el estado del sistema, dependiendo de si el contacto se mantiene cerrado o si se producen impactos [102].
Asimismo, la friccion puede incrementar efectos no deseados, como vibraciones, ruido y desgaste [102], por
lo que su modelizacion precisa es fundamental para conseguir disefios eficientes.

Las ecuaciones que gobiernan el problema de contacto son no lineales y no diferenciables, por este motivo,
poseen grandes dificultades para ser resueltas por medio de un esquema Newton Raphson convencional
[130]. A lo largo de las dltimas décadas, se han propuesto diversas formulaciones para abordar este problema;
sin embargo, hasta la fecha no se dispone de un algoritmo de contacto universalmente robusto que permita
resolver con eficacia la amplia variedad de casos practicos.

Como se presentard mds adelante en el Cap. 2, el problema de contacto estd sujeto a restricciones de
desigualdad. Existen dos enfoques principales para resolver estas ecuaciones: los métodos de penalizacién y

los métodos no suaves [30].

Fuerza Normal Fuerza Normal

A A

.
.
.
.
.
.
.
.
o

» Huelgo > Huelgo

(a) Método de penalizacion. (b) Método no suave.

Figura 1.1: Modelos de Contacto.

» Método de penalizacion: También denominado método regularizado o método basado en la fuerza de
contacto [6, 30]. Este enfoque define la fuerza de contacto como una funcién continua que depende de
la penetracion relativa entre los cuerpos en contacto y de su derivada temporal (en el caso de problemas

dindmicos) [30]. En el marco de esta aproximacidn, se observa que la fuerza de contacto no se genera
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de manera instantdnea, sino que aumenta progresivamente con la amplitud de la penetracion relativa
o huelgo, ver Fig. 1.1-a. En estos modelos, la pendiente de la recta define el denominado coeficiente
de penalizacién; por lo tanto, para aproximarse a la solucién exacta, esto es, evitar la penetracion,
es necesario emplear factores de penalizacion tendientes a infinito, lo que resulta en matrices mal
condicionadas, que afectan la estabilidad numérica del sistema de las ecuaciones que tiene que resolver

[86].

Los modelos basados en este método introducen el factor de penalidad que se representa por la constante
de un resorte eldstico y un amortiguador en la interfaz de contacto [48]. Los valores numéricos de
las contantes del resorte y el amortiguador se calculan a partir de la penetracién relativa, su derivada
temporal, las propiedades materiales de los cuerpos involucrados y la geometria de sus superficies
contactoras [50]. En general, estos modelos resultan relativamente sencillos de implementar, ya que

evitan la complejidad asociada al tratamiento explicito de las condiciones unilaterales de contacto[121].

Un problema a remarcar es que, en problemas dindmicos, la utilizacion de resortes altamente rigidos
induce la aparicién de frecuencias elevadas en el sistema, lo que obliga a reducir el paso temporal

incrementando el costo computacional [30].

= Método no suave: También denominado método basado en restricciones geométricas, de formulacién
rigida o por partes [6, 30]. Este enfoque se caracteriza por dos supuestos principales, por un lado, las
deformaciones de los cuerpos involucrados son pequefias en relacién con su geometria, por lo que
pueden modelarse como cuerpos rigidos, y por otro lado, el contacto se modela como un fenémeno
instantdneo, de duracién nula, y se formula mediante una condicién de complementariedad del tipo
Signorini [128]. La fuerza de reaccién del impulso se determina de manera tal que impide la penetracidn
entre los cuerpos. El principio de complementariedad establece que tanto la fuerza de reaccién como la
restriccion unilateral o huelgo deben ser no negativas, con la condicién de que al menos una de ellas sea

nula, ver Fig. 1.1-b.

Para resolver el problema de contacto sujeto a la condicién de complementariedad, puede recurrirse
al uso de multiplicadores de Lagrange [1], los cuales imponen las restricciones de forma exacta,
reformulando el problema como uno de punto silla. Este enfoque incrementa el tamaiio del sistema por
los multiplicadores de Lagrange y consecuentemente el costo computacional. Otra forma de resolver
el problema del contacto, es mediante la combinacién del método de multiplicadores de Lagrange
con un algoritmo tipo Uzawa [62]. En este algoritmo de doble bucle, los multiplicadores de Lagrange
se mantienen constantes durante un bucle de iteracién interno para resolver los desplazamientos.
Posteriormente, dentro de un bucle externo, los multiplicadores de Lagrange se actualizan a un nuevo
valor y la iteracion interna se reinicia hasta la convergencia del proceso completo. Como contrapartida

este método aumenta el costo computacional debido al uso del doble bucle.



6 CAPITULO 1. INTRODUCCION

Como alternativa intermedia, el método del Lagrangiano aumentado combina el método de penalizacion
con el de multiplicadores de Lagrange, ofreciendo una formulacién robusta que evita el uso del método
de Uzawa. En este caso, el pardmetro de penalizacidén afecta tinicamente la tasa de convergencia
sin comprometer la precision del resultado. El método del Lagrangiano aumentado fue desarrollado
originalmente por Hestenes [67] y Powell [118] para problemas de optimizacién y luego fue aplicado al

problema de contacto mecdnico [3].

La principal limitacién de los métodos no suaves radica en que no permiten calcular directamente las
fuerzas de contacto durante el proceso de impacto, y que los procedimientos algoritmicos asociados

resultan altamente complejos [132].

Ademads, estos métodos presentan dificultades para abordar problemas en los que ocurre la paradoja de
Painlevé, un fendmeno cldsico de la mecdnica de cuerpos rigidos con contacto y friccién, que evidencia
que los modelos de contacto basados en la ley de Coulomb pueden conducir a soluciones indeterminadas

(es decir, miiltiples soluciones) o inconsistentes (ninguna solucién) en sistemas mecanicos simples [23].

Para la resolucién de problemas dindmicos con impactos, se utilizan principalmente dos formulaciones:
el problema de complementariedad lineal LCP (linear complementarity problem) y la desigualdad

variacional diferencial DVI (differential variational inequality) [30].

El enfoque LCP emplea restricciones unilaterales en el anélisis dindmico para calcular las fuerzas de
contacto, evitando la penetracidn relativa entre cuerpos. Solo se permite un valor minimo de penetracién
para detectar el instante inicial de contacto, pero este valor no se emplea en el cdlculo de la magnitud
del impulso [30]. Una de las principales limitaciones de este método es su dificultad para adaptarse a
diferentes situaciones, como contactos permanentes o intermitentes, lo cual condiciona el desarrollo de
programas genéricos basados en LCP para sistemas multicuerpo dindmicos [132]. Ademés, la inclusién
de friccién puede dar lugar a multiples soluciones o a ninguna, asi como también a las violaciones del

principio de conservacion de la energfa [135, 119].

La formulacién DVI se considera mas adecuada respecto a los enfoques LCP para sistemas en los que
ocurren multiples impactos simultdneos, teniendo en cuenta las fuerzas de friccidon [50]. A pesar de que
presentan una formulacién algoritmica compleja [30], este tipo de enfoque es ampliamente utilizado

para el estudio de flujos con particulas [132, 103].

1.4.3. Leyes de Impacto

Segun Gilardi y Sharf [57], un impacto entre dos cuerpos se caracteriza por una interaccién de muy corta
duracion, tipicamente del orden de milisegundos [111], que involucra elevados niveles de fuerza, una rapida

disipacién de energia, deformaciones locales (eldsticas o plésticas), cambios abruptos en las velocidades y la
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generacion de vibraciones. La complejidad asociada a su modelado radica en la necesidad de determinar de
manera simultdnea, las velocidades, las fuerzas y los impulsos involucrados bajo restricciones impuestas por
el sistema [61].

Las discontinuidades provocadas por impactos son generalmente modeladas mediante leyes que relacionan
el estado del sistema antes y después del mismo [42], utilizando habitualmente un coeficiente de restitucion.
Entre las formulaciones mds empleadas en la literatura especializada se destacan la ley de impacto de Newton
[110] y la ley de Poisson [117]. La primera posee un cardcter eminentemente cinemadtico, ya que establece
una relacion directa entre las velocidades relativas pre y post impacto. En tanto que, la ley de Poisson es de
naturaleza cinética, puesto que vincula los impulsos generados durante las fases de compresion y restitucion

[15].

1.4.4. Integradores Temporales

Para resolver las ecuaciones que gobiernan el problema de impacto, resulta fundamental contar con
métodos de integracién temporal que permiten resolverlas numéricamente con precision. Los integradores
temporales estdndar, como los métodos de Newmark, Hilbert-Hughes-Taylor (HHT) y los c-generalizados [27],
fueron desarrollados bajo la hipétesis de que los desplazamientos y las velocidades evolucionan suavemente en
el tiempo. Como consecuencia, estos métodos no pueden tratar de forma consistente los saltos en la velocidad
que se producen durante los impactos. Esta limitaciéon ha motivado el desarrollo de esquemas consistentes y
técnicas de estabilizacién especificamente orientadas al andlisis de problemas dindmicos [24, 90, 9].

Los esquemas de integracién numérica para el andlisis dindmico no suave pueden clasificarse en dos
grandes categorfas: los esquemas controlados por eventos (event-driven) y los esquemas de paso de tiempo

fijo (time-stepping) [53].

» Esquemas controlados por eventos: se basan en la deteccion precisa del instante de impacto mediante
la modificacién del paso temporal, de modo que este coincida con el instante de impacto. Entonces,
las ecuaciones de la dindmica se resuelven aplicando una ley de impacto consistente. Este tipo de
esquemas resulta adecuado cuando los impactos son poco frecuentes; sin embargo, su precision se ve

comprometida en escenarios con multiples impactos o impactos recurrentes [63].

= Esquemas de paso de tiempo fijo: mantienen constante el tamafo del paso temporal a lo largo de toda la
simulacién. Si bien son métodos robustos, presentan precision de primer orden incluso cuando no hay
impacto, lo que limita su eficacia y obliga al uso de pasos de integracién muy pequefios para alcanzar

resultados aceptables [131].

Dentro de esta ultima clasificacién, los integradores mds ampliamente utilizados para sistemas dindmicos

no suaves son el esquema de Moreau-Jean [79, 107, 78], basado en un método 0, y el esquema de Schatzman-Paoli
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[113, 114], basado en diferencias centradas. A pesar de la robustez para abordar problemas que involucran
un gran nimero de impactos, ambos esquemas presentan una precisién de primer orden y sufren elevados
niveles de disipacion numérica, lo que conduce, en general, a una aproximacion deficiente de los fenémenos
vibratorios en componentes flexibles. De hecho, cuando se emplea un método de primer orden, es necesario
utilizar pasos de tiempo muy pequefios para alcanzar resultados adecuados. Ademds, en el esquema de
Moreau-Jean [79], las restricciones se imponen tinicamente a nivel de velocidad, lo que puede dar lugar a una

violacién de las restricciones a nivel de posicion y, en consecuencia, a un fenémeno denominado drift.

Con el objetivo de mejorar la precisién, Chen et al. [25] propusieron un enfoque hibrido en el cual las
fuerzas suaves, como las eldsticas, se integran mediante un esquema de mayor orden (por ejemplo, el método
a-generalizado [27]), mientras que las fuerzas impulsivas se tratan mediante esquemas implicitos de primer
orden. Si bien el orden de convergencia global se mantiene en uno, se observé una mejora sustancial en los
resultados para sistemas con componentes flexibles, en comparacién con el método propuesto por Moreau
[106]. Posteriormente, Briils, Acary y Cardona [17] desarrollaron el integrador a-generalizado no suave,
el cual introduce dos avances claves: i) las fuerzas asociadas al movimiento suave se integran mediante
un esquema de segundo orden, lo que permite alcanzar un orden de convergencia global superior a uno;
y ii) las restricciones unilaterales, tanto a nivel de velocidad como de posicidén, se satisfacen de manera
exacta. Este integrador fue evaluado en diversos casos de validacion [17], evidenciando mejores propiedades
de convergencia y precision en comparacién con esquemas anteriores [27, 25, 116, 115]. No obstante, su
eficiencia disminuye en presencia de componentes flexibles y restricciones bilaterales, lo que obliga a emplear

pasos de tiempo reducidos para mantener la estabilidad y la precisiéon numérica.

Para superar esta limitacién, Cosimo et al. [32] propusieron un nuevo integrador temporal basado en la
formulacién de Briils, Acary y Cardona [17], en el cual las ecuaciones del movimiento suave, de posicion
y de velocidad estdn completamente desacopladas. Este esquema permite satisfacer de manera exacta las
restricciones tanto a nivel de posicién como de velocidad, y respecto al integrador original mejora la robustez
frente a la presencia de componentes flexibles y restricciones bilaterales, sin comprometer la precisién global

de la solucién.

Mas recientemente, otros autores como por ejemplo Capobianco et al. [20] propusieron un método o
generalizado no suave, donde las restricciones se satisfacen a nivel de aceleracion. El esquema presentado por
Capobianco et al. [20] puede reproducir adecuadamente la dindmica de contacto por friccidn , en sistemas
multicuerpo con partes flexibles evitando la penetracion entre los cuerpos en contacto. La principal desventaja
de dicho enfoque es que los subproblemas de posicidn, velocidad y aceleracién no estdn desacoplados,
limitado asf por ejemplo el tratamiento del multiple impacto. Luego, Luo et al. [98] propusieron un esquema
de integracién simple modificado no suave (NMSI, por sus siglas en inglés) para el tratamiento de la dindmica

de contacto con friccién en sistemas multicuerpo rigido-flexibles.
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En sintesis, el estudio de la dindmica de contacto no suave con friccion ha evolucionado desde formulaciones
tedricas fundamentales [106, 45] hasta metodologias numéricas [53, 20, 58]. No obstante, aiin no se dispone
de una metodologia que sea, al mismo tiempo, robusta desde el punto de vista fisico-matemético y eficiente
desde el punto de vista computacional para el andlisis del impacto o miltiple impacto con friccidn en sistemas
mecdnicos complejos que involucren tanto elementos rigidos como flexibles. Incluso con la incorporacién
de enfoques avanzados, como los métodos no suaves, persisten limitaciones importantes: estos métodos no

permiten estimar de forma directa las fuerzas ni las tensiones de contacto que se generan en cada impacto.

1.5. Estructura de la Tesis

El texto principal de la tesis estd estructurado en cinco capitulos organizados de la siguiente manera:

El Capitulo 1 introduce la temadtica central de la investigacidn, junto con la motivacidén que sustenta este
trabajo. Ademads, se presentan los objetivos generales y especificos, asi como la metodologia empleada

a lo largo del desarrollo de la Tesis.

= El Capitulo 2 proporciona los conceptos generales y fundamentos tedricos necesarios para comprender
los temas especificos abordados en esta investigacion. Este capitulo establece el marco tedrico conceptual

que sustenta los desarrollos posteriores.

= E] Capitulo 3 sintetiza las principales metodologias aplicadas en el desarrollo de la Tesis. Asimismo,
se describen los conceptos especificos asociados a cada una de las publicaciones presentadas en los

anexos, vinculdndolos con los objetivos planteados.

= El Capitulo 4 presenta ejemplos numéricos y casos de estudio en los que se aplican los desarrollos
tedricos y metodoldgicos expuestos en el capitulo anterior. Estos ejemplos permiten validar y demostrar

la utilidad de los aportes de la investigacion.

= Finalmente, el Capitulo 5 expone las conclusiones generales derivadas de los resultados obtenidos.
Ademds, se discuten posibles lineas de investigacién futuras que podrian ampliar o profundizar los

hallazgos obtenidos por esta Tesis.
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CAPITULO 1. INTRODUCCION



Capitulo 2

Conceptos Generales

Este capitulo establece los fundamentos tedrico-metodoldgicos para el estudio de sistemas multicuerpo
con impactos, sentando las bases para los desarrollos que se presentan en los capitulos siguientes de esta
Tesis. En particular, se detallan las ecuaciones de movimiento y las restricciones asociadas al fendmeno de
impacto en sistemas multicuerpo. Asimismo, se revisan los métodos cldsicos de integraciéon numérica y sus
limitaciones en procesos dindmicos no suaves, como por ejemplo el impacto, 1o que justifica la adopcién del
integrador temporal a-generalizado no suave (NSGA, por sus siglas en inglés). Este integrador se destaca por
su eficacia en el tratamiento de impactos, por su robustez numérica y por su capacidad para satisfacer con

precision las restricciones unilaterales y bilaterales de un mecanismo.

Finalmente, en este apartado, dado que las aproximaciones no suaves presentan limitaciones en el célculo
de las fuerzas de contacto, se incluye una revisién de los modelos de fuerza de contacto existentes hasta el

momento, los cuales serdan incorporados en la metodologia propuesta en los siguientes capitulos.

2.1. Sistemas Multicuerpo

Los Sistemas Multicuerpo (MS, por sus siglas en inglés) en el dmbito de la ingenieria mecdnica estan
compuestos por elementos como vigas, motores, actuadores y resortes, entre otros, ver Fig. 2.1. De acuerdo
con Nikravesh [112], estos sistemas pueden incluir tanto cuerpos rigidos como flexibles, interconectados
mediante juntas cinemadticas o elementos de fuerza. La principal diferencia entre los cuerpos rigidos y flexibles
radica en que los primeros no experimentan deformaciones, lo que simplifica las ecuaciones que describen su
comportamiento dindmico. En contraste, los cuerpos flexibles se deforman bajo la accién de fuerzas externas,

lo que aumenta significativamente la complejidad de las ecuaciones que rigen su dindmica [55, 12, 136].

11
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Actuador

_--Junta de revolucién

Fuerzas Externas

lll . -= Cuerpo Flexible
-~

Viga Flexible ----
Junta Esférica -===~<

Cuerpo Rigido -~ “

Motor (aplica torque)

Figura 2.1: Sistema Multicuerpo.

2.1.1. Marcos de Referencia

Las metodologias utilizadas para analizar la evolucién temporal de sistemas multicuerpo con componentes
rigidos pueden clasificarse, en términos generales, en tres categorias segtn el tipo de marco de referencia
empleado: i) Marco Inercial, ii) Formulacion de Coordenadas del Punto de Referencia [38] que incluye
dngulos de Euler, pardmetros de Euler u otro conjunto de pardmetros de orientacion vy, iii) la Formulacion
de Coordenadas Naturales [39]. En comparacién con la mecédnica de cuerpos rigidos, la seleccion del
sistema de coordenadas en la dinidmica de cuerpos flexibles representa un problema mas complejo [125].
Segin Wasfy y Noor [136] existen tres grandes categorias segun el tipo de marco de referencia empleado: i)
marco flotante, ii) marco corotacional y iii) marco inercial. Esta clasificacion permite organizar los distintos
enfoques de modelado en funcién de como se separan las deformaciones relativas del movimiento rigido de

los componentes.

Los marcos flotantes y marcos corotacionales se basan en la introduccién de un marco de referencia
intermedio que facilita el desacople entre la deformacion del cuerpo y su movimiento rigido, no asi en el

marco inercial que utiliza un dnico sistema de referencia.

Especificamente, en el enfoque de marco flotante (floating frame of reference), se asigna un sistema de
coordenadas mdviles al cuerpo flexible que se traslada y rota siguiendo el movimiento de un cuerpo rigido
representativo del componente. Las deformaciones se modelan como desviaciones respecto a ese movimiento
rigido global [136, 126]. Este método es adecuado para cuerpos que experimentan desplazamientos y
rotaciones grandes, pero con deformaciones pequeiias o moderadas comparado con la escala del componente

completo, ver Fig. 2.2-a.

En contraste, el enfoque corotacional (corotational formulation) introduce un marco local para cada
elemento finito individual. Cada uno de estos marcos se mueve siguiendo el comportamiento de un cuerpo
rigido asociado al elemento, y las deformaciones se miden localmente respecto a ese movimiento [46, 56].

Este enfoque resulta especialmente ttil cuando se requiere capturar deformaciones grandes a nivel local sin
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que el movimiento global del sistema complique innecesariamente la formulacién, ver Fig. 2.2-b.

Por otro lado, el marco inercial no emplea un marco de referencia intermedio, sino que las deformaciones
se calculan directamente con respecto a un marco de referencia global, ver Fig. 2.2-c. Este enfoque permite

considerar grandes desplazamientos, rotaciones y deformaciones [136].

y
L» X J-* X
X
(a) Marco Flotante. (b) Marco Corotacional. (¢) Marco Inercial.

Figura 2.2: Sistemas Coordenados de Referencia.

Dado que el objetivo de esta tesis es estudiar sistemas multicuerpo en el contexto del método de los
elementos finitos con grandes desplazamientos y rotaciones, y que el uso del marco inercial evita la definicion
de marcos de referencia intermedios, en este trabajo se adopta dicho enfoque para representar la cinemadtica y

la dindmica tanto para elementos rigidos como flexibles.

2.2. Ecuaciones de Movimiento para Sistemas sin Restricciones

Para definir las ecuaciones de movimiento de un sistema multicuerpo sin restricciones, se emplea el
principio de d’ Alembert [36], que reformula la segunda ley de Newton mediante la introduccién de las fuerzas

inerciales. La idea de d’ Alembert [36] puede abordarse a partir de la segunda ley de Newton:
F' = ma. (2.1)

donde la fuerza externa aplicada a un sistema F'** | es igual al producto de la masa m por la aceleracién a.
Reescribiendo esta ecuacion,

F —ma=0 (2.2)

y definiendo al vector F*"°" como:

F" — _ma (2.3)
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la ecuacién de Newton puede reformularse para el equilibrio dindmico del sistema como:

Fext + Finer =0 (24)

A raiz de esta formulacién surge el concepto de "fuerza inercial” F*"**" la cual puede ser considerada como
una fuerza creada por el movimiento. La expresion de la segunda ley de Newton como un equilibrio de fuerzas

es relevante porque permite la aplicacién del principio de los trabajos virtuales, como en el caso estético [87].

En el estudio de un sistema sin restricciones, el trabajo virtual se define como el trabajo total realizado por
todas las fuerzas que actian sobre el sistema mecdnico ante un conjunto de desplazamientos virtuales. Por lo

tanto, el trabajo virtual total en un sistema multicuerpo se expresa como:

W = WM 1 gWEL _ spyint _ gyyamo (2.5)

donde SW™ME SWEL SNy SV son los trabajos virtuales de las fuerzas inerciales, externas, internas
y de amortiguamiento, respectivamente. Suponiendo que el sistema estd representado por las coordenadas

generalizadas g, estos trabajos virtuales se definen como:

oWner = —5q" (M(q)o + £ (v)) (2.62)
oweet = 5qT £ (q,t) (2.6b)
oWt = 5q" £ (q) (2.6¢)
swame = 5qT famo(y) (2.6d)

donde dq son desplazamientos virtuales continuos, es decir, desplazamientos arbitrarios que satisfacen las
condiciones cinemadticas de contorno [120]. A su vez M es la matriz de masa, v es la derivada de g con
respecto al tiempo, ¥ son las aceleraciones del sistema, y f99", fer, fi”t, £ son las fuerzas giroscdpicas,
externas, internas y de amortiguamiento del sistema. Luego, reemplazando la Ec.(2.6) en la Ec.(2.5) el trabajo

virtual total se puede expresar como:
oW = 6q" (~M(q)% + f(g,v,1)) 2.7)

donde f(q,v,t) = £ (t) — fi"(q) — f¥°(v) — f99"(v) es la suma de las fuerzas externas, internas, de

amortiguamiento y giroscopicas.

El principio de d’ Alembert también puede formularse en términos del trabajo virtual, especialmente en el
contexto de la mecdnica analitica. En esta formulacidn, el principio establece que un sistema estd en equilibrio

dindmico, si el trabajo virtual realizado por las fuerzas inerciales y las fuerzas externas es cero para cualquier
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desplazamiento virtual dq :
W=0 V dq (2.8)

Por lo tanto, a partir de la Ec.(2.7), las ecuaciones de movimiento para un sistema no restringido tienen la

forma de:

M(q)v = f(q,v,1) 2.9)

2.3. Ecuaciones de Movimiento para Sistemas Restringidos

En el estudio de sistemas multicuerpo, las restricciones desempefian un papel fundamental al limitar
los movimientos relativos entre los componentes del sistema. Estas restricciones pueden clasificarse en dos
categorias fundamentales segtin su naturaleza: (1) bilaterales I/, que permanecen activas durante todo el
movimiento, y (2) unilaterales I/, que pueden activarse o desactivarse dependiendo de la configuracién del
sistema. Las primeras son cominmente empleadas para modelar conexiones cinemadticas permanentes entre
cuerpos, como articulaciones o pares cinemadticos, mientras que las segundas resultan esenciales para describir

fendmenos de contacto intermitente o colisiones.

2.3.1. Restricciones Bilaterales

Extendiendo la formulacién presentada anteriormente para sistemas no restringidos (Ec. 2.9), la dindmica
de un sistema con restricciones bilaterales g (q) introduce fuerzas de restriccién f£¢. El manejo de estas
restricciones requieren un tratamiento especial ya que generalmente implican una relacién no lineal entre las

coordenadas naturales del problema y el desplazamiento q. Estas pueden escribirse en forma general como:

g%(q) =0 (2.10)

lo que indica que generalmente deben tratarse de manera implicita. Se puede observar que si se aplica la

variacion a la restriccién bilateral g/(q) se obtiene:

_ Sa¥ _
567 (q) = 271V 5q g4sq=0 2.11)
oq
donde gqﬁ denota la matriz gradiente de las restricciones bilaterales.

Una restriccion bilateral g (q) se considera ideal cuando, para cualquier desplazamiento virtual compatible

con las restricciones, el trabajo virtual asociado a las fuerzas de restriccién es nulo. Matemadticamente, esta
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condicién se expresa como:
W =46qT f¢=0 V dq satisfaciendo gqa(Sq =0 (2.12)

Esta condicién establece que las fuerzas de restriccion ideales son ortogonales al espacio de movimientos
virtuales permitidos. Como consecuencia directa de este postulado, las fuerzas de restriccién no contribuyen
al trabajo virtual del sistema y, por tanto, no aparecen explicitamente en la formulacién del principio de
d’Alembert. Aplicando el método de los multiplicadores de Lagrange, la dindmica del sistema restringido se

describe mediante las siguientes ecuaciones:

g = v (2.13a)
M(q)o—g%(@)" N = flg,v.t) (2.13b)
—g(q) = 0 (2.13¢)

donde v es el vector velocidad y A representa el vector de multiplicadores de Lagrange de las bilaterales

(que fisicamente corresponden a las fuerzas generalizadas de restriccion).

2.3.2. Restricciones Unilaterales

Las restricciones unilaterales asociadas a la condicidn de contacto se formulan bajo la hipétesis de que
no ocurren impactos en el sistema. En este contexto, es posible que se produzca una separacién durante el
movimiento o que las velocidades sean lo suficientemente bajas como para que la contribucién del impacto
resulte despreciable. Bajo esta suposicidn, las ecuaciones de movimiento con restricciones unilaterales ideales

[104] se expresan como:

qg = v (2.14a)

M(q) v —gq(@)'A = f(g.v,1) (2.14b)

-g%(q) = 0 (2.14¢)

g(@)>0, ¥ >0y ¢g(@N = 0 (2.14d)

donde la Ec. (2.14-d) expresa la condicién de complementariedad entre ¢/ que es la separacién entre los
cuerpos y A’ que representa la fuerza de reaccién entre los cuerpos para cada uno de los contactos j que se
producen en el sistema.

En el dmbito del contacto mecdnico, la condicidén de complementariedad se conoce como la condicién de

Hertz-Signorini-Moreau [137], y se ilustra en la Fig. 2.3. Esta condicién describe el comportamiento de un
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Figura 2.3: Condicién de complementariedad de contacto.

contacto sin friccién, garantizando la no penetracion entre los cuerpos e imponiendo que solo puedan actuar
fuerzas de reaccidn repulsivas. Esta condicién establece dos posibles escenarios: 1) huelgo, donde los cuerpos
no est4n en contacto, de modo que g’ (q) > 0y A = 0 (véase la Fig. 2.4-a); y ii) contacto, donde los cuerpos

se encuentran en interaccién, cumpliéndose que ¢/ (q) = 0y A > 0 (véase la Fig. 2.4-b). Como se observa en

(a) Antes del contacto. (b) En el instante de contacto.

Figura 2.4: Contacto entre dos cuerpos rigidos.

la Ec. (2.14-d), la ley de contacto que relaciona la separacién ¢’ con la fuerza de reaccién A/ no esté definida
por una funcién que permita calcular la fuerza de manera unidireccional en funcién del espacio. En su lugar,
se trata de una relacién establecida por valores determinados, donde un mismo valor de ¢/ puede asociarse
con distintos valores de A/, segtin el estado del sistema. No obstante, ambas variables deben cumplir en todo
momento la condicién gj (q))\j = 0. Como se ilustra en la Fig. 2.3, cuando el contacto estd activo, es decir,

g’ = 0, la fuerza de reaccién puede adoptar cualquier valor dentro del rango [0, +00).

2.3.3. Enfoque Subdiferencial para Problemas de Contacto sin Friccion

Como se desarroll6 previamente, en la Seccion de Restricciones Unilaterales, las desigualdades de la
Ec.(2.14-d) muestran que la ley de contacto constituye una relacién no suave y multivaluada, tal como

se ilustra en la Fig. 2.5-a. En esta seccion, se empleard el concepto de subdiferencial para abordar la no



18 CAPITULO 2. CONCEPTOS GENERALES

diferenciabilidad del problema de contacto. Para ello, primero se define una funcién no diferenciable 1/ en

A\ Yr+ OYp+
P
(0@
—Tr
g s1
S9 1951
4 82
00 [ -r
(a) Ley de Contacto unilateral. (b) Funcién 1/~;R+ (). (¢) Subdiferencial 3%@4— (z).

Figura 2.5: Contacto entre dos cuerpos rigidos.

R* = {z € R|z > 0}, denominada funcién indicadora,

0 si >0
Y+ (T) = (2.15)
oo si <0

Luego, ¢g+ () puede aproximarse con una funcién lineal-constante (por partes) Y+ (), esto es,

~ 0 si >0
Yp+(z) = (2.16)
—rz si <0 y r>1

ver Fig. 2.5-b. Finalmente, derivando la funcién de la Ec.(2.16) cuando z # 0 se tiene,

d - 0 si >0
%Q/JR-I- () = (2.17)
—r si <0

cuya representacion gréfica se muestra en la Fig.2.5-c. En un sentido clédsico de andlisis matematico, la funcién
de la Ec.(2.16) no es diferenciable en el origen. Sin embargo, las derivadas a izquierda y a derecha existen y
son las que se presentan en la Ec.(2.17). A partir del andlisis convexo, la generalizacién de la derivada de Y en
el origen es el segmento [0, —r]. Este conjunto se llama subdiferencial de Y enz = 0y se denota como 81/;(0).

Luego, cualquier elemento s de este conjunto se llama subgradiente y se escribe de la siguiente manera,

s € p(0) = [0, —r] (2.18)



2.3. ECUACIONES DE MOVIMIENTO PARA SISTEMAS RESTRINGIDOS 19

En el marco del analisis convexo [100], el subdiferencial de una funcién f(x) en un punto T también se define

como,

of (@) = {slf(z) = f(T) + s(z —7)} (2.19)

Desde un punto de vista geométrico, un subgradiente en ¥ es la pendiente de cualquier linea que soporta
la grafica de una funcién convexa en ese punto, ver por ejemplo s; y s2 en la Fig. 2.5-b. En la Ec.(2.18),

haciendo que r tienda al infinito, el subdiferencial 0vr+ () de la funcién indicadora ¢+ () es,
. d - .
OYg+(0) = [0, —00) si z=0. Mg+ (x) = %Q/JR-F (£)=0 si >0 (2.20)

Notar que JYr+ (x) no estd definido para z < 0. La Fig. 2.5-c muestra que el subdiferencial de la funcién
indicadora es andloga a la funcion de la Fig. 2.5-a y que representa las condiciones de contacto, ver Ec.(2.14-d).
Por lo tanto, la Ec.(2.14-d) se puede escribir de manera equivalente utilizando la Ec.(2.20), como una inclusién

subdiferencial, es decir, estdn representadas por el subdiferencial de la funcién indicadora,
—\N € O+ (g7) (2.21)

Esto muestra que la funcién indicadora ¢ + () se puede considerar como una funcién de un pseudopotencial

y la fuerza de contacto M\’ se deriva de ella en forma subdiferencial.

2.3.4. Leyde Newton

Los problemas dindmicos abordan el estudio del movimiento de cuerpos rigidos o flexibles, sometidos a un
conjunto de fuerzas, considerando de manera explicita la evolucién temporal y la aparicién de aceleraciones.
En sistemas que involucran impactos, pueden producirse discontinuidades en variables como la velocidad.
Estas discontinuidades se modelan mediante leyes de restitucion, que relacionan los estados del sistema antes
y después del contacto a través de un coeficiente de restitucion que caracteriza la naturaleza del impacto, como
es el caso de la ley de Poisson [117] y la ley de Newton [110]. Esta tltima es adoptada en la presente Tesis para
modelar los impactos entre cuerpos rigidos. Esta eleccidn se justifica por su formulacién directa en términos
de velocidades, lo que facilita su implementacién en esquemas de integracién temporal formulados a nivel
de velocidad. Ademds, este enfoque permite caracterizar diversos regimenes de impacto, desde colisiones
perfectamente eldsticas hasta completamente ineldsticas.

Matematicamente, la ley de Newton se expresa como:
gil@vt +elgl(@uv =0 Vjeu (2.22)

donde j representa los contactos producidos en el sistema, gg(q) denota el gradiente de la restriccién de
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contacto, e/ € [0, 1] es el coeficiente de restitucién, v~ es la velocidad previa al impacto, vT es la velocidad
posterior al impacto y U es el conjunto de restricciones unilaterales activas. El coeficiente de restitucién e’
cuantifica la relacién entre la velocidad previa y posterior al impacto, caracterizando la disipacion energética
de los cuerpos contactores durante la colisién. Un valor e/ = 1 corresponde a un impacto perfectamente
eldstico (conservacién de energia), mientras que ¢/ = ( representa un impacto completamente ineldstico
(maxima disipacién). El principio de conservacion de energia impone que el coeficiente de restitucién siempre

sea menor o igual a uno (e/ < 1), ya que no puede generarse energia durante un impacto [15].

2.3.5. Ecuaciones de Movimiento a Nivel Velocidad

Para escribir las ecuaciones de movimiento a nivel velocidad se procede a derivar respecto al tiempo las

restricciones bilaterales, Ec.(2.14-c), expresdndose como:

< (~g"(a) = g @y (2.23)

Entonces, tras la semidiscretizacién espacial de las Ecs.(2.14) , las ecuaciones de movimiento para un sistema

multicuerpo con restricciones unilaterales y bilaterales se escriben de la siguiente forma a nivel de velocidad:

g = vt (2.24a)

M (q) dv—g:‘lpdi = f(q,v,t)dt (2.24b)
—g4vt = 0 (2.24¢)

. (gg'quﬁ + eg'vgjqu*> € Ofps(didy),  if gl(q) <0, VieU (2.24d)

m

_ (g;qw n e;g;qv*) HMean,)(dir), if gh(@) <0, Vjeu (2.24¢)

donde

= dz es la medida del impulso de la reaccién de contacto y de las fuerzas bilaterales.

= gNg Y gTq son las matrices gradientes de restriccién en la direccion normal y tangencial al punto de

contacto, r espectivamente.

» diy y di7 son las medidas de impulso de las fuerzas de reaccién de contacto en las direcciones normal

y tangencial, respectivamente.

ey €101y egp € [—1,1] son los coeficientes de restitucién normal y tangencial en el punto de

contacto j € U, respectivamente.

)+ es la funcion indicadora de la semirrecta real RT y v+ es la subdiferencial de t + . Mientras que,

%c(diy) €s 1a funcion indicadora de una seccién del cono de friccién de Coulomb. Las Ecs.(2.24-d-¢)
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representan las condiciones unilaterales de friccién.
= dv es la medida diferencial asociada con la velocidad v, que se supone tiene una variacioén acotada.
= tes el tiempo y dt es su correspondiente medida estindar de Lebesgue.

Como se observa en los trabajos de Briils, Acary y Cardona [18] y Capobianco et al. [20], las ecuaciones
de movimiento pueden ser formuladas a nivel de aceleracién, con la limitacién de no poder tratar el problema

de miltiple impacto.

2.4. Integrador Temporal No Suave

2.4.1. Integrador Temporal a-generalizado no suave para problemas de contacto con friccion.

La version desacoplada del integrador temporal a-generalizado no suave propuesto por Cosimo et al. [32]
se emplea en esta Tesis para integrar las ecuaciones de movimiento (Ec. 2.24). Este integrador da lugar a un
sistema de ecuaciones que puede organizarse en tres subproblemas, los cuales pueden resolverse de manera
secuencial y desacoplada. Al igual que el integrador de Briils et al.[17], se caracteriza por una separacién entre
los campos impulsivos, que se integran con precision de primer orden, y los campos suaves, que se tratan con
precision de segundo orden mediante el método ai-generalizado. La ecuacién de movimiento se reformula de
manera que las restricciones unilaterales y bilaterales se imponen tanto a nivel de posicién como de velocidad.
Este procedimiento se inspira en la reduccién de indice propuesta por Gear, Leimkuhler y Gupta [54] para
sistemas mecdanicos con restricciones bilaterales. Diversas estrategias de separacion han sido discutidas en
trabajos previos [25, 17, 18, 32]. A continuacidn, se presenta el conjunto final de ecuaciones discretizadas en

el tiempo.

Consideremos un paso de tiempo (¢, t,+1] con tamafio de paso h = t,41 — t,. En el instante t,,41,
la separacion propuesta por Briils et al.[17] y considerada también por Cosimo et al. [32] descompone los
campos fisicos de desplazamiento y de velocidad en contribuciones suaves g1 Y Un+1, y contribuciones no

suaves, U, +1 vy W41 producto de los impactos, de acuerdo con,

Gn+1 = Gn+1+Unp (2.25a)

Unt1l = Upt1+ Whi (2.25b)

donde U,, 4 es la correccién a nivel posiciéon y W, ;1 representa el salto de velocidad.
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Calculo del movimiento suave

Segtin la versién desacoplada del integrador temporal a-generalizado no suave, el denominado movimiento
suave se introduce mediante una formulacién modificada de las ecuaciones de movimiento presentadas en
secciones anteriores, correspondiente al paso de tiempo n + 1, en la cual se omiten explicitamente las
contribuciones provenientes de las restricciones unilaterales y de las fuerzas de reaccién asociadas. Esta

aproximacién conduce al siguiente sistema de ecuaciones:

~ * ~ ~ u,Tr 7 7 -
M (G 1)0n11 — F (@it it boin) — Gamgs (FA s~ ogl Bast) =0 (2.263)

~ksgd i1 Dng1 =0 (2.26b)

donde 'l:}n+1 es la derivada con respecto al tiempo de la velocidad en la contribucion suave y g:-ip’n 41 =
gg((jn+ 1) En esta formulacién, M es el multiplicador de Lagrange asociado a las restricciones bilaterales,
ps > 0 es el parametro de penalidad, y ks > 0 es un factor de escalado para el multiplicador de Lagrange. El
factor de escala ks contribuye a mejorar el nimero de condicién de la matriz de iteracién, lo que produce una
mejor tasa de convergencia. La inclusién de este tltimo factor contribuye a mejorar el nimero de condicién
de la matriz involucrada en el proceso iterativo, lo cual se traduce en una mayor estabilidad numérica y en una
mejor tasa de convergencia del método propuesto sin alterar el resultado final.

Las Ecs. (2.26) se complementan con las relaciones en diferencias definidas por el esquema de integracién

temporal a-generalizado,

Gnil = Gn+ hvg +h*(0.5 — B)an + h*Ban (2.27a)
Upy1 = vp+h(l—7)a, + hyani (2.27b)
(1= am)anis + ama, = (1= ap)Oup1 + afoy, (2.27¢)

donde a,, 1 representa un término de pseudoaceleracién que surge en el marco del integrador a--generalizado
[8]. Luego, los coeficientes numéricos v, 3, a,, y oy pueden ser seleccionados de manera adecuada para
lograr un nivel deseado de disipacion en alta frecuencia, controlado mediante el radio espectral en el infinito,

Poo € [0, 1] minimizando al mismo tiempo la disipacién no deseada a baja frecuencia [27]:

2/)00 -1 Poo 2
Oy = ————, Qqf=———, =05+ ar — aumy, =0.25(y+0.5 2.28
m Poo + 1 ! Poo + 1 v f m B (PY ) ( )
Las Ecs. (2.26) y (2.27) involucran tinicamente los desplazamientos suaves g1 y las velocidades suaves
Un+1, por lo que se encuentran desacopladas de las variables Wy, 1, Uy 11, gn+1 Y Un+1- En consecuencia,

este sistema de cinco ecuaciones puede resolverse de forma independiente para las cinco incégnitas: g1,
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Vpt1, AZ,{ 11> Unt1 Y @yy1, mediante un procedimiento iterativo basado en el algoritmo de Newton-Raphson.

Calculo de la correccién a nivel posicion

Una vez calculado el movimiento suave, se computa la correccién de posicién U, 1 con el fin de obtener
el desplazamiento g,,+1 que satisfaga tanto las restricciones bilaterales, como las restricciones unilaterales
de no penetracién. Para ello, se adopta un enfoque de tipo Lagrangiano aumentado, siguiendo el método
propuesto por Alart y Curnier [3] y aplicado por Galvez et al. [53] para problemas dindmicos con friccién. A
nivel de posicién, el multiplicador de Lagrange correspondiente a las restricciones unilaterales y bilaterales se

denota por v, y el multiplicador aumentado se define como,

&nt+1 = kpVni1 — DpGnt1 (2.29)

donde p, > 0 es el pardmetro de penalizacion, k, > 0O es el factor de escala para el multiplicador de Lagrange
Vnt1Y gn+1 = g(@n+1). El conjunto activo a nivel de posicién A = A, ;1 y su complemento A = A, 1 se

definen como

A1 = UU {j cUu:€. > 0} (2.30a)

donde C = U4 U U es el conjunto completo de restricciones. Las ecuaciones para la correccién a nivel de

posicion son obtenidas siguiendo el enfoque propuesto por Cosimo et al. [32], y se expresan de la siguiente

forma,
M(Gni1)Uns1 — W2 f1y — g &1 = 0 (231a)
~kpgliy = O (2.31b)
K2 o
Py =0 (2.31c)
Dp
donde
Fro = F @1, Ongts tngt) — Fl@nsts Ongtstnrt) + (92 g1 — 92 ni1) At (2.32)

Finalmente este sistema de ecuaciones puede resolverse para las variables desconocidas U,,+1 ¥ Vp+1

mediante la aplicacién del método semi-suave de Newton .
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Calculo del salto de velocidad

Posteriormente a la correccion de posicion, se procede a determinar el salto de velocidad Wy, de forma
tal que la velocidad resultante v, cumpla con las restricciones impuestas por el sistema. En particular,
se exige que se satisfagan las restricciones bilaterales a nivel de velocidad, expresadas por la condicién
gqg vp+1 = 0, asi como la ley de impacto para cada una de las restricciones unilaterales activas en posicion.
Esta dltima se formula utilizando la Ley de impacto de Newton definida como g;n 11Un+1 + e{v gg7nvn =0
para todo 7 € U tal que {,fl 41 = 0. Pararesolver las ecuaciones de contacto a nivel de velocidad, se adopta
nuevamente un enfoque basado en el Lagrangiano aumentado, propuesto por Alart y Curnier [3]. En este
marco, el conjunto de multiplicadores de Lagrange asociados a las restricciones bilaterales y unilaterales a

nivel de velocidad se denota por A, y el correspondiente multiplicador aumentado se define como,

Ont1 = kvAni1 — PoGni1 (2.33)

donde p,, > 0 es el pardmetro de penalizacion, &, > O es el factor de escala del multiplicador de Lagrange A,

Y3, 41 €s una notacién para el término de la ley de impacto de Newton,

Gt = o1 Vnt1 + €NGh U0 (2.34)

que se aplica para cada j € C. Los coeficientes asociados a las restricciones bilaterales se definen trivialmente
como e/ = 0V j € U. Esto da como resultado el siguiente conjunto de ecuaciones para el problema a nivel

de velocidad,

M (qui1)Woi1 — hfjip1 — Gani1 0oy = 0 (2.35a)
kg5, = 0 (2.35b)
ke o5
~vAB L =0 (2.35¢)
Doy
donde
f;+1 = f(Qn+17 Un+1, tn+1) - f((fnﬂ, 17n+1,tn+1)
+(gtiill:n-i-l - g£n+1)5‘n+1 - (M(Qn+1) - M(qn+1)) én+1 (2.36)

y donde el conjunto activo B = B,,,1 y su complemento B = B,,;1 estan dados por

Bupy1 = UU{j€ Ayyr:ol >0} (2.37a)

Bpi1i = C\Bpi (2.37b)
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Finalmente este conjunto de ecuaciones puede resolverse para las variables desconocidas Wy, 11y Apt1
mediante el método semi-suave de Newton.

Como se observa de los desarrollos presentados en esta seccion, el uso del integrador a-generalizado no
suave propuesto por Cosimo et al. [32] permite un nuevo enfoque para poder tratar los fendémenos de impacto,
multiple impacto o friccién en sistemas mecénicos. Debido a su naturaleza desacoplada, permite mejorar la
convergencia y aumentar la eficiencia computacional, manteniendo la precision en los resultados, respecto a
otros integradores desarrollados hasta el momento [115, 17, 20]. Para mayor detalle del integrador ver Anexo

A - Seccién A.7.

2.5. Fuerza de Contacto

En el enfoque no suave o métodos basados en restricciones geométricas, el paso de tiempo requerido
para la integracién numérica suele ser considerablemente mayor en comparacién con el necesario en los
enfoques de penalizacion, lo que se traduce en un algoritmo més eficiente desde el punto de vista del costo
computacional, incluso en presencia de multiples impactos [2, 33]. No obstante, al adoptar la hipétesis de
cuerpos rigidos, este enfoque impide el cdlculo explicito de las fuerzas de contacto, ya que no se considera
penetracion entre los cuerpos y tampoco una duracién finita del impacto. Esta limitacién adquiere particular
relevancia en contextos donde resulta necesario realizar una verificacioén estructural de los componentes
mecénicos involucrados en el sistema. En efecto, las fuerzas de contacto generadas durante los impactos son
determinantes para evaluar fendmenos como el dafio por fatiga o el desgaste producidos en los componentes
de un sistema mecénico. En estos casos, tanto la magnitud como la frecuencia de dichas fuerzas, entre otros
factores, influyen directamente en la vida 1til del componente y en la confiabilidad del mecanismo en su
conjunto.

Con el objetivo de superar esta limitacion, en esta tesis se propone una novedosa metodologia para calcular
las fuerzas de contacto durante el impacto entre dos cuerpos en el marco de métodos de impactos no suaves.
La metodologia desarrollada combina la eficiencia algoritmica de los métodos no suaves con los pardmetros
fisicos de los métodos suaves. En virtud de ello, esta seccidon se inicia con una revision de los modelos de
fuerza de contacto basados en formulaciones regularizadas, a fin de establecer los fundamentos necesarios

para el posterior desarrollo de la metodologia propuesta.

2.5.1. Modelos de Fuerza de Contacto Continuo

Cuando dos cuerpos chocan, por ejemplo, dos esferas con masas my y ma y radios R; y R, respectivamente,
véase la Fig. 2.6, la deformacién § en la zona de contacto (también llamada interpenetracion relativa cuando
se trata de cuerpos rigidos) produce una fuerza de contacto. Para calcular la magnitud de esta fuerza, la

deformacién de contacto debe evaluarse utilizando una ley constitutiva que relacione la fuerza de contacto
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con la medida de deformacién. El intervalo de deformacién de los cuerpos se define desde un tiempo inicial ¢;

hasta un tiempo final ¢y, véase la Fig. 2.7-a.

Figura 2.6: Colision eldstica de dos esferas duras deformables.
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(a) Evolucién de la deformacion y fuerza de contacto de las esferas antes, durante y después del impacto.
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(b) Evolucién de la velocidad de las esferas antes, durante y después del impacto.
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(c) Evolucién de la aceleracion de las esferas antes, durante y después del impacto.

Figura 2.7: Impacto eldstico de dos esferas duras deformables.

Para simplificar la explicacién del proceso de impacto, supongamos que las esferas 1 y 2 se mueven

libremente a lo largo de la direccion X con una velocidad constante previa al impacto v; y v, , respectivamente
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(Fig. 2.7-b). Como resultado, las esferas llegan a la colisién con aceleracién cero en el tiempo ¢;, Fig. 2.7-c.
Después del impacto, las esferas se separan con velocidades posteriores al impacto vf y v; que suelen ser
inferiores a v; y v, , respectivamente, como consecuencia de la disipacién de energia. Las observaciones
experimentales indican que la deformacion entre ¢; y ¢ se divide en una fase de compresion seguida de una
fase de restitucién [26]. Durante la fase de compresion, la interpenetracion relativa aumenta desde cero en
t; hasta alcanzar un valor maximo &, en t,, como muestra la Fig. 2.7-a. Inmediatamente después de t,,,
comienza la fase de restitucion y continda hasta que las dos esferas se separan en t ;. Durante este intervalo,
la fuerza de contacto y la deformacién disminuyen gradualmente a partir del tiempo t,,, y desaparece en el
tiempo ¢ . Una vez que las esferas se separan, ¢ > ¢y, continian el movimiento con velocidad constante y

aceleracién cero, como muestran las figuras 2.7-b-c.

Para realizar un anélisis del contacto mecdnico, es necesario definir una ley constitutiva que relacione la
deformacion con la fuerza de contacto. El modelo mds simple fue propuesto por Hooke en 1661 [69], que es

representando por una ecuacion de un resorte lineal:
Fy(t) = Ko(t) (2.38)

donde K es una rigidez equivalente, que puede determinarse analiticamente, mediante simulaciones por
elementos finitos o por ensayos experimentales [138]. Fiy () representa la fuerza normal de contacto, cuya
direccién estd determinada por el vector normal a las superficies en contacto. Esta formulacién lineal constituye
una aproximacion limitada, ya que resulta vélida tnicamente en condiciones de baja velocidad de impacto y
no considera la disipacion de energia [49]. Para superar estas limitaciones, Hertz propuso un modelo mds

preciso basado en la teoria cldsica de elasticidad [66]:
Fy(t) = Ko(t)" (2.39)

donde K es una rigidez generalizada que depende de las propiedades de los materiales y de la geometria de
los cuerpos en contacto, y n es un exponente determinado por la geometria de las superficies en contacto. En

el caso de dos esferas en contacto, se tiene n = 1.5 y el pardmetro K se calcula como:

4 RiRy 1Y/?
K = 2.40
3(01+O'z) |:R1+R2:| ( )
donde
1— 2
o, = E"’“, r=1,2 (2.41)

siendo v, el coeficiente de Poisson y F,. el médulo de Young del material correspondiente. Este modelo

tampoco considera la disipacion de energia, lo que limita su aplicabilidad a casos puramente elésticos.
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Para incorporar los efectos disipativos, se han propuesto distintos modelos. Uno de los mas utilizados es
el de Hunt y Crossley [72], que combina el modelo no lineal de Hertz con una componente viscosa también
no lineal:

Fn(t) = K&(t)" + D (t)"5(t) (2.42)

donde D es el factor de amortiguamiento por histéresis definido como:

D = 7&(1 —en) (2.43)
Aqui, b; es la velocidad inicial de interpenetracién (calculada a partir de las velocidades previas al impacto), y
ey es el coeficiente de restitucion normal ey = ) [ / 51-, donde § + es la velocidad final tras el impacto. Este
modelo presenta una buena correlacién fisica con observaciones experimentales y es ampliamente utilizado
por su sencillez y robustez, particularmente en situaciones con pérdidas de energia moderadas.

A lo largo de las ultimas décadas han sido propuestas diversas modificaciones al modelo de Hunt y
Crossley, principalmente en la forma de calcular el pardmetro D. La Tabla 2.1 resume algunos de ellos. Una
clasificaciéon mas completa se presenta en el trabajo de Corral et al. [29] donde se clasifican estos modelos en
cinco categorias: (i) obtenidos empiricamente [13, 5]; (ii) calculados por una funcién no lineal que relaciona
D con pardmetros fisicos del sistema [99, 85, 145]; (iii) modelos que, a partir de una hipétesis simplificada,
permiten obtener una expresion explicita del factor por histéresis [88, 134, 14, 147, 77, 76]; (iv) consideran
una expresion que relaciona la penetracion con su derivada temporal, obteniendo una expresion explicita del
coeficiente de restitucion y del factor de amortiguamiento por histéresis [143, 146, 123]; (v) finalmente, la

quinta categoria agrupa los modelos misceldneos [122, 139, 80].

Tabla 2.1: Diferentes modelos para el factor de amortiguamiento por histéresis.

Modelo Autores Expresién de D
3(1— K

1 Hunt y Crossley (1975) [72] S0 ew) K

_ .2
2 Lankarani y Nikravesh (1990) [88] w %

6.66264 log K
3 Hu et al. (2011) [70] *Wﬁg&%g
4 Flores et al. (2011) [51] &%]VN)(;K |
5 Zhang et al. (2020) [146] 3(1—en ) (K/0:)

2en (0.6181e3-526N 40.899e0-09025e v )




Capitulo 3

Metodologia

En este capitulo se abordan los temas mds relevantes de las publicaciones anexadas. En primer lugar,
se analiza la friccién por deslizamiento, por rodadura y por rotacién que surgen debido al contacto entre
una esfera considerada rigida y un plano. En una segunda seccidn, se presenta un elemento de contacto
esfera-esfera desarrollado en el marco de esta Tesis, considerando el fenémeno de multiples impactos con
friccién. Finalmente, se presenta una metodologia novedosa para el célculo de la fuerza de contacto con

friccion en el marco de la dinamica de contacto no suave.

3.1. Contacto con Friccion entre una Esfera y un Plano

Los problemas de contacto que consideran efectos de friccion introducen una complicacién adicional al
sistemas de ecuaciones y al desarrollo de las formulaciones, debido a la necesidad de incorporar una ley de
friccion, como por ejemplo la ley de Coulomb [34] que es no lineal. Ademds, una formulacién que describa
correctamente el movimiento dindmico con friccién entre una esfera y un plano, requiere comprender la
influencia del contacto y de las fuerzas de friccién para capturar con precision: i) el deslizamiento y los
movimientos de rotacion, ii) la transicién entre deslizamiento y rodadura pura (y viceversa), y iii) las fuerzas
impulsivas generadas entre los cuerpos en contacto.

En situaciones reales de contacto entre una esfera y un plano, los cuerpos se deforman ligeramente; por lo
tanto, no existe un tnico punto de contacto, sino que se genera una zona de contacto. Sin embargo, existen
casos en los que la deformacién de uno de los cuerpos puede despreciarse, e incluso situaciones en las que
ambos cuerpos pueden considerarse perfectamente rigidos. En este dltimo caso, el efecto de la resistencia a la
rodadura estéd ausente en la formulacién, y en consecuencia, no se consideran los efectos disipativos en la
interfaz de contacto. Para el estudio de este tipo de situaciones, las soluciones analiticas resultan ttiles; no
obstante, estdn restringidas a casos simples, lo que limita su aplicabilidad a problemas mds generales [81].

Se pueden considerar tres tipos de modelos de friccion en el contacto entre un cuerpo esférico con una

29
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superficie plana y que se detallan a continuacién:

= Friccion por deslizamiento (ver Fig. 3.1-a): en este caso, una ley de fuerza multivaluada con dos
grados de libertad genera una fuerza Fir que resiste inicamente al deslizamiento. Algunos trabajos que

incluyen simulaciones numéricas considerando friccién deslizante se encuentran en [7, 31, 129].

= Friccion por rodadura (ver Fig. 3.1-b): en estos modelos se requieren dos grados de libertad
traslacionales en la formulacién. Se trata de una ley de fuerza multivaluada que genera un momento Mt
que se opone a la rodadura. Los primeros experimentos sobre friccidn por rodadura fueron realizados por
Hersey [65]. Luego otros autores presentaron modelos analiticos de esferas considerando la dindmica
no lineal y la friccién por rodadura e impactos [35, 101]. El comportamiento dindmico de algunas
aplicaciones ingenieriles han sido estudiados, incluyendo los efectos de friccién por rodadura, entre
ellos la rotura y la formacion de sistemas de materiales granulares [148, 83, 43, 44, 75]. En esta linea
de investigacion, Tasora y Anitescu [132] y Huang et al. [71] simularon materiales granulares con
particulas esféricas bajo la accién de la gravedad utilizando el modelo estdndar desacoplado de friccion
por rodadura, formulado como un problema de cono complementario de segundo orden. Recientemente,
Acary y Bourrier [2] presentaron una ley de friccién de Coulomb con resistencia a la rodadura formulada

como un problema de cono complementario, basada en el trabajo de De Saxcé y Feng [40].

= Fricciéon por rotacion (ver Fig. 3.1-c): en este tipo de modelos, la fuerza multivaluada genera un
momento My que se opone al giro relativo normal entre los cuerpos, por lo que solo se requiere
un grado de libertad rotacional. La ley de friccién de Coulomb-Contensou implica la combinacién
de friccién por deslizamiento y por rotacidn; es decir, un aumento en la velocidad de deslizamiento
provoca una disminucién en la magnitud del par de rotacién [28, 94]. Diversos trabajos que describen
la friccién por rotacién, derivados de un pseudopotencial de velocidad no suave y subdiferenciales, han

sido presentados por distintos autores [94, 91, 93].

Friccién Deslizante Friccién por Rodadura Friccién por Rotacién Normal

a) b) c)

Figura 3.1: Configuracién esquematica de los casos de friccidn.

En esta seccion se presenta una formulacién para el andlisis del contacto entre un cuerpo rigido esférico y
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una superficie plana considerando grandes rotaciones y un marco de referencia inercial, teniendo en cuenta
los efectos de friccion por deslizamiento, por rodadura y por rotacion. Este enfoque resulta particularmente
ventajoso para la descripcion general de sistemas multicuerpo con componentes flexibles, ya que permite
extender de manera coherente la dindmica de cuerpos rigidos al marco del Método de los Elementos Finitos
(FEM), sin necesidad de reformular las ecuaciones para cada ejemplo particular [55]. Por otro lado, las
ecuaciones de movimiento se resuelven mediante el integrador temporal a-generalizado no suave, presentado

en el Capitulo 2.

3.1.1. Formulacion Matematica

En esta seccidn, se presenta la formulacién de un elemento de contacto entre un cuerpo rigido esférico
de radio R y peso mg en contacto con una superficie plana horizontal teniendo en cuenta tres efectos: (i)
friccion por deslizamiento, (ii) friccion por rodadura y (iii) friccion por rotacién, ver Fig.3.1. El efecto (i) se
modela con la ley de friccién de Coulomb [34], donde la reaccién de contacto Fy (fuerza normal) junto con
el coeficiente de friccién ;o genera una fuerza resistente al deslizamiento Fr en las direcciones tangenciales
T, y T>, ver Fig. 3.1-a. En el efecto (ii), debido a la distribucion de presiones de contacto no simétricas por
consecuencia de la deformacién de las superficies contactoras, la reaccion de contacto Fy se desplaza una
distancia p del centro de masa, lo que genera un momento de rotacién tangencial M7 antagénico, ver Fig.
3.1-b. Finalmente, el efecto (iii) es andlogo al caso (ii), con la diferencia que el momento antagénico que se
opone a la rotacién del cuerpo, My, se produce solamente en la direccién normal al plano de contacto, ver

Fig. 3.1-c.

La solucién general al problema del contacto con friccién unilateral por deslizamiento a nivel posicién

estd dada por,

(U, v) = arginf [Hiﬂ%ext(U) + II°(U, 1/)] (3.1a)
gy >0, vy >0, gynvn=0; (3.1b)
lgrll =0, el < pon, gzl (lvrll — won) =05 gr = —llgrllE; (3.1¢0)

donde U es el vector de correccién de posicién global, IT¢ es el potencial de contacto y 1T representa la
energia potencial de las cargas externas e internas. Luego, g es el huelgo normal y gr es el desplazamiento
relativo tangencial. Por otro lado, vy y v son los multiplicadores de Lagrange a nivel de posicién en las
direcciones normal y tangencial, respectivamente, y v = [vy 1/% ]T [53]. En forma similar a la Ec.(3.1), la

solucién general al problema del contacto con friccién unilateral por deslizamiento a nivel de velocidad esta
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dada por,
(W, A) = arginf | [T™X(W) 4 [T(W, A)] (3.2a)
gy >0, Ay >0, Angn =0; (3.2b)
lgzll =0, [[A7ll < pAn,  Ngrli(IAT] = pAn) =0 g7 = —llgrl 4Ly (3.2¢)

donde W es el vector de salto de velocidad global, Ay y A7 son los multiplicadores de Lagrange a nivel
de velocidad en las direcciones normal y tangencial, respectivamente, y A = [Ay A%]T. Luego, la ley de

impacto de Newton en la direccién normal y tangencial es, respectivamente,

o o
INnt+1 = YNgn+1Vn+1 + ENGNg,nUn 9Tn+1 = 9Tqn+1Vn+1 + €797 q.nUn (3.3)

donde e y e son los coeficientes de restitucién de normal y tangencial, respectivamente. Las ecuaciones
que describen la resistencia de friccién por rodadura o por rotacién son andlogas a las Ecs.(3.1, 3.2). No
obstante, en esta seccidn se expresardn Unicamente a nivel de velocidad, con el objetivo de simplificar su
implementacién numérica. La formulacién completa puede consultarse en el Anexo A. El momento impulsivo
antagénico tridimensional x, que actiia sobre la esfera a nivel de velocidad, puede descomponerse en la
direccién normal al plano IN y en las direcciones tangenciales 171 y T5 en el punto de contacto (Fig. 3.1). A
partir de esta descomposicidn, las ecuaciones de desigualdad para la condicién de contacto con friccién por

rodadura son,

_llerlixr

(3.4)
x|

Ixrll =20 lixrll < pAn - llwrll(x7ll = pAN) =0 wr =

donde x1r = x111 + x21% es el momento tangencial impulsivo antagénico, wr = w111 + w15 es la
componente tangencial de la velocidad angular y p es el coeficiente de rodadura con unidad de longitud. De
forma similar al caso anterior, la componente normal de x produce una resistencia de rotacién. Nuevamente,
para el caso de friccién normal las restricciones se expresan como ecuaciones de desigualdad a nivel de

velocidad pero teniendo en cuenta Unicamente la direccién dada por el vector IV, ver Fig. 3.1-c, por lo tanto,

Jwn|xn

(3.5)
Ixn|

IXxn| =0 |xn| <vAN  Jwn|(Ixn] = 7AN) =0 wy =

donde xny = x3INV es el momento normal impulsivo antagénico, wy = w - IN es la componente normal
de la velocidad angular y v es un pardmetro equivalente a p. El problema de minimizacién no lineal con

restricciones de la Ec. (3.1) se regulariza por medio de un Lagrangiano aumentado como el que presenta Alart
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y Curnier [3], esto es,

1
2 _ " dist?
2pp

Pp

w1, RY]
2 [SN nt

L Gnt1, Vnt1) = —kpgNn41VNnt1 + — (9N nt1)

(3.6)

[2 1 .
— kpgTint1 - VInt1 + EPHQT,n—H”Z - gdlsg [€rn+1, Cey]
D

donde q es el vector de coordenadas generalizadas, {ny = kpUN 1 — PpgNn+1 €8 el multiplicador de
Lagrange aumentado a nivel posicién en la direccién normal mientras que, {7 = kpUr 41 — PpgT,n+1 €5 €l
correspondiente en la direccién tangencial. Luego, p, y k, son el pardmetro de penalizacién y el factor de
escala para el multiplicador de Lagrange a nivel posicién respectivamente. Como se dijo anteriormente, 1os
coeficientes p, y k, contribuyen a mejorar la tasa de convergencia global sin afectar el resultado final. La
funcién dist(z,C) representa la distancia entre un punto z € R" y un conjunto convexo C, [92]. El cono C¢,,

es el conjunto convexo definido por la extensién del cono de friccién hasta la semirrecta R~ (£ ), ver Fig. 3.2-a.

R+

R+

R+

Rodadura

y deslizamiento

/

ura pura

Contacto

éra

Huelgo

/

nr2

Contacto

nri

Huelgo

ér1
(a) Friccion de deslizamiento

(b) Friccién de rodadura.

TContacto

—7NN < l

(¢) Friccién de rotacion.

» TIN

Huelgo

Figura 3.2: Conos de friccion.

A nivel velocidad el Lagrangiano aumentado que resuelve el problema de contacto teniendo en cuenta la

friccion por deslizamiento, por rodadura y por rotacion es,

LY = LY+ LY+ LY 3.7

donde, L%, L% y L}, son los Lagrangianos aumentados a nivel de velocidad para la friccién por deslizamiento,
por rodadura y por rotacién respectivamente. El L% que regulariza la Ec.(3.2) es, andlogo al que se presenta

en la Ec. (3.6), es decir,

o Dy /o 2 1 .
L% (Vns1, Apt1) = —koGN 1 AN 1 + — (GNng1)” — =—dist® [UN,nJrl,RJr]
2 2py (3.8)

o Dv o 1 .
— koG nt1 - ATnt+1 + Ev”gT,n+1||2 " 2 dist® [o7,41, Coy |
v

donde oy = kpAN — Dy INY O = ko AT — pvéT son los multiplicadores de Lagrange aumentado a nivel
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de velocidad en la direccién normal y tangencial, respectivamente y C,,,, el cono de friccién de Coulomb
aumentado expresado en términos de variables de velocidad. Los pardmetros p, y k, son andlogos a p, y
k,, respectivamente [53], ver Fig. 3.2-b. El Lagrangiano aumentado a nivel de velocidad que regulariza el

problema de friccién por rodadura, Ec.(3.4) resulta,

D 1 .
LR(WTnt1; XT 1) = —koWTnt1 - XTont1 + Ev”wT,n-i-l”Q — ngStQ (M7m41, Cxron ] (3.9
v

donde, N7 41 = ko XT,n+1 — PoWT n+1, €s €l multiplicador de Lagrange aumentado y C ;.5 €s el cono de
friccién extendido a la semirrecta R™ (o), ver Fig. 3.2-b. Finalmente, el Lagrangiano aumentado a nivel de

velocidad que regulariza el problema de friccién por rotacién, Ec.(3.5) es,

1
2py

p .
LP(WNnt+1s XNn+1) = —KoWNn+1XN,n+1 + ?vHWN,n+1||2 — —dis[N.nt1, Coyon) (3.10)

donde, NN n4+1 = kX Nnt1 — PowWn,n+1 €s el multiplicador de Lagrange aumentado y C, es el conjunto

NON
convexo definido por 7y a la semirrecta R~ (o), ver Fig. 3.2-c. Considerando el vector de grados de libertad
generalizados @ = [q” v7]7, la variacién virtual del Lagrangiano aumentado, Ec.(3.6), da como resultado los
vectores de fuerza a nivel de posicién asociados a la friccién por deslizamiento para las distintas condiciones

de contacto,

Fg}H énv <0 Huelgo
OLY(P) = 6@ FY(P) — FY(P) = FL,, |ér] > uéy Deslizamiento (3.11)

F{p |lér|l < pén Rodadura Pura

A nivel de velocidad, la variacién virtual del Lagrangiano aumentado, Ec.(3.8), da como resultado los vectores
de fuerza a nivel de velocidad asociados a la friccién por deslizamiento para las distintas condiciones de

contacto,

F§y on <0 Huelgo

LY (D) = 6@ F§(P) — F§(&) = F$p llor| = pon  Deslizamiento (3.12)

F¢, |lor|| < pony Rodadura Pura
\

donde & = [vT AT xT]T con A = [Ay AX]y x = [xy x&|T. La variacién virtual del Lagrangiano

aumentado, Ec.(3.9) da como resultado los vectores de fuerza a nivel de velocidad para la friccién por
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rodadura,
F ]%’ H on <0

OLR(P) = 0T Fp(®) — Fp(@) = Fp,, |nrll < pon (3.13)

Fpr Azl > pon

\

Por ultimo, la variacién virtual del Lagrangiano aumentado, Ec.(3.10), da como resultado los vectores de

fuerza a nivel de velocidad para la friccién por rotacion,

F, on<O0

OLY (B) = 0DTFR (D) — F(P) = Fy, lnl <qow (3.14)

Fpr lnvl=~on

\

Finalmente, la linealizacion de estos vectores permite obtener las matrices Hessianas asociadas. Para
un desarrollo més detallado de estas matrices, ver Apéndice A2 del Anexo A. Hasta el momento, tanto los
vectores de fuerza como las matrices Hessianas han sido formulados de manera general, a partir de una
definicién adecuada del vector de huelgo y de sus gradientes en las direcciones normal y tangenciales. En la
siguiente seccién se analiza en detalle el caso particular del elemento de contacto con friccién entre una esfera

y un plano, teniendo en cuenta las definiciones generales que se presentaron en esta seccion.

3.1.2. Elemento de Contacto Esfera-Plano

A continuacién se presenta un elemento tridimensional que resuelve el contacto entre un cuerpo rigido
esférico y un plano rigido fijo, ver Fig. 3.3. La estrategia adoptada para describir el movimiento general de los
cuerpos es el MEF no lineal, donde las coordenadas globales de los cuerpos se refieren a un marco inercial
unico [55]. Para ello, primero se propone un sistema de coordenadas cartesianas en un nodo P del plano de
contacto que viene dado por los vectores N, 17 y 15 € R3 referido a un sistema de coordenadas inercial X7,
X2y X3, ver Fig. 3.3. El huelgo entre el punto de contacto de la esfera y el nodo P se puede descomponer

en una direccién normal y en dos direcciones tangenciales de la siguiente manera,

In+1 = INn+1IN + 91104111 + 912 04110 (3.15)

T . .
congv €ER 'y grny1= [ng,nH 9T2,n+1] € R2. Teniendo en cuenta que la esfera posee un radio
r, la separacién normal g en la configuracion actual se calcula como la proyeccién normal de la distancia

entre los nodos A y P, menos r, es decir,

INn+1 =N - (xan1 — Xp) =71 (3.16)
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Figura 3.3: Elemento de Contacto Esfera-Plano.

donde 2 4 es la posicion del nodo A en la configuracién actual y X p es la posicion del nodo P. La separacién
normal gy representa la distancia mds corta desde la superficie de la esfera hasta el plano en la configuracién
actual. Como es habitual en problemas de contacto, si esta medida es mayor que cero implica que la esfera

estd separada del plano, mientras que si gy = 0 indica que la esfera estd en contacto.

Por otro lado, durante un intervalo de tiempo (¢, t,+1], cuando los cuerpos estdn en contacto (es decir,
gn = 0), la restriccion cinemdtica que impone si la esfera estd en rodadura pura o se desliza se determina a

partir del vector tangencial incremental g7, definido como:

|VT1 “(Painer X N)r =T (A np1 — :BA,n)-I

9T n+1 = (3.17)
\‘T2 : (WA,incr X N) r—"Ty- (wA,n+1 — wA,n)

donde W4 iy €5 el vector de incremento de rotacién del nodo A en la configuracién actual. En este caso,
el término T}, - (X A.n4+1 — T 4,,) representa la componente del desplazamiento del nodo A en la direccion
T,,con a = 1,2. El término T}, - (W4 iner X IN) r representa el incremento de la longitud del arco sobre la
superficie de la esfera debido a la rotacién. Por lo tanto, pueden definirse dos escenarios: i) si gr = 0, la
esfera se encuentra en un movimiento de rodadura pura, ya que el desplazamiento del punto de contacto sobre
el plano coincide con la longitud de arco recorrida sobre la superficie de la esfera (ver Fig. 3.3); ii) si gr # O,

la esfera se encuentra en un movimiento de deslizamiento.

Por otro lado, la velocidad de la esfera se puede definir tomando la derivada con respecto al tiempo de la

Ec.(3.15), entonces,

Vnt1 = UNnt1 N + 01 n1T1 + vpy 1T (3.18)

Finalmente, se tiene que este elemento de contacto tiene un grado de libertad de traslacién y otro de rotacion,
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por lo tanto, los vectores de coordenadas generalizadas a nivel de posicién y de velocidad estdn dados

respectivamente por:

T . T
q= |:"B£ spg{,incr] v = [mg!pg,zncr] (319)

donde el punto denota la diferenciacién respecto al tiempo. Para mayor detalle ver Anexo A, Seccion A.S.

3.1.3. Ejemplo Numérico

El ejemplo que estudiaremos en detalle en esta seccidn fue propuesto originalmente por Marques et al.
[102]. El mismo consiste en un sistema mecanico biela-manivela donde la biela tiene un rodillo esférico en
contacto con un plano, ver Fig. 3.4.

En el trabajo de Marques et al. [102] se consideran tinicamente cuerpos rigidos. Aqui se analizan dos casos
distintos: en el primero, todos los cuerpos son considerados rigidos para validar la propuesta con Marques et al.
[102]; y en el segundo caso se incorpora flexibilidad en la biela utilizando ocho elementos de viga [95]. Las
soluciones numéricas de ambos casos se comparan con el objetivo de estudiar la influencia de la flexibilidad
en la dindmica del sistema. La manivela gira alrededor del eje Z con una velocidad angular inicial de w, = 4
rad/s, mientras que el rodillo tiene una velocidad angular inicial antihoraria de w, = 8 rad/s. La aceleracion de
la gravedad es g = 9.8 m/s? en la direccién negativa del eje Y. La biela est4 unida a la manivela por una junta
perfecta. El comportamiento dindmico se estudia analizando las gréficas de la evolucién de la aceleracion

angular -y en el centro del rodillo esférico.

Rodillo Esférico

Manivela

Figura 3.4: Configuracién del mecanismo biela-manivela con rodillo.

Mecanismo biela-manivela con rodillo rigido

En el primer caso, el mecanismo estd compuesto Gnicamente por elementos rigidos. Las longitudes, las
masas y las propiedades de inercia de cada cuerpo se presentan en la Tabla 3.1, segun la referencia [102].
El contacto entre el rodillo esférico y el suelo se modela utilizando el elemento de contacto esfera-plano

presentado en la seccién anterior Sec.(3.1.2). El coeficiente de friccion entre el rodillo y el plano es = 0.1,
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Cuerpo | Longitud/Radio [m] ‘ Masa [kg] ‘ Inercia rotacional [kgm2] ‘

Manivela 0.1 0.12 0.002
Biela 0.30 0.3 0.002
Rodillo 0.05 0.1 0.001

Tabla 3.1: Dimensiones, masa y propiedades de inercia de los cuerpos.

los coeficientes de rodadura, de giro y los de restitucion fueron fijados en cero. Los pardmetros del esquema
de integracién temporal fueron definidos de la siguiente manera: un paso de tiempo constante de 103 s, un

radio espectral po, = 0, un tiempo total de 2 s y una tolerancia para la convergencia de Newton igual a 10~5.

La solucién numérica del problema arrojé que el niimero maximo de iteraciones por paso de tiempo fue de
1, 3y 2 para los subproblemas suave, de posicién y de velocidad, respectivamente. El promedio de iteraciones
fue de 1, 2 y 1. La Figura 3.5 muestra la evolucion de la aceleracion del rodillo obtenida con el elemento
desarrollado en esta Tesis y su comparacion con los resultados de referencia. En el trabajo presentado por
Marques et al. [102], los autores utilizaron un modelo discontinuo de friccién de Coulomb. Sus soluciones
numéricas presentan oscilaciones espurias entre 0 'y 0.2 s como consecuencia de una discontinuidad cuando la
velocidad tangencial relativa es cero, véase el detalle de la Fig. 3.5-a. Para evitar esta inestabilidad numérica,
los autores propusieron varias formulaciones alternativas, en las que la ley de friccién de Coulomb original es
reemplazada por una version regularizada en el entorno de velocidad nula. En cambio, con la formulacién
presentada en esta Tesis se obtienen soluciones numéricas estables cerca de la velocidad nula, sin modificar la
ley de friccién de Coulomb. Esto puede observarse en la Fig. 3.5-b, donde la solucién propuesta en esta Tesis
se compara con la obtenida mediante el enfoque regularizado del trabajo de Marques et al. [102]. Finalmente,

a partir de la Fig. 3.5-b se aprecia una buena concordancia entre ambas curvas, validando la propuesta.

T T T T T T
-@- Referencia. —4— Resultado obtenido.

T T T T T T
‘+ Referencia. -4- Resultado obtenido. ‘

=)
b~

racion Angular [rad/s?]

—
o

Acele,

—20

| Aceleracién Angular [rad/s?]

— L 0 02 04 06 08 1 1.2 1.4 1.6 1.8 2
0 02 04 06 08 1 12 14 1.6 18 2 Tiempo [s]
Tiempo [s]

(b) Comparacién con el modelo regularizado de friccion de
(a) Comparacidn con el modelo discontinuo de friccién de Coulomb. Coulomb.

Figura 3.5: Aceleracion angular para el caso con cuerpos rigidos. Comparacion con las soluciones de Marques et al., véase [102].
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Mecanismo flexible/rigido vs. mecanismo rigido

El mecanismo biela-manivela con rodillo modelado en esta seccién considera la flexibilidad de la biela. El
objetivo es demostrar la capacidad de la metodologia presentada para simular sistemas mecdnicos considerando
cuerpos flexibles. Las longitudes de la manivela, la biela y el rodillo son las mismas que las presentadas
en la Tabla 3.1, asf como la masa y el momento de inercia de la manivela. La configuracién inicial, los
coeficientes de restitucion, el tiempo de simulacién y el coeficiente de friccién p también coinciden con
los utilizados en la Sec. (3.1.3). Ahora, ademads de la flexibilidad, se incorpora un coeficiente de rodadura
con un valor de p = 0.01 m en la unién rodillo/superficie. Los pardmetros del integrador también coinciden
con los usados en la Sec. (3.1.3). El drea de la seccién transversal y el momento de inercia transversal de la
biela son 1.1323 x 10~* m? y 1.0685 x 10~ m*, respectivamente. Se asume un material eldstico con un
médulo de Young de 4.14 x 10° Pa, una densidad de 7850 kg/m?3 y un coeficiente de Poisson de 0.3. Con
estas caracteristicas geométricas y mecanicas, la inercia de la biela es aproximadamente igual a la del caso
rigido, mientras que la masa es levemente inferior (0.2667 kg frente a 0.3 kg).

La Figura 3.6 muestra la diferencia entre el caso rigido y el flexible para las aceleraciones angulares del
rodillo. Se observa que la respuesta flexible es mds oscilatoria y que existe un leve retardo en la respuesta

respecto al caso rigido, como consecuencia de la deformacién de la biela y de los efectos de friccién y

rodadura.
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Figura 3.6: Aceleracion angular del rodillo. Caso flexible vs. rigido.

Luego, la Fig. 3.7-a muestra la deformacién de la biela, como consecuencia de introducir la flexibilidad.
En esta figura, a partir de la diferencia de desplazamiento angular entre ambos extremos de la biela se
evidencia una disminucién de la deformacion en el tiempo debido a la reduccién de la velocidad del sistema
por efectos de friccion. Luego, la Fig. 3.7-b muestra que el rodillo rebota en dos instantes del movimiento.
Como consecuencia de estos rebotes, el rodillo se encuentra en movimiento de vuelo libre y, por tanto, la

aceleracién angular es nula durante ese periodo de tiempo, véase el detalle de la Fig. 3.6.
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(b) Desplazamiento vertical del rodillo para el caso flexible.

Figura 3.7: Resultados Caso Flexible

Finalmente, para el caso rigido se reporté un niimero méximo de iteraciones de 1, 3 'y 3, y un promedio de

1,2 y 2 en tanto que para el caso flexible, el niimero maximo de iteraciones fue 2, 3 y 1, con un promedio de

2,2y L.

3.2. Miuiltiple Impacto con Friccion

En el estudio de impacto pueden distinguirse dos tipos de colisiones: (i) impactos simples, cuando dos

cuerpos interactiian en un tinico punto de contacto y (ii) impactos miiltiples, cuando varios cuerpos colisionan

simultdneamente en distintos puntos de contacto o en eventos sucesivos muy cercanos en el tiempo [111].

Las colisiones simples suelen modelarse mediante leyes cldsicas como las de Newton o Poisson [105].

Aunque estas leyes han sido adaptadas para abordar el modelado de impactos muiltiples, dicha extensién no es

directa. En términos generales, los modelos propuestos en la literatura para el estudio de multiples impactos

pueden clasificarse en tres categorias principales:

= Modelos algebraicos, establecen relaciones entre las velocidades antes y después del impacto mediante

leyes explicitas o implicitas [16, 105, 74, 22]. Aunque son computacionalmente eficientes y de

implementacion sencilla, presentan inconsistencias a medida que aumenta la friccién en el sistema [11].

= Modelos dinamicos de primer orden, siguen el enfoque de Darboux [37]-Keller [84]. Suponen

constantes las posiciones y utiliza el impulso como una nueva escala de tiempo [89, 73, 97]. Estos

modelos permiten una representacion mas realista del intercambio de cantidad de movimiento, aunque

también requieren supuestos adicionales para resolver ambigiiedades.

= Modelos dinamicos de segundo orden, emplean modelos deformables con flexibilidad concentrada,

tales como modelos resorte-amortiguador lineales o no lineales [144], asi como el Método de Elementos

Discretos (DEM) [59] o el Método de Elementos Finitos (FEM) [96].
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Cuando se asume una duracién infinitesimal del impacto, el cambio de velocidad se modela mediante
leyes de impacto, siendo la ley de Newton una de las més utilizadas. En este marco, Moreau [106] formul6 el
problema del impacto como una inclusién diferencial, lo cual constituye una base matemaética rigurosa para
su implementacién computacional dentro del enfoque de dindmica no suave. Sin embargo, en situaciones de
impacto multiple, las soluciones pueden no ser dnicas o resultar poco representativas frente a observaciones
experimentales [19]. Diversas estrategias han sido desarrolladas para abordar estas limitaciones [52, 10, 74], y

sus ventajas y desventajas han sido ampliamente discutidas por Nguyen y Brogliato [111].

Mis recientemente, Césimo et al. [33] propusieron una extension del integrador temporal o-generalizado
no suave para simular miltiples impactos sin friccién, el cual permite la acumulacién progresiva de los
impulsos dentro de un mismo intervalo de tiempo. La principal ventaja de este método es que no requiere la
sincronizacion exacta del paso temporal con los eventos de impacto y, a diferencia del modelo de Moereau,

puede manejar una gran cantidad de impactos.

En esta tesis se propone una extension del algoritmo de Césimo et al. [33] para incorporar friccién en
el modelado de colisiones multiples entre cuerpos rigidos esféricos. La formulacién se basa en modificar
dindmicamente el conjunto activo durante la correccién de velocidad, resolviendo una secuencia de subproblema
dentro de un intervalo temporal tendiente a cero. Para cada subproblema, se redefine el conjunto activo en
las direcciones normal y tangencial, permitiendo considerar contactos con friccion utilizando la ley no lineal
de Coulomb de manera consistente. Si bien la ley de Coulomb representa una idealizacion, pues asume un
coeficiente de friccion constante, en esta Tesis se la considera adecuada para capturar el comportamiento

dindmico global de los mecanismos estudiados.

3.2.1. Formulacion Matematica

A continuacion se presenta la formulacién del algoritmo para el anélisis de multiple impacto con friccién.

De acuerdo con el trabajo de [33], el conjunto activo de impacto simple es,
Gt =UU{j € Api1 : Ghgnar® <toly y oly,.q >0} (3.20)

donde U el conjunto de restricciones bilaterales, I denota el conjunto de restricciones unilaterales y A el
conjunto activo de restricciones unilaterales y bilaterales. Luego, la tolerancia tol,, se define como una fraccién
de la velocidad caracteristica del problema. Para mds detalle de la seleccién de este valor, ver el trabajo
presentado por Césimo et al. [33] . Luego, la Ec. (3.20) se reemplaza por el conjunto activo de multiple

impacto,

Gy =UU{j € Apg1 : Gph pid Vo <toly y o3l >0} (3.21)
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- - - ~ T
donde, V- = |V, T \' T Q;’T (9] B’T] es el vector actualizado de la velocidad de pre-impacto v,
para las proximas iteraciones. Por lo tanto, la ley de impacto de Newton en la direccién normal y tangencial

definida para cada j € (U UU) se define como,

oxj ] J o J - oxj  _ ] J -
INnt1 = INgn1Vntl T €nINg V. 97n+1 = Irgn1Vn+l + €197q,V (3.22)
_ T T T T1F . : :
donde V™ = |V, V7 2, £, es el vector actualizado de la velocidad de pre-impacto v,, para
las préximas iteraciones, por lo tanto V'~ = v,, + W, ;1. Finalmente, el multiplicador aumentado modificado

a nivel de velocidad en la direccién normal y tangencial se define como,

U}k\f,n+1 = [kvAN,nH - pv&?\f,nﬂ] U%,n-i—l = [kvAT,m—l - pvé*T,nH] (3.23)

Luego, los impulsos resultantes se tienen que acumular y tener en cuenta en la siguiente secuencia para cada
problema de impacto. Por lo tanto, los impulsos acumulados en las direcciones normales y tangenciales de

cada contacto vienen dados por las siguientes ecuaciones, respectivamente,
- 5 AT _ 5 j
Py=> gy, Ay Pr=> g7 A; (3.24)
J J

donde el indice 7 se utiliza para denotar el problema del impacto en la secuencia de impactos que se estan
resolviendo actualmente. Finalmente, el vector de fuerza interna con la modificacién para multiple impacto

con friccién estd dado por,

0
_1’%/1]9\]* oy <0 Huelgo
_f?i AG
> /
79]9\;1,’110_7\/9* — uaj\?*g%;’TTv — Py — Pr
FG” (®) = _kpéz%* lor|| > poy Deslizamiento  (3.25)

k * *
If(_kpAg + MU]% Tv)

g*T Gg* g*,T *
“Ing Ujg\/ ~971q U% — Py — Pr

—koG%; llor|| < poy  Adherencia

*kvég‘*
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3.2.2. Elemento de Contacto Esfera-Esfera

La estrategia adoptada para desarrollar un modelo de contacto entre dos esferas rigidas, sigue la
metodologia propuesta por Géradin y Cardona [55]. El elemento considera la fricciéon deslizante en el
marco de la dindmica de contacto no suave, con grandes desplazamientos y rotaciones. Las esferas pueden
entrar en contacto, rotar o deslizarse una sobre la otra. El movimiento se describe con respecto a un sistema
de referencia inercial X1, Xo y X3, ver Fig. 3.8. Los centros de las esferas Ay B, con radios r4 y rg, estdn
definidos por los vectores de posicién x4 y x g, respectivamente. El vector normal a la superficie de contacto

en el punto P estd dado por n y los vectores tangenciales a dicha superficie son £; y ¢o.

Figura 3.8: Elemento de Contacto Esfera-Esfera.

Andlogamente al elemento anterior, Seccién 3.1.2, el vector de huelgo entre las dos esferas es:

Gn+l = gNn+1Mn+1 + 9r1n+1tin + gremyiton (3.26)

donde gn 41 corresponde a la distancia de contacto entre las dos esferas. El segundo y tercer término
estdn relacionados con el movimiento de deslizamiento o rodadura pura entre las esferas en las direcciones
tangenciales t, ,, con a = 1,2 evaluado en el paso de tiempo anterior. La evaluacion de los vectores
tangenciales en el tiempo previo ?,, hace que la linealizacién de estas cantidades no contribuya a la matriz
Hessiana. Esta suposicién conduce a una formulacién més simple de implementar manteniendo buenas
propiedades de convergencia del problema no lineal como se verd en los ejemplos numéricos propuestos.

Luego, el vector de velocidad se obtiene de la derivacién con respecto al tiempo de la Ec. (3.26) obteniéndose:

Up4+1 = UNp+1Mp+1 + le,n-‘,—ltl,n + UTQ,n-‘rth,n (3.27)

Como cada esfera se puede desplazar y rotar, entonces para este elemento, los vectores de coordenadas y
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velocidades generalizadas vienen dados por:
T T T oT]T T T T GT]T
q= [mA o7 27 WB] v = [d;A o7 37 u'/B] (3.28)

donde x4 y xp son las posiciones de los nodos A y B en la configuracion actual, respectivamente y W4 y
W son los vectores rotacionales incrementales de los nodos A y B en la configuracién actual. Para mayor

detalle ver Anexo B, Seccién B 4.

3.23. Ejemplo Numérico

Con el objetivo de evaluar la robustez y eficiencia de la metodologia propuesta, se considera el estudio de
un rompimiento tipico de billar, ilustrado en la Fig. 3.9. Este caso fue introducido originalmente por Corral
et al. [29] en el marco de métodos de contacto suaves. A partir de dicho andlisis, se estudia la capacidad del
algoritmo desarrollado en esta Tesis para abordar problemas con impactos miltiples y friccidn. Los resultados

obtenidos se comparan con los datos de referencia presentados por Corral et al. [29]. Las cuatro bolas tienen

Figura 3.9: Configuracioén inicial del rompimiento en el billar.

un radio » = 0.028575 m, un peso mg = 1.666 N y una inercia I = 0.000055 kg m?. La mesa tiene una
longitud de 2.54 m y un ancho de 1.27 m. Para el contacto entre las bolas y la mesa, los valores del coeficiente
de friccién p y del coeficiente de restitucion normal e son 0.2 y 0, respectivamente. Los coeficientes de
friccién y restitucién para el contacto entre bolas son p, = 0.06 y ey = 0.93, respectivamente. El contacto
entre las bolas y los bordes de la mesa se representa con coeficientes de friccién y restituciéon p = 0y
en = 0.85, respectivamente. El coeficiente de restitucién tangencial fue fijado como e = 0 en todos los
contactos. La bola blanca, etiquetada como 2, inicia el movimiento con una velocidad de v, = 10.729 m/s e
impacta contra las tres bolas etiquetadas como 3, 4 y 5, que estdn en contacto entre si y en reposo (véase Fig.
3.9).

En este ejemplo se analizan dos casos: en el primero, se desprecia la resistencia a la rodadura entre
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las esferas y el plano; mientras que en el segundo se adopta un coeficiente de resistencia a la rodadura de
p = 0.005 m. En ambos casos, el tiempo total de simulacién fue de 3 s, con un paso de tiempo de 1 x 1073 s

y un valor de tolerancia para la convergencia de tol, = 1 x 107>,

En el primer caso, la bola blanca comienza con una velocidad de 10.729 m/s y sin velocidad de rodadura,
es decir, viene deslizando, e impacta las bolas con una velocidad levemente menor debido a la friccién
deslizante entre la bola y el plano, véase la Fig. 3.10-a. Tras el impacto multiple, la bola 3 se desplaza hacia
adelante con una velocidad baja en comparacion con las restantes. Como puede observarse, una vez que las
bolas entran en régimen de rodadura pura, su velocidad se mantiene constante, véase Fig. 3.10-a. El segundo
caso es similar al primero; sin embargo, las bolas alcanzan la condicién de reposo debido a la accién de la

resistencia a la rodadura, ver Fig. 3.10-b.

La Figura 3.11-a muestra la velocidad lineal y angular de la bola 2. Luego del impacto multiple ocurrido
en el tiempo 0,114 s, se observa una pequefia discrepancia en comparacion con los resultados de referencia.
En las soluciones numéricas presentadas mediante la metodologia propuesta, la bola 2 salta verticalmente
tras el impacto (véase la Fig. 3.11-b). Posteriormente, la velocidad angular permanece constante durante
el periodo en que la bola se encuentra en el aire, como se observa en la Fig. 3.11-a. Una vez que la bola
2 entra en contacto nuevamente con el plano, comienza a deslizarse hacia atrds hasta alcanzar finalmente
un movimiento de rodadura pura. La metodologia propuesta no presenta penetracién entre los cuerpos en
contacto, como si ocurre en los enfoques suaves, y el tiempo de computo se redujo de 25.000 s, requerido por

la metodologia del trabajo de referencia [29], a tan solo 40 s.

El méximo nimero de iteraciones para los subproblemas suave, de posicién y de velocidad fue de 1, 7y 4,
respectivamente (caso con friccién). El nimero medio de iteraciones fue de 1, 2 y 1 para los niveles suave, de
posicioén y de velocidad, respectivamente. La tasa de convergencia cuadratica de las iteraciones de Newton,

para el caso con friccion, se muestra en la Fig. 3.12.

12 T ; ; ; ; 12 T ; T ; ;
1015\ ‘+z',.2{m/s] -4- v,5lm/s| —-v,m/s| vy5lm/s] ‘7 10t ‘+L'J.-z[m/s] -4- p,5(m/s] —-v,(m/s| v,5[m/s] ‘7
8| 1 8| 1

Velocidad [m/s]
Velocidad [m/s]

S5 1 5 2 25 3 % 05 1 15 2 25 3
Tiempo |[s] Tiempo 3]
(a) Con friccién deslizante. (b) Con friccién deslizante y por rodadura.

Figura 3.10: Velocidades calculadas en el problema de rompimiento de billar.
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Figura 3.11: Comparacién con el enfoque basado en penalizacién en el problema de rompimiento de billar.
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Figura 3.12: Evolucién logaritmica de la norma del residuo.

3.3. Calculo de la Fuerza de Contacto en el Marco de la Dinamica no suave

En esta seccion se presentan los principales aspectos del Anexo C, en el cual se propone una nueva
metodologia para calcular las fuerzas de contacto generadas durante el impacto entre dos cuerpos en el marco
de los métodos no suaves. Como sabemos, hasta el momento, la fuerza de contacto producida durante un
impacto no puede ser calculada directamente mediante métodos no suaves. En particular, la conocida relacién
fisica,

F

A 329
N (3.29)

donde F' es la fuerza, A el impulso y h el paso de tiempo, no es aplicable de forma general a todos los
impulsos calculados por el método no suave. Esto se debe a que algunos impulsos provienen de contactos
cerrados (por ejemplo, una bola apoyada sobre un plano), mientras que otros corresponden a impactos. En
este ultimo caso, dicha relacién no es valida, ya que el paso de tiempo fijo h no coincide con la duracién real
del impacto. De hecho, en la mayoria de los casos, la duracion real del impacto es mucho menor al paso de

tiempo.
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La metodologia desarrollada en esta seccidn integra la eficiencia algoritmica de los métodos no suaves con
la capacidad de representacion fisica que ofrecen los métodos suaves, constituyéndose asi en una alternativa
novedosa y eficaz para ampliar el alcance de los esquemas no suaves.

El enfoque propuesto ha sido disefiado para integrarse de manera consistente con el esquema de integracién
temporal a-generalizado no suave [32], y se estructura en dos etapas principales. En primer lugar, se determina
la evolucién temporal de los impulsos generados en los elementos de contacto, asi como las velocidades de
cada uno de los componentes del sistema a partir del integrador a-generalizado no suave. Posteriormente, en
un proceso de post-procesamiento de resultados utilizando un algoritmo de filtrado, se calcula la fuerza de
contacto utilizando un modelo continuo.

De este modo, las variables cinemadticas y dindmicas del sistema se obtienen mediante la metodologia no
suave, lo que permite emplear pasos de tiempo relativamente grandes y evita la penetracién entre cuerpos, en
tanto que, las fuerzas de contacto se estiman mediante un modelo continuo, con una ley constitutiva a nivel

local.

Impulso

La integracién temporal mediante el esquema a-generalizado no suave permite capturar de forma precisa
los saltos de velocidad y los impulsos que se producen en los instantes de impacto. En particular, el valor
discreto del multiplicador de Lagrange A, 1, calculado por el integrador en el instante de tiempo ¢,,11, se

determina de acuerdo con la formulacién presentada por Briils et al. [17],

mwp:/ (M—X@ﬁh» (3.30)
(tnytn+1]

donde d¢ representa la medida de impacto de la reaccién de contacto y 5\(7) corresponde a la fuerza
de contacto cuando el contacto permanece cerrado. Asumiendo que el segundo término del impulso es una

funcién continua, su integral en la Ec. (3.30) puede aproximarse de la siguiente manera,

Mﬂz/ di — h g1 = A; — Ay (3.31)
(L’IHLTL+1]

donde h = t, 1 — t, representa el paso de tiempo de integracion. Por lo tanto, el impulso discreto A, 11

puede descomponerse en dos componentes:

» Una primera componente, denotada como A; = | t di, que corresponde a la integral temporal del

tn+1]
impulso generado por los impactos ocurridos durante el paso de tiempo. Esta componente estd asociada

a una distribucién del tipo Dirac en el tiempo y representa los fendmenos impulsivos.

= Una segunda componente, A5 = h 5\n+1 corresponde a un contacto cerrado, calculada por el producto
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entre la fuerza de contacto ;\n+1 y el paso de tiempo h. Esta parte estd asociada a una evolucién continua

de la fuerza de contacto en el tiempo.

Es importante destacar que el impulso A; puede ser generado por un impacto ocurrido dentro de una
cadena de cuerpos rigidos, y transmitido dindmicamente a través de dicha cadena hasta el contacto que se
encuentra bajo andlisis. Ambas componentes del impulso, A; y Ay, pueden estimarse de manera sencilla en
un andlisis de postprocesamiento, a partir de los multiplicadores de Lagrange A calculados por el integrador
temporal. Para ello, es necesario distinguir entre los impulsos asociados a fendmenos de impacto y aquellos
correspondientes a fuerzas de contacto continuas. Con este propdsito, en esta Tesis se desarrolla un algoritmo

de filtrado, cuya formulacién se detalla a continuacion.

3.3.1. Proceso de Filtrado

Se propone una estrategia de filtrado de A con el objetivo de identificar el contacto cerrado y el momento
en que se producen los impactos entre componentes. Para una mejor comprensién del proceso de filtrado, se
asume una variacion de A en funcién del tiempo como se muestra en la Fig. 3.13. Se pueden identificar dos
tipos de impactos: el impacto simple, que ocurre en el instante ¢ 4, y el impacto a contacto cerrado como se

evidencia en el instante ¢ .

Figura 3.13: Evolucién de A en el tiempo.

Teniendo en cuenta la variacién temporal propuesta para el impulso /A, se definen tres funciones con el
objetivo de identificar los picos del impulso y asi determinar el momento en el que ocurren los impactos. Estas

tres funciones son:

= Funcién de Impacto Simple (A, ,,). Se corresponde con aquellos picos de A donde en un paso de
tiempo anterior (t,,—1) y posterior al pico (t,+1), los valores de A son iguales a cero, ver Fig, 3.14-a.
Definimos:

Ap, sit=t,
Aprn(t) = (3.32)

0, Vt#t,

’

Restando los impactos simples de la funcién de impulso discreto A, se crea una funcién auxiliar

Aavx = A — Apr. Como se observa en la Fig. 3.14-b la funcién auxiliar no presenta impactos simples.
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(a) Impactos Simples. (b) Funcién Auxiliar.

Figura 3.14: Funciones de impacto simple y auxiliar.

» Funcién Suave de Impulso (A5). Luego, para poder identificar los impactos que se producen cuando
los cuerpos estdn en contacto, se procede a suavizar la funcién auxiliar. Para ello, se estudian diferentes
escenarios como los propuestos en la Fig. 3.15. Por un lado se presenta el caso en el que hay un
pico hacia arriba como se observa en la Fig. 3.15-a. En este caso, el valor de la funcién suave de
impulso tomard el promedio de los valores adyacentes. Es decir, si en el instante de tiempo ¢,, se tiene
Aavxn+1 < Aavxn Y Aavxn—1 < Aauxn entonces a la funcién suave de impulsos A 5 se le asigna

el valor de (Aayxn+1 + Aavxn-1)/2enty,.

Aaux Aaux A
AUX
AAUXn - - - - ﬁ
o1 ®
.
" | N Auxn—1 = @ - Auxn—1 = @
I . ~ .
Aavxn+1 —-'——I———-Q Aauxn —L—_*~ AAvxnst _|__‘____*-
Avxn—1 = @ : P I L Ve L s e’
| | | Aguxnyr | =1- - = T - - Aavxn |-+ = - % :
1 1 t | X | > t | X X t
th1 tn tn+1 th1 tn tn+1 tn_1 tn t71.+1
(a) Impactos sobre Fun. Suave. (b) Otros Casos. (c) Picos hacia abajo.

Figura 3.15: Filtrado de Funcién Suave.

Para todos los demds escenarios posibles, donde no hay picos hacia arriba, como las variaciones del
impulso representadas en las Figuras 3.15-b y 3.15-¢, la funcidén suavizada del impulso A5 toma el
valor de A 4y xy,- El resultado de todos estos procesos se traduce en una funcién suavizada de impulsos

Ay en funcién del tiempo, como se muestra en la Fig. 3.16-a.

Apr,,, = Aavx — Ay

N

(a) Funcién Suave. (b) Funcién de Impactos sobre Curva Suave.

Figura 3.16: Funciones de filtrado.
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=  Funcién de Impactos sobre Curva Suave (A rys,,). Para concluir el filtrado y obtener los impactos o
picos generados sobre la funcién suave de impulsos, a la funcién auxiliar se le resta la funcién suave,
esto es Aprsuy = Aaux — Ax. A partir de la Fig. 3.16-b, se concluye que Apysyy solo presenta los

valores de los impactos producidos sobre la curva suave.

Se verifica facilmente mediante la observacion de las graficas que la suma de las tres funciones Apygyy, A:\, y
Apr resulta en la funcién A original. Finalmente, se presentan dos escenarios distintos para el calculo de la
fuerza de contacto. En el primero, se consideran los impactos simples. Utilizando la funcién Ar;, se obtienen
los tiempos de impacto t,, y las velocidades relativas previas v~ de los cuerpos involucrados. En el segundo
escenario, se aborda el célculo de la fuerza de contacto entre cuerpos que ya estdn en contacto y que reciben
un impacto. En este caso, se sigue un procedimiento similar al descrito anteriormente, pero utilizando la
funcion Apysy y considerando la carga estatica correspondiente al impulso A5 en el momento del impacto.

Como sabemos de la Ec. (3.29) la carga estética es F' = /15\ /h.

3.3.2. Calculo de la Fuerzas de Contacto en el Marco de la Dinamica de Contacto no suave

En esta seccion se presenta la metodologia desarrollada para calcular la fuerza de contacto entre cuerpos
rigidos esféricos, a partir del impulso A y del salto de velocidad W obtenidos mediante el esquema de
integracion temporal a-generalizado no suave [32]. A partir de estas variables, y empleando una ley constitutiva
propia de los métodos de contacto suave, se determina la fuerza de contacto. Si bien la formulacién completa
de la metodologia propuesta se encuentra detallada en el Anexo C, en esta seccion se expone la idea central

del enfoque desarrollado, omitiendo detalles especificos.

Primera aproximacién

Las observaciones experimentales del impacto entre esferas, realizadas por diversos autores, han demostrado
que la evolucién de la velocidad relativa de interpenetracién (t) durante el intervalo de impacto [0, 7, con
T =ty — t;, presenta una forma similar a la de un polinomio ctibico. Este comportamiento puede apreciarse,
por ejemplo, en la Fig. 3.17, tomada del trabajo de Chen et al. [26]. Como se desarroll6 en el Cap.2, Sec.2.5.1,
y se ilustrd en la Fig.2.7, el contacto entre dos esferas da lugar a dos fases diferenciadas. En una primera etapa,
correspondiente a la “compresion”, que transcurre desde ¢ = 0 hasta el instante en que la velocidad relativa
se anula y la penetracion alcanza su valor maximo. Posteriormente, tiene lugar la fase de “descompresion”,
durante la cual la penetracion disminuye hasta anularse en un tiempo ¢t = 1. A partir del perfil caracteristico
que presenta la evolucién de la velocidad relativa de interpenetracion ) (t) respecto al tiempo, observada en la

Fig. 3.17, se propone modelar dicho comportamiento mediante el siguiente polinomio cubico,

5(t) = a+ bt + ct® + dt® (3.33)
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Figura 3.17: Velocidad relativa de interpenetracion vs. tiempo, para varias masas de impacto (tomado de Chen et al. [26])

Como se observa en la Fig. 3.18 debido a las condiciones de contorno, la velocidad relativa de interpenetracién

en el instante inicial es §(0) = vy, por lo tanto a = v} .

©

= -
vy = env;

Velocidad [m/s]

t=10 i t _ T
Tiempo [ms]

Figura 3.18: Velocidad relativa de interpenetracion propuesta vs. tiempo.

Si se deriva la Ec. (3.33) respecto al tiempo se obtiene la evolucién temporal de la aceleracion en el

periodo de contacto:

6(t) = b+ 2ct + 3dt? (3.34)

Como inferimos de la curva experimental, ) (0) = 0y por lo tanto b = 0. Considerando los resultados
obtenidos hasta el momento, la funcién de la velocidad de interpenetracién relativa Ec.(3.33) en ¢t = T" queda

definida como,

O(T) = v + cT? +dT? = eyvy (3.35)

y la funcién de la aceleracion es,

0(T) = 2¢T + 3dT? = 0 (3.36)

A partir de las Ecs. (3.35 y 3.36) se pueden obtener los coeficientes ¢ y d en funcién de la duracién del
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contacto T'y el salto de velocidad W. Si T' # 0, entonces,

2W 3W
d=———1, €= o

5 (3.37)

donde W es el salto de velocidad obtenido por el integrador y donde la duracién del contacto 7' debe ser
obtenida mediante alguna otra formulacién. Entonces, la velocidad relativa de interpenetracién es una funcién

del tiempo ¢ y de la duracién del contacto 7',

: 2
5(t) = v + W 2Ws

ot~ (3.38)

Integrando la Ec.(3.38) respecto al tiempo, se obtiene la interpenetracion ¢ que se produce entre los cuerpos

en contacto,

5(t) = / S(t)dt (3.39)

Como sabemos del Cap.2 Sec.2.5.1, los modelos de fuerza de contacto continuo calculan la fuerza de contacto
en funcién de la interpenetracion § y la velocidad relativa de interpenetracion 5. Si por ejemplo se toma el

modelo de Flores et al. [51] la fuerza de contacto se define como,
F(t) = K&(t)3/% + Do ()25 (t) (3.40)

Aplicando los conceptos de Fisica, sabemos que la integral de la fuerza respecto al tiempo es el impulso A,

por lo tanto,

T
A= /F(t)dt (3.41)
0

Debido a que el impulso /A es un dato obtenido por el modelo no suave, al resolver la integral se obtiene la
duracién del contacto 7', por ende, se pueden obtener las velocidades, aceleraciones y la interpenetracion
relativa de los cuerpos en contacto a partir de las Ecs. (3.38, 3.36 y 3.39) respectivamente. Finalmente, de esta
forma se obtiene la evolucién temporal de la fuerza de contacto. La metodologia presentada en esta seccién
fue validada mediante diversos ejemplos numéricos, los cuales se encuentran detallados en el Anexo C. Entre

ellos se incluyen, por ejemplo, el impacto entre dos esferas y el impacto entre una esfera y un plano.

3.3.3. Ejemplo Numérico

El siguiente ejemplo consiste en un mecanismo del tipo biela-manivela flexible, en el cual se introduce
un juego radial en la unién entre la biela y la corredera. El sistema estd compuesto por una combinacién de
cuerpos rigidos y flexibles. El objetivo de este ejemplo es analizar el desempefio del algoritmo de cdlculo de

fuerzas de contacto ante impactos repetidos de alta frecuencia. La manivela y la biela son modeladas como
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cuerpos flexibles, mientras que la corredera es considerada como un cuerpo rigido. En este tipo de sistemas, la
magnitud del impulso no solo depende de las masas de los cuerpos en contacto, sino también de la inercia de

los demds componentes del mecanismo que se transmite a la zona de impacto a través de la cadena cinemética.

1 4 Corredera
Manivela Biela Z
XQ
7
Huelgo

Figura 3.19: Configuracion inicial del mecanismo biela-manivela flexible con huelgo.

Al inicio del movimiento, la manivela y la biela se encuentran alineadas, y los centros del cojinete y del
mufién coinciden, véase la Fig. 3.19. Se desprecia la friccidn entre la corredera y el suelo. La manivela rota en
sentido antihorario alrededor del eje Z con una velocidad angular constante de 5000 rpm. La conexién entre
la manivela y la biela se modela como una articulacion rotacional perfecta. Se realizaron simulaciones con
juegos de 0.05 mm y 0.1 mm. El material se considera como un acero eldstico, con un médulo de Young de
210 x 10Y Pa, una densidad de 7850 kg/m?3 y un coeficiente de Poisson de 0.3. El coeficiente de restitucién
en la articulacién se establece en 0.9. Se introduce un coeficiente de amortiguamiento del tipo Rayleigh con
una relacién de amortiguameinto £ = 0.04 % en la manivela y en la biela. La masa de la corredera es de
0.14 kg. El 4rea de seccién transversal y el momento de inercia de la manivela son 7.6433 x 1074 m? y
4.868 x 10~8 m*, respectivamente, mientras que para la biela son 2.2293 x 107% m? y 4.1415 x 1079 m*.
Tanto la manivela como la biela se discretizan con cuatro elementos tipo viga igualmente espaciados [95]. La

longitud de la biela y de la manivela es de 0.12 m y 0.05 m, respectivamente.

Las simulaciones se realizaron con pasos de tiempo constantes de 1 x 107°s,1 x 107 %sy 1 x 107" s,
utilizando una tolerancia para la convergencia de 1 x 10~ y un radio espectral del integrador po, = 0. Las
soluciones presentadas en las figuras de esta seccion corresponden a un régimen estable, esto es, luego de que
se disipen los transitorios iniciales. Como se observa en la Fig. 3.20-a la velocidad de la corredera para un
caso con huelgo de 0.05 m es similar a la de una junta ideal, para diferentes paso de tiempo. A su vez, en la
Fig. 3.20-b es posible detectar los desplazamientos de la corredera para diferentes paso de timpo debido al
huelgo presente en la junta.

La Fig. 3.21 muestra la evolucién de la fuerza de contacto en la unién entre la biela y la corredera para dos
vueltas de la manivela, compardndose la evolucion de la fuerza para un juego radial de 0.05 mm respecto a una
articulacién ideal sin juego. En este dltimo se observa una evolucién continua y suave de la fuerza de contacto,

mientras que en el caso con juego, la fuerza presenta variaciones abruptas. Se realizaron simulaciones con
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Figura 3.20: Trayectoria y velocidad del centro del muifién para diferentes pasos de tiempo para un huelgo de 0.05 m
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Figura 3.21: Fuerza de contacto vs. dngulo de la manivela para un huelgo de 0.05 mm.

pasos de tiempode 1 x 107°s, 1 x 1078 sy 1 x 107 s, mostrando convergencia en los resultados.

Resultados similares se obtienen para un juego radial de 0.1 mm (véase Fig. 3.22). Sin embargo, a

diferencia del caso anterior, como consecuencia del mayor huelgo, la fuerza de reaccién alcanza valores nulos

en ciertos instantes, lo cual indica separacién entre el mufién y el cojinete. Ademds, las fuerzas de contacto

son mayores que en el caso de 0.05 mm. En ambos casos, tanto para un huelgo de 0.05 mm como para uno de

0.1 mm, se observa convergencia de la fuerza de contacto para un paso de tiempo de 1 x 10 6 s.

La evolucién de la fuerza de contacto mostrada en las Figuras 3.21 y 3.22 se calcula utilizando el

procedimiento descrito en las Secciones anteriores. En cada instante de tiempo, se computan las componentes

continua e impulsiva de la fuerza de contacto. La suma del valor mdximo de la componente impulsiva durante

la duracién del impacto y la componente continua se representa en dichas figuras.
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Figura 3.22: Fuerza de contacto vs. dngulo de la manivela para un huelgo de 0.1 mm.
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Figura 3.23: Componentes continua e impulsiva de la fuerza de contacto vs. dngulo de manivela.

Las componentes de contacto e impacto de la fuerza entre el mufién y el cojinete pueden calcularse
por separado. La evolucién de ambas se muestra en las Figuras 3.23-a y 3.23-b como funcién del dngulo
de manivela, para ambos valores de juego. Estas simulaciones se realizaron con un paso de tiempo de
1 x 1079 s. La Fig. 3.23-a muestra la componente continua de la fuerza, mientras que la Fig. 3.23-b representa
la componente impulsiva asociada a los impactos. Del andlisis de estas figuras se destacan las siguientes

observaciones:

= En primer lugar, la componente continua de la fuerza de contacto es mayor que la componente impulsiva,
y presenta oscilaciones significativas. Este comportamiento se debe al pequefio juego en la unién, que
excita vibraciones flexibles en el mecanismo, generando un pequefio movimiento del mufién sobre el

cojinete en lugar de grandes fuerzas de impacto.

= Cuando el juego es de 0.05 mm, el mufién permanece practicamente en contacto permanente con el
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cojinete. Sin embargo, la Fig. 3.23-b muestra que las fuerzas de impacto aumentan al incrementarse el
juego. Cabe destacar que el valor maximo de la fuerza impulsiva alcanza aproximadamente los 700 N

para un juego de 0.1 mm, mientras que es casi nulo para el caso de 0.05 mm.

-1073 - - - - - - T T T - - 1.8-1074 - - - - - - - T T T T
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(a) Deformacién angular. (b) Deformacién axial.

Figura 3.24: Deformacién de la biela vs. dngulo de la manivela. Paso de tiempo h = 1 x 10~ % s.

La Fig. 3.24 muestra el efecto del juego sobre la deformacién de la biela. Se representan las deformaciones
angular y axial para los casos de una unién ideal sin juego, y para juegos de 0.05 mm y 0.1 mm. Al introducir
juego, las deformaciones aumentan respecto al mecanismo ideal, debido a las pequefias vibraciones relativas
entre el mufién y el cojinete. La magnitud de la deformacién se incrementa con el valor del juego, como era
de esperarse. La frecuencia de las vibraciones axiales observadas en la Fig. 3.24-b puede relacionarse con la
componente continua de la fuerza de contacto mostrada en la Fig. 3.23-a.

Finalmente, se verifica la convergencia de los resultados para un paso de tiempo igual a 1 x 1076 s. En
este caso, el nimero maximo de iteraciones por paso de tiempo fue de 2, 3 y 1 para los subproblemas suave,
de posicién y de velocidad, respectivamente, mientras que el nimero medio fue de una iteracién por paso

para los tres subproblemas. Las simulaciones se ejecutaron de manera eficiente (200 s) en una computadora

portatil.



Capitulo 4

Rodamiento y Aplicaciones

4.1. Introduccion

Muchas médquinas o mecanismos utilizados en la industria contienen elementos sometidos a movimientos
de rotacién de alta frecuencia, soportados por componentes mecdnicos especiales denominados cojinetes.
Segin el tipo de contacto que se produce entre las piezas, los cojinetes pueden clasificarse como de
deslizamiento, si existe deslizamiento entre superficies, o0 como rodamientos, si hay rodadura. Los rodamientos
estdn compuestos por dos aros uno interno y otro externo, elementos rodantes (bolas o rodillos) que reducen

la friccidn, y una jaula que mantiene a los elementos rodantes equidistantes, ver Figura 4.2-a.

Existen numerosos tipos de rodamientos, sin embargo, los més utilizados en aplicaciones de alta velocidad
de rotacién y baja capacidad portante son los rodamientos de bolas. Su correcto disefio y/o verificacién impacta
directamente en la durabilidad, eficiencia y confiabilidad tanto del rodamiento como del sistema mecanico
completo. Por ejemplo, diversos autores sefialan que cerca del 50 % de las fallas en motores eléctricos tienen
su origen en los rodamientos [4]. Los impactos entre las bolas, las pistas y la jaula generan variaciones en las
fuerzas de contacto internas, afectando la precisién del movimiento, la eficiencia y la vida til del sistema
[127].

Los métodos de mantenimiento tradicionales, basados en sustituciones periddicas, presentan limitaciones
importantes. Segiin Gismeros Moreno et al. [60], estos métodos se basan en la experiencia previa y no
consideran factores como montaje incorrecto o lubricacién deficiente. Ademds, muchas maquinas estidn
ubicadas en zonas de dificil acceso, como por ejemplo las turbinas marinas. En este contexto, las técnicas de
mantenimiento predictivo permiten reducir costos y tiempos al anticipar fallas mediante el anélisis dindmico
del sistema.

Cuando dos cuerpos con superficies curvas entran en contacto, se genera una fuerza normal al plano
tangente comtn que causa deformaciones locales en las zonas de contacto. Estas deformaciones inducen

tensiones altamente localizadas, denominadas tensiones de contacto, cuya magnitud disminuye rdpidamente

57



58 CAPITULO 4. RODAMIENTO Y APLICACIONES

con la distancia al punto de contacto [124]. Este fendmeno es crucial en componentes como los rodamientos,
donde la repeticion ciclica de estas tensiones puede llevar a fallas por fatiga [124].

Los modelos de rodamientos se dividen en cuasiestaticos y dindmicos. Los modelos cuasiestiticos, como
el de Jones [82], describen el comportamiento en equilibrio e incluyen efectos como la fuerza centrifuga y el
momento giroscopico, basados en la teoria de contacto de Hertz [66]. Posteriormente, Harris y Kotzalas [64]
enriquecieron este enfoque incorporando friccidn entre bolas y pistas. En cambio, los modelos dindmicos
permiten simular el comportamiento del rodamiento en el tiempo, considerando vibraciones propias y
transmitidas al resto de los componentes que conforman el sistema mecanico.

En las tltimas décadas, se han desarrollado modelos dindmicos cada vez mds complejos. Tiwari, Gupta
y Prakash [133] implementaron un modelo multicuerpo para analizar el rendimiento dindmico de rodamientos.
Nan, Jiang y Yu [108] presentaron un sistema rotor-cojinete con holgura asimétrica, mientras que Deng
et al. [41] investigaron la influencia de la peso de la jaula. Mds recientemente, Gismeros Moreno et al. [58]
propusieron un modelo de contacto suave para analizar diferentes configuraciones de jaula.

Aunque se han desarrollado numerosos estudios centrados en rodamientos, pocos logran integrarlos de
manera efectiva en sistemas mecdnicos complejos, como los mecanismos biela-manivela. Basdndose en la
dindmica de sistemas multicuerpo, la teoria de Hertz y empleando modelos de contacto suave, Xu [140]
propusieron una metodologia general para el analisis de rodamientos en un sistema biela-manivela. En la
misma linea, Yao et al. [141] emplearon un integrador a-generalizado y un modelo de penalizacién para
estudiar el contacto entre las bolas y la jaula.

En esta seccion de la Tesis, se propone una nueva metodologia para calcular las tensiones de contacto en
rodamientos de bolas en el contexto de la dindmica de contacto no suave. La metodologia se valida con dos
casos de estudio: primero, se calcula la fuerza de contacto entre las bolas y las pistas de un rodamiento aislado
y luego, se incorpora un mecanismo biela-manivela y se analizan las vibraciones inducidas por los impactos

comparando los resultados con referencias bibliograficas.

4.2. Elemento Rodamiento

En esta seccion se introduce un nuevo elemento tridimensional disefiado para abordar el contacto entre
las esferas que componen un rodamiento de bolas y sus pistas, ver Fig. 4.1-a. El contacto entre las esferas
By la pista interior del rodamiento A se aborda utilizando el enfoque de contacto entre esferas, tal como
se propone en el Capitulo 3 Seccién 3.2.2. Para el contacto entre las esferas B y la pista exterior, se emplea
un nuevo elemento esfera-esfera, similar al presentado en el Capitulo 3 Seccién 3.2.2 pero que considera
nuevas restricciones de contacto. En este sentido, la principal diferencia radica en la inversién de la direccién
del vector normal, debido a que la esfera B estd dentro de la esfera C, Fig. 4.1-b. La estrategia adoptada

para describir el movimiento general de los cuerpos es el Método de Elementos Finitos no lineal, donde
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las coordenadas globales de los cuerpos se refieren a un marco inercial tnico [55]. La configuracién del
rodamiento se ilustra en la Fig. 4.1-a, donde el rodamiento estd formado por ocho esferas pequefias B, una
esfera central A que representa la pista interior, y una esfera exterior C' que simboliza la pista exterior del
rodamiento. Por simplicidad, ignoramos aqui la doble curvatura de las pistas, asumiendo un movimiento en el
plano del rodamiento. Ademads, el componente jaula es representado por ocho elementos del tipo resorte que

permiten la conexion entre las bolas B.

Pista Interior Pista Exterior

Y
Resortes
Z X Y
A
X
(a) Elemento Rodamiento. (b) Elemento de Contacto Esfera dentro de Esfera.

Figura 4.1: Elementos de Contacto.

4.3. Procedimiento para Calcular la Tension de Contacto

El rodamiento analizado en esta seccién es uno de bolas, como el que se muestra en la Fig. 4.2-a. Esta
compuesto por los elementos rodantes: bolas o esferas, una pista exterior, una pista interior y una jaula que
contiene a las bolas. Para analizar este componente en el marco del método de los elementos finitos, las pistas
y las bolas se modelan mediante elementos esféricos rigidos y la jaula se representa utilizando elementos
tipo resorte lineal, ver Fig. 4.1-a. Luego, para considerar el contacto entre las bolas y las pistas se utiliza el

algoritmo de contacto entre esferas propuesto anteriormente.

Bolas

Pista

Jaula

(a) Componentes de un rodamiento de bolas. (b) Definicién de los radios de la pista y de las bolas.

Figura 4.2: Rodamiento de bolas.
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Para el caso especifico de un rodamiento de bolas, el coeficiente de rigidez K de la Ec. (3.40) se determina
siguiendo el enfoque cldsico propuesto por Seely y Smith [124], donde K depende de los siguientes pardmetros

A A B, ey cs

3/2
(e _m 1 @.1)
~ \es A+ B A2/3 ‘
El coeficiente A , se obtiene a partir de los mddulos de elasticidad F y E5 y de los coeficientes de Poisson

11y pe de los materiales en contacto.

1 (1—pf 1—p3
A= 42
A+B( E B @2

Luego, los coeficientes A y B dependen del radio de la bola r, del radio de la pista interior r; y del radio de

curvatura de la pista r;,, ver Fig. 4.2-b, a través de las siguientes dos ecuaciones,

A= — + — P> T, > 4.3
5 + o, con T > T > Ty “4.3)
B= Lt 4L > rp > @.4)
= con ; .
20 o >y >

Finalmente, utilizando la relacion B/A calculado a partir de las Ecs.(4.3,4.4) y el grifico de la Fig. 4.3, se
obtienen los coeficientes ¢y, c5, Co, Cr Y CG necesarios para calcular el coeficiente de rigidez K de la Ec.(4.1)
como asi también las tensiones de contacto entre las bolas y las pistas.

Utilizando los impulsos, posiciones y velocidades obtenidas a partir del integrador temporal o generalizado
no suave y el algoritmo de célculo de la fuerza de contacto que se presenta en la Sec. 3.3, se puede calcular
5(t), 8(t) y por consiguiente la fuerza de contacto Fiy(t) a través de la Ec. (3.40) .

De acuerdo con [124], las tensiones mdximas normales, de corte y de corte octaédricas que se generan en
la zona de contacto entre las bolas y las pistas, omsx, Tméx TGmax, I€Spectivamente, se expresan de la siguiente

manera,

b b b
Omix = —Coy  Tmix = —Cry  TGmix = —CG 4 4.5)

donde b = ¢, (Fy A)'/3.

4.4. Velocidad Angular de la Jaula

En esta seccion se presenta una ecuacion analitica que permite calcular la relacion entre la velocidad
angular de la jaula y velocidad angular de la pista interior para un rodamiento de bolas. De esta forma, es
posible comparar los resultados de las velocidades obtenidas a partir de las simulaciones con una expresion
analitica cerrada. Para ello, como primera hip6tesis simplificativa se impone una ausencia de cualquier tipo

de huelgo entre las bolas y las pistas del rodamiento. Luego, la velocidad de la bola en su centro de masa es



4.4. VELOCIDAD ANGULAR DE LA JAULA 61
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Figura 4.3: Coeficientes vs. B/A.

igual a la velocidad de la jaula v; obtenida mediante el promedio de las velocidades relativas de los puntos en
contacto, tal como se detalla a continuacion

Ve T

v =~ (4.6)

donde v, es la velocidad tangencial de la pista exterior y v; la velocidad tangencial de la pista interior, ver
Fig.4.4-b. Como segunda hipétesis se propone que la pista exterior esté fija, con lo cual, la velocidad tangencial

exterior v, es cero. Entonces la Ec.(4.6) se simplifica de la siguiente forma

v == 4.7)

A su vez, la velocidad tangencial de la pista interior v; pueden definirse por cinemadtica como

Vy = Wy Ty (48)

en tanto que, la velocidad tangencial de la jaula resulta en

T+ Te
’Uj = (,Uj T’j = w]' ( D) ) (49)
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P X

(a) Esquema del rodamiento. (b) Velocidad angular de la jaula.

Figura 4.4: Modelo de rodamiento de bolas.

donde rj, re, wj y w; son el radio de la jaula, el radio de la pista exterior, la velocidad angular de la jaula y

velocidad angular de la pista interior, respectivamente. Sustituyendo la Ec.(4.8) en la Ec.(4.7) se tiene

Ww; T3
’Uj = B

(4.10)

Luego, igualando la Ec.(4.10) con la Ec.(4.9) se obtiene la relacion tedrica entre la velocidad angular de la

jaula w; y la velocidad angular de la pista interior w;,

ﬂ:( i ) @.11)
Wi T + e

Se concluye a partir de la Ec.(4.11) que la relacidon de las velocidades angulares estd relacionada exclusivamente

con los radios de la pista interior r; y exterior 7.

4.5. Ejemplos Numéricos

Rodamiento de Bolas

El primer problema numérico se basa en el ejemplo propuesto por Gismeros Moreno et al. [58]. Consiste
en un rodamiento de 8 bolas, ver Fig. 4.4-a, donde en la pista interior se impone una velocidad angular
constante de w; = 500 rpm, en tanto, que la pista exterior se encuentra fija. Luego, en el centro se aplica una
carga radial constante () = 100 N en la direccién negativa del eje vertical. Los parametros especificos del
rodamiento se presentan en la Tabla 4.1. La friccidn entre las bolas del rodamiento y las pistas es 1 = 0.001.
Los coeficientes de restitucion normal y tangencial entre las bolas y las pistas son ey = 0.9y ep = 0,
respectivamente. El huelgo radial entre las esferas y las pistas es un valor tipico reportado en los catdlogos de

rodamientos, este es g = 1 x 10™° m. Los resortes que representan la jaula del rodamiento tienen una rigidez
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tipica de k = 1 x 10® N/m. El tiempo total de simulacién fue de 1 s con un paso de tiempo de 1 x 10™%s, el

radio espectral del integrador fue p,, = 0y el valor de la tolerancia para la convergencia fue tol, = 1 x 1075,

Considerando los radios del rodamiento, se calcula el coeficiente K mediante la Ec.(4.1), asi como también

los valores de A y B mediante las ecuaciones Ecs. (4.3,4.4). Finalmente, con el valor de B/A = 521 se

determinan grificamente los coeficientes necesarios para el cdlculo del coeficiente de rigidez K y de las

tensiones de contacto, estos son: ¢, = 0.22, ¢5 = 0.17, k = 0.021, ¢, = 0.3, ¢, = 1y cg = 0.27.

Posicion|mm]

140
120
100

o = O
o o o O

[\
(-

Magnitud Valor Unidad
Radio Pista Interior r; 0.01277125 m
Momento de Inercia Esf. Interior | 8.155 x 10> | kg m?
Radio Pista Exterior 7, 0.02071875 m
Radio Bola 7y, 0.00396875 m
Radio normal a la pista r, —0.00397875 m
Momento de Inercia de laBola | 1.2868 x 10=% | kg m?
Radio Jaula r; 0.016745 m

Tabla 4.1: Propiedades geométricas y mecdnicas del rodamiento.
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Figura 4.5: Fuerza vs. tiempo y posicion vs. tiempo de la bola 6.
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Figura 4.6: Resultados de fuerzas y velocidades.

Con el procedimiento descrito en la Sec.(4.3), la fuerza de contacto Fy entre la bola nimero 6 y la
pista exterior varfa entre 0 y 100 N, ver Fig. 4.5. Esta fuerza alcanza su valor mdximo cuando la bola 6
pasa por el punto mas bajo de la pista interior correspondiente a la posicion Y= —18 mm y es igual a la
fuerza exterior impuesta Q, ver Fig. 4.5. Con lo cual, en este instante de tiempo, tinicamente la bola 6 soporta
toda la carga aplicada al rodamiento. Un comportamiento similar se observa en las bolas restantes. Luego,
cuando alguna bola no pasa por el punto mds bajo, la carga impuesta es soportada con las bolas adyacentes a
medida que entran y salen de la zona de mayor carga, tal como se muestra en la Fig. 4.6-a. Por otro lado, a
partir de la Fig. 4.6-b, se muestra que la relacién de velocidades angulares entre la jaula y la pista interior
calculada analiticamente con la Ec.(4.11) es de 0.3813. Este valor se encuentra muy cercano al obtenido de
forma numérica (Fig.4.6-b). Notar que los distintos picos que se observan en la Fig. 4.6-b corresponden a
los instantes en que la bola se encuentra en el punto inferior soportando la mayor carga. Estos resultados se
encuentran acordes con los presentados por Gismeros Moreno et al. [58]. Finalmente, se obtienen las tensiones

de contacto para el valor maximo de la fuerza mediante las Ecs.(4.5), estas son

Omix = —7.06 x 108 N/m?,  7max = 2.11 x 10° N/m?,  7gmax = 1.90 x 108  N/m? (4.12)

El paso de tiempo utilizado en el trabajo de Gismeros Moreno et al. [58] fue de 1 x 10~5 s, en tanto que en
este trabajo, se pudo emplear un paso de tiempo de 1 x 10~* s, es decir, un orden de magnitud mayor, lo que

permitié reducir el costo computacional.

Mecanismo Biela-Manivela

El segundo ejemplo numérico corresponde al caso propuesto por Yao et al. [141]. Este problema consiste
en un mecanismo del tipo biela-manivela, en el cual, se incluye un rodamiento de bolas en la unién entre
la biela y la manivela, ver Fig. 4.7. Inicialmente, la biela tiene una velocidad angular constante de w, = 50

rad/s y, en su configuracion inicial, estd completamente alineada con la manivela. En este trabajo se analizan
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tres configuraciones distintas. La primera configuracion corresponde al caso en el que tanto la biela como la
manivela se modelan como cuerpos rigidos, introduciéndose ademds un huelgo entre las bolas y las pistas
del rodamiento. La segunda configuracién difiere en que la biela y la manivela se consideran como cuerpos
flexibles. Finalmente, la tercera configuracion analiza un sistema biela-manivela sin huelgo, donde ambos
componentes se tratan como cuerpos flexibles. Las caracteristicas geométricas y mecénicas del rodamiento y
de cada cuerpo rigido se muestran en la Tabla 4.2. En las configuraciones en las que la biela y la manivela se
modelan como cuerpos flexibles, se asume que el material es un acero elédstico, con un médulo de Young de
210 x 10 Pa, una densidad de 7850 kg/m? y un coeficiente de Poisson de 0.3. El 4rea de la seccién transversal
de la manivela es 0.00113 m?, mientras que la de la biela es 0.00116 m?. La inercia de la secci6n transversal
de la manivela y de la biela es 1.068 x 10~" m* y 1.117 x 107 m*, respectivamente. Tanto la manivela como

la biela estdn discretizadas utilizando cuatro elementos finitos de viga.

Figura 4.7: Mecanismo biela manivela.

El coeficiente de friccién entre las bolas y las pistas es de p = 0.001. Los coeficientes de restitucion
normal y tangencial entre las bolas y las pistas son ey = 0.9 y e = 0, respectivamente. El huelgo radial
entre las esferas y las pistas es de g = 0.0004 m. Los resortes que representan la jaula del rodamiento tienen
una rigidez k = 1 x 10° N/m y un amortiguamiento ¢ = 1 x 103 Ns/m. El tiempo total de simulacién fue
de 0.6 s con un paso de tiempo de 1 x 10~* s. El radio espectral del integrador fue p,, = 0. El valor de la

tolerancia para la convergencia fue tol, = 1 x 1075,

Cuerpo ‘ Largo [m] ‘ Masa [kg] ‘ Momento de Inercia [kg m?] ‘ Radio[m] ‘
Biela 0.11 1 I, = 0.0028, I, = 0.0006, I . = 0.0033 -
Manivela 0.225 4 I = 0.0086, I, = 0.0251, I, = 0.0334 -
Masa Puntual - 2 I, = 0.0013, I, = 0.0013, I, = 0.0021 0.04
Bolas (8) - 2.7 x 1073 I =3.267x107% 0.0055
Pista In. A - 8 x 1073 I =3643 x107° 0.033745
Pista Ex. C - 8 x 1073 I=6.523x10° 0.04515

Tabla 4.2: Propiedades geométricas y masas del rodamiento y del mecanismo biela-manivela.

Los resultados obtenidos para la fuerza de contacto entre la bola B y la pista exterior, tanto para la primera
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Figura 4.8: Resultados obtenidos para el ejemplo biela-manivela.

y segunda configuracion se muestran en la Fig. 4.8-a. Se observa que la fuerza de contacto es mayor para
el caso de la primera configuracion, donde los cuerpos son rigidos, alcanzando valores méaximos del orden
de los 9100 N, similares a los reportados por Yao et al. [141]. Para el caso de la configuracién flexible con
juego, la fuerza maxima de contacto es de 2500 N. Luego, la Fig. 4.8 muestra la deformacién angular de la
manivela para la configuracién flexible con huelgo y para la configuracién flexible sin huelgo. De esta figura se
observa que, al considerar el huelgo en el rodamiento, las deformaciones en la manivela son significativamente
mayores en comparacion con el caso en el que el rodamiento no presenta huelgo. Ademads, se observa que las
deformaciones médximas corresponden a los instantes en que el rodamiento alcanza la posicién mads alta o la
posicién mds baja durante el movimiento del mecanismo. Por dltimo, las tensiones de contacto para una de

las bolas en la condicién de maxima carga (9100 N) son:

Omix = —4.5432 x 10° N/m?, Tmax = 1.362 x 10° N/m?,  7gmax = 1.226 x 10° N/m?  (4.13)

A diferencia del trabajo de Yao et al. [141], que propone un sistema biela-manivela rigido, en este trabajo
se incorporé un rodamiento a un mecanismo biela-manivela compuesto por una combinacién de elementos

rigidos y flexibles.
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Conclusiones y Trabajos Futuros

5.1. Conclusiones

Las contribuciones presentadas en esta tesis han permitido el desarrollo de nuevas herramientas para
modelar el contacto dindmico no suave en cuerpos rigidos esféricos. En particular, se han formulado e
implementado tres nuevos elementos de contacto con friccidn, cada uno con aplicaciones especificas en el
admbito de la dindmica de sistemas multicuerpo.

El primer elemento desarrollado modela la interaccién entre cuerpos rigidos esféricos tridimensionales
y una superficie plana. Este elemento incorpora de manera efectiva las fuerzas de friccién asociadas al
deslizamiento, rodadura y giro, basdndose en la ley de fricciéon de Coulomb.

El segundo elemento aborda la simulacién del impacto entre cuerpos rigidos esféricos. Se ha proporcionado
una formulacién detallada que utiliza grandes rotaciones y coordenadas absolutas, incluyendo expresiones
explicitas para las fuerzas internas y Hessianas.

El tercer elemento modela el impacto entre una esfera contenida dentro de otra esfera. La combinacién de
este elemento con el segundo permite representar de manera efectiva el comportamiento bidimensional de un
rodamiento de bolas, ampliando asf las aplicaciones précticas de la metodologia propuesta.

Todos los elementos desarrollados se han implementado en el marco de la nueva version del esquema de
integracién temporal a-generalizado no suave desacoplado [32]. Este esquema ofrece ventajas significativas al
integrar las partes suaves del movimiento con precision de segundo orden y disipacién controlada, superando
las limitaciones de los integradores de primer orden, como el método Moreau-Jean, cominmente utilizado en
este tipo de modelos. Ademds, la formulacion propuesta garantiza la satisfaccion exacta de las restricciones
de contacto en los niveles de posicion y velocidad, eliminando la penetracion entre los cuerpos.

Adicionalmente, se ha propuesto una nueva metodologia para manejar impactos multiples simultdneos
con efectos de friccion. Este algoritmo, basado en la propuesta sin fricciéon de Césimo et al. [33], ha sido

modificado para incluir términos de friccién. La ley de impacto de Newton se aplica secuencialmente,

67
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asumiendo tiempos de impacto locales instantdneos. Esta estrategia destaca por no requerir intervencion
del usuario ni andlisis topolégico para definir la secuencia de procesamiento de los impactos miltiples,
simplificando su implementacién en aplicaciones préicticas.

Asimismo, se ha introducido una nueva metodologia para calcular las fuerzas de contacto entre cuerpos
rigidos esféricos en el marco del andlisis dindmico no suave, utilizando el integrador temporal a-generalizado
no suave. Este método se basa en un enfoque multiescala, donde las fuerzas de contacto y las penetraciones
se evaldan en términos de las velocidades e impulsos calculados por el integrador. La ley constitutiva de la
mecdnica de contacto se deriva de la teoria de la elasticidad, proporcionando una base tedrica sélida para el
analisis.

Se han presentado varios ejemplos de aplicaciones que demuestran la efectividad de las metodologias
propuestas. Los resultados obtenidos se han comparado con soluciones analiticas y numéricas disponibles
en la literatura, mostrando una excelente concordancia y una rapida tasa de convergencia en todos los casos
estudiados.

Finalmente, se ha presentado un ejemplo de aplicacién que ilustra el uso de estas herramientas en el
andlisis de un rodamiento de bolas inmerso en un mecanismo. El proceso de filtrado propuesto permite
identificar de manera efectiva los impactos entre las bolas y las pistas del rodamiento. Esta deteccién facilita
el célculo preciso de las fuerzas y tensiones de contacto, demostrando la utilidad de la metodologia en
aplicaciones industriales reales.

En resumen, esta tesis contribuye al avance de la dindmica no suave mediante el desarrollo de herramientas
tedricas y numéricas innovadoras, validadas a través de ejemplos practicos y comparaciones con soluciones
existentes. Los resultados obtenidos abren nuevas perspectivas para el andlisis y disefio de sistemas mecédnicos

complejos.

5.2. Trabajos Futuros
Como lineas de trabajos a futuro se proponen:

1. Desarrollar e implementar un algoritmo de contacto/impacto para representar el comportamiento

tridimensional de un rodamiento de bolas, considerando la interaccién con las pistas exterior e interior.

2. Analizar las fuerzas y tensiones de contacto en rodamientos de bolas tridimensionales utilizando los

modelos y las metodologias desarrolladas en esta tesis.

3. Evaluar la fatiga de contacto en los rodamientos de bolas a partir del andlisis de las tensiones y fuerzas

de contacto, con el objetivo de estimar su vida til.

4. Tmplementar la metodologia propuesta para el cdlculo de la fuerza de contacto del Cap.3 en el entorno
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de Oofelie [21], reduciendo el costo computacional del post proceso. De esta forma se buscard incluir

un modelo de desgaste en las zonas de contacto afectada.

5. Disefiar y construir un dispositivo experimental que incorpore un rodamiento en un sistema mecanico,

con el fin de validar los resultados obtenidos mediante la metodologia propuesta.

6. Establecer contacto y acuerdos de trabajo con empresas nacionales interesadas en los desarrollos
obtenidos. Ademads, se procurard transferir estos avances a la comunidad cientifica nacional e internacional

mediante congresos y publicaciones.
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Anexo A

Non-smooth numerical solution for
Coulomb friction and sliding, rolling and
spinning resistance of spheres applied to
flexible multibody system dynamics
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! Centro de Investigacién de Métodos Computacionales (CIMEC), UNL-CONICET, Predio
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Abstract

The general motion of a sphere in a mechanism, in contact with a rigid planar surface under
rolling, sliding and spinning friction, is studied in the context of non-smooth contact dynamics.
The equations of motion are solved by the non smooth generalized—a implicit time integration
scheme where the constraints at position and at velocity level are satisfied exactly without requiring
to define any particular value for a penalty parameter. The geometrical properties of the spheres
are described by a rigid body formulation with translation and rotational degrees of freedom. The
robustness and the performance of the proposed methodology is demonstrated by different examples

including both flexible and/or rigid elements.

85



86 ANEXO A.

A.1. Introduction

A mechanism is an assemblage of rigid and/or flexible bodies arranged in a special configuration
whose purpose is to transform motion, force or energy into a desired set of outputs such as forces,
displacements, velocities or accelerations [35]. The individual components of a mechanism are
called links, which could be assumed either flexible or rigid under large displacements and finite
rotations. The links can be connected by different types of force elements: springs, spring—dampers,
beams, between others, or kinematic pairs such as: cylindrical, planar or spherical joints, which
are often represented by mathematical constraints. Depending on the mechanism configuration,
the links and the joints can be subjected to contact constraints which are defined by unilateral
restrictions.

One alternative to model the kinematics of a mechanism is the Finite Element Method (FEM),
where a detailed representation of the geometry and flexibility of the links and the joints is required.
This methodology is realistic, but at the same time complex because of the large number of degrees
of freedom which yields a time consuming computational method. Another alternative is to consider
global models where deformation effects in joints are ignored and the links can be modeled with
the hypothesis of rigid or flexible behaviour. Géradin and Cardona [33] presented a methodology
in the framework of finite elements where total motion, including rigid body motion and elastic
deformation is directly referred to an inertial frame and the non linear structural dynamics effect of
the elements of a mechanism are also addressed. This methodology is used as a starting point for
the developments presented in this work.

Certain constraints are imposed to the equations of motion of the system by equality or
inequality equations in order to handle the relative motion between bodies in a numerical model of
a mechanism. Some examples of rigid elements where equality constraints are used are: revolute,
prismatic, hinge or cylindrical joints among others, see [33, 9]. On the other hand, inequality
constraints are used to establish contact between bodies. These restrictions prevent in a mathematical
form the penetration between components; to be imposed the gap distance between potential contact
surfaces to be equal or greater than zero. Friction is also modelled by inequality constraints, as it
will be seen later in this work. Some elements formulated by inequality constraints, that are often
used in mechanisms, are: the wheel [14], the gear [13, 46, 50], the ball bearing [61, 47, 4], joints
with clearances [16, 5, 30, 31], among others.

Several algorithms have been proposed in the literature to treat the inequality constraints, from
the point of view of the regularization of the contact problem. One of the most used methods is
the penalty approach. Displacements are the only variables in this formulation and, for this reason,

the computational implementation is relatively easy to be done in a non linear finite element code.
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This method includes a term in the energy functional that add a large fictitious energy in terms of
constraints. It is commonly used in the framework of Discrete Element Method (DEM) [24, 11]
and may be also combined with FEM [63]. The main disadvantage of the penalty regularization
is the unavoidable penetration between contacting bodies and, when dynamics effects are taken
into account, the time integration algorithms require a very small time step to accurately solve the
equations of motion, specially when the bodies are in contact, yielding an important increment of
the computational cost. Another inconvenience of this method is that the user must choose a proper
value of the penalty parameter in a rather arbitrary way to achieve acceptable numerical results. The
exact solution would be achieved with an infinite penalty value; however, large penalty values yield
ill-conditioned matrices with severe precision losses in the solution. There are strategies to avoid
factorizing ill-conditioned matrices in penalty methods, as Codina et al proposed [18]. Nevertheless,
these strategies yield a more complex formulation and increase the computational effort requiring a

large number of iterations and, anyway, penetration between contacting bodies is unavoidable.

Another alternative is a mathematical formulation related to nonlinear optimization, where
Lagrange multipliers are introduced in the system Lagrangian. Two main approaches can be
mentioned: the Lagrange multipliers and the augmented Lagrangian methods. In the first case, the
contact problem yields a saddle point system to be solved at each iteration. The second formulation
is a combination of the Lagrange multipliers and the penalty method. The Lagrange multipliers
satisfy exactly the constraints, meanwhile the penalty term improves the convergence rate by
producing a convex objective function far from the solution. In both cases, the presence of Lagrange
multipliers guarantees the exact fulfillment of the constraints, overcoming the ill-conditioning
inconvenience of penalty methods at the expense of an increase in the size of the system of

equations due to the multipliers.

When the dynamic effects have to be considered to model multibody systems subjected to
impacts, additional complications arise both in the theoretical formulations and in the numerical
implementations with respect to the quasi-static case. In this sense, a proper selection of the time
integration scheme, the time step and the numerical parameters of the integrator are required to
obtain acceptable solutions. For example, implicit schemes as the Newmark family integrators,
the Hilbert-Hughes-Taylor method (HHT) and the generalized-a method guarantee second order
precision if the kinematic variables have a smooth evolution [17]. However, when velocity jumps
occur in a short period of time as a consequence of impacts, a fictitious mechanical energy generates
an unphysical behaviour in the system. This effect is magnified when the flexibility of the bodies is
considered in the model. An alternative to avoid this problem for non linear multibody systems is the

use of the energy preserving and/or decaying time integrator schemes, that guarantee unconditional
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stability. However, these methods require to modify the element library of the pre-existing non
linear code to specifically adapt the elements to the integrator; in other words, these kind of
integrators are very intrusive. To overcome this limitation, several authors proposed different time
integration schemes by using the so-called nonsmooth contact dynamics methodology which can
solve efficiently problems involving strong discontinuities as is the case of impacts with friction
[52, 58, 51, 60, 1, 34]. Nevertheless, they achieve only a first order of accuracy, being the main
limitation for mechanisms composed by flexible links. Nowadays, several nonsmooth contact
dynamic algorithms are implemented in many codes, e.g. LMGC90 [27], Siconos [3], Chrono [37],

Algoryx [41, 7] or Oofelie [15], among others, destined to academic or industrial applications.

Three types of friction models can be considered in the contact of a spherical body with a
surface, see Fig. A.1. The first one is sliding friction, where a set-valued force law with two
degrees of freedom generates a force resisting only to sliding Frr. Different numerical simulations
which include sliding friction were given in [8, 20, 55]. The second kind of friction model is
rolling friction, where two translation degrees of freedom are required in the formulation. It is a
set-valued force law that generates a moment M resisting to rolling. The earlier experiments about
rolling friction were reviewed by Hersey [36]. Several analytical nonlinear dynamics models which
consider rolling friction and impacts are given in [25, 48]. Many works that include the rolling
friction effects to study the dynamic behaviour of engineering applications have been proposed,
among which are the breakdown and the formation of granular material systems [62, 40, 28, 29, 39].
In this line of research, Tasora and Anitescu [59] and Huang et al [38] simulated granular materials
with spherical particles under gravity using the standard decoupled rolling friction model with a
second-order cone complementarity problem. In both cases, an associated friction flow rule was
used. Recently, Acary and Bourrier [2] presented a Coulomb friction law with rolling resistance
formulated as a cone complementarity problem based on the work of De Saxé and Feng [26]. The
spinning friction or drilling friction is a set-valued force law that generates a moment M y
opposing to the normal relative spin of the bodies, thus only one rotational degree of freedom
is required. Finally, the Coulomb-Contensou friction law implies the combination of sliding and
drilling friction, i.e. an increase in the sliding velocity causes a decrease in the magnitude of
the drilling torque [19, 44]. Several works which described the spatial friction derived from a
non-smooth velocity pseudo potential and subdifferentials are presented by different authors [44,
42, 43]. In a recent paper presented by Capobianco et al [12], the authors described the sliding,
rolling, and Coulomb-Contensou friction models in the context of the nonsmooth generalized-«
time integrator expressed in acceleration level, with relative coordinates to describe the kinematics

of the studied problems.
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In the present paper, we develop a formulation of a spherical rigid body in contact with a
planar surface by using large rotations and Cartesian coordinates considering the sliding, rolling
and spinning friction effects in the context of a multibody dynamics system. This approach has
advantages when describing the general case of flexible multibody systems. It basically allows to
extend rigid multibody dynamics to the FEM (finite element method) context in a very consistent
manner avoiding rewriting the equations for each particular case [33]. The detailed kinematic
formulation of a spherical rigid body in contact with a planar surface is given, which can be
combined with different types of rigid and flexible elements to model impact problems with friction.
The equations of motion are solved with the new version of the non-smooth generalized « [21]. It
guarantees the exact satisfaction of the bilateral and unilateral constraints at position and at velocity
level avoiding the penetration between the contacting bodies. Furthermore, this fully decoupled
time integration scheme reduces the number of iterations for convergence, and allows to use large
time steps sizes compared with the original version presented by Briils ef al [10]. The numerical
solutions achieved second order accuracy and controlled dissipation, something that is not possible
with the first order integrators which are usually used for solving these kind of systems.

The numerical examples presented in this work were carried out in the research finite element
code Oofelie, used for industrial applications as well as for academic studies. This software allows
to simulate non-linear dynamic mechanical systems composed by rigid and flexible components
with an efficient framework to deal with finite rotations and to assemble the equations of motion

automatically [16, 20].

Sliding Friction Rolling Friction Spinning Friction

++

Figura A.1: Schematic configuration of the sliding, the rolling and the spinning resistance on a spherical body.

Xo

X3

This work is organized as follows: Section A.2 gives a brief explanation of the decoupled version
of the non-smooth generalized-a time integrator. Section A.3 describes the contact formulation
and the general contact problem including friction is given in Section A.3. The equations related
with the contact element are developed in Sections A.4 and A.5. Section A.6, presents numerical
examples which demonstrate the robustness of the proposed algorithm. Finally, conclusions are

drawn in Section A.7.
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Time integration of non-smooth equations of motion

The equations of motion at velocity level for a multibody system with unilateral and bilateral

constraints can be written in the following form :

where

gt = ot (A.la)

M(q)dv—gldi = f(qv,t)dt (A.1b)
—gqﬁv = 0 (A.1¢)

~ (ghgv" +ehdhgvT) € MWre(aih),  ifgll@ <0, VieU  (Ald)

~ (7o + hatgv) € Oe ([dik). i gh(@) S0 ViEU  (Ale)

q is the vector of nodal coordinates.

GT(t) = limy—4>¢ () and v (t) = lim,_y; 4> v() are the velocities after impact (right
limits), while v~ (¢) = lim,_; < v(7y) denote the velocities before impact. These quantities

are functions of bounded variation.

The convention v(t) = v*(t) and §(t) = ¢ (¢) will be used in the remaining part of this

work for conciseness in notation.

g is the combined set of bilateral and unilateral constraints, and g,4(q) is the corresponding

gradient.

U denotes the set of indices of the unilateral constraints, I/ is its complementary set, i.e., the

set of bilateral constraints and C = U/ U is the full set of constraints.
gNg and grq are the gradient matrices in the normal and tangential directions at the contact
point, respectively.

Atimpact, the velocities v and v~ are related by the Newton’s impact law ggv qv+e§v gqu’v =

0 in the normal direction, and g]f Ut e%g% v =0 in the tangential direction.

egv € [0,1] and e{'p € [0, 1] are the normal and the tangential coefficients of restitution at

the contact point j € U, respectively.
dz is the impulse measure of the contact reaction and the bilateral forces.

din and dzp are the impulse measures of the contact reaction forces in the normal and

tangential directions, respectively.
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g+ is the indicator function of the real half line RT including zero and O+ is the

sub-differential of ¥r+. Then, ¥)c(q; ) 18 the indicator function of a section of the Coulomb
friction cone. Equations(A.1e) represent the frictional unilateral conditions. A deeper explanation

about how to write the impact law as measure differential inclusions are given in [56].

f = feel(t) — flemr(q,v) — f"(q) collects the external, damping and internal forces.

M is the mass matrix which may, in general, depend on the coordinates.

dv is the differential measure associated with the velocity v assumed to be of bounded

variation.

= ¢ is time, and dt is the corresponding standard Lebesgue measure.

Neglecting singular measures, the impulse measure can be decomposed as dz = Adt + > Pidy;
where A are the smooth Lagrange multipliers; d;, the Dirac delta supported at ¢;; and p; is the
impulse at the instant ¢;. The inclusions in Egs. (A.1d) and (A.le) should be understood as compact

notations for inclusions: (i) in OYg+ (5\j ) and 9v ) during the smooth parts of the motion

c(M\y) (M
and (ii) in OYp+ (p{ ) and 8¢C(p{N) (piT) at the impact times ¢;.

The time integration scheme used in this work is the decoupled version of the non-smooth
generalized—a method described in Cosimo et al [21]. This is an implicit time integration scheme
resulting in three decoupled sub-problems to be solved at each time step by using an iterative Newton
semi-smooth method, which can also be interpreted as an active set method. The first sub-problem
corresponds to the smooth motion contribution, where the equations of motion are integrated with
second order accuracy by the generalized—« scheme [21]. The two other sub-problems are related to
the impulsive contributions (non smooth) at position and at velocity levels solved. The general form

of the integrator for a general multibody system that includes unilateral and bilateral constraints

yields in the following set of equations:

M (Gn11)0ns1 = F(Gnits Ong1, tngr) — QZ{;LTH (ksxz;fﬂ — DsG i1 ’ffn+1) =0 (A2a)
—ksg4 i1 Dnt1 =0 (A2b)

h2
M (qni1)Upns1 — *fp gq n+1 (ky Vn+1 ppg;fﬂ) =0 (A20)

~kpgit1 =0 (A2d)

k2
p” v, =0 (A2e)
p

M(qn+1) n+1l — hfv gq n-l—l (k An+1 pv&g-l—l) =0 (A2f)

~kugni1 =0 (A2g)

_k “vAB . =0 (A2h)

v
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where Eqs.(A.2)-a-b give the smooth motion, meanwhile Eqs.(A.2)-c-d-e and Eqs.(A.2)-f-g-h give

the position and velocity impulsive corrections. The following notation is used for conciseness in

Egs.(A.2) :
Gins1 = 9q(dn+1) (A3)
.fp = f(Qn-i-la f’n-i—l: tn-i-l) - f(dn-i-ly 6n+1a tn-i-l) - gz{,g-l—l XZr/L{+1 (A4)
Y = flant1, Y041, tar1) — F(@nt1; Ont1s tn1) — g%{,vz:l—l iZr/L{-i-l (A.5)

where X is the Lagrange multiplier associated to the bilateral restriction, and gy +1, Un+1 and v
are the contributions of smooth motion to the position, the velocity and the acceleration vectors of
the systems, respectively. The position jump contribution U,,; due to impact is associated with
the Lagrange multiplier v, for the unilateral and bilateral constraints. The Lagrange multiplier
A is an impulsive force that can be interpreted as the integral of the reactions in the time interval
(tn, tn+1], and is associated with the velocity jump W,, ;1. Then, taking into account the splitting
of motion into a smooth and non-smooth contributions, the final displacement and velocity fields

are computed by adding the correction vectors U,,+1 and W), to the smooth motion as follows,

Ant1 = Gn+1+Up (A.6a)

Vnp1 = Onyt + Wit (A.6b)

An augmented Lagrangian approach is used, with penalty factors of the smooth, position and
velocity subproblems ps > 0, p, > 0, p, > 0, respectively. The scalar factors ks > 0, k, > 0
and k, > 0 contribute to an improvement of the condition number of the iteration matrix by
scaling the constraints. The algorithm is completed with the following difference equations of the

generalized-a scheme

Gn+1 = Gn+ hvp +h*(0.5 — B)ay + h*Bans (A.7a)
Upy1 = vp+h(l—7v)a, + hyania (A.7b)
(1—am)aps1 +apa, = (1-— af)f)n_H + af'f)n (A.7¢)

where a1 is a pseudo acceleration term that arises in the generalized-« integrator scheme. The
numerical coefficients v, 3, a,, and oy are selected by fixing the desired value of the spectral ratio

at infinity p € [0, 1],

2p00 — 1 Poo 2
Q= ———, Qf = , =05+ ar — auy, =0.25(y+0.5 A.8
m= e Ll f—Qm, B (v ) (A8)

The set of active unilateral and bilateral constraints of the position correction A = A,,; 1 and the
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set of active unilateral and bilateral constraints of the velocity correction B = B,,11, together with

their complementary sets A = A,, ;1 and B = B, 1, are defined in the following form

Ansy = UU{jetd:kpl,, — pghi >0} (A.92)
Anr1 = C\ Ant1 (A.9b)
Buyi = UU{) € Ans1 : koAl — podl 1 > 0} (A.9¢)
Bui1 = C\Buy1 (A.9d)

The residual vectors 7%, P, rY for the nonlinear smooth, position jump and velocity jump
sub-problems are obtained from Eqgs.(A.2)-a-b, (A.2)-c-d-e and (A.2)-f-g-h, respectively. These
three nonlinear problems are solved iteratively by a Newton method, with correction vectors of

unknowns defined as:

Ab AU, 11 AW, 1

s Un+1 A v B

Az’ = { 7 } , AxP =4 Avy,y b, Azt =0 AAL, (A.10)
Antr Avyyy AATL

These corrections are evaluated by solving at each iteration
Sf Azl = —r', for i=s,p,v (A.11)

with iteration matrices given by:

[ * Ur
g5 — 7 st _ksg(j7n+1 -| (A12)
! —ks (ng’nﬂ + %GS> 0 J
- ) ar ]
Sy _kpgq,n-q-l 0
SP = | —kpgian 0 0 (A.13)
0 0 — 5 A
L pp -
- ) s -
S¢ —kuggni1 0
Sy = | —ku9gni 0 0 (A.14)
0 0 _kipB
Pv
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where I4 and I7 are identity matrices and

. 1—am . hB
L Y (S UK,
St h(l—af)’}’ (q +1)+Cl+ ~y t

~ * u,r N7l 77 ~ ~ ~
0 <M(Qn+1)vn+1 — 95 n+1 (ks A1 — ps gzq:{’n+1 Upt1) — f(Qn+1s Un+1)>
K; =
t aLjn-‘rl ’

Of(@n+1, Vny1)
a'[’n-i-l

’ G’ = =
8qn—l—l

— a7’1_' ﬁ
C, = psgq’nJrlgzj,n—i-l -

AT A B _
g (gq,n+1€n+1) o }ﬁafp(qn—i-la dn+1, vn—i—l) + 9 (M(qn-l-l)Un-l—l)

S’ =M -
! (gn+1) 0gn+1 2 0qn+1 0qn+1

Of (@n+1,vn+1)
avn+1

x BT B
Stv = M(qn+1) +pvgq,h+1g§,n+1 —h
(A.15)

The parameters of the integrator can be chosen as ks = ps = m/h, k, = p, = mand k, = p, =m
to improve the convergence rate. Here, m is a characteristic mass of the problem. The complete
version of the integrator is not reproduced here for conciseness, more details can be found in [21]
and the pseudocode of the algorithm is given in the Appendix Al. An extension of this algorithm to

consider multiple impact collisions can be found in [22].

A.3. Contact formulation

The mechanical contact problem concerns the interaction between bodies at their boundary
surfaces. In our case, the contact surfaces are a spherical surface and a plane. Many alternatives have
been presented in the literature to represent the kinematics of the boundary contact surfaces. One
option is to consider rigid bodies with a mathematical description given by convective coordinates
as proposed by Wriggers and Neto [53]. An alternative is to consider flexibility in which case
the boundary surface could be described by a shell-like finite element mesh. This option gives a
realistic model with a lot of information about the dynamics of the system. However, the finite
element mesh used to represent the sphere is quite complex to be applied in a general mechanism
and generates a large number of degrees of freedom with a significant increase in the computational
time. Another alternative is to consider a global model with rigid bodies, where the spherical and
planar surfaces are described analytically and attached to rigid bodies to give their inertia properties.
This formulation does not increase significantly the number of degrees of freedom of the global
system and for this reason, it is computationally efficient and relatively easy to be implemented.

The strategy we adopted to develop a new contact model for a rigid sphere in contact with a

planar surface considering sliding, rolling and spinning friction effects, followed the Finite Element
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Method as presented in [33]. The development was made in the framework of non-smooth contact
dynamics with finite displacements and large rotations referred to inertial frame. The integration of

the equations of motion was made with the non-smooth generalized—a time integrator scheme [21].

Frictional contact problem

The non-conservative character of the friction forces introduces additional complexity in the
mechanical contact problem with respect to the frictionless case. Marques et al [49] made a review of
the modelling and analysis of frictional effects in multibody systems. In spite of the different friction
models proposed along the years, the Coulomb friction law [23] continues to be the most popular
model used in numerical simulations. The decoupled version of the nonsmooth generalized-o: time
integrator requires to impose unilateral constraints both at the position level (position correction
subproblem) and at the velocity level (velocity correction subproblem). Constraints at the position
level allow to compute the displacements correction to verify the non-penetration constraint, while

constraints at the velocity level give the corrections due to the velocity jumps produced by impacts.
The solution of the unilateral frictional contact problem at the position level is given by:
(U,v) = argmin [IT°P(U, v)]
gn 20 vn >0, gnvn =0; (A.16)

lgrll =0, vzl < pen, gzl (lvrll — pon) =0
where 1P = —gnyvn — gr - v is the contact pseudo-potential at position level (which includes
friction effects). The gap vector g and the Lagrange multiplier v are split into normal components
gn and v and into tangential components gr and v, respectively. This splitting is carried out
using the normal vector IN to the contact surface of one body. Then, gr is the tangential component
of the incremental relative displacement between two points in contact during the considered period
of time (the integrator time step). It is important to remark that it is mandatory to impose the
Coulomb friction constraint at the position level in the framework of our integrator. In order to
understand this, we recall that the time integration scheme is characterized by three decoupled
sub-problems, and that the correction at position level is blind to any correction done at velocity
level for the same time step because both terms are independent from each other. The need to

impose friction at position level in sliding was demonstrated in one example by Galvez et al [32].

The restrictions of contact, stick or slip are described by the inequality constraints Eq.(A.16).
The first inequality in Eq. (A.16)-b indicates the non-penetration constraint; the second one is the
non-traction condition (only compression is allowed) and the third one is the complementarity

equation. This multivalued contact law can be also expressed using pseudo-potentials in the form
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of an inclusion,

—vN € OYp+(gN) (A.17)

where 1p+ (gn) is the zero-infinity indicator function of the real half line R™ and 9+ (g ) is the
sub-differential of g+ (g ). The second set of restrictions, Eq. (A.16)-c, represents the classical
Couloumb’s friction law. The two bodies are assumed in contact, with gy = 0 and vy > 0 (note
that if vy = 0, there is no friction and ||vp|| = 0). Two different conditions arise: stick or slip. In
the stick case, there is no relative displacement between the bodies (||gr|| = 0), while in the slip
case the bodies slide over each other (||gr| > 0). The first inequality states that the modulus of
the tangential relative displacement should be positive or zero; the second one establishes that the
maximum value of the tangential contact force is uvy, where p is the dry friction coefficient; the
third one is the complementarity equation, which states that ||gr|| and (||vr| — pvy) cannot be
simultaneously different from zero. Hence, when ||v7|| < pvy and ||gr| = O the contact status
is in stick, and when ||gr|| > 0, the body slips and the modulus of the tangential force is equal to
lvrl = pwn.

The equations of the frictional contact problem (A.16)-c are not complete, and need to be
supplemented by a slip rule. An associative slip rule is considered, in which the tangential
incremental displacement and the tangential contact force are assumed collinear, with the tangential

force opposed to motion:

gr |vrl = —llgr| vr (A.18)

In the same form as in unilateral contact, this multivalued friction law can also be expressed

using pseudo-potentials in the form of inclusions as follows,

—vr € 81/)*C(UN)(gT) when gy = 0 (A.19)

where 1) is the conjugate function of 1p¢ and 91 its sub-differential and C'(vv) is the cross-section

of the Coulomb’s cone with radius puvy defined as
Clvn) ={-vr|lvrl < pwn} (A.20)

The solution of the frictional contact problem at velocity level is computed as follows:
(W, A) = argmin [IT%"(W, A)]
gn 20, Ay >0, gyAn =0; (A.2D)
lgrl =0, Azl < pdx, gzl (|Ar] - pAx) =0

where ]OY ¢V = —gnANn — gr - Ar is the contact pseudo-potential at velocity level (which includes

friction effects); Ax and A are the normal and the tangential Lagrange multipliers at velocity
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level in the normal and tangential directions, respectively. The terms ¢y and g7 express the Newton

impact’s law in the normal and tangential directions, respectively, and are given by:

.&N = gNq,n+1VUn+1 + ENINgnUn (: 0)
(A.22)

9T = 9Tqn+1Vnt1 + €197,gn0n (= 0)
Here, ey and er are the coefficients of restitution in the normal and tangential directions, respectively.
Then, the note (= 0) on the right-hand-side of the former definitions, indicates that the corresponding
equation is zero when convergence is achieved.

The first inequality in Eq. (A.21)-b indicates that when impacting, gy = 0 and a velocity jump
is produced (Newton’s impact law in the normal direction); the second one is the non-traction
condition (only compression is allowed at impact) and the third one is the complementarity equation.

The second set of restrictions, Eq. (A.21)-c, gives the impact equations in the tangential direction.
The two bodies are assumed impacting, with gy = 0 and Ay > 0. Two different conditions arise:
stick or slip. In the stick case, a tangential impact between the bodies is produced (||gr| = 0),
with post-impact velocity grq n+1Vn+1 (pre-impact velocity is grq ,v,) given by the Newton
law while in the slip case the bodies slide over each other (||gr|| > 0). The first inequality states
that when impacting, ||gr|| = 0 and a velocity jump is produced (Newton’s impact law in the
tangential direction); the second one establishes that the maximum value of the tangential impulsion
is uAp, where i is the dry friction coefficient; the third one is the complementarity equation, which
states that ||gr|| and (|| Az|| — uAn) cannot be simultaneously different from zero. Hence, when
|Ar|| < pAn and ||gr|| = O the impact status is such that a velocity jump is produced, and when
lgr|l > 0, the body slips and the modulus of the tangential multiplier is || Ar| = uAy.

An associative slip rule is assumed, in which the tangential velocity jump and the tangential

contact impulse are considered collinear with the tangential impulse opposed to motion:
gr | Azl = =gzl Az (A23)

In a real sphere / plane contact, both bodies deform. When the sphere rotates in rolling motion,
a non-symmetric contact pressure distribution is produced. Therefore, the contact reaction Ay is
displaced by a distance p from the projection of the center of the sphere, see Fig. 1. The eccentricity
of the normal contact force produces an antagonist moment of maximum value || x| = pAx which
is at the origin of the rolling resistance. This effect is more evident in elastoplastic or viscoelastic
materials as for instance the rubber composites used in vehicle wheels. The equations of rolling
resistance can be expressed in terms of a dimensionless coefficient of rolling f, = p/R, where R

is the radius of the sphere. The phenomenon is analogous to the Coulomb friction.

The three-dimensional impulsive antagonist moment 7 acting over the sphere has two
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components X1 and Y2 along both tangential directions to the plane 7T and 75 at the contact
point P, respectively, it is x7 = x111 + x2T» (Fig. 1). It is always opposing motion with modulus
equal to || x| = pAn for non null velocity, while for zero angular velocity it can take any value
below pAp. This is represented by inequality constraints analogous to those of sliding friction
Eq.(A.16):

Jwrll 20 el < pAx Jlwrll(lxell — pAn) =0 (A24)

Ap is the normal impulse and wr = w111 4+ w75 is the tangential spatial angular velocity of the
sphere, with components wy and w9 along directions 7’1 and 75, respectively. The first condition in
Eq.(A.24) indicates that the tangential rotation velocity is positive or zero. The second inequality
establishes that the maximum value of the moment for which the sphere stays without rotational
speed ||wr|| = 0is | x7|| < pAn-. In the case that || x7| = pAn, the tangential rotation velocity
|lwr|| > 0 and the sphere is in rolling motion. The third equation is the complementarity equation.
Finally, in case of motion with ||wr| > 0 and |[x7|| > 0, an associative rule states that the

tangential angular velocity is opposed to the resistant moment X 7:

wr [|xrll = —llwrll xr (A.25)

Analogously to the rolling resistance, an impulsive spinning resistant moment x originated
by the friction between the plane and the sphere can be considered. Again, the equations can be
expressed as inequality constraints as in Eqs.(A.24) but taking into account that this moment is

aligned with the normal direction IV:
lwnl =0 [xn| <vAN Jwn](Ixn| —v4n) =0 (A.26)

where wy = w - IN is the normal component of the spatial angular velocity and y is a parameter
with dimensions of length, equivalent to p for the rolling friction, which controls the magnitude of
spinning resistance. Again, an associative rule is given which tells that the normal rotation velocity

is opposed to the impulsive spinning resistant moment:

wn |XN| = —|wn]| XN (A.27)

The saddle point problems stated by Eqs.(A.16, A.21) and by Eqgs.(A.24,A.26) have all the same
structure and can be solved by using the augmented Lagrangian formulation (Alart and Curnier [6],
Pietrzak and Curnier [54], Stupkiewicz et al [57]). The form of this Lagrangian allows the use of a
monolithic solution scheme based on a semi-smooth Newton like method to solve these problems

simultaneously for the Lagrange multipliers and for the displacements and rotations.

The augmented Lagrangian function for the frictional contact problem at position level in terms
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Figura A.2: Augmented Coulomb isotropic friction cone, and rolling and drilling resistance cones.

of g and v, Eq.(A.16), is given by

2

P 1 .
L (Gnt1, Vns1) = —kpgNnt1VN 1 + f(gN,nH) - gdls'[2 [{N,n+1;R+]
D

(A.28)

P 1 .
— kpGTn+1 - Vg1 + EPHQT,n-i—lHQ - ngStQ [ér,n41, Cey |
P

where {n = kpUN 41 — PpgnN,n+1 1s the augmented multiplier at position level for the normal
direction while {7 = kU1 541 — PpgT n+1 is the corresponding augmented multiplier at position
level for the tangential direction; p,, is a positive penalty parameter and £, is a scaling factor for
the Lagrange multiplier. The default values of p, and &, in numerical computations were given
in Sec. 2. As the solution does not depend on the value of these parameters, eventually, different
sets of these parameters can be used for the normal and for the tangential parts to improve the
convergence rate in some problems. The function dist(z, C) is the distance between a point z € R"
and the convex set C'. The cone Cg, is the convex set defined by the extension of the friction cone
C(kpvn + ppgn) = C(En) to the half-line R™(€y), i.e., the set of negative values of the normal
augmented multiplier {; = k,vn + ppgn, see Fig.A.2-a [32].

The formulation of the problem for sliding, rolling and drilling resistance at velocity level is given
by an augmented Lagrangian function split in three terms that correspond to the sliding, the rolling

and the drilling contributions:

LY (Vpt1, Ang1) = LE(Vn41, Apt1) + LR(WT 01, XTn+1) + LDH(WN 1, XNnt1)  (A29)

The sliding contribution to the augmented Lagrangian is given by

P

L (Vn1, Ang1) = —kogNms1 ANt + 5

o 1 .
(QN,nJrl)2 — gdlst2 [O'N,n+1, R*]
v
(A.30)

0 Do o 1 .
— kogr i1 - ATt + EU”gT,n-H”Z " 2y dist? [O'T,n+1, CUN]
v
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where oy = k, AN — pogn and o7 = ky AT — p, ﬁT are the augmented multipliers at velocity
level in the normal and tangential direction, respectively. Cy is a section of radius pon of the
augmented Coulomb friction cone expressed in terms of velocity variables. Then, p,, is a positive
penalty parameter and k, is the scaling factor for the Lagrange multiplier.

The rolling contribution to the augmented Lagrangian is given by

1
2p

LR (Wrnt1, XTn+1) = —kowrpni1 - XTne1 + %HWT,n+1H2 - dist” [nT,n—l-la CXTUN]

' (A.31)
which is expressed in terms of the tangential components of the spatial angular velocity w and
the impulsive antagonist moment x. Then, N7 41 = kyX7T,n+1 — PowWTn+1, 1S the augmented

multiplier. Then, C), .+ is the convex set defined by the extension 7y to the half-line R~ (o), see

Fig.A.2-b. Finally, the drilling contribution to the augmented Lagrangian is given by

1
2p

p .
LH(WNnt+1s XNn+1) = *kva,nHXN,nH+§U||UJN,n+1||2* dist?[NN.n+1, Coyon) (A32)
v

which is expressed in terms of the normal components of the spatial angular velocity w and
the impulsive antagonist moment Xx. where nn4+1 = kyXNn+1 — DovWNn+1 1S an augmented

multiplier. Then, C, is the convex set defined by the extension 7 to the half-line R~ (o),

INON

see Fig.A.2-c.

A.4. Internal force vectors

In order to simplify the analysis, the sliding, the rolling and the spinning resistance models are
studied independently as Fig. A.1 shows schematically. The local internal force vectors and Hessian
matrices, both at position and velocity levels, contribute to the generalized internal forces vectors
and global tangent matrices by a standard assembly procedure. In the frame on the non-smooth
generalized-o method, the contact elements contribute only to the position and velocity corrections,
i.e. they are absent from equations for the smooth motion. Thus, only the position and the velocity
subproblems will be analysed. In what follows, the subindex n or n + 1 will be omitted as much as
possible from the equations to simplify the notation.

Variation of the augmented Lagrangian for the sliding, rolling and spinning resistance

The generalized internal force vectors at position level for sliding resistance is obtained by

taking variations in £P of Eq.(A.28) giving

1 1 .
6L%(q,v) = —kpdvngn — Endgn — —0 [QdIStQ(fN,RJr)]
Pr (A33)

1 1 .
_ kpéyT ~gr — &1 - 097 — —0 |:2dlst2(§T, CgN):|
P
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The variation of the term (1/2)dist?>(¢x, RT) in Eq. (A.33) gives

B) BdistQ(fN, RT) (A.34)

_ J&nodn if &y <0

0 if {n2>0
which defines the contact status, e.g if &5 < 0 the gap condition is active and the bodies are
separated; on the contrary, if &5 > 0 the bodies are in contact. Then, the variation of the term

(1/2)dist?(€7; C¢,, ) associated to sliding friction contact problem yields

1 &r - 0&r if & < 0 Gap
5 [Jasi(eriCe,)| - 0 it ér] < pen Stick  (A39)
(Nerll = pén)mp - 6&r  if [|€r|l > pén  Slip

where the friction conditions are shown in Eq.(A.35) and 7, = £7/||€7|| is a unit vector that defines
the tangential direction of the contact force. Similarly, the variation of the augmented Lagrangian
for sliding, rolling and spinning resistance at velocity level ( Eqs.(A.30, A.31,A.32)) is,

o o 1 1 . o o
0L(v, A) = —kydANgN — oNOgN — —6 [2d15t2(0N>R+)] — ky0AT -gr — o1 - 0g7
Pu

1 1
) [2dist2(aT, Con )]

Du
(A.36)
1 1 ..
LR (wr, xT) = —kpwr - OXT — M1+ dwp — —0 [QdIStQ(UT, CXTUN):| (A.37)
v 1 1 s 2
LY (wWN, XN) = —kywNIXN — INOWN — ;5 idISt (M, Coyon) (A.38)

where the variation of terms (1/2)dist?(-, -) is computed as in Eqs.(A.34, A.35) using the augmented

multipliers o, 17 and x instead of &.

Internal force vectors for the sliding, rolling and spinning resistance

The internal force vectors for the different friction cases can then be readily identified as
those conjugated to the variation of configuration, i.e. §£P(®) = §®T FP(®) for the position
level and 6L%(®) = 6bT F(®) for the velocity level. Here, b is the generalized coordinates
vector which includes the Lagrange multipliers and the dot indicates time differentiation. Then,
by taking variations of the sliding resistance Lagrangian at position level, see Eq.(A.33), with

& = [qT vy vE]T, the internal force vector at position level for the different contact status yields,
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0
k2
p—gyN Env <0 Gap
kp
[T

—INGEN — HENGTTp

SLE (D) = 6D FE(D) — FL(P) = A.39
5(P) = 08 F5(P) = F(P) = —kpgn ler > pen Stip (A39)

k

5 (kpur + pény)

)
_g%qu - g%q&T
—RpgN l€7|| < €N Stick

—RpdT

\
The linearization of the internal force vector at position level from Eq.(A.39) gives the contact
Hessian matrix for the different conditions, see Appendix A2. The internal force vectors and Hessian
matrices at velocity level are computed by the same procedure as before, but taking into account
that the generalized coordinates vector at velocity level is given by b = Wl Ay A% XN X%]T
which includes the Lagrange multipliers for the sliding, rolling and spinning motion. From the
variation of the Lagrangian 0L (515), given in Eq.(A.36), the sliding resistance contribution to the

internal force vector for the different contact status is

—ﬁAT on <0 Gap

( —GNqON — HONGTyTo
_kv.&N

FY(®) = bu (—kyAp + poy,) lor|| > pon  Slip (A.40)

0

0

\

—gfquN - g%qO'T
_kvéN
—kygr lor| < pon  Stick

where 7, = or/||or|| is a unit vector that defines the tangential direction of the contact force
at velocity level. The Hessian matrices are obtained by a linearization of the internal contact force
vectors of Eq.(A.40),see Appedix B. The internal force vector for the rolling resistance with the
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different status is obtained from the Lagrangian variation presented in Eq.(A.37) giving

0
0
0
0
K2
T XT
_w%an
0
F3(®) = 0
0
—kywp
_pUNw%qTTW
0
0
0
{ % [—koxT + ponTTW] )

on <0

Tl < pon (A.41)

Inrll > pon

where Tr = mr/||nr|. The Hessian matrix is given by the linearization of Eq.(A.41), see
Appendix A2. Finally, the internal force vector at velocity level for spinning resistance for the

different status is calculated from Eq.(A.38) yielding,

( 4 )
0
0
0
k3
T XN
0
( 3
w%qu
0
F}(P) = 0
—kywn
0
J
T
—YONWygSEN(1N)
0
0
f,f [—koxn + yonsgn(nn)]
0

ony <0

[nn |l < yon (A.42)

]l = yon

and the Hessian matrix is obtained by linearization of Eq.(A.42), see Appendix A2. These internal

force vectors and Hessian matrices have been developed in a completely general form, allowing

to include the kinematics of any element by properly defining the gap distance vector and the

gradients in both the normal and tangential directions. Next section particularizes to the case of the
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sphere-plane frictional contact element.

A.5. Sphere-plane frictional contact model

Figura A.3: General configuration for the three-dimensional sphere-plane contact model.

The sphere-plane contact element represents motion of a rigid ball over a fixed planar surface
as shown in Fig. A.3. The surface is considered planar and fixed for conciseness; however, the
formulation could be easily extended to eliminate these restrictions. The total motion is referred to
an inertial frame defined by a set of orthonormal basis vectors X, X9 and X3. The sphere-plane
contact element is formed by a sphere described by a node A located at the ball centre and a planar
surface defined by a reference node P, a unit vector IN normal to the plane and two tangential
unit vectors 17 and 15 orthogonal to IN. The coordinates of the reference node P are given by the
position vector X p while the coordinates of node A at the current and previous time step are given
by vectors & 4,41 and x 4 ,,, respectively. The description of motion of the sphere is completed by
giving the rotation vector at node A from time step n to time step n + 1, which is represented by

the incremental rotation vector ¥4 iner € R3 as follows

eXp(iA,incr) = RE,nRA,nH

where the exponential map exp(!l:/) is used. Here, W4 jner = Vect('f/A’incr) is the so-called Cartesian
rotation vector which has the direction of the rotation axis and a length equal to the amplitude of the
incremental rotation [33]. The operator a : R?* — R3 ® R? returns a 3 x 3 skew-symmetric matrix
such that @ x b = ab V a,b € R3. We recall that in the scope of Sec. A.2, the “tilde” operator
is used to denote the smooth contribution, and should not be confused with the notation for skew

operator to be used later in the paper. The gap between the contact surfaces is represented by vector
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g, which is decomposed into the normal and the tangential directions /N, T} and T5:

. T
Int1 = Nt 1 N+grin1 Ti+gr2 01 To with gy € R and  grn41 = (971041 gront1] € R?
(A43)
By taking into account that the sphere has radius r, the normal gap g at the current configuration is

calculated as the normal projection of the distance between the nodes A and P minus r as follows,

gNn+1 = N - (wA,nJrl - XP) - (A.44)

The normal gap gn represents the shortest distance from the boundary surface of the sphere to the
plane at the current configuration. As usual in contact mechanics, if this measure is greater than
zero it implies that the sphere is separated from the plane and when g = 0 it expresses that the
sphere is in contact. On the other hand, for a given time interval (%, ¢,1] when the bodies are in
contact, i.e gy = 0, the kinematic constraint which imposes that the sphere can be in pure rolling
or in sliding movement is computed using the incremental tangential vector gr defined as

T (Wainer X N)r =T - (a1 — Tan)

A.45
Ty (Wainer X N)r — T - (Tani1 — Tan) (A.45)

grn+1 =

where the term Ty, - (£ 4,n+1 — TA,,) gives the component of displacement of the node A in the
direction T, with & = 1, 2. The term T}, - (¥4 ,4+1 x IN) r, represents the arc-length increment
of the sphere boundary during rotation. Therefore, two scenarios can be defined: i) if gr = O the
sphere is in a pure rolling motion because the displacement of the contact point over the plane
is equal to the arc-length of motion on the sphere, see Fig. A.3; and ii) if gr # 0 the sphere
is in sliding motion. Finally, the generalized gap vector which includes the normal gap and the

incremental tangential gap is defined as follows,

INn+1 N - (xape1 —Xp)—7
Int1 = |9T1m+1| = | To - Pajna” — T1- (Tant1 — Tan) (A.46)
972,041 T - Pajine” — T2 (Tant1 — Tan)

where properties of the scalar triple product for orthonormal vectors were used.

In order to calculate the internal force vectors and the Hessian matrices presented in Sec. A.4,

the constraints gradient matrix is required. The variation of the normal gap gy (A.44) is given by

0gN = gNgOq (A.47)

where §q = [0z §@%]7 is the virtual variation of the position coordinates vector, with §z 4 the

variation of the position of node A and §@ 4 the variation of the material rotation at node A, both
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at the current configuration. Matrix gn4 is the gradient matrix for the normal gap:
INg = [N r OT} (A.48)

Similarly, by taking the virtual variation of the incremental tangential displacements g7 given in

Eq.(A.45), the following equation is obtained,
0gr = grgdq (A.49)

where grq is the gradient matrix for the tangential gap which yields

~TT  TIT Y(W4jne)r

_ B A.50
grgqn+1 szT —TITT 1(WA,incr)T ( :

where the so-called tangent operator T*I(JIAJncr), which relates the variation of the material
rotation 0@ 4 to the variation of the incremental rotational vector, was used. This relation can be

written W4 = T_l(IlAdncr)é@A, see [33] for a full expression of T_I(IIAJW).

Concerning the Hessian matrix computation at position level, the linearisation of the internal
force vectors are required. We do not give here these expressions for conciseness of presentation.
Note that usually, the factor T-! (P 4 incr) in Eq.(A.50) can be considered constant and therefore,
the gradient matrices for the normal and tangential direction could be also assumed constant, thus
Agrq = Agng ~ 0. Then, the computational implementation of the Hessian matrix is notably

simplified.

The internal force vectors at velocity level are computed following a similar procedure as above.

However, now we require the evaluation of the Newton impact’s law which for this element is

written:
[éNn+l -‘ [ N - ('UA,nJrl + 6N'UA,n) -l
IT10i1 (Ty - wapt17 —T1-vansr) Fer(Tr-wanr—Ti-vay) (A.51)
[9T2n+1J (=T - wapp1r =T -van1) +er(=T1-wanr —Thr-vay)

The formulation in our code uses material angular velocities {2 as independent variables,
therefore we express wa = R824, and we get dwa = Ra6824 [33]. Then, the normal and
tangential components of the variation of spatial angular velocity result dwxy 4 = IN - R824 and
dwra,a = T - Rp0824 with a = 1,2, respectively. These variations expressed in terms of the

velocity coordinate vector dv = [0&] 6027417 yield

SWN,A = WNgdV Swr,4 = wrgv (A.52)
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where the gradient matrices for the normal and tangential components of the angular velocity are

0" T'R
wng = [0 NT Ry wrq = [(’T o Rj] (A.53)

Finally, to compute the Hessian matrices at velocity level, the linearisation of the Newton impact’s
law of Eq.(A.51) is required, thus

A‘&N — éNqA'U AéT — éTqA'U (A.54)

where Av = [Aa':g AQE]T and the gradient matrices gy4 and f]Tq are the same as those given in
Eq.(A.48,A.49). Lastly, the variation of the unit vectors in the tangential direction for the sliding, the

rolling and the spinning resistance, they are 7, = £7/||&r|, 7» = or/||or| and 7rw = nr/||n7|,

are give by
A
ATy =T -1, ® Tp)—gT
[l
A
Ary=(I -1y @ 1)L (A.55)
lor|
A
Arrw = (I = 7w ® Trw)
0zl
The linearization of the augmented multipliers are
AEN = kpAvn — ppgngAa A& = kpAvp — ppgreAq
AO’N = kvA/lN — pvﬁNqA’U AO’T = kvAAT — pvéTqA’U (A56)

Any = kyAxn — vaNqu Anr = kyAxr — pvaqA'U

with Aq = [Az’, A©@"]T. Thus, the Hessian matrices at position and velocity level for the sliding,

rolling and spinning can been addressed.

A.6. Numerical examples

Six numerical examples are presented to show the accuracy and robustness of the proposed
methodology. The contact element developed in this work has been implemented in the finite
element research code Oofelie [15]. The convergence criterion used for the numerical examples is

given by

7)) < toly { Y [lrpll + toly (A.57)
k

where tol, is a given relative tolerance, ’"2 is the k th term contributing to the residual r%, i = s, p, v,

tol is a reference value of tolerance, and || - || is the L? norm. In the convergence rate studies, the
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L! norm was used with an error measure defined as

N ol = f(t)]
S ol ()]

where N is the number of time steps, f; is the numerical solution given by the nonsmooth

Error(h) = 2 (A.58)

generalized-a method (NSGA) and f(¢;) is the reference solution. The analytical solution is
taken as reference solution when available; otherwise, the numerical solution corresponding to a

very small time step is taken as a reference.

Sphere on a horizontal rigid plane

The first validation example allows us to compare the numerical solution against the analytical
results for the movement of a sphere on a rigid plane, see Fig. A.4. Here, the sliding, the rolling
and the spinning resistance are studied separately in order to compare the robustness and the
performance of the proposed algorithm for each friction model. A sphere of radius » = 0.5 m, mass
M = 1309 kg and inertia moment / = 131 kgm? is initially located at z = 0.1 m, z = O mon a
horizontal plane. The gravity acceleration is g = 9.8 m/s? and the normal and tangential restitution
coefficients are 0. The Lagrange multipliers scaling factors k, and &, and the penalty parameters
pp and p,, were selected equal to 1 for all the examples presented in this section. The values of
tolerances for checking the convergence of the Newton solver are equal to 10~°, the simulation

time interval was 1 s and a spectral radius of p, = 0.8 was selected.
Y‘
L

Figura A.4: General configuration for the three-dimensional sphere-plane contact model.

Sliding resistance

An initial horizontal speed vo = (1.5;0.0; 1.5) m/s is applied, with zero initial angular velocity.
This initial condition was selected to evaluate the capability of the element to capture pure rolling
and sliding motion. The friction coefficient is ;+ = 0.25, and the rolling and spinning coefficients
p and ~ are both equal to zero. The analytic solution is that the sphere slides until time ¢ =
2v0/(7pg) = 0.24738 s and then, it moves with pure rolling and constant angular velocity equal
to wrol = Hvp/(7r) = 3.03 rad/s. The sphere continues moving with constant speed because the

friction rolling coefficient is zero. Figure A.5-a shows good agreement between the numerical and



A.6. NUMERICAL EXAMPLES 109

the analytical solutions, where the moduli of the displacement ||u||, of the linear velocity ||v||, of
the angular rotation ||@|| and of the angular velocity ||w|| at the center of mass of the sphere are

compared. The maximum number of iterations per time-step was 1, 2 and 2 for the smooth, position
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(a) Numerical solution with a time step of 1 Time-step size

times10~2s vs. analytical results. A module of
displacements and velocities at the center of mass are plotted. (b) Convergence rate curves at position and velocity level

Figura A.5: Numerical solutions for the sliding resistance example.

and velocity sub-problems, respectively. The mean number of iterations was 1 per time-step for
each sub-problem. Fig. A.5-b shows the convergence rate in terms of the time step size, showing a
linear convergence rate as expected, due to the ball being in contact/impact during the period of

simulation.
Rolling resistance

In this case, only an initial angular velocity w, = 0.4 rad/s is applied to the sphere in the X
direction. The friction and spinning coefficients are zero while the rolling friction coefficient is
p = 0.01 m. Fig. A.6 shows the sphere rotates and decreases the angular velocity until full stop

as a consequence of the antagonist moment produced by the friction rolling coefficient p. The
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(a) Numerical solution with a time step of 1 X 102 g vs.
analytical results. (b) Convergence rate curves at position and velocity level.

Figura A.6: Numerical solutions for the rolling resistance example.

analytical solution predicts that the sphere reaches full stop at time tgop = (wol)/(pmg) = 0.408 s
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with a maximum angular rotation 0, max = wotswop — (Mmgp)/ (21 )tfmp

= 0.0816 rad. Figure A.6-a
shows that the numerical solution coincides with the analytical results with excellent agreement.
The maximum number of iterations per time-step was 1, 1 and 3 for the smooth, position and
velocity sub-problems, respectively. The mean number of iterations was 1 per time-step for each
sub-problem. Fig. A.6-b shows the convergence rate in terms of the time step size, showing a
linear convergence rate as expected, due to the ball being in contact/impact during the period of

simulation.

Spinning resistance

This case is similar to the previous one, with the sphere in contact with the plane during motion.
For the initial condition only an angular velocity w, = 1 rad/s in the direction Y is imposed. The
spinning coefficient is v = 0.0167 and i = p = 0. The analytical solution predicts that the sphere
reaches full stop at time tgop = (wol)/(ymg) = 0.61149 s with a maximum angular rotation
Oy, max = Wolstop — (Mgy)/(21 )tgmp = 0.3055 rad. Fig. A.7-a shows that the numerical solution

coincides with the analytical results with excellent agreement. The maximum number of iterations

10° g
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(a) Numerical solution with a time step of 1 x 102 s vs.

analytical results. (b) Convergence rate curves at position and velocity level.

Figura A.7: Numerical solutions for the spinning resistance example.

per time-step was 1, 1 and 2 for the smooth, position and velocity sub-problems, respectively.
The mean number iterations was 1 per time-step for each sub-problem. Fig. A.7-b shows the
convergence rate in terms of the time step size, showing a linear convergence rate as expected, due

to the ball being in contact/impact during the period of simulation.

Sphere rolling and sliding on a plane

The second example is taken from the recent work presented by Acary and Bourrier [2].
It corresponds to a sphere rolling on a planar horizontal surface, where the rolling and the

sliding friction are acting simultaneously. The geometry and the inertia are the same as in the
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example before. Following the proposal of Acary and Bourrier, the sphere is subjected to a gravity
acceleration of g = 9.8 m/s?, an initial tangential velocity in the X direction v, = 2.5 m/s and a
rolling coefficient p = 0.04 m. Three different cases were studied by varying the friction coefficient
w1 and the initial angular velocity as shown in Table A.1. The tolerance for convergence of the

Newton solver was set equal to 10~ and the spectral ratio of the integrator was po, = 0.8.

] Case \ w,, [rad/s] \ I \

I 5 0.2
11 2.5 0.2
I 5 0.05

Tabla A.1: Initial angular velocity and friction coefficient for each case.

7 e~ u,[m| —-v,[m/s| W-w,rad/s A, — Rum/s] || 7 o u,[m| —-v,[m/s| W-w frad/s A, — Rum/s] || 7 [co u.|m] - v,[m/s| =-w_[rad/s| v, — Rw.m/s

503 38 5 5 55 0051 15225 3 35445 5 55 6 0 05 1 15 2 25 3 35 4 45 5 55
Time [s] Time [s] Time [s]

(a) Case L. (b) Case II. (¢) Case TII.

Figura A.8: Numerical solutions for the sphere rolling and sliding on a plane.

In case I, Fig. A.8-a shows that the angular velocity w, and the linear velocity v, decrease until
stop because of the rolling resistance. A pure rolling condition is observed all along the computation
(i.e. the contact point velocity v, — Rw, = 0). At a given time the sphere stops completely and for
this reason, the displacement remains with a constant value and the velocities become zero. This
case is different to the previous validation example where the sphere kept the movement with a
constant angular velocity due to the absence of the rolling resistance. In case II, the initial angular
velocity is smaller than in case I, as Table A.1 shows. Therefore, at the beginning the sphere is
in sliding reaching a maximum angular velocity at 0.256 s, see Fig. A.8-b. The sliding behaviour
can be confirmed with the curve v, — Rw, which is greater than zero until time 0.256 s. After
that, the velocities v, and w, decrease with a pure rolling movement, with contact point velocity
vy — Rw, = 0 until it stops completely as a consequence of the rolling resistance. In the last test,
case III, depicted in Fig. A.8-c, the tangential velocity v, vanishes as a result of the reduction of
the friction coefficient ;1 compared with the rest of the cases. The results we obtained with the

proposed algorithm in these three sub-cases show good agreement with those of reference [2].
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Mechanism example

This example consists of a planar roller-crank mechanical system as shown in Fig. A.9. This
mechanism was originally proposed by Marques et al [49] to study the influence of the friction
forces when different kinds of friction models are selected.

The mechanism consists of four bodies: the crank, the connecting-rod and the roller, which are
linked by three perfect revolute joints, and a planar surface at the ground in contact with the roller.
The initial configuration is shown in Fig. A.9. The acceleration of gravity g = 9.8 m/s? is applied
in the Y negative direction.

In the work of Marques et al [49] only rigid bodies are considered. Here, two different cases
are analysed: in the first one all bodies are rigid to validate the proposal, and in the second case
we incorporate flexibility in the connecting-rod by using eight beam elements [45]. The numerical
solutions of these two cases are compared to study the influence of the flexibility in the dynamics
of the system. The crank rotates around the Z axis with an initial angular velocity of w,. = 4 rad/s
while the roller has an initial counter-clockwise angular velocity imposed of w, = 8 rad/s. During
the rest of the simulation, both the crank and the roller are left free. The dynamic behaviour is
studied by analysing the plots of the evolution of the angular acceleration vy at the centre of the

roller.

Roller

Connecting-Rod

Ground

Figura A.9: Slider-crank mechanism configuration.

Rigid roller-crank mechanism

In the first case, the mechanism is composed by only rigid elements as mentioned before. The
lengths, masses and inertia properties of each body are shown in Table A.2 according to reference
[49].

The sphere-plane contact element presented in Sec. A.5 is used to model the contact between
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Body Length/Radius [m] ‘ Mass [kg] ‘ Rotational inertia [kng] ‘

Crank 0.1 0.12 0.002
Connecting rod 0.30 0.3 0.002

Roller 0.05 0.1 0.001

Tabla A.2: Dimensions, mass and inertia properties of the bodies.

the roller and the ground. The friction coefficient between the roller and the ground is ¢+ = 0.1 and
the rolling and spinning coefficients are equal to zero. The restitution coefficients were set to zero.

The time integration scheme parameters were set as follows: a constant time-step of 1072 s,
a spectral ratio at infinity p,, = 0, a total time of 2 s and tolerances for the Newton convergence
equal to 1075,

Figure A.10 shows the evolution of the acceleration of the roller which is in agreement with the
[49]. The maximum number of iterations per time-step was 1, 3 and 2 for the smooth, position and
velocity sub-problems, respectively. The mean number of iterations was of 1, 2 and 1 per time step.

Note that even though our model is a discontinuous Coulomb friction model, our formulation is
able to get results without spurious oscillations, while in the case of the formulation of ref [49],
they used a regularization of the friction model to avoid these oscillations.

Marques et al [49], used a discontinuous Coulomb model, their numerical solutions show
spurious oscillations between O and 0.2 s as a consequence of a discontinuity at zero relative
tangential velocity, see the detail of Fig. A.10-a. To avoid this numerical instability, the authors
presented several alternative formulations, where the original Coulomb friction law is replaced by
a regularized one in the neighborhood of zero velocity. Instead, with the formulation presented
in this work, numerical solutions without instabilities close to zero velocity are obtained without
modifying the friction Coulomb law. This can be seen in Fig. 10-b, where our solution is compared
with the solution of the regularized approach taken from the work of Marques et al [49]. A good

agreement between both curves is obtained.

; T T T T T T
‘+ Reference. 7ygiq. =4 Present Work. 7yigia ‘

-@- Reference. =4 Present Work.

| Angular Acceleration [rad/s?]

| Angular Acceleration [rad/s?]

0 02 04 06 08 1 12 1.4 1.6 1.8

2 ,
Time [5] 0 02 04 06 08 1 12 14 16 18 2
Time [s]
(a) Comparison with the discontinuous Coulomb friction
model. (b) Comparison with the regularized Coulomb friction model.

Figura A.10: Angular acceleration for the rigid bodies case. Comparison with solutions of Marques et al, see [49].
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Flexible/rigid mechanism vs rigid mechanism

The roller-crank mechanism modelled in this section considers the flexibility of the connecting-rod.
The objective is to demonstrate the capability of the present methodology to simulate mechanical
systems considering both flexible and rigid bodies. The lengths of the crank, the connecting-rod
and of the roller are the same as those presented in Table A.2 as well as the mass and the mass
inertia values of the crank. The initial configuration, the restitution coefficients, the simulation time
and the friction coefficient i also coincide with those used in Sec. A.6. Now, besides flexibility, a
rolling coefficient was incorporated with a value p = 0.01 m at the roller/plane joint. The integrator
parameters also coincide with those used in Sec. A.6. The cross-sectional area and the cross-inertia
moment of the connecting-rod are 1.1323 x 10~% m? and 1.0685 x 10~ m*, respectively. The
material is assumed to be elastic with a Young’s modulus of 4.14 x 10° Pa, material density of
7850 kg/m? and Poisson coefficient of 0.3. With these geometrical and mechanical characteristics,
the mass inertia of the rod is approximately equal to that of the rigid case, while the mass is slightly
less than in the rigid case (0.2667 kg vs 0.3 kg).

Figure A.11 shows the difference between the computed angular accelerations of the roller in
the rigid and in the flexible case. Note that the flexible response is more oscillatory and that there
is a delay in the response as a consequence of the deformation of the connecting-rod and of the

rolling and friction coefficients.

T T T T T T
-7 Rigid Flexible. —#-, Rigid-Rigid |
20} :
&)
=
£ 10}
8
2
8
g 0
<t
< —10
,2 | |
% 6 18 2

Time [s]

Figura A.11: Angular acceleration of the roller. Flexible vs. rigid case.

Then, Fig. A.12 shows the effect of flexibility on the deformation of the connecting-rod. The
difference of the angular displacement between both ends of the connecting-rod is plotted showing a
decreasing deformation in time because of the reduction of the velocity of the system by the friction
effects. Figure A.13 shows that the roller rebounds in two motion instants. As a consequence of

these rebounds, the roller is in free flight movement and therefore the angular acceleration is zero
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during this period of time, see the detail of Fig. A.11.

T T T T T
\+ With Roll.Fric. —&- Without Roll.Fric.

2-1073 1

Deformation [m]

Q. —3 | | | | | | | | |
8-10 0 02 04 06 08 1 12 14 16 18 2

Time [s]

Figura A.12: Angular deformation of the connecting-rod.

1077

Vertical Displacement [m)]
w

0 02 04 06 08 1 12 14 16 18 2
Time [

0

Figura A.13: Vertical displacement of the roller for the flexible case.

Finally, for the rigid case the maximum number of iterations was 1,3,3 and a mean of 1,2,2
and for the flexible case the maximum number of iterations was 2,3,1 and a mean of 2,2,1, were

reported.

Impact between a ball and a rigid wall

The configuration of this problem is similar to the example presented in Sec.(A.6), with the
difference that there is a rigid wall parallel to the plane Z — Y at position X = 1 m, where the
sphere impacts. A friction coefficient © = 0.2, a rolling coefficient p = 0.04 m and a spinning
coefficient of v = 0.0167 m were selected for the contact between the ball and the horizontal

plane. The gravity acceleration, initial conditions, inertia and geometrical properties of the sphere
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remain the same as in the first example. The following parameters were used for the time integration
scheme: a constant time-step of 1073 s, a spectral ratio at infinity po, = 0.8, a total time of 3 s and
tolerances for the Newton convergence equal to 10~°. The normal and the tangential restitution
coefficients between the sphere and the horizontal plane are ey = 0 and e = 0, respectively,
while the restitution coefficients between the sphere and the vertical plane are ey = 1 and e = 1.

Figure A.14-a shows the linear velocity in the X direction. The velocity is 1.5 m/s at the
beginning of motion, according to the initial velocity imposed and then, it decreases as the
transference of energy from translation to rotation because of rolling until the sphere impacts
with the vertical wall at time 0.411 s. Thus, a velocity jump occurs and after that the sphere enters
in rolling and sliding motion. Then, at time 0.685 s the sliding velocity v, + Rw, becomes equal to
zero and the sphere enters in pure rolling motion. Finally, the sphere stops moving at time 2.266 s

because of the rolling resistance.

[N}

(oot o/ &/ ]| 1.6) v~ Replm/] Avelm/d ||
1.56 8 s
1k
0.5
0 3
—0.5
71 L
—1.5
2 05 1 15 2 25 3 0 05 1 15 2 25 3
Time 3] Time [s]
(a) Linear velocity at X direction and vy + Rwg. (b) Linear velocity at Z direction and v; — Rw.

Figura A.14: Linear velocity and rolling behaviour curves.

The velocity curve in the Z direction, Fig. A.14-b, has a different behaviour from the component
vy as expected. In this case, there is no jump neither change of sign of velocity, because the vertical
plane is parallel to this direction of motion. This component of velocity is continuously decreasing
until the sphere fully stops. The time evolution of this component shows that at the beginning of the
simulation the sphere is in sliding and rolling motion until reaching a pure rolling movement at
time 0.685 s, when the component of sliding velocity v, — Rw, becomes equal to zero. The angular
velocities for the X and Z directions are plotted in Fig. A.15. Figure A.15-b shows a change of the
direction of the angular velocity as a consequence of the impact.

Note that between times 0.411 s and 0.685 s there is an abrupt change of behaviour of the
linear and the angular velocities, induced by the impact process which induces a spinning motion
of the ball, see Fig.A.16. This is a consequence of the restitution and friction coefficients, which
are different from zero. Spinning decreases rapidly to zero because of the spinning friction. The

maximum number of iterations to solve this example was 1, 7 and 7, with a mean of 1, 1 and 3 for
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Figura A.15: Angular velocity in the X and Z directions.
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Figura A.16: Spinning velocity of the sphere.

the smooth, position and velocity sub-problems, respectively.
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A new frictional contact element to model the non-smooth dynamics of three-dimensional

spherical rigid bodies in contact with a planar surface was presented. Sliding, rolling and spinning

friction forces are included in the formulation by the Coulomb friction law.

The complementary problem is solved at each time step using a monolithic Newton semi-smooth

method by an augmented Lagrangian method in a fully implicit approach with fast convergence.

The element was implemented in the framework of the new version of the decoupled non-smooth

generalized-a time integration scheme [21]. This solver allows to integrate the flexible components

with second order accuracy and controlled dissipation, something that is not possible with the

first order integrators, e.g. Moreau-Jean method which is usually chosen for solving these kind

of models. Furthermore, the proposed formulation guarantees the exact satisfaction of the contact
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constraints at position and at velocity levels, which means that no penetration is observed. The
penalty parameters in the tangential and normal directions of the augmented Lagrangian formulation
do not affect the final solution, however their values mostly affect the convergence rate.

The equations for the analytical computation of internal force vectors and tangent matrices of
the frictional contact algorithm of the contact element presented have been provided.

Several examples of applications have been shown. The results of the examples were compared
to analytical solutions or numerical solutions obtained by other authors. In all cases the solutions
showed good agreement with the references and a fast convergence rate.

An extension of this work consits in to modify the drilling friction law to take into account the

Coulomb -Contesou effects [44, 12].
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Algorithm 1 Modified Nonsmooth GGL generalized-« time integration scheme

e
0 N N L B W N~ O

AW W W W W W W W W W NN RN NN NN NN~
S RXFDNE RN Q0O X FDNRERDD P20

41:
42:

R A A o e

Inputs: initial values qg and vy;
Compute consistent value of 50
ap ‘= ’i}NO
for n=_0to Tfinal — 1do
Upt1 =0, A%—i—l =0,vp41:=0
Apy1 =0, Wy :=0,U;41 :=0
any1 = 1/(1 — o) (fvp — apmay)
Untl i= Uny1 = Uy + (1 —7)an + hyan41
Gni1:= qn + hv, +h%(1/2 — B)a, + h?Ba,;1
Step 1 (smooth motion):
for i = 1 t0 4yy,4, do
Compute residual r°
if ||7®|| < tol then break end if
Compute the iteration matrix S}
Az® = —(S7)"trs
7?n+1 = 1?71+1 + Av
St = B + (1— am) /(1 — ap)yh) Ad
Gn+1 = Gn+1 + hB/yAv
Any1i= )‘Zﬂ +AX
end for
Step 2 (projection on position constraints):
for i = 1 to 9,4, do
Compute residual rP
if ||r?|| < tol then break end if
Compute S}
AzP = —(SP) 1P
Upni1:=Upy1 + AU
Gn+1 = qny1 + AU
Vnyl = Vpy1 + Av
end for
Step 3 (projection on velocity constraints):
for i = 1 t0 7),42 doO
Compute residual r?
if ||7"|| < tol then break end if
Compute SY
Az? = —(8p) LY
Wit1 = Wy + AW
Untl = Uny1 + Wi
An+1 = An+1 + AA
end for '
Ani1 = apy1 + (1 — O‘f)/(l — Q) Un+1
end for
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Appendix A2

Hessian matrix for sliding resistance at position level for the different contact conditions,

( (
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Hessian matrix for sliding resistance at velocity level for the different contact conditions,
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Hessian matrix for rolling resistance at velocity level for the different contact conditions,

(
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Hessian matrix for spinning resistance at velocity level for the different contact conditions,
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Abstract

This work studies the impact between spherical rigid bodies in the frame of nonsmooth contact
dynamics considering friction effects. A new impact element formulation based on the classical
instantaneous local Newton impact law is presented. The kinematics properties of the spheres are
described by a rigid body formulation with translational and rotational degrees of freedom referred
to an inertial frame. In addition, an extension of the nonsmooth generalized-a time integration
scheme applied to collisions with multiple impacts including Coulomb’s friction law is given. Six
numerical examples are presented to evaluate the robustness and the performance of the proposed

methodology.

B.1. Introduction

The simulation of impacts between spherical rigid bodies under friction is a challenging research
topic. Roughly speaking, in these problems, two scenarios can arise: (i) single impacts, when two

bodies are in contact at a single point and the impact occurs at this point, and (ii) multiple impacts
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when there are several bodies are in contact in various points and the impacts occur simultaneously

in some of them [52].

From a numerical perspective, the literature contains many works oriented to solving the impact
using a continuous contact force model based on Hertz’s law and a hysteresis damping force to
introduce energy dissipation during the contact process [66, 38, 42, 36, 28, 67]. A complete review
of several contact forces can be found in Rodrigues da Silva et al [56]. These models assume that
the impact time duration is very small but of finite duration. They have the disadvantage of requiring
a large amount of computational time due to the use of very small time steps to accurately capture
the behavior of the bodies. Moreover, penetration between the bodies is unavoidable in this kind of
approach. To overcome the limitations of these continuous contact models, some authors proposed
other schemes that can solve efficiently problems involving strong discontinuities. Jean Jacques
Moreau [49], proposed a general framework for nonsmooth modeling of rigid body dynamics.
Other authors as Pfeiffer and Glocker, discussed impacts and friction in multi—body systems [26]
and a wide overview of non—smooth dynamics is presented by Brogliato in [8]. Nonsmooth time
integration based on event-driven schemes can be found in the following references [60, 1, 2, 58].
Then, Briils and colaborators proposed a nonsmooth generalized-« time integrator scheme which
overcomes many problems of the Moreau-type time-stepping schemes, see [18, 12, 13]. More
recently, Capobianco et al [15] proposed a nonsmooth generalized-oe method for the simulation of
mechanical systems with frictional contact where unlike to the previous references, the constraints
are satisfied on acceleration level. Tasora and Anitescu [61] and Huang et al [37] address the
problem of impact of spherical rigid bodies by modelling rolling friction with a second-order
cone complementarity problem. In this research direction, Acary and Bourrier [3] presented a
formulation of contact between spheres and between a sphere and a plane, considering the Coulomb
friction’s law with rolling resistance as a cone complementary problem based on the work of De
Saxcé and Feng [24, 25]. Recently, Sanchez et al [57] analyzed the general motion of a sphere
in contact with a rigid planar surface with rolling, sliding and spinning friction in the context of

nonsmooth contact dynamics.

In the case of multiple impacts, a wide variety of contact models has been proposed by extending
single-impact formulations. The approach of Darboux-Keller [23] includes contact compliance
by introducing a distributing rule, and it considers plastic deformation through the bi-stiffness
contact model along with energetic coefficients of restitution. Later, Liu and Brogliato extended this
methodology to study multi-impact collisions related in granular chain problems [46, 47]. Another
alternative is by using the classical Poisson impact law [55, 33] or the Hurmuzlu’s ICR Law which

was applied to solve various types of systems like chains of aligned balls [32] and the rocking
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problem [22], among others. Other approaches are based on spring-dashpot models [17, 38, 41,
63]. Again, the main drawback of this methodology is the large computation time required for the

simulation because of the adoption of very small time steps.

When impact time duration is considered instantaneous, the impact process is modeled by
a function, which can be explicitly or implicitly defined, relating the post- and the pre-impact
velocities. The Newton model belongs to this group; unlike the Poisson model, the coefficient of
restitution relates the pre- and post- impact velocities [51]. Moreau formulated the impact by a
differential inclusion; thus, it can be adapted in a relatively easy way to perform computational
numerical simulations in nonsmooth dynamics [49]. However, in case of multiple impacts, the
admissible solutions are restricted to few cases and they may be far from the experimental
observations [14]. Other alternatives can be found in [29, 8, 39] where the strength and weakness

of each model is discussed in [52].

Recently, Cosimo et al [21] presented a general methodology to simulate multiple impact
collisions assuming instantaneous impacts times and considering simultaneity of impacts and
propagation effects without compliance of the system in the framework of the nonsmooth generalized-«
time integrator scheme. The method is a time stepping scheme which does not require any
synchronisation of the time steps with the impacts events and can deal with a large number
of impacts. Additional complications arise when impact problems involve friction effects, because
another non-linearity has to be included in the formulation to consider the friction effects. Several
references can be found in the literature about the treatment of Coulomb’s friction in the frame of
Moreau’s law [48, 50, 59]. The LBZ model with friction is given in [64, 65, 11], meanwhile friction
models with Newton and Poisson laws can be found in [10, 27, 45, 34] and [35, 43, 54, 53, 26],

respectively.

In this work, a new formulation for frictional contact and impact between two rigid spherical
bodies is presented. The motion of each body is directly referred to an inertial frame for the
kinematic description with large rotations and displacements, as proposed by Géradin and Cardona
[31]. The time integration scheme for the equations of motion corresponds to the version of the
nonsmooth generalised-« integrator presented in [20]. Because of the rigid body assumption,
deformations and stresses at the contact zone are neglected. Then, the change in velocity is
instantaneous and determined by the restitution coefficient, which depends on the contact surface
characteristics of the contacting bodies. This coefficient is obtained experimentally and classified in
tables. Then, the Coulomb’s friction law is used for the frictional case, and the value of the frictional
forces is determined by a single friction coefficient which is obtained experimentally. More complex

models can be found in the literature; however, the Coulomb friction model is widely accepted, as
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evidenced by the bibliography presented in this work. No other dissipative effects have been taken
into account in the numerical examples presented. These hypotheses are of widespread use, and
they are enough to accurately capture the global behavior of mechanical systems as those presented
in the examples of this work, with solutions which are very close to experimental observations.

A new formulation for the modelling of frictional contact with impacts between two rigid
spherical bodies is presented by Sdnchez et al. [57] where the frictional contact between a sphere
and a rigid plane is studied. Similar to the formulation of Sdnchez et al., the contact/impact problem
between two rigid spherical bodies is solved here using an augmented Lagrangian formulation
[4] which was already applied by Gélvez et al. [30] to dynamic problems with friction. The main

contributions and differences with respect to the work of Sanchez et al. are listed below,

= A new formulation of the frictional contact between two spherical rigid bodies in the
framework of a nonsmooth technique is presented. The constraints and constraint gradients,
both at position and velocity levels, are developed. The analytical expressions for the

calculation of the internal force vectors and Hessian matrices are given.

= A simplification of the constraints is introduced in order to reduce the complexity of the

implementation. The limitations of the simplifying assumptions are studied.

= An extension of the algorithm to model multiple impacts with friction is presented. The
proposal is based on the frictionless multiple impact algorithm presented by Cosimo et al.
[21]. Here, the algorithm is based on modifying the active set of the velocity correction,
defining a sequence of impact problems on a vanishing time interval. Then, the active set of
each velocity-level sub-problem is redefined in the normal and in the tangential directions
(to consider friction), in such a way that closed contacts with zero pre-impact velocity are
considered inactive [21]. New expressions of the internal forces vector at velocity level are

developed.

= A numerical comparison of results between the proposed method and the continuous impact
method is presented for a test-case involving multiple impacts with friction, showing that the

computational time is significantly reduced when using the present methodology.

Six numerical examples are presented to validate and to evaluate the performance of the method.
The numerical implementation and simulations presented in this work were carried out in the
research finite element code Oofelie, often used for general industrial applications as well as
for academic studies. This software allows to simulate non-linear dynamic mechanical systems
composed by rigid and flexible components with an efficient framework to deal with finite rotations

and to automatically assemble the equations of motion [16].
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This work is organized as follows: Section B.2 gives a brief explanation of the decoupled
version of the nonsmooth generalized-a time integrator. Section B.3 describes the frictional contact
formulation. Then, the modifications of the active set and of the internal force vector at velocity level
to consider collisions with simultaneous multiple impacts and friction are presented. The equations
related with the sphere-sphere contact element are developed in Section B.4. Finally, Section B.5
presents numerical examples which demonstrate the robustness of the proposed algorithm. Final

conclusions are drawn in Section B.6.

B.2. Time Integration of Nonsmooth Equations of Motion

The time integration scheme used in this work to solve the equations of motion of a multibody
system with unilateral and bilateral constraints, is the decoupled version of the nonsmooth
generalized—a described in Cosimo et al [20]. This is an implicit time integrator scheme where
the final system of equations results in three decoupled sub-problems to be solved at each time
step by an iterative Newton semi-smooth method, which can also be interpreted as an active set
method. The first sub-problem corresponds to the smooth motion contribution of the system, where
the equations of motion are integrated with second order accuracy by means of the generalized—«
scheme [20]. The second and third sub-problems compute the impulsive contributions (non smooth)
at position and at velocity levels, yielding a first-order accurate solution of the system with impacts.
The integrator for a general multibody system that includes unilateral and bilateral constraints is

written as follows,

M(dn—i—l)én—i-l = F(dn+1, Ong1, tng1) — gz{;nT+1 (ksj‘zﬁ[+1 - psg?,nﬂ ’lu7n+1> =0 (B.1a)
—ksg4 i1 P0r1 =0 (B.1b)
M (Gn+1)Unt1 — 7fp . gq n+1 (kp Vn+1 ppgfﬂ) =0 (B.lc)

~ kg, =0 (B.1d)

k2
p” v, =0 (B.le)
p

B, o
M (gn+1)Whny1 — hf* — glinT-i-l (koAR, 1 —pugnii) =0 (B.1D)

—kugs1 =0 (B.lg)
k2
“vAB . =0 (B.lh)

v
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where the following notation in Eqgs.(B.1) was used for conciseness,

Goni1 = 94 (dns1) (B.2)
P = - y UT U

.f — .f(qn-i-la Un+1, tn-‘,—l) - .f(qn-i-l; Un+1; tn-l—l) - gti,n—f—l )‘n-i—l (B3)

.fv = .f(qn-i-la Un+1, tn-‘,—l) - f(qun-i-l; lu’n—l—la tn—l—l) - qu:{’g;l >\Z7/1{+1 (B4)

Equations (B.1)-a-b are the momentum balance and bilateral constraints (smooth contribution),
meanwhile Eqs.(B.1)-c-d-e and Eqgs.(B.1)-f-g-h give the position and velocity corrections of motion
due to impacts: Uy, 41 and W, 41, respectively. Then, ¢ is the time, h is the time step size, M is the
mass matrix, g is the combined set of bilateral and unilateral constraints, g4(q) is the gradient of g
and g is the Newton’s law which will be defined in Sec. B.3. The variable Aisa Lagrange multiplier
vector associated to the bilateral restriction, and gy, +1, ¥,,+1 and ¥ are the position, the velocity
and the acceleration vectors of the system, respectively. These variables are the contributions of the
smooth problem, i.e. they are solution of the problem without considering impacts. The position
jumps contribution U,, 1 due to impact is associated with the Lagrange multiplier v, for the
unilateral and bilateral constraints. The Lagrange multiplier A represents an impulsive force that
can be interpreted as the integral of the reactions in the time interval (¢, t,+1] and W, ;1 is the
velocity correction. Then, taking into account the splitting of motion into a smooth and a nonsmooth
contributions, the physical displacement and velocity fields are computed by adding the correction

vectors U, +1 and Wi, 1 to the smooth parts of motion as follows,

Gni1 = Gn+1+Upa (B.5a)

Un+1 = ’ijn-l—l"i_wn—l—l (B.5b)

where q is the vector of nodal coordinates and v is the nodal velocity assumed to be of bounded
variation. The penalty factors ps > 0, p, > 0, p,, > 0 of the smooth, position and velocity problems
are used to improve the convergence rate, while the scaling factors ks > 0, k, > O and k, > 0
contribute to an improvement of the condition number of the iteration matrix. They are chosen as
ks = ps = m/h, k, = pp = m and k,, = p,, = m giving a good scaling of equations where m is
a characteristic mass of the problem. The integration algorithm is completed with the following

difference equations of the generalized—« scheme

Gn+1 = Gn+ hvg +h*(0.5 — B)ay, + h*Bans (B.6a)
Upny1 = Op+ h(l—7v)a, + hyant1 (B.6b)

(1—ap)ans1 +apa, = (1-— af)énﬂ + ayvy, (B.6¢)
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where a,, 11 is a pseudo acceleration term. The numerical coefficients v, /3, a;,,, and oy are selected

by imposing the spectral radius at infinity po, € [0, 1),

2p00 — 1 Poo 2
Qp = ————, Qf = , =054 ar — an, =0.25(y+ 0.5 B.7
m= e L f—Qm, B (v ) (B.7)

Then, I/ denotes the set of indices of the unilateral constraints, Z{ is its complementarity set, i.e., the
set of bilateral constraints and C = I/ U is the full set of constraints. The set of active unilateral
constraints A = A,,41 and bilateral constraints and B = B,,41, together with their complementary

sets Z?’H—l = Zn+1 and En—l—l = En+1, are defined in the following form

Antr = UU {j €Uk gy — DpGpin 2 0} (B.8a)
Anpr = C\Anp (B.8b)
Buyi = UU{j € Apyr: koAl —pogl,, > 0} (B.8c)
But1 = C\ By (B.8d)

Then, the residual vectors 7%, r?,r" of the smooth, position and velocity sub-problems are obtained
from the imbalance of Eqgs.(B.1)-ab, Eqs.(B.1)-cde, and Eqs.(B.1)-fgh, respectively. By defining

the generalized unknown vectors

A AUy 41 AW,y

s Unt1 A v B

Ax® = { N7 } . AxP=¢ Avyyy p,and Azt = AA L, 5, (B.9)
Ant Avyyy AAT

the iterative correction equations for each sub-problem are evaluated as follows

Sg Azl = —r', for i=s,p,v (B.10)
where the iteration matrices are:
— SS* —k ?7T -|
S; = g mwg e (B.11)
- X AT .
Sy _kpgq,n-q-l 0
SP = | ~kp9gni 0 9 B (B.12)
0 0 — 5 pA
- pp -
- ) . -
Sy —kvgq’nJrl 0
Sy = | “ku9gni 0 0 (B.13)
0 0 _kipB
Pv

where T4, In practice, the Newton scheme is complemented with a line-search strategy to improve
the robustness of the resulting algorithm. The complete description of the integrator is not given

here for conciseness, more details can be found in [20] with the full expressions of the tangent
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matrices. The pseudocode is given in the Appendix A. An extension of this algorithm for handling

frictionless multiple impact collisions can be found in [21].

B.3. Frictional Contact Formulation

The kinematics of two contacting bodies with friction effects is described in terms of the gap
distance between the potential contact surfaces. It is usually split into a normal and a tangential
component: g € R and g7 = [g11 ng]T € R?, referred to a material orthonormal frame at the
contact point, respectively. The same procedure is performed with the contact force v, which is
decomposed into a normal component v € R and a tangential component vy = [V Vo] € R2.
This splitting allows to define the restrictions of gap, contact, stick or slip of the frictional contact

problem at position level as follows:

gN 20 vy 20, gnvN = 0;
(B.14)
lgrll =0, vzl < pwwn, gzl (lvrll — pvy) =0
where 1 is the friction coefficient, and where the associative slip rule ||vr| gr = —||gr|| vr also

holds. The first set of inequality equations of Eq.(B.14) represents the normal contact conditions
telling if the bodies are in gap or in contact status. The second set corresponds to the Coulomb’s

friction law which states whether the bodies are in stick or in slip status.

The set of inequality constraints in Eq.(B.14) can be enforced using an augmented Lagrangian
formulation as proposed Alart and Curnier[4]. The adopted augmented Lagrangian function for the
frictional contact problem at position level, in terms of the nodal coordinates vector g and contact
forces v, is given by

p dist? P dist? [&7, C,
LP(q,v) = —kpgnUN + 2 gx — —— [&v,ﬂiﬂ — kpgr -vr + EPHQTW - 67 Ce 15)

27N 2p, 2p,
where {n = kpvn — ppgn and 7 = k,vT — ppgr are the augmented multipliers for the normal
and the tangential direction at position level, respectively; p,, is a positive penalty parameter and
ky, is a scaling factor for the Lagrange multipliers vy and v7. Function dist(z, C') is the distance
between a point z € R™ and the convex set C, while the cone (¢, is the convex set defined by
the extension of the friction cone C(kyvn + ppgn) = C(En) to the half-line R~ ({n), i.e. the set
of negative values of the normal augmented multiplier {; = kpvn + ppgn (more details can be
found in [44]). Note that g7 is the tangential component of the incremental relative displacement

between points in contact during the considered time step.

We define the terms gy € R and gr € R? to express the Newton impact’s law in the normal
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and tangential directions, as follows,

IN = GNg,n+1Vn+1 + ENINg,nUn 9T = 9Tqn+1Vnt1 + €197Tq,nVn (B.16)

Here, ey € [0,1] and er € (—1, 1) are the coefficients of restitution in the normal and tangential
directions, respectively, and gy g and grq are the gradients of the normal and incremental tangential
displacements, respectively. Then, the frictional contact conditions at velocity level are written in

analogous form as Eq.(B.14) yielding,

gn >0, AN >0, gnAy = 0;
(B.17)
gzl =0, [Az|| < pAn,  llgrll (|A7]| — pAn) =0
where the associative rule ||Ar|| gr = —||gr| Ar holds, and where Ay € R and Ap =

[A; A3]T € R? are the normal and the tangential impulses in the normal and tangential directions,
respectively, with respect to an orthonormal material frame located at the contact point. Then,
similarly to Eq.(B.15), the augmented Lagrangian for the frictional contact problem at velocity

level is given by

s 2 + . 2
. Pvoy  dist? [on, RY] , dist? [or, Coy ]
L0, A) = —kpgn Ay + P2g2, - OV R ] _ O 9 Tow]
(v,A) WINAN + 0N o, | oD

(B.18)

o p o
— kvgr - A + EUHQT

where oy = kyAN — pogn and o = k,Ap — pvﬁT are the augmented multipliers at velocity
level in the normal and tangential directions, respectively and C, is a section of radius j.o v of the
augmented Coulomb friction cone expressed in terms of velocity variables. Then, p, is a positive

penalty parameter and k,, is the scaling factor for the Lagrange multipliers Ay and Arp.

The virtual variations of the augmented Lagrangians (B.15,B.18) give the internal forces vectors,
and their linearisation yields the corresponding Hessian matrices. They are calculated in the next

subsection.

Internal Forces Vectors and Hessian Matrices

The contact elements contribute only via unilateral constraints to the position and velocity
correction equations, or in other words, they do not contribute to the smooth motion subproblem. In
what follows, the indices n or n + 1 will be omitted from the equations to simplify the notation. The
generalized internal force vector at position level is obtained by taking variations in the augmented

Lagrangian £P of Eq.(B.15) giving

1 1 .. 1 1.
0LP(q,v) = —kpouNgn —ENOgN —— 5(*dlStZ(iN,R+))*kp(SVT‘gT*&T'(sQT** 5(*(113'[2(5% Cm))
DPp 2 Dp 2
(B.19)
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Details about the variations of the terms in Eq. (B.19) can be found in Sénchez et al [57]. Then,

by defining the generalized coordinates vector & = [g” vy V%: |7, the variation of the augmented

Lagrangian is written as follows

SLP(P) = 6T FP(P) (B.20)
where the internal force vector at position level for the different contact status is given by
(
0
5
*@VN f N < 0 Gap
kp
[T
—9INgEN — HENGT LT
D — .
Fr(®) = —kpgn 1€r|l > pén  Slip (B:21)

;

\

k
o (—kpvr + pENTy)
P
—INGEN — 9T g
*kpgN
—RpgdT

[€r[l < p&n  Stick

where 7, = £7/[|&7]| is a unit vector that defines the tangential direction of the contact force. The

linearization of the internal force vectors at position level yields the contact Hessian matrix for the

different contact conditions (see details in [57]). By following a similar reasoning as in the position

level subproblem, the variation of the augmented Lagrangian at velocity level is calculated from

Eq.(B.18) giving

SL'P) = 6D FU(P) (B.22)

Then, from Eq.(B.22), the internal force vectors at velocity level for the contact status are given by

;

\

F' (&)

\
;

oy <0 Gap
_JAT

pU
T T
“YNgIN — HONGT¢Tv
o
—kvgn

}%(_kUAT + MUNTU)

lor|l > pon  Slip (B.23)

—9INgON — G1gOT
*kv.&N
_kvéT

lor| < pon  Stick

where 7, = or/||or|| is a unit vector that defines the tangential direction of the contact force at

velocity level. The Hessian matrices are obtained by a linearization of the internal contact force
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vectors at velocity level (see [57]).
The internal force vectors and Hessian matrices have been developed in a completely general
form, without particularizing to any contact model. They depend on the definition of the gap

distance vector and the gradient matrices in the normal and tangential directions.

Multiple Impacts Collisions

In the case of collisions with multiple frictional impacts, a similar procedure is applied which
iterates over a sequence of impact problems on a vanishing time interval until no further impact is
detected. This formulation, which exploits a modified activation criterion at velocity level, is based
on the recent work presented by Cosimo et al. [21].

The first iteration is equivalent to the procedure already described. Variables V'~ and vV~ are
introduced, which respectively represent the updated expressions of the pre-impact velocities vy,
and 0,41 for the next iterations. The Newton impact law in the normal and tangential directions is

defined in terms of V'~ as

é}k\gn—i-l = gqu,n—{—l’v”‘H + e‘}vgqumV’ é;;;-i—l = g%q,n+lvn+1 + 6g./“g]Tq,n‘/i (B24)
These computations are performed for every impact point j € C. Accordingly, the modified
augmented multiplier involved by the sub-problem at velocity level is denoted by o, , ;:

kvAN n+1l — pvé}k\f n+1
of L, = ’ B.25
ntl { ko AT pp1 — DogT 141 ( )

The modified active set is denoted by G* and it is defined as
r o= UU{j€ Apyri gl V™ <toly and o}, ., >0} (B.26)

where o is the first row of vector in Eq.(B.25) which corresponds to the normal component of
o* . The condition g;n 41 V~ < tol, asks for the admissibility of the pre-impact velocity. The
other condition states that the augmented multiplier corresponding to the impact impulsion must be
positive. Once an impact from the sequence is solved, the pre-impact velocities V'~ and V-~ are

updated taking into account the contribution of the just computed velocity jump Wy, 1,

V™ = vy + Wy (B.27a)

Vo = Upp1+ Wi =vnpa (B.27b)

This process continues until no more impacts take place in the sequence, which is equivalent to an
empty active set G, , ;. The velocity jump W, 1 should be here interpreted as the fotal jump which

results from the accumulation of previously resolved impact problems from the generated sequence
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of impacts. Therefore, the resulting impulses are accumulated and taken into consideration in each

impact problem of the sequence:
Lt il g g
Py=>) gy. Ay Pr=> g7 Af (B.28)
J J

where the index i is used to denote the impact problem from the sequence of impacts currently

being solved.

Finally, the internal force vector for the velocity level sub-problem in the case of multiple

frictional impacts is written as

( (

0
2 *
< Z—:A]gv oy <0 Gap
kS AG”
\ T
( * T * * * T
~0%g ON —HON G7g T~ Py~ Pr
Fosg” (®) = —kvﬁjgv* llor|| > noy  Slip (B.29)
ky * *
p—v(—kUA% + ;w]gv Tv)
* T * * T *
N
s ol < oy Stick
L 7]%&’191

B.4. Sphere-Sphere Contact Model

The strategy that we adopted to develop a contact model for a rigid sphere in contact with
another sphere, see Fig.C.16, follows the methodology given in [31]. The element takes into account
sliding friction in the framework of nonsmooth contact dynamics with finite displacements and

large rotations. The spheres are able to come in contact, rotate or slide one over the other. The

Figura B.1: Configuration of the three-dimensional sphere-sphere contact model.

motion is referred to an inertial frame (Fig. C.16). The centres of spheres A and B, with radius
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rA, TR, are given by position vectors x 4 and x g, respectively. The description of motion of the
spheres is completed by giving the rotation operators |2 4, Rp at each node, with the incremental

rotation vector W4 jner € R3 from time t,, to time tn+1 given by
7 T
exp(Painer) = Ry Ranst (B.30)

where the exponential map exp(!ﬁ) is used. Here, W4 jner = VCCt(@Aer) is the so-called Cartesian
rotation vector which has the direction of the rotation axis and length equal to the amplitude of
the incremental rotation [31]. Analogous equations can be derived for sphere B. The operator

a:R3 — R?®R3 gives a 3 x 3 skew-symmetric matrix such thata x b = abV a,b € R3.

The direction of contact between spheres is given by the unit vector n, which is defined as

LA — ITB

= (B.31)
[za—zs |
In order to obtain the gap function of this element we define a material frame at the contact point

P, using the normal vector n and the tangential vectors ¢ and ¢o which are defined as follows

exn

t; = to=nxt; (B.32)

le x n|

Here, e is an arbitrary vector not collinear with n. The normal gap between the spheres is simply

computed as

gy =[lza—zp| —(ra+7B) (B.33)

The contact status is established when the distance || x4 — || is equal to the sum of radii of the
spheres 7 4 + rp; otherwise, the spheres are not in contact. The velocities of the spheres A and B

at the contact point P are & p4(t) and & pp(t), respectively. They are calculated as follows
Tpa(t) =xa(t)+n(t) x wa(t) ra zpp(t) =xp(t) —n(t) xwp(t) rp (B.34)

We define the incremental tangential slip distance g7, 41 between the spheres A and B, from time
ty to time t,,1 1, as the integral of the relative velocity at the contact point: & p(t) — pp(t) in the

tangential directions ¢ (¢) and ¢2(¢) :

912, n+1

9Tn+1 = {ng nH} nﬂ [ 8;] (@palt) — zpp(t)) dt =
(B.35)

:/thrl [ 8 ] ( Alt) — p(t) + n(t) x (wA(t)TA+wB(t)rB)> gt
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After integration of Eq.(B.35), the following expression is obtained

9Tin+1 _ tl,n : [(mA,n+1 - $A,n) - (mB,nJrl - mB,n) + n, X (WA,incrrA + WB,inchB)]
912,041 ton - [(@ant1 — Tan) — (@Bnt1 — TBn) + Tn X (Painara + UBjinaTB))
(B.36)

where to - [(TAn+1 —Zan) —(TBn+1 —XB,n)] is the tangential relative displacements produced
by the displacement of the spheres in space. Meanwhile, ¢ ,, - [nn X (!PA,inch A+ WYBineT B)}
with a = 1, 2 can be interpreted as the tangential relative displacements produced by the rotation
of the spheres. Note that in Eq.(B.36) the normal and tangential vectors are evaluated at the
previous time step in order to facilitate the convergence and the internal force vectors and tangential
matrices derivations. Refined formula may be considered, e.g., by using SE(3) integration [9].
Nevertheless, convergence of the nonlinear problem may then become more difficult. We remark
that the simplification of evaluating the normal and the tangential vectors at previous time step
does not affect the accuracy of the numerical solutions as we will demonstrate in the examples.
In the Appendix B, a numerical experiment is presented in order to know the range of validity of

Eq.(B.36). Finally, the generalized gap vector is defined as

9N n+1 HwA,n-i-l _$37n+1|| — (TA‘FT'B)
gn+1 = ngJrl = tl,n . [(wA,n+1 — wB,n+1) — (wA’n — wB,n)] _ t2,n . (WA,incr""A n WB’inch‘B)
n+ tan - [(ZUA,n-H —TBnt+1) — (Tan — :cBm)] Ftin (Painera + TBinars)

(B.37)
where the circular-shift properties and the anti-commutativity of the cross-product for the scalar

triple product were used to simplify the expressions.

The variation of the normal gap is given by

09N = INgn+10G (B.38)

where dq is the variation of the generalized coordinates vector 6q = [dz%y sz, 6@% 6OL]T; here,
dx 4 and dx p are the variations of the position vectors whilst 6@ 4 and §@ g are the incremental
material rotations at nodes A and B, respectively. The normal gap gradients matrix of the element
is

INgnt1 = |Pas1 ~ Moy 00 07 (B.39)

By taking virtual variations of the incremental tangential displacements g7 41, Eq.(B.36), we get

09T = grqndq (B.40)

where grq, 5 1s the gradients matrix for the tangential displacements, which is computed as follows

T T T T
th 7t1,n *TAth TBth] (B41)

9Tgn = |,T T T T
a t2,n 7t2,n TAtl,n TBtl,n
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At this point, all the expressions necessary to evaluate the internal force vectors at position level for
this element have been computed, see Eq.(B.21).
In order to obtain the Hessian matrix at position level, the calculation of AgZ; gnt1 18 required.

It yields the final expression,

|V I_nn+1 ®nn+1 o I_nn+1 ®nn+1 0 0-|

T _ | lleant1i—=Bntall [Za,n+1—2B 01l (B.42)

9INg,n+1 _ I-ny11®nn4 I-—np1Q0n,41 0 0 :
lean+1—2Bnt1ll  Tant1—ZB 1]

where the arrangement of this matrix is according to Aq = [Awg Aw:g A@£ A@g]T. Furthermore,
the linearization Ag%q = O since this matrix is evaluated at the previous time step. The other terms
needed for the calculation of the Hessian matrix at position level were presented before.

The internal force vectors at velocity level are computed following the same procedure. The
expression of the Newton’s impact law, which appears in the vectors in Eq.(B.22), takes the

following form,

Mp41 - (UA,n—i—l - UB,n—i—l) +enny - ('UA,n - UB,n)

INyi tin: (Vant1 —VBpt1) —ton - (WAnt1TA + WBpr1TB) +

9Tl | = +er [tin (Van —VBn) —ton - (Wanra +wBars)] (B.43)
o

972, 11 ton - (Va1 —UBpt1) Ftin - (WARt1TA + WBpr1TB) +

+er [ton (Van —VBn) +tin - (Wanra +wpars)]

At velocity level, the variable g coming from the solution of the position sub-problem is fixed,
thus Agnyg = 0 and the complete gradient matrix is constant during the velocity iteration, see
the step 3 of the algorithm presented in the Appendix A. Thus, the complete set of equations to
compute the internal force vectors and the Hessian matrices at velocity level have been developed.

Finally, the Hessian matrices and the internal force vectors of the element both at position
and velocity levels contribute to the global tangent matrices and to the generalized internal forces

vectors by a standard assembly procedure.

B.S. Numerical Examples

The contact element developed in this work has been implemented in the finite element research
code Oofelie [16]. Six numerical examples are presented to show the accuracy and robustness of
the proposed methodology.

The convergence criterion used in the numerical examples is given by
Irll < ol (Y Irill +t0ly) i =sipyv (B.44)
k

where tol, is a given relative tolerance, r}'c is the k-th term contributing to the residual r* (i.e., the

vectors of external forces, of internal forces, etc), tol s is a reference value of tolerance, and || - || is
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the L? norm.
The error for the computation of convergence rates in the examples was evaluated as
N
. i — f(t;
Z@:(}Jfl f( Z)‘ (B.45)
>izo L)

where h is the time step, IV is the number of steps, f; is the numerical solution computed by our

Error(h) =

algorithm, f(t;) is the reference solution and | - | the L' norm. The reference solution is taken equal
to the analytical solution when available; otherwise, the numerical solution corresponding to a very

small time step is used as a reference.

Frictional Contact between Spheres

Figura B.2: Validation example. Frictional spheres configuration.

This first simple example is used to validate the sphere-sphere contact element in a case of
contact with friction. It consists of two touching spheres. The upper one A is free to rotate and to
displace in the vertical direction, and is submitted to gravity g = 9.8 m/s?, see Fig. B.2. Sphere B
is fixed at its centre and can rotate freely; rotation is imposed at sphere B with a time increasing
torque law 7'(t) = k ¢t = 20 ¢ Nm. Both spheres remain in contact with a friction coefficient
i = 0.3. The mass inertia moment of the spheres is I = 0.4 kg m?, the mass is m = 1 kg and the
radius is 7 = 1 m.

This problem has an analytical solution. For instance, the angular velocities and the angular

displacements of the spheres are given as

kt? ) kt?
E it t <tiim __I itt < tim
R i po m) ey s wult) = = (tz + 2t(t — ty; )) if t >t
97 9 lim A7 lim lim lim

(B.46)
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( kt? ift <
Lﬁ . ' _ﬁ ift ~ tlim
o7 ift < tiym Etimt
0a() =\ Kot Kt Op(t) = =757~ fum) +
m (t — tlim) + lim —jf¢ > tiim v (Kt 3 )
41 121 i % —t ift > tiim
) (B.47)

where t;;,, = 2mgur/k. The system is simulated for a total time 1 s with a constant time step
1 x 1073 s. The tolerance for the nonlinear solver is fixed to 1 x 10~° and the spectral ratio of

the integrator is selected as po, = 0.8. The numerical solution is given in Fig. B.3. The contact

force remains constant and is equal to the weight of sphere A, f. = mg = 9.8 N, see Fig B.3-a.
The tangential force increases linearly reaching the maximum value of f7'* = umg = 2.94 N at
time #;;,,, = 0.294 s; then, it remains constant when the spheres enter in slip state, see Fig. B.3-a.
The angular velocities of both spheres are equally accelerating and with opposite direction until
time ;;,,, = 0.294 s while the contact status is stick. Then, velocity of the sphere B continues
quadratically increasing in time because of the linearly increasing torque, while velocity of sphere
A remains linearly increasing because of the slipping state which limits the transmitted torque to a
constant value, see Fig. B.3-b.

The maximum number of iterations per time-step in each sub-problem is 1, 3 and 3 with a
mean number of 1, 2 and 2 iterations per time-step. Fig. B.4 shows the computed convergence
rate for the angular displacement and velocity of sphere A. The analytical solution was taken as

reference, and a linear convergence rate is observed. No line search iterations were required to

achieve convergence of the Newton scheme.

12

‘ ‘+‘Normu‘l Force . +lf1\llg(‘u‘cial Force. | ‘
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—2F 4 1 < 9l
—4 0
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Time [5}

0 0.1 02 03 04 05 06 07 08 09 1
Time [5]

(a) Normal and tangential contact forces. (b) Absolute value of angular velocities for spheres A and B.

Figura B.3: Numerical solution for the frictional spheres example.

Single Collision Example

This case, which concerns the impact of two spheres, serves to validate the simulations of impact

problems taking into account friction between the balls and the planar surface. The numerical
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Figura B.4: Convergence rate for the frictional contact between spheres example.

solutions are compared against analytical solutions developed by Alciatore [5]. This example
illustrates the 30° rule, which is well known in the billiard balls game. This rule states that if the
cue ball in rolling motion impacts the target ball in rest at a point between 1/4-ball hit (49° cut) and
3/4-ball hit (14° cut), it will deflect by almost 30° from its original direction after hitting the target
ball. When friction between balls is neglected and the coefficient of restitution is ey = 1, the cue
ball deflection angle 6. as a function of the cut angle ¢ [5], is given by,

_ .1 ( sin(¢) cos(¢)
0. = tan (sin2(¢) T2 > (B.48)

where ¢ = sin~!(1 — f) and f is the hit ball fraction factor f € [0, 1] between balls (see Figure
B.5-a). Comparisons of this analytical solution with experimental measurements can be found in
[5, 62] and in many videos available in websites, showing good agreement. The geometrical and
physical properties for the simulations, typical of the classical pool/billiard game, were selected
from the book of Alciatore [5]. The radius of the balls are » = 2.8575 cm, the mass m = 0.17 kg
and the coefficient of friction between the balls and the cloth is ;x = 0.2. The normal restitution
coefficient value between the balls, and between the balls and the cloth, is ey = 1. The tangential
restitution coefficient is e = 0 for all contact points. The acceleration of gravity is g = 9.8 m/s?.

The cue ball impacts the target at a velocity v~ = 1.8 m/s in pure rolling motion. The numerical
solution was computed with a time step » = 1 x 10™* s and spectral radius p,, = 0.8. The
value of tolerance for convergence was tol,, = 1 x 10~°. Computations for seven different hit ball
fraction factors f = [0,0.125,0.25,0.5,0.75, 0.875, 1] were performed. Figure B.5-b shows the
agreement between the analytical and the numerical solutions. The maximum number of iterations
per time-step were 1, 4 and 5 with a mean number of 1 iteration per time-step for each sub-problem.

A second case more challenging than the previous one was considered, with friction between

balls and restitution coefficient different from 1 [5]. The tangential component of the friction impulse
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Figura B.5: Impact between two spheres.

was neglected, and the balls spinning velocity was imposed to be zero. With these assumptions,
the trajectory of the cue ball immediately after impact can be described by the following set of
equations,

{xc(t); yc(t)} ift < troll

{xc(troll) + Vg (troll) [t - troll]? yc(troll) + vy (troll) [t - troll}} ift > troll
(B.49)

{z(t);y(t)} = {
where £, is the time needed by the cue ball to stop sliding and enter into pure rolling motion after
impact. The full set of equations necessary to calculate the evolution of the cue ball is given in
Appendix C; the complete development can be found in [5].

Three cases with different values for the friction and restitution coefficients between balls, and
hit fraction f = 0.5, were proposed to study the friction effects; they are: i) upq; = 0, ey = 1, ii)
oair = 0.06, ey = 1 and iii) ppqy = 0, ey = 0.94. Figure B.6-a displays the trajectory of the cue
ball after impact calculated with Alciatore formulas and compared to the numerical solution of this
work. From time O to £,.,;;, the cue ball describes a curved trajectory as a consequence of sliding
with friction with the cloth; after that, when the ball is in a pure rolling motion, the trajectory is
straight. Figure B.6-a shows a good agreement between the analytical and numerical solutions.

Figure B.6-b shows the analytical results compared with the numerical solutions computed
when balls spinning is released, without being fixed to a zero value. We can observe that in this
case we depart slightly from the trajectory calculated in [5]. The numerical solution was computed
with a time step h = 1 x 10™% s and spectral radius poo = 0.8.

The displayed energy evolution is such that the system does not generate spurious energy
throughout the simulation. Figure B.7-a shows that, initially, the cue ball is in sliding movement

with a reduction of kinetic energy. Subsequently, it enters in pure rolling motion conserving energy
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Figura B.6: Numerical vs. analytical solutions when friction between balls is considered and ey is different to 1.
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Figura B.7: Energy evolution in time for the single collision example (case f = 0.5, exn = 0.94, ppann = 0.06,
w.0B = wzcp = 0 without spin motion).

until collision with the object ball. At the moment of impact, the cue ball rebounds and separates
from ground, as illustrated in Fig. B.7-b, where an increase in potential energy is observed. Then,
both balls change progressively from sliding to pure rolling motion reducing the total kinetic energy,
as shown in Fig. B.7-c. Finally, both balls move in pure rolling movement without losing energy.
The nonlinear problem at each time step was solved by Newton iterations, where the value of
tolerance for convergence was tol, = 1 x 10~°. The maximum number of iterations per time-step
was 1, 4 and 5 for each subproblem, with a mean number of 1 iteration per time-step. Figure B.8
illustrates the evolution of the logarithm of the residual norm, for the case f = 0.5, ey = 0.94,
vanr = 0.06 without spin motion, at the step of impact for which the position and velocity iterations
were activated. At impact instant, a quadratic convergence rate of the Newton iteration was obtained.

In the first iteration of the Newton method, 3 iterations of line search at velocity level were required
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to convergence. In the remaining time steps, no line search iterations were required to achieve the

convergence of the Newton scheme.
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(a) Evolution of logarithm of residual norm in terms
of number of iterations.

Figura B.8: Logarithmic evolution of residual norm.

Finally, the convergence rate as a function of the time step, compared with the analytical
solution, was calculated. The following set of parameters were used: tpq; = 0.2, ey = 0.94,

u=0.2,w, =0and f = 0.5. Figure B.9 shows a linear convergence rate as expected.
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Figura B.9: Convergence rate for the single collision example.

Spinning Ball hitting a Ball at Rest

In this case, a spinning cue ball (CB) hitting an object ball (OB) at rest is considered. Throw
effects are produced because of the spinning motion and the friction between balls. Figure B.10
shows a scheme of the kinematics of impact between the CB and the OB. The CB has a spinning
angular velocity w.cp and an initial linear shot velocity v—. After impact, the OB exits with a
throw angle fy,;0w and gets a post-impact velocity v*. The throw angle depends on the speed of

the shot v, the cut angle ¢, the amount and direction of the CB spin velocity w.cp, the friction
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Initial OB Direction

Figura B.10: Throw angle effect in two spherical bodies.

coefficient between balls i, and the radius R of the balls. The analytical expression to calculate

BOthrow 18 given in [5]

- ~sing — Ruw
Oihrow = tan~t | min (,ubv €0 ¢, 1/7> v_sing 2CB (B.50)
Vyel v COS ¢
where v = \/ (v=sin¢g — Rw.cp)? + (Rwzcp cos ¢)? is the tangential component of the

relative velocity between balls at the impact point, with w,cp the rolling angular velocity of
the CB. Several experiments performed by Jewett [40] and Alciatore [6, 7] verified the validity of
Eq.(B.50). The friction coefficient was computed by a fitting process from experimental data, in

terms of the relative velocity of the balls at the point of impact, giving [5]:
pp = 9.951 x 1073 4 0.108¢~ 1:088vret (B.51)

Numerical experiments were performed for typical dimensions of billiard balls taken from bibliography
[5], the radius of the balls are 7 = 2.8575 cm, the mass m = 0.17 kg and the acceleration of
gravity is ¢ = 9.8 m/s2. The coefficient of friction between the balls and the cloth was neglected
in order to consider only the spin impulsion which is transferred from the CB to the OB. The
friction coefficient between balls was calculated as in Eq. (B.51). The normal restitution coefficient
value between the balls, is ey = 1, and between the balls and the cloth, is ey = 0. The tangential
restitution coefficient is ey = 0 for all contact points. The CB velocity was v~ = 1.341 m/s (3

mph) in the x direction, thus, the angular velocity in pure rolling is w,o; = v~ /R = 46.929 rad/s.
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Seven cases for different values of the ratio Rw,cp /v~ of the CB were considered:
Rw.cp/v™ =[-1.25, —0.9, —0.4, 0, 0.4, 0.9, 1.25] (B.52)

Simulations were performed for two values of rolling angular velocities and two values of cut
angles [5]: wycp = [0, 0.5 X wyey| (pure sliding and half sliding) and ¢ = [0, 30°] (straight
impact and 30° impact).

The numerical solutions were computed with a time step » = 1 x 10~ s and the total time for
the simulation was 1 s. The spectral radius of the integrator was pso = 0.8.

Figures B.11a-b show comparisons between the throw angle 6w as a function of the ratio
Rw, /v~ calculated with Eq.(B.50) and the numerical solution computed with the methodology

presented in this work. As Fig. B.11 shows, both solutions are in a good agreement.
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Figura B.11: Throw angle vs. spin angular velocity.

The displayed energy evolution is such that the system does not generate spurious energy
throughout the simulation, as displayed in Figure B.12. Energy is practically conserved all along
the simulation, unless at the time instant of impact where an exchange of energies between balls is
produced with some amount of dissipation because of friction.

The nonlinear problem at each time step was solved by Newton iteration, where the value of
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Figura B.12: Evolution of energies in time (case u = 0, en = 1, e = 0.06, ¢ = 30°, wycp = 0.5 X wroy = 23.46
rad/s, v~ = 1.341 m/s, Rw.cg /v~ = 0.9).

tolerance for convergence was tol, = 1 x 10~°. The maximum number of iterations per time-step
was 1, 3 and 6 for the smooth, position and velocity sub-problems, respectively. The mean number
of iterations was 1 per time-step for each sub-problem. Figure B.13 illustrates the evolution of the
logarithm of the residual norm vs. iterations, for the case y = 0, ey = 1, pupqyy = 0.06, ¢ = 30°,
wroB = 0.5 X wyoy = 23.46 rad/s, v~ = 1.341 m/s at the step of impact for which the position and
velocity iterations were activated. At impact instant, a quadratic convergence rate of the Newton
iterations is evidenced. No line search iterations were required to achieve convergence of the

Newton scheme.
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Figura B.13: Logarithmic evolution of residual norm.

Finally, the convergence rate with respect to the analytical solution as a function of the time
step is given. The following parameters were used: Rw, /v~ = —0.4, w, = 0.5w;.o;; and ¢ = 30°.

Figure B.14 shows a linear convergence as expected.
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Figura B.14: Convergence rate for the effect of friction on the throw angle example.

Multiple Impacts Collision

7 =0
X !

Figura B.15: Multiple impacts collision of three balls.

The fourth example consists of the multiple impacts collision of three spheres, see Fig. B.15.
Sphere 1 has an initial velocity vy = 2 m/s in the X direction, a zero initial angular velocity and is
located such that contact with sphere 2 is at a distance of 0.5534 m. Spheres 2 and 3 are initially at
rest and in contact. Dimensions, friction coefficients and mass properties of the balls correspond
to typical values in a pool game. Each sphere is assumed rigid with a radius of 0.0283 m, mass
0.185 kg and a mass inertia moment of 0.000057 kg m2. The normal and tangential restitution
coefficients between the spheres are ey = 1 and er = 0, respectively; meanwhile, ey = er =0
are used for the the contact between the balls and the cloth. The numerical solutions were computed
with a time step b = 1 x 1073 s and the total time for the simulation was 1 s. The spectral radius
of the integrator was po = 0.8. The value of tolerance for convergence was tol, = 1 x 10~°.

Two different cases are simulated for comparison. The first one is frictionless and is solved
using the algorithm proposed by Cosimo et al [21]; in the second one, friction is considered in
all contact points using the equations presented in Sec. B.3, with friction coefficients p;, = 0.06
between balls, and . = 0.2 between balls and cloth. These values are taken from reference [5].

Let us analyze first the frictionless case. The first sphere impacts sphere 2 at 0.277 s (Fig.

B.16-a-b). Then, sphere 2 fully transmits its impulse to sphere 3 in only one time step. After that,
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Figura B.16: Frictionless case. Displacement and velocity of the spheres.

sphere 3 gets the same velocity of sphere 1 before the impact, as Fig. B.16-b shows. Note that
spheres 1 and 2 remain at rest after impact in agreement with the experimental observations. The
maximum number of iterations at smooth, position and velocity levels are 1,3 and 1, while the
mean number of iterations for the three sub-problems is 1.

The complexity of the problem is increased when friction is taken into account; for this
reason, the global convergence rate of the contact algorithms is somehow deteriorated. The initial
conditions, the masses, the dimensions and solver parameters are the same as in the case before. At
the beginning of motion, the angular velocity of the sphere 1 decreases linearly in time reflecting
that it is in sliding movement until time 0.284 s; then, the angular velocity becomes constant, which
expresses that it changes to a pure rolling movement, see Fig.B.17-b-c. The first impact is produced
at time 0.328 s, when the spheres 2 and 3 are moved forward, see Fig. B.17-a. However, the sphere 1
bounces back, see the detail of Fig. B.17-b where the velocity is negative. The detail of Fig. B.17-d
shows the height of rebound of the spheres 1 and 3 after the first impact. When compared with the
frictionless case, we remark that there is a delay as a consequence of friction between the sphere
and the plane, as depicted in Fig. B.17-a-b-c.

After the bounce and once that sphere 1 touches the plane again, due to the rolling movement it
impacts again sphere 2. Then, there is a sequence of impacts between spheres 1 and 2 that goes on
with decreasing intensity and with frictional sliding in sphere 1 and pure rolling in sphere 2, see Fig.
B.17-b. Finally, both spheres move forward together with a rolling movement and without impacts,
see Fig. B.17-c. On the other hand, sphere 3 moves forward with sliding movement reducing the
velocity until reaching pure rolling.

In this example, the maximum number of iterations at smooth, position and velocity levels
are 1,4 and 2, while the mean number of iterations for the three sub-problems is 1. No line search

iterations were required to achieve convergence of the Newton scheme.

Figure B.18-a shows that initially, the cue ball is in sliding movement with a reduction of
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Figura B.18: Evolution of energies in time, frictional case.
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kinetic energy. Subsequently, it enters in pure rolling motion conserving energy until collision with

the second ball. At the moment of impact, the cue ball rebounds and separates from ground, as

illustrated in Fig. B.18-b, where an increase in potential energy is observed. Most of kinetic energy

is transferred to ball 3, and the balls change progressively from sliding to pure rolling motion

reducing the total kinetic energy, as shown in Fig. B.18-c. Finally ball 3 moves in pure rolling

movement without losing energy, while balls 1 and 2 are almost stopped.

Finally, the convergence rate as a function of the time step is given. The error was calculated

with respect to a numerical solution with time step A = 1 x 107" s. Figure B.19 shows a linear

convergence as expected.
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Figura B.19: Convergence analysis for the multiple impact example with friction.

Bernoulli Problem

Figura B.20: The Bernoulli problem.

This example, proposed by Liu ef al. [47], consists of a frictionless multiple impacts collision
involving three rigid spheres in contact with each other at the initial configuration as shown in
Figure B.20. Sphere 2 initially has a velocity of vg = 1 m/s in the X direction and zero initial
angular velocity. Meanwhile, spheres 1 and 3 are at rest. The three balls have radius » = 1 m, mass
m = 1 kg, and moment of inertia of 0.4 kg m?2. The normal and tangential restitution coefficients
between the spheres are ey = 1 and e = 0, respectively, and between spheres and plane they are

en = er = 1. The results are compared with the analytical solution:

21}0 4
Uzl = Vg3 = 3 Umo = Un — __
3+ tan”a 72— 0T 3 tanZ a (B.53)
2vp tan o
R S P vy2 =0

The numerical solution was computed with a time step h = 1 x 10~2 s and the total time for the
simulation was 0.6 s. The spectral radius of the integrator was po, = 0.8. The value of tolerance

for convergence was tol, = 1 X 10~°. The maximum number of iterations for the smooth, position,
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and velocity levels were 1, 3 and 1, and the mean number of iterations for the three sub-problems

was 1. No line search iterations were required to achieve convergence of the Newton scheme.
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Figura B.21: Velocity of the balls.
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Figura B.22: Convergence analysis for the Bernoulli problem.

Figure B.21 shows the computed velocities vs. time for each ball. The values of the velocities

after impact are in good agreement with those calculated by the analytical solution (B.53), which

predicted v;1 = vgz = 0.6 m/s, vz = —0.2 m/s, vy1 = —vy3 = 0.3464 m/s and v,z = 0 m/s.

Finally, Fig. B.22 shows the convergence rate of the velocity modulus of balls 2 and 3 compared

with the analytical solutions given by Eqs. (B.53), which is linear, as expected.

Billiard balls interaction

This problem consists of a typical billiard break, see Figure B.23. It was initially presented by

Gismeros et al. [19] in the frame of the penalty based-approach. The example allows us to study the

ability of the algorithm to solve problems with multiple impacts, with the possibility to consider

rolling friction effects. The results with those of reference [19], in which a penalty approach was

used to model impacts, were compared.
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Figura B.23: Billiard break configuration.

The four balls have a radius » = 0.028575 m, a weight mg = 1.666 N and an inertia [ =
0.000055 kg m?. The table has a length of 2.54 m and a width of 1.27 m. The values of the friction
coefficient 1 and the normal restitution coefficient ey are 0.2 and 0, respectively, for the contact
between the balls and the table. The coefficients of friction and restitution for the contact between
balls are 1, = 0.06 and ey = 0.93, respectively. The contact between the balls and the edges of the
table are represented with friction and restitution coefficients © = 0 and ey = 0.85, respectively.
The tangential restitution coefficient was set to er = 0 in all contacts. The white ball, labeled 2,
starts motion with a speed of v, = 10.729 m/s and hits the three balls labeled 3, 4 and 5, that are in
contact between them and at rest (see Fig. B.23).

In this work two cases are analyzed: in the first one, the rolling resistance between the spheres
and the plane is neglected, while in the second one a rolling resistance radius p = 0.005 m is
adopted. In both cases, the total simulation time was 3 s with a time step of 1 x 10~ s and the
value of tolerance for convergence was tol, = 1 x 1075, In the first case, the cue ball starts with a
velocity of 10.729 m/s and null rolling velocity, and impacts the balls at a slightly lower velocity
due to the sliding friction between the ball and the plane, see Fig. B.24-a. After multiple impacts,
ball 3 moves forward with a low velocity. As it can be seen, once the balls are in pure rolling, their
velocity remains constant, see Fig. B.24-a. The second case is similar to the first; however, the balls
reach the rest condition due to the action of the rolling resistance, see Fig. B.24-b.

This problem consists of a typical billiard break, see Figure B.23. It was initially presented by
Gismeros et al. [19] in the frame of the penalty based-approach. The example allows us to study the
ability of the algorithm to solve problems with multiple impacts, with the possibility to consider
rolling friction effects. The results with those of reference [19], in which a penalty approach was

used to model impacts, were compared.

The four balls have a radius » = 0.028575 m, a weight mg = 1.666 N and an inertia [ =
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Figura B.24: Computed velocities in the billiard break problem.

0.000055 kg m?. The table has a length of 2.54 m and a width of 1.27 m. The values of the friction
coefficient 1 and the normal restitution coefficient ey are 0.2 and 0, respectively, for the contact
between the balls and the table. The coefficients of friction and restitution for the contact between
balls are 1, = 0.06 and e = 0.93, respectively. The contact between the balls and the edges of the
table are represented with friction and restitution coefficients ¢ = 0 and ey = 0.85, respectively.
The tangential restitution coefficient was set to e = 0 in all contacts. The white ball, labeled 2,
starts motion with a speed of v, = 10.729 m/s and hits the three balls labeled 3, 4 and 5, that are in
contact between them and at rest (see Fig. B.23).

In this work two cases are analyzed: in the first one, the rolling resistance between the spheres
and the plane is neglected, while in the second one a rolling resistance radius p = 0.005 m is
adopted. In both cases, the total simulation time was 3 s with a time step of 1 x 1073 s and the
value of tolerance for convergence was tol, = 1 x 107°. In the first case, the cue ball starts with a
velocity of 10.729 m/s and null rolling velocity, and impacts the balls at a slightly lower velocity
due to the sliding friction between the ball and the plane, see Fig. B.24-a. After multiple impacts,
ball 3 moves forward with a low velocity. As it can be seen, once the balls are in pure rolling, their
velocity remains constant, see Fig. B.24-a. The second case is similar to the first; however, the balls

reach the rest condition due to the action of the rolling resistance, see Fig. B.24-b.



158 ANEXO B.

[~o- d/s|

-o- v (m/s] oy rad /s — uz; )
‘*uzﬂ Reference [rad/s]

vz2 Reference [m/s]

U9 (]

1-10

Velocity [111,".\]

3-20
o

Angular Velocity [rad/s]

Displacemer
SN
=
T
L

R F DA S S (0] . J
0

0 0% 05 071 1% 15 155 2 o ‘ ‘ ‘ ‘
Time s —5-1075 0.5 1 15 2

Time [s]

oy
ot
o

(a) Comparison of the velocity and angular velocity of the
white ball. (b) Vertical displacement of white ball vs. time.
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B.6. Conclusions

A new frictional contact element to simulate the impact between spherical rigid bodies is
presented. The paper gives a detailed kinematic formulation using large rotations and absolute
coordinates, with explicit expressions of internal forces and Hessians. In addition, a new methodology
for handling simultaneous multiple impacts with friction effects is given. The algorithm is based
on the frictionless proposal by Cosimo et al. [21], here modified to consider friction terms, and
in which the Newton impact law is sequentially applied by assuming instantaneous local impact
times. The strategy has the advantage that it does not require any intervention of the user or any
topological analysis for defining the sequence for processing the multiple impacts. The studied
examples demonstrate that the proposed methodology keeps a low computational cost compared
with the classical smooth continuous approaches. Results were compared with results of other
authors, either analytical or experimentally validated, with excellent convergence rate to the solution.
This approach may also be advantageous when describing the general case of flexible multibody
systems. The extension from rigid multibody dynamics to the FEM (finite element method) context

can be done in a very consistent manner avoiding rewriting the equations for each particular case.
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Abstract

Smooth contact models derived from the Hertz theory are widely used in structural dynamics
analysis to calculate variable-in-time forces, stresses, and deformations. However, these models
require very small time steps during the period in which bodies are in contact to integrate
the equations of motion, yielding in a highly time-consuming numerical solution. Furthermore,
penetration between bodies is unavoidable. On the other hand, non-smooth techniques use an
impact law to calculate the impulses. They arrive to a scheme with a constant time step resulting in
very efficient calculations. However, these techniques do not provide a straightforward approach
to calculate the variable in time contact forces that are needed to verify or design the structural
components. In this work, a new methodology of calculation of impact forces that combines the
impulse values obtained from non-smooth algorithms together with a local contact force law derived
from continuous force models is presented. Thus, the computational time required to calculate
the contact forces is reduced significantly. Several numerical examples are presented to show the

robustness and performance of the proposed methodology.

C.1. Introduction

A multibody mechanical system is composed of interconnected links whose purpose is to

transform motion or force into a desired set of outputs such as forces, large displacements, finite
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rotations, velocities, or accelerations [30]. The links are connected by force elements or kinematic
pairs represented by a set of mathematical constraints that restrict the relative motion of the bodies
while at the same time external forces are acting on the system. These forces can be of different
origin: gravitational field, state-dependent forces, inertia forces and/or contacts/impacts between
two or more bodies. Internal impact in joints of a mechanism occurs as a consequence of clearances
by misalignment or assembly errors. If the mechanism is subjected to a high frequency of operation,
these defects can lead to repetitive and intensive impacts between components, resulting in fatigue
or wear effects that can limit the operation of the system yielding component breakage or any other
issues that could completely halt the mechanism. Furthermore, external impacts are produced when
two bodies of a mechanism collide, for example, the grasping of robot manipulators or the electric
contactors of a circuit breaker. Although real bodies suffer deformation, they can be considered as
rigid in a multibody analysis to allow an easier mathematical formulation compared to considering
flexibility. Usually, bodies are assumed rigid if the deformation is small enough so that it does not
significantly affect the overall kinematics of the system. In contrast, bodies are considered flexible

when deformations influence the motion kinematics.

Collisions between bodies involve a highly complex energy transfer process [66, 73, 20, 65].
An impact event has the four following characteristics: 1) very short duration, ii) significant contact
forces, iii) high acceleration and deceleration, and iv) fast energy dissipation. Then, roughly
speaking, there are two main approaches to model an impact process, which differ between them
in the way they take into account these features: the instantaneous impact approach and the finite
duration impact approach. The first approach assumes that the impact event is instantaneous, i.e. the
collision duration and the deformation of the bodies involved in the impact process are neglected.
The non-smooth method, piecewise methods, rigid approaches and momentum based methods [6,
3] are all based on these hypotheses. The information of the dynamic analysis before and after the
impact is provided by the multibody model, but the velocity changes and the energy loss during
impact are described by a separate model (an impact law) with a single phenomenological parameter

known as the coefficient of restitution, which can be determined by experiments [56].

There are two classical models used in the context of instantaneous impact assumption. The
first one is the Poisson’s impact law [51], which assumes that the impact process can be divided into
a compression and an expansion phases, with impulsive forces before and after impact related by
the coefficient of restitution [28]. The second model is the Newton’s impact law [47], which relates
the pre-impact and post-impact velocities by a coefficient of restitution (which is different from
that used in Poisson’s impact law). In both cases, the Poisson and the Newton models, a hypothesis

of conservation of momentum is made.
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Usually, the restitution coefficient is assumed to be constant during the impact process; however,
studies at reduced scales indicate that it depends on the geometry of the contact surfaces, the
pre-impact velocity, the local material, the temperature, and the friction, among other effects [40].
Despite these considerations, numerical simulations using a constant value of the coefficient of
restitution yield acceptable solutions, matching experiments. The normal restitution coefficient is
equal to 1 for fully elastic impacts and O for perfectly plastic impacts, introducing energy dissipation
during impact [5, 24]. Another approach to consider the energy dissipation consists into assuming
viscoelastic material properties, which depend on parameters such as the viscosity and the relaxation
time [20, 21]. Restitution models based on Newton’s or Poisson’s laws are widely used. However,
other models have been proposed in the literature [27]. For example, the Thornton’s model [62]
which, unlike the Newton and Poisson models, divides the impact phase into three stages. The
first one is related to an elastic period, the second one reaches the yield limit, and the last stage

corresponds to the unloading and separation phase.

The second approach for modelling the impact process, i.e. the finite duration approach,
considers local flexibility at the contact zones of the bodies and assumes that the contact forces are
a continuous function of the penetration displacement and its time derivative. These models are also
known as penalty, compliant or regularised models. The earliest proposed model was derived from
the Hertz contact theory [32], and it assumes that the contact force is a continuous function that
depends linearly on the penetration depth. This model is purely elastic and is equivalent to introduce
a simple non-linear spring element which represents the stiffness of the contact surfaces of the
two bodies in contact. A more complete model is needed to consider the dissipated energy during
impact. One option known as the Kelvin-Voigt model [29], consists of replacing the spring by a
spring-damper element instead. More sophisticated models based on Hertz’s and Kelvin-Voigt’s
theories have been proposed in the literature. In most of them, the contact force consists of an elastic
force which is a non-linear function of the penetration depth, together with another force which
depends on the indentation and the rate of deformation. These forces try to impede the penetration
between the contacting bodies, avoiding the definition of the unilateral constraints required by the

non-smooth methods.

One of the most popular continuous contact models was proposed by Hunt and Crossley [36].
This model depends on the geometry, the material and the kinematic properties of the contacting
bodies. The drawback of this proposal is that, for high impact velocities, the values of the restitution
coefficients at post-impact differ from the pre-impact ones [52]. Nevertheless, the significance of
the Hunt and Crossley model lies in providing the foundations for more accurate models in later

proposals. A comprehensive description of models derived from Hunt and Crossley’s, with strengths



166 ANEXO C.

and weaknesses of each model, is given in [57]. In these models, the penetration displacement and its
time derivative are the only variables in the formulation; then, the contact activation can be handled
from the contact kinematics and the system configuration. For this reason, the computational
implementation into a nonlinear finite element code can be relatively easy performed. However, the
main disadvantage of continuous models is that they introduce a term into the energy functional
which adds a large fictitious energy in terms of the violation of constraints. Penetration between
contacting bodies is unavoidable, and in order to decrease this penetration, a high spring stiffness
becomes necessary. Also, when dynamic effects are taken into account, obtaining accurate solutions
at the proper initial time instant requires very small time steps in the time integration algorithms,
leading to a significant increase in computational cost. Large values of contact stiffness introduce
spurious high frequencies and numerical difficulties due to ill-conditioned system matrices. Also,
to obtain acceptable solutions, the method requires the proper detection of the initial time instant of
impact [22]. Several works can be found in the literature in which these approaches are utilised
to solve problems involving granular media; they are referred to as the Discrete Element Method
(DEM) [11, 19] or the Smooth Particle Hydrodynamics (SPH) methods. We note that another
alternative to simulate efficiently very large number of particles with contact and friction is the
Differential Variational Inequality (DVI) technique which can be classified into the non-smooth

type methods [48, 58, 59, 61, 60].

In the non-smooth approach, the required time step is usually large compared to that required
in the continuous approach, resulting in a more efficient algorithm in terms of computational cost,

even when multiple impacts occur [1, 18].

One drawback of this approach is that, because of the rigid bodies assumption, it does not allow
for the calculation of the contact forces or the impact duration. This is a remarkable issue, since
the contact force values resulting from impact are needed for verifying structurally the mechanical
components of a mechanism. For example, fatigue or wear damage between the balls and the race
of a ball bearing is influenced by factors such as the magnitude and the frequency of the contact

forces, among others.

In this work we propose a novel methodology to calculate the contact forces during the impact
between two bodies in the framework of non-smooth methods. The bodies in contact can be
the links of a complex mechanism composed with another (rigid or flexible) components. We
remark that we are not proposing a new constitutive model to calculate the contact forces. Here,
the developed methodology, combines the algorithmic efficiency of non-smooth methods with
the physical parameters of smooth methods. It is new and useful for expanding the potential of

non-smooth methods in engineering applications. The proposal that we present assumes a constant
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restitution coefficient. Nevertheless, this assumption can be easily modified to consider a variable
coefficient of restitution without loss of generality, e.g. by taking into account the computed
pre-impact velocity at each time step to calculate the coefficient of restitution in the impact law.

The approach is developed to be consistently implemented with the non-smooth generalised-a
time integrator scheme [17, 55] and involves two main steps. First, the impulse history is obtained
from the non-smooth time integrator. Then, the contact force is calculated using a continuous
contact model with assumed time variation of the interpenetration velocity. Therefore, the kinematic
and the dynamic variables are provided by the non-smooth methodology which allows large time
steps compared to continuous methods avoiding penetration of the bodies, while the contact forces
are determined by the well-known continuous contact model, in a multiscale approach.

This work is organized as follows. Section C.2 reviews briefly the theory on continuous
impact models. Section C.3 gives an overview of the decoupled version of the non-smooth
generalised-o: time integrator. Sections C.4 and C.5 give the main novelty of this work. In it,
we develop the algorithms to calculate the contact force combining the non-smooth and the smooth
methodologies. Section C.6 presents numerical examples which demonstrate the efficiency of the

proposed algorithm. Final conclusions are drawn in Section C.7.
C.2. Continuous contact force models
0

l
(P

X

Figura C.1: Elastic collision of two hard deformable spheres.

When two bodies collide, e.g. two spheres with masses m; and mg and radius R; and
Ro, respectively, see Fig. C.1, the deformation J at the zone of contact (also called relative
interpenetration when dealing with rigid bodies) produces a contact force. In order to calculate
the magnitude of this force, the contact deformation has to be evaluated by using an appropriate
measure and a constitutive law that relates the contact force to the deformation measure. The
interval of deformation of the bodies is defined from an initial time ¢; to a final time ¢, see Fig.
C.2-a. The experimental observations indicate that the deformation between ¢; and ¢ is divided

into a compression phase followed by a restitution phase.
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(¢) Acceleration evolution of the spheres before, during and after impact.

Figura C.2: Impact process between two solid spheres.

To simplify the explanation of the impact process, let us assume that the spheres 1 and 2 move
freely along direction X with a constant pre-impact velocity vy ; and vs ;, respectively (Fig. C.2-b).
As aresult, the spheres arrive to collision with zero acceleration at time ¢;, Fig. C.2-c. After impact,
the spheres separate with post-impact velocities vy y and vo y which are usually lower than vy ; and
va 4, respectively, as a consequence of the energy dissipation. During the compression phase, the
relative interpenetration increases from zero at ¢; until it reaches a maximum value d,,, at t,,, as Fig.

C.2-a shows. Immediately after ¢,,, the restitution phase begins and continues until the two spheres
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separate at ¢ ;. During this interval, the contact force (and deformation) gradually decreases from
time ¢, and vanishes at time ¢ ;. Once the spheres are separated, ¢ > ¢y, they continue motion with

constant velocity and zero acceleration as Figs. C.2-b-c show.

In order to perform the analysis, a constitutive law that links the deformation and the contact
force is required. The first and simplest model to calculate the contact force was proposed by Hooke

in 1661 [33] which is defined as follows
Fn(t) = Ko(t) (C.1)

Equation (C.1) represents an equivalent linear spring element, where K is a stiffness coefficient
that can be obtained either analytically, by finite element simulations or by experimental tests
[67]. Then, Fi(t) is the normal contact force oriented along the common normal to both contact
surfaces at the contact point. The assumption of a linear relationship between the normal force and
the interpenetration is a rough approximation since the material, the surface or the shape of the
contacting bodies are the governing variables in a contact problem. Additionally, the Hooke contact
force model is limited to slow impact velocities and does not considered the energy dissipation
during the impact process. To overcome these drawbacks of the Hooke model, Hertz [32] proposed

a more accurate model based on the classical elasticity theory:
Fn(t) = Ko(t)" (C.2)

where the parameter K represents the generalised contact stiffness which depends on the material
properties and on the geometry of the bodies; and the exponent n depends on the contact surface
geometry. Note that the contact force is normal to the contact surfaces because friction was neglected.
The value of K can be obtained as in the Hooke model, it is, either analytically, by finite element
simulations or by experimental tests. In the particular case of two colliding spheres, the direction
of Fy is given by a line that links the centres of the spheres; the exponent n equals 1.5; and the

parameter K obtained from the elasticity theory is next given,

4 RiRy 1'?
K — [ Lfz ] (€3)
3(o1+02) | R1+ Ra
where the material parameters o1 and o2 are given by
_1low —1,2 (C4)
or = A r=1, .

with v, the Poisson’s ratio and E, the Young’s modulus associated with sphere r.

Equation (C.2) does not take into account the energy dissipation during the impact event. Thus,

the application of this model is restricted to cases when the impact velocities are low, with perfectly
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elastic bodies and friction-less contact.

The Kelvin-Voigt model was proposed to overcome the limitation of the energy dissipation of
the Hertz model by using a linear spring and a linear damper arranged in a parallel configuration

[29]. In this model, the contact force is given by the following equation,
Fn(t) = K&(t) + Dé(t) (C.5)

where 5(15) is the relative interpenetration velocity. The main problem of this model is that it does
not consider the non-linearity of the contact process; besides, a non-physical discontinuity of
the contact force in time is produced. Indeed, at the beginning of the impact process, the force
component associated with the spring is null as a consequence of the null interpenetration; however,
the force associated with the damper is non-zero, thus this model does not represent the physical
behaviour that is depicted schematically in Fig. C.2. In addition, when the impact phase finishes,
the contact force is negative, something that is non physical.

A more accurate model was presented by Hunt and Crossley [36], in which the contact force
is calculated as in the Hertz theory by a non-linear function of the indentation together with a

non-linear viscous component, yielding
Fn(t) = K&6(t)" + Do(t)"4(¢) (C.6)
where the parameter D is the hysteresis damping factor defined as

D= 2—&(1 —en) (C.7)

Here, §; is the initial relative interpenetration velocity calculated using the pre-impact velocities:

Si = v1; — V24, and ey is the normal coefficient of restitution given by
eny = — (C.8)

where § f = v1 f — gy is the final post-impact interpenetration velocity. The values of the coefficient
of restitution ey vary between 0 and 1. When the impact is fully elastic ey = 1, while for a fully

plastic impact ey = 0. The final expression for the contact force model is written as

Fy(t) = Ko(t)"

3(1 — BN) -
1+ T 5(t)] (C.9)

The Hunt and Crossley model [36] is physically consistent and became popular for its simple and
straightforward implementation. Equation (C.9) gives acceptable solutions when the amount of
dissipated energy during contact is small compared to the maximum elastic energy. In other words,

this equation is valid for a coefficient of restitution close to one. This model was presented in 1975
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and has served as an inspiration for a large number of improved continuous contact force models.
The constitutive laws derived from the Hunt and Crossley models were validated experimentally
for spheres and plates geometries in several research works [71, 72, 64, 31].

The main difference between the alternatives of Hunt and Crossley of the is the way of
computing the hysteresis damping factor D. Corral et al [15] classified the hysteresis damping
models D in five main categories: (i) hysteresis damping models obtained from experimental tests
[7, 4]; (ii) models calculated by a non linear function that relates D to the physical parameters of
the system [44, 41, 70]; (iii) D based on a simple assumption which yields an explicit expression
of the hysteresis factors [42, 63, 8, 74, 38, 37]; (iv) models that consider an expression that relates
the indentation and the time derivative of the indentation providing an explicit expression of the
coefficient of restitution and of the hysteresis damping factor [69, 72, 54]; (v) finally, the fifth
category groups models that cannot be classified into the previous categories [53, 68, 39]. Complete
reviews with applications can be found in the papers by Rodrigues da Silva et al [52], Corral et al

[15] and Flores et al [23]. For example, Table C.1 presents several proposals of the literature.

Tabla C.1: Different hysteresis damping factor models.

Model Authors D
1 Hunt and Crossley (1975) [36] 30 en) K

2 Lankarani and Nikravesh (1990) [42] 210 K

3 Hu et al (2011) [34] *%M?

4 Flores er al (2011) [25] 8<15;;N> 55

5 Zhang et al (2020) [72] 3(1—en)(£/0:)

2 (0.6181e—3-526N +0.899¢0-09025e v

C.3. Non-smooth generalised-o time integration scheme

Non-smooth dynamics is characterised by the presence of discrete jumps in the velocity field at
the impact instants. The foundations of the formulation of non-smooth dynamics were established
by Moreau several decades ago [46]. His initial proposal, known as the Moreau method, provides
a theoretical framework for analysing systems that experience abrupt changes in their kinematic
variables. Over the years, various authors have continued to expand Moreau’s initial proposal by
introducing variants and refinements. These extensions have allowed the application of non-smooth
dynamics to a wide range of engineering problems [50, 49, 2].

Recently, Briils ef al [9, 10] developed the so-called non-smooth generali
sed-a time integration scheme which is based on solving three coupled subproblems: the smooth
prediction of the motion and two other problems that correct the position and velocities predictions

of the smooth contributions to account for impacts. The scheme overcomes the limitations encountered
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in traditional Moreau-type time-stepping approaches. The scheme solves the equations of motion
of a multibody system with unilateral and bilateral constraints which are verified exactly. Then,
Cosimo et al [17] introduced a modification to this algorithm, developing a fully decoupled version
of the original integrator scheme of Briils ef al [9], solving each sub-problem in sequence at each
time step. These techniques can be seen either as Newton semi-smooth iterations or as active set
methods. The solver has been successfully used in various applications involving frictional forces,
as shown in [26, 16, 55].

In this work, the nonsmooth generalized o scheme is used to integrate the equations of motion
for its demonstrated robustness and accuracy in problems involving nonlinear bilateral constraints
and/or flexible elements with a relatively large time stepsize [17]. However, any other nonsmooth
integrator that gives the impulse and the velocity jump at the instant of impact could have been used.
The main aspects of the formulation of the decoupled version of the non-smooth generalised-«
scheme are next given, omitting details for conciseness. Only the governing equations and minor
comments about the integrator are presented.

After spatial discretization, the equations of motion for a multibody system with unilateral and

bilateral constraints can be written in the following form:

gt = v" (C.10a)
M(q)dv—gldi = f(q,v,t)dt (C.10b)
d@ = o0 (C.100)
0<g4(q) L di¥>0 (C.10d)

where

q is the vector of nodal coordinates;

» g (t) = lim, ¢~ G(7) and vF (t) = lim,_; ;~; v(7) are the right limits of the velocity,

which are functions of bounded variations;

s f(q,v,t) = fL(t) — flomP(q,v) — fi™(q) collects the external, damping and internal

forces;
» M (q) is the mass matrix which may, in general, depend on the coordinates;

= do is the differential measure associated with the velocity v assumed to be of bounded

variation;
= ¢ is time, and dt is the corresponding standard Lebesgue measure;

» g(q) is the combined set of bilateral and unilateral constraints, and g (q) is the corresponding

matrix of constraint gradients;
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= d¢ is the impulse measure of the contact reaction and the bilateral force;

= U denotes the set of indices of the unilateral constraints, I/ is its complementary set, i.e., the

set of bilateral constraints, C = U/ U U is the full set of constraints, where
u U
g . de

For the sake of notation simplicity, the convention v(t) = v (t) and §(t) = g™ () shall be used in
the remaining part of the paper. Since the motion might be non-smooth, velocity jumps and impacts

are expected yielding the following decomposition of the measures, neglecting singular measures:

do = @dt+ Y (v(t;) — v (t:))d, (C.12)

di = Adt+ ) pidy, (C.13)

where A is the vector of smooth Lagrange multipliers associated with the Lebesgue measurable
constraint forces; v~ (t) = limr_; r<; v(7); v(t;) — v~ (¢;) is the jump in velocity at the instant ¢;,
0, the Dirac delta supported at ¢;, and p; is the impulse producing the jump at the instant ¢;. The
splitting of the variables isolates the impulsive terms from the smooth contributions to the motion.

Considering a time interval (%, t,,+1] the measure of the velocity dv is decomposed as
dv = dw + ¥ dt (C.14)

where © dt is a purely diffusive measure and dw is the non-smooth impulsive contribution to the

motion. Time integration of the velocity measure dv over the time interval (,, t] gives
v(t) = / dw + o(t) = W (tp, t) + 0(t) (C.15)
(tnst]

where variable W (t,,, t) captures all velocity jumps taking place in the interval (¢, t].
The general form of the integrator for a multibody system with unilateral and bilateral
constraints is written as follows,

M (Gn1) 01— F(@nr1, Onsts tnsn) — 9?,%11 (ksj\szﬂ — PsG4nt1 5n+1> =0 (C.16a)
_ksgzm-l Upy1 =0 (C.16b)
h2

M(gn+1)Unt1 — ?fp - g:f+1 (ka;LAJrl _Ppgf+1) =0 (C.16¢)
—kpgitii =0 (C.16d)

K2
—]DlVﬁH =0 (C.16¢)

'p

M (gn41)Whi1 — hf* — gszﬂ (kUAfJrl — pvﬁnBH) =0 (C.16f)
*kvéfﬂ =0 (C.16g)

k‘2 _
—;”Afﬂ =0 (C.16h)

where Eqs.(C.16)-a-b are related with the smooth motion, meanwhile Eqs.(C.16)-c-d-e and
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Eqs.(C.16)-f-g-h are the position and velocity corrections part of the motion. In the set of Egs.(C.16),

the following notation is used for conciseness

Gint1 = 9q(dnt1) (C.17)
D - o y UT U

IP = f@n+1,0n41,tnt1) — F(dnt1,Ont1s tngr) — 9gn+1 A1 (C.18)

.fv = .f(Qn+17 Un+1, tn+1) - .f(én+1; 'lu7n+1a tn—l—l) - ngclﬂa_l 5\17/1{-1-1 (C.19)

where A is a Lagrange multiplier associated to the bilateral restriction, and @41, Un+1 and  are
the position, the velocity and the acceleration vectors of the systems, respectively. These variables
are associated with the smooth contributions of the problem, it is, the impacts are not considered in
these variables. The contribution of the position jumps due to impact is associated with a Lagrange
multiplier v, for the unilateral and bilateral constraints and the position correction is U, 4.
The Lagrange multiplier A represents an impulsive force that can be interpreted as the integral
of the reactions in the time interval (¢,,, t,+1] and W, is the velocity correction. Then, taking
into account the splitting of the motion into a smooth and non-smooth contribution, the physical
displacement and velocity fields are computed adding the correction vectors U, 1 and W, to

the smooth motions as follows,

Ant1 = qnt+1+Unpa (C.20a)

Unt1l = Uny1+ Wap (C.20b)

Because of using an augmented Lagrangian approach, the penalty terms of the smooth, position,
and velocity problems are affected by the scalar factors p; > 0, p, > 0, p, > 0, respectively, which
improve the convergence rate. Besides, the scalar factors k5 > 0, £, > 0, and k,, > 0 are associated
with the Lagrange multiplier terms to improve of the condition number of the iteration matrix.
As initial guess, they can be calculated as k; = p; = m/h, k, = p, = m and k, = p, = m
giving a good scaling of equations and where m is a characteristic mass of the problem. Finally, the

integration algorithm is completed with the following difference equations of the generalised-«

scheme
Gnt1 = Gn+hvn+h*(0.5 - B)an + h*Banis  (C2la)
Upy1 = vp+h(l—7v)a, + hyan+1 (C.21b)
(1—am)ans1 +apma, = (1-— af)’l:}n_i_]_ + aﬁ;n (C.21¢)

where a1 is a pseudo acceleration term that arises in the generalised-« integrator scheme. The

numerical coefficients 7, /3, a;,,, and oy can be selected by fixing the desired value of the spectral
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ratio at infinity po € [0, 1],

a :2:000_1 o = Poo
T el T gt U

y=05+ar —ay,, B=025~y+05)? (C22)

Then, the set of active unilateral constraints A = 4,11 and bilateral constraints and B = B,,+1,

together with their complementary sets A = A,, .1 and B = B,, 11, are defined in the following

form,
Aw = UU{jel:kwl,, —pyghi >0} (C.23a)
A1 = C\ Anss (C.23b)
Byt = UU{j € Appr - koAl ) — podl,, >0} (C.23¢)
Buy1 = C\Bny1 (C.23d)

Finally, the residual vectors for the sub-problems of smooth, position and velocity are obtained
from Eqs.(C.16)-a-c-f, respectively. More details about the residual vectors, as well as the iteration

matrices of the nonlinear algebraic problems to be solved at each step can be found in [17].

C.4. Calculation of contact forces with the non-smooth integrator

Time integration with the generalised-a algorithm gives as results the velocity jump and the
impulse at the impact time instants. This section presents the methodology to calculate the contact
forces from these data by using a constitutive law at the impact zone that relates contact forces to
local deformation, as used in continuous contact methods.

The discrete value of the Lagrange multiplier A,,41 computed by the integrator at time ¢, 1 is
given by [9]

Anp1 = / (di —X(n) d7> (C.24)
(tntns1]

where di is the impact measure of the contact reaction and A is the contact force when the contact
is closed. By considering that the second part of the impulse is continuous, its integral in Eq.(C.24)

can be approximated as follows

Apyr ~ / di — h A1 = A — Ay (C.25)
(tTL7tTL+1}

where h = t,,41 — t, is the time step of integration. Therefore, the discrete impulse 4,11 has two

components: a first component named A4; = [, ( ] di, which is the time integral of the impulse

tnytn+1
produced by impacts occurred during the time step and is associated to a Dirac shape in time; the
second component Ay is equal to the contact force 5\n+ 1 (i.e. when the contact is closed) multiplied

by the time step and is associated to a continuous variation in time. Note that the impulse A; can be
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generated in a rigid bodies chain by an impact in another closing contact and transmitted by the

chain to the contact under analysis.

Both components of the impulse, A; and Ax, can be estimated easily in a post-processing
analysis by filtering the Lagrange multiplier A output from the integrator, by separating the Dirac
impulse from the continuous component. The filtering process is described in detail in Section C.5.
Then, the closed contact force component ;\n+1 is simply computed by dividing A5 by the time
step h. However, the computation of the force component produced by the impulse A; is not trivial,
and requires a special treatment as follows. From classical mechanics, the impulse A; delivered
during the interval (¢;,¢s) by a time-dependent force Fy (t) is defined as the time integral of the
force Fiy(t),

A = /t Y (e dt (C.26)

In the case of impact of two bodies, by assuming the constitutive law presented in Eq.(C.6), the

impulse during impact yields the following equation

tf .
A = / [K v Dé(t)} S"(t) dt (C.27)
ti
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Figura C.3: Relative interpenetration velocity vs. time, for several impact masses (taken from Chen et al. [14]).

Experimental observations made by several authors demonstrated that the evolution of the
relative interpenetration speed 0(t) during the impact interval [0, 7], with T = ¢ — t;, looks similar
to a cubic polynomial pattern, as reported by Chen et al [14], see Fig. C.3. Therefore, a piecewise
cubic variation for § (t) is assumed in this work. In this function, the first part goes up to the time
instant of maximum penetration and zero velocity, and the second part goes from the latter time

instant up to the end of the impact duration T'. Then, the proposed time evolution of the relative
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Figura C.4: Piecewise linear function g(7) in terms of non-dimensional time, for different values of coefficient of
restitution.

interpenetration velocity is given by
5(1) = b6; +eT? g*(1) + d T3 g3(7) (C.28)

where 7 = (t — t;) /T is a non-dimensional time; the values of parameters ¢ and d are determined
by the boundary conditions on the displacements, velocities and accelerations during the impact of
the colliding bodies (Fig. C.2); and the piecewise linear function g(7) : [0, 1] — [0, 1] is defined as

follows
aT T<k
g(r) =4 (a—Dk 1—ak (C.29)
T % T 7 T 7>k

Coefficient k is such that k7" is approximately equal to the time instant of maximum interpenetration
and zero velocity. Note that g(0) = 0 and g(1) = 1, while parameter a controls the amplitude of
g(7) at 7 = k such that g(k) = ak; in particular, when a = 1, g(7) = 7 and a linear interpolation
is recovered. Coefficient k is computed in the Appendix A in terms of the normal coefficient of
restitution ey, giving the relationship

aen

k=-—
1+ ey

with a=1.7 (C.30)

Function g(7) is plotted in Fig. C.4 for different values of the coefficient of restitution.

Parameters ¢ and d of Eq.(C.28) are obtained by asking that the velocity at time 7" is equal
to the final velocity, which is the sum of the initial velocity o plus the velocity jump W, see Eq.
(C.16-f). Therefore, (T = 0 =W+ d;. We also impose that the acceleration at time 7" is null (in
other words, since the acceleration at the end of the impact is much smaller than the accelerations

during impact, it can be considered zero). Taking into account these assumptions, the following
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system of equations is obtained

O(T) — b =cI? +dT% =W
1

.. — ak C.31
§(T) = 57 (20T + 3d1%) = 0 (3D
1-k
After solving Eq.(C.31), coefficients c and d can be calculated as
W 2w
c= T d= ~ 75 (C.32)

On the other hand, the interpenetration §(t) is obtained as the time integral of §(7) as follows
(t=t:)/T
o(t) = / o(r) dr (C.33)
0

The coefficient a is next determined from Eq.(C.33) by asking that the interpenetration at the end

of the impact is zero, as Fig.C.2-a shows; therefore,
1 .
T) = T/ d(r)dr =0 (C.34)
0

After computing the integral in Eq.(C.34), the following cubic algebraic equation is obtained

]_ _
kad — K2k + Da? + k(k—Dat+ k- — N =0 (C.35)
ey +1

Thus, coefficient a is computed by solving Eq.(C.35). This solution is computed only once and
tabulated. Figure C.5 shows the values of a calculated from Eq.(C.35) in terms of the coefficient of

restitution.

Coefficient “a”
w

0 0.1 02 03 04 05 06 0.7 0.8 09 1
Coefficient of restitution ey

Figura C.5: Parameter a in terms of the normal restitution coefficient ey .

The impact time duration 7" is determined based on the computation of the impulse given

by Eq.(C.27). This integral can be rewritten in a non-dimensional way with the substitution



C.4. CALCULATION OF CONTACT FORCES WITH THE NON-SMOOTH INTEGRATOR179

T = (t—t;)/T, yielding

1 1 .
/h:Kﬁﬁm{/wﬁmdf+D$”%m{/mﬁwaﬂdT (C.36)
0 0
~—_———
I, T

0

where the non-dimensional interpenetration velocity §(7) and the non-dimensional interpenetration

0(7) are defined as follows

3(r) = 5? =1-3(1+en)g*(1) +2(1 +en)g*(7) (C.37a)
i) =22 = [0 ae (C3Tb)

The value of the factor I35, Eq.(C.36), is evaluated using Eq.(C.37b) for different coefficients of

restitution e . This computation is performed only once and tabulated, giving results as shown in

Fig. C.6.

0.1

0.08F

0.06

Factor I

0.04F

0.02F

0

0 01 02 03 04 05 06 07 08 09 1
Coefficient of restitution ey

Figura C.6: Factor I5 in terms of the normal restitution coefficient e .

On the other hand, factor /; in Eq.(C.36) is equal to zero as shown next

= B e = / o [(Gte1)] e =

= — [yt =50+ =0

(C.38)

since §(1) = §(0) = 0 (i.e. the relative interpenetrations at the beginning and at the end of the

impact process are zero, see Fig. C.2-a.

Finally, by replacing in Eq.(C.36), the impact time duration 7' is obtained yielding

A;
K& I,

] 1/(n+1)
(C.39)

The algorithm proceeds by computing /5,7, c and d. Then, the relative interpenetration velocity

4(t), the relative interpenetration 0(t) and the contact force Fi(t) can be evaluated by using



180 ANEXO C.

Eqgs.(C.28, C.33, C.6) respectively. This computation is performed in very fast way. Fig. C.7
gives a block diagram of the computations required to calculate Fiy(t). The first block displays
the necessary data: the problem parameters as well as the variables obtained from the integrator
evaluated at the time instant of impact. We remark that the integral in Eq.(C.33) can be evaluated

analytically.

‘ Problem Parameters: ey, K, D, n. Data Solver: W, A;, Si

v

[Coefficient k - Eq.(QQ)}

v

[Coefficient a - Fig. (5)}

v

[Coefficient Is - Fig.(G)}

v

[Impact time duration 7' - Eq. (38)}

v

(Coefficients ¢,d - Eq. (31)1

v

[Dimensionless time evolution function g(7) - Eq. (28)}

v

{Relative interpenetration velocity 4(t) - Eq. (27)}

v

tRelative interpenetration () - Eq. (32)J

v

[Contact force Fn(t) - Eq.(G)}

Figura C.7: Block diagram for the calculation of the contact force Fiy(t).
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C.5. Filtering Algorithm

An algorithm to calculate the impulse component A; and the continuous component A5 of
the discrete Lagrange multiplier A, which are needed to get the evolution of the contact force, is

proposed in this section (see Eq. (C.24)).

Figura C.8: Discrete impulse vs. time.

Let us consider a general discrete variation of Ag, k = 1, N, as shown in Fig. C.8. The time
instants of impacts are defined as {tpeqr} = {tr s.t. (Ax > Ap—1) A (A > Agq1),Vk e (1,N)}.
In other words, they can be identified by the positive peaks in the time evolution of the Lagrange
multiplier A. Then, two cases can be identified from this figure. In the first one, A; corresponds to
the case in which the two bodies are separated before impact. It is characterised by the fact that
immediately before and after ¢ 4, the Lagrange multiplier A is equal to zero. The second type of
impact occurs at time ¢ g, in which the contact constraint A is active before (and after) the impact at
time ¢ .

We define the continuous component of the Lagrange multiplier in the following form:

Aka if tk 7é tpeak
A(e) = A5 = § A1+ A1 (C.40)
7 fa if ty = tpeak:

Then, the values of the impact impulses A; are obtained by simply subtracting the continuous

component of the Lagrange multiplier from the time evolution of A:

Ai(te) = Ai k= Ax — A5, (C41)

The continuous component of the Lagrange multiplier A5 and the impact impulse A; are shown in

Fig. C.9.

C.6. Numerical examples

Four numerical examples are presented to show the accuracy and robustness of the proposed
methodology. The contact element developed in this work has been implemented in the finite

element research code Oofelie [12]. The expression of the convergence criterion used in the
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(a) Continuous component. (b) Impact component.

Figura C.9: Components of the Lagrange multiplier /A obtained by filtering.

examples is given next

Il < tol, [ > [lrxll + toly (C.42)
k

where tol, is a relative tolerance for the smooth, position and velocity sub-problems, 7 is the k&
th term contributing to the residual = for each sub-problem of the decoupled non-smooth time
integration scheme described briefly in Sec. C.3, tol; is a minimal characteristic value of residual
force, and || - || is the L? norm of (-). We remark that a constant time step was used in the
simulations in order to display clearly the performance of the algorithm and allow comparisons
with other authors. Nevertheless, a variable step strategy could have also been used achieving a

better computational efficiency.

Bouncing ball

Figura C.10: Bouncing ball problem description.

The first example is the classical bouncing ball problem, see Fig C.10. The ball has a mass of
m = 1 kg, aradius R = 0.1 m and, it is initially at rest and falls under the influence of gravity
(g = 9.8 m/s?) until colliding with the ground. Then, it rebounds to a height that depends on the
value of the coefficient of restitution. Several authors previously used this example to test various
hysteresis damping models in the context of smooth approaches [25, 35, 54]. They analysed the
kinematics, the deformation, the velocity of deformation, and the contact force during the first
impact of the ball with the ground.

Figure C.11 shows the calculated position, velocity, and impulse by using the decoupled version
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Figura C.11: Bouncing ball example. Evolution with respect to time of ball position, velocity and impulse, computed
with h = 1 x 1073 s and ex = 0.8. Convergence rate in terms of time-step size.

of the non-smooth generalised-« time integrator [17]. The same example was also analysed in
[9] with the original implementation of the non-smooth generalised-« time integrator and similar
results were obtained. Solver parameters are: a constant time step h = 1x 103 s, spectral ratio
Poo = 0, normalised residual tolerance tol, = 1x 1075, and a total simulation time of 4 s.

Figure C.11-d shows the convergence rate computed by comparison with an analytical solution
[13], showing a linear convergence rate as expected. The maximum number of iterations per
time-step was 1 with a mean number of 1 iteration per time-step for the smooth, position and
velocity sub-problems, respectively.

Figure C.12-a displays the evolution of the contact force and penetration for the first impact for
different values of the restitution coefficient, computed with the present methodology using the
Flores hysteresis damping factor, see model 4 in Table C.1 with a contact stiffness K = 140 x 10°
N/m3/2 and exponent n = 3/2. The value of K corresponds to a material with Young modulus

E = 6.043 x 108 N/m? and Poisson coefficient v = 0.3. These results are compared with
computations performed by Safaeifar and Farshidianfar [54], where these authors also used the
Flores hysteresis damping factor. It can be seen that the computed curve families agree with the cited

work. However, some small differences can be observed for the smaller values of the restitution
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ANEXO C.

coefficient, although these differences are in the range of variation of solutions computed with other

smooth contact models.

The computations of the contact forces for five different values of the coefficient of restitution

were performed, namely ey = [1,0.8,0.6,0.4,0.2]. Figure C.12-b shows the evolution of the

contact force and penetration during impact, for computations performed with different time-step

sizes h. The curves converge to the reference curve as h is reduced in size. The contact duration is

T = 0.00145 s in this case; therefore, our computations were performed with a constant time step

h which is up to 69 times larger than the contact duration 7" without losing accuracy in the forces

calculation, as it can be seen on the plots. On the contrary, in the smooth approach, the time-step

should have been much smaller than the contact duration to get accurate results. Usually, a variable

step size time integrator is used with an strategy for detecting the time instant of contact.
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Impact of two spheres

Figura C.13: Impact of two rigid spheres.

The second example concerns the impact of two spheres, see Fig.C.13. Computations were
performed with two damping models to show the capability of the method to accommodate to
different models.

In a recent paper by Flores et al [52], a detailed comparison of various contact force models is
presented. Here, we used the models proposed by Hu ef al [34] and Zhang et al [72], see models 3
and 5 in Table C.1, respectively.

The spheres are equal, with radius Ry = Ry = 0.02 m and mass m; = mo = 0.092 kg.
The initial distance between centres of the spheres is 0.1 m. They both have an initial velocity of
v; =wv, = 0.15m/s, in opposite directions. Friction between the spheres is not considered. The
contact stiffness is K = 5.5 x 10% N/m?/2 with exponent n. = 3 /2, and the chosen values of the
coefficient of restitution for this study are ey = [0.2, 0.4, 0.6, 0.8]. The value of K corresponds
to a material with Young modulus £ = 7.5 x 1019 N/m? and Poisson coefficient v = 0.3.

The solver parameters were set as follows: a constant time-step h = 1x 1072 s, spectral ratio
Poo = 0, a normalised residual tolerance tol, = 1x 10~5 and a total simulation time of 0.5 s. The
nonlinear problem at each time-step converged very fast, even for the time instant of impact, with
a maximum number of iterations in the computations of 1, 2 and 2 for the smooth, position and
velocity sub-problems, respectively.

Figures C.14-a-b-c-d show a comparison between the solutions obtained for the Hu et al
model with the smooth approach [34] and with the present methodology, for different values of the
coefficient of restitution. These diagrams present the evolution of the contact force versus time, the
velocity of a sphere versus time, the contact force-penetration relation, and the penetration velocity
versus penetration, respectively. Subsequently, Figs. C.15-a-b-c-d show the same diagrams when
using the Zhang et al model [72]. Figures C.14 and C.15 show that the numerical solutions obtained
with the present methodology are in agreement with the cited references for several values of the
coefficient of restitution and for various factors of the hysteresis damping models.

The contact duration varies between 1" = 0.160 ms for ey = 0.8 and T' = 0.226 ms for

ey = 0.2, which is between 67 and 44 times smaller than the constant time-step used in the
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integrator. Again, we remark that in the smooth approaches, the time step should be much lower

than the contact duration.

0.6
0.7 05 —en = 0.2 Present Work| |
—en = 0.2 Present Work = U —en = 0.4 Present Work
.06 —ey = 0.4 Present Work = 04f —eyny = 0.6 Prcsont \’\ork 1
Z 05 —ey = 0.6 Present Work = 03l =08
= —ey = 0.8 Present Work = : =02
204 ey =0.2Hu et al 3 0.2f —04
= ey = 0.4 Hu et al g 01 — 0.6
< 03 ey = 0.6 Hu et al © . _ 0-8
;‘5’02 ey = 0.8 Hu et al 5} of —=
3 0'1 & —0.1
' —0.2} |
% 0.05 0.15 0.2 0.05 0.1 0.15 0.2
Time [ms] Time [ms]
(a) Contact force vs. time. (b) Velocity of the deformation vs. time.
- = 2 Present Work
0.5 —ey = 0.2 Present Work E 4 Present Work
= 04 —ey = 0.4 Present Work T Present Work
Z 0. —ey = 0.6 Present Work|| £ Present Work
= —ey = 0.8 Present Work 3 Hu et al
203 -ex = 0.2 Hu et a < 4 Hu et al
2 -ey = 0.4 Hu et al _ Hu et al
202 cox — 0.6 T et al S Hu et al
e -ey = 0.8 Hu et al ‘5
Sl g
Z
? ~ i
0 8§ 10 12 14 16 18 20 22 24 26 28 0 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Penetration [pm] Penetration [pm]
(c) Contact force vs. penetration. (d) Penetration velocity vs. penetration.

Figura C.14: Impact of two spheres for different coefficients of restitution by using the Hu ez al. model [34].
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Figura C.15: Impact of two spheres for different coefficients of restitution by using the Zhang et al. model [72].

Crank rod mechanism with impact

The third example is a planar crank rod mechanism with a slider impacting a free block,
proposed by Machado et al [45]. The mechanism consists of five rigid bodies: the crank, the

connecting-rod, the slider, the ground, and a free slider block. The connecting-rod is linked to the
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Figura C.16: Crank rod mechanism with impact at the initial configuration.

slider and to the crank by perfect revolute joints. The lengths, the masses and the inertia properties
of each body are shown in Table C.2. At the beginning, the crank and the connecting-rod are aligned
along the X axis as shown in Fig. C.16. The free sliding block is located at x = 0.914 m and
has an initially imposed velocity of 15 m/s in the negative X -direction. Frictionless contact with
the ground is assumed on the slider and on the free block. The bodies are subjected to a constant
gravity acceleration g = 9.8 m/s? in the negative Y-direction. An initial angular velocity of 150
rad/s is imposed on the crank in the counter-clockwise direction. According to Machado et al [45],
the contact surfaces of the slider and the free block are considered spherical with radius 0.0085 m.
The contact stiffness is 9.5x 109 N/m?/2 with exponent n = 3/2, and the value of the coefficient
of restitution is set to 0.7. Finally, the Flores hysteresis damping factor is used (model 4 in Table
C.1). The value of K corresponds to a material with Young modulus £ = 1.98 x 10'! N/m? and
Poisson coefficient v = 0.3.

The solution was computed with three different constant time steps h = 1x1073 s, h = 5x 104
sand h = 1x10™* s. The rest of parameters were: spectral ratio at infinity po. = 0, a normalized
residual tolerance tol, = 1x10~° and a total simulation time of 0.1 s.

Tabla C.2: Dimensions, mass and inertia properties of the bodies for crank-rod mechanism.

Body Length [m] Mass [kg] Moment of inertia I [kg m?]

Crank 0.153 0.038 7.4%x107°
Rod 0.306 0.076 5.9%107°
Slider - 0.038 1.8x1076
Free block - 0.19 2.7x107°

Figure C.18-a shows the evolution in time of the position of the free block while Fig. C.18-b
displays the evolution in time of the velocity of the slider. Two impacts between the free block and
the slider are produced at times 0.0438 s and 0.0672 s, respectively, evidenced by the observed
jumps of velocity, Fig. C.18-b. The plots of impact force vs. indentation for the first and second
impacts are shown in Figs. C.19-a and C.19-b, respectively.

The numerical solutions obtained with the present methodology are compared with those of

Machado et al [45] showing that both solutions are in very good agreement. The maximum number
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of iterations per time-step was 2, 3 and 2 with a mean number of 1, 2 and 1 iterations per time-step,
for the smooth, position and velocity sub-problems respectively. The durations of contact for the
first and second impacts are 6.85 x 107° s and 7.5 x 10~° s, respectively. Thus, the time step used
in the integrator is up to 150 times greater than the duration of contact without losing accuracy in

the computation of the contact forces.
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Figura C.19: Evolution of contact forces in terms of penetration for the slider-crank mechanism for time steps
h=1x10"s,h=5x10""s,andh=1x10""s.

Flexible crank rod mechanism with clearance

The fourth example is a flexible crank rod mechanism where clearance is introduced in the
joint between the connecting-rod and the slider. The system is formed by a combination of rigid
and flexible bodies. The goal of this example is to study the performance of the contact force
calculation algorithm when repeated high frequency impacts between components of a mechanism
are developed. The crank and the connecting-rod are flexibles, while the slider is considered as a
rigid body. Friction between the slider and the ground is neglected. The dynamics of the mechanism
is not trivial and cannot be solved analytically. Therefore, a multibody simulator is required to

solve the dynamics of the mechanism, e.g, calculate displacements, velocities and/or impulses.
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Figura C.18: Position and velocity evolution vs. time for the slider-crank mechanism for time steps h = 1 x 1072 s,
h=5x10""s,andh =1 x 107"s.

Furthermore, in this kind of systems, not only the masses of the bodies in contact determine the
magnitude of the impulse, but also the inertia of the other mechanism parts which is transmitted to

the impact zone by the kinematics chain.

Slider

Rod

Clearance

Figura C.20: Initial configuration of the flexible crank rod mechanism with clearance.

At the beginning of motion the crank and the connecting-rod are aligned and the centres of the
journal and of the bearing coincide, see Fig. C.20. The crank rotates in counter-clockwise direction
about the Z-axis with a constant angular velocity of 5000 rpm. The connecting-rod and the crank
are linked by a perfect revolute joint whereas a radial clearance is introduced at the joint between

the slider and the rod. Simulations with clearances of 0.05 mm and 0.1 mm were performed. The
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material is assumed to be an elastic steel with Young’s modulus 210 x 109 Pa, material density
7850 kg/m> and Poisson coefficient 0.3. The restitution coefficient at the joint is set to 0.9. A
damping ratio of 0.04 % was introduced in the crank and in the connecting-rod. The mass of
the slider is 0.14 kg. The cross sectional area and inertia of the crank are 7.6433 x 104 m? and
4.868 x 10~ m*, respectively, while the connecting-rod has a cross sectional area 2.2293 x 10~* m?
and inertia 4.1415 x 10~2 m*. The crank and the connecting-rod are discretized with four equally
spaced beam elements each one [43]. Simulations were performed with constant time step equal
tol x107°s,1 x 10" %sand 1 x 10~7 s with a normalised residual tolerance of 1 x 10~ and
a spectral radius at infinity p,, = 0. The solutions displayed in the figures of this section were
obtained after enough time had passed in the simulation to reach a steady-state motion and all initial
transients were damped out.

Figure C.21-a displays the velocity of the slider vs. the crank angle, and Fig. C.21-b depicts
the journal centre path relative to the bearing. Two crank turns of simulation are displayed. It is
easy to observe that the journal is practically in permanent contact with the bearing and that the
algorithm fulfils exactly the position contact restriction. In other words, no penetration between

bodies is observed.
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Figura C.21: Journal centre path relative to the bearing for different time steps.

Figure C.22 displays the evolution of the contact force at the joint between rod and slider for
two crank turns. We compare the force evolution for the case of radial clearance equal to 0.05 mm
between the journal and the bearing with that of the case of an ideal joint without clearance. In
the latter a continuous and smooth variation of the contact force is observed, while in the former
case, when clearance is considered, the time evolution of the contact force exhibits abrupt changes.
Computations were performed for time steps equal to 1 x 107°s, 1 x 1079 sand 1 x 1077 s
evidencing convergence of results.

Similar conclusions are obtained when the radial clearance is 0.1 mm, see Fig. C.23. However,
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Figura C.22: Contact force vs. crank angle for a clearance of 0.05 mm.

unlike the previous case, the reaction force reaches zero at some instants indicating that there is
separation between the journal and the bearing which is followed by impact. Furthermore, the
contact forces are larger than in the case of 0.05 mm clearance. In both cases, convergence of the
contact force is achieved when the time step is equal to 1 x107% s.

The contact force evolution displayed in Figs. C.22 and C.23 is computed using the procedure
of Sections C.4 and C.5. At each time instant, the continuous and the impulse components of the
contact force are computed. The maximum of the evolution of the impulse component of force
during the impact duration, added to the continuous component of force, is plotted in Figs. C.22
and C.23.

The contact and the impulse components of forces between the journal and the bearing can be
calculated separately. The evolution of these two components is depicted in Figs. C.24-a-b as a
function of the crank angle, for both cases of clearance proposed. This simulation was computed
with a time step of 1 x 106 s. Figure C.24-a shows the continuous component of force whereas Fig.

C.24-b shows the impact force produced by impulses. By analysing these figures, we can remark:

= First, the continuous component of the contact force between the journal and the bearing
is higher than the impact component of force, and has strong oscillations. This behaviour
is produced by the small clearance of the joint which excites flexible vibrations in the
mechanism, yielding a small movement of the journal sliding over the bearing, instead of

producing high impact forces.

= When clearance is 0.05 mm, the journal is almost in permanent contact with the bearing.

However, Fig. C.24-b shows that the impact forces become larger as the clearance is increased.
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Figura C.23: Contact force vs. crank angle for a clearance of 0.1 mm.
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Figura C.24: Continuous and impact components of contact force vs. crank angle.

Note that the maximum value of the impulse forces is nearly 700 N when the clearance is 0.1

mm but almost null when clearance is 0.05 mm.

Figure C.25 depicts the effect of clearance on the deformation of the connect
ing-rod. The beam angular and axial deformations of the connecting-rod are plotted for the case
of an ideal joint without clearance and for the cases of a joint with clearances of 0.05 mm and 0.1
mm. When clearance is introduced in the model, the axial and the angular deformations augment
with respect to the ideal joint mechanism due to the small motion vibrations between journal and
bearing. The magnitude of the deformation increases with clearance as expected. The frequency
of the axial vibrations shown in Fig. C.25-b can be related to the continuous component of the
contact force in the joint (Fig. C.24-a). Finally, computations were shown to converge for a time
step equal to 1 x 107 s. In this case, the maximum number of iterations per time-step for the

smooth, the position and the velocity sub-problems was 2, 3 and 1, respectively, while a mean
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Figura C.25: Deformation of the connecting-rod vs. crank angle. Time step h = 1 x 1075 s.

number of 1 iteration per time-step for the three sub-problems was computed. These computations

were performed quite fast on a laptop computer.

C.7. Conclusions

This paper presents a novel methodology to calculate the impact forces between rigid bodies in
the framework of the non-smooth dynamic analysis using the generalised-a time integrator. The
method is based on a multiscale approach in which contact forces and penetrations are evaluated in
terms of the velocities and impulses calculated by the integrator, with a constitutive law of contact
mechanics derived from elasticity theory.

In scenarios involving the collision of two bodies that are part of a complex mechanism, the
total mass of the entire mechanism influences the impact forces between the contacting bodies, as
in the case of the mechanism discussed in Sec. C.6. In the proposed methodology, the masses and
inertia information involved in the impact are taken into account by the computed impulse, which
is a discrete measure that can be evaluated with a relatively large time step (with respect to impact
duration) by the non-smooth integrator. On the other hand, smooth time integrators require the use
of variable time step algorithms and accurate detection of the moment of impact, with a reduction
of the time step during collision to values well below the duration of impact to fully account for the
energy exchanges that take place during impact.

In the examples presented in this work, contact detection was not a challenge due to the
simplicity of the geometries involved. Nevertheless, any well-established method for detecting
contact between complex geometries can be utilized. Regarding the relationship between contact
detection and the integration process, the non-smooth integrator provides a significant advantage,
as it does not require precise identification of the exact moment of impact, unlike other algorithms.

This new methodology offers a significant advantage by combining the computational efficiency

of the non-smooth algorithm for determining the displacements, velocities, and accelerations of both
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flexible and rigid bodies by using comparatively large time steps, while also enabling the calculation
of contact forces using an appropriate contact constitutive law. Moreover, the non-smooth time
integration scheme used in this work ensures the complete fulfilment of contact constraints at both
position and velocity levels preventing the penetration of the contacting bodies.

The method was validated by comparison of results in kinematics variables, contact forces
and deformations against results obtained by other authors using the smooth integration, showing
good agreement. Four examples of application were presented in the paper, showing good results in
the prediction of forces with time steps which could be more than a hundred times larger than the
impact duration.

To the best of our knowledge, this is the first work to provide a solution for calculating contact
forces using non-smooth contact algorithms. This methodology extends the application of these
algorithms to the analysis and verification of the mechanical strength of components within a
multibody system involving contacts, all within the framework of non-smooth contact dynamics. As
a result, this approach not only enables the calculation of key kinematic and dynamic variables, such
as displacements, velocities, and accelerations, but also facilitates the study of other engineering
phenomena of interest, such as fatigue and wear, or the design and verification of mechanical

components using the equations of elasticity theory or material strength.

Appendix A-1

Figura C.26: Relative velocity deformation vs time.

Experimental measurements by other authors [14] have shown that the evolution of interpenetration
velocity during impact follows a cubic shape, see Fig. C.3. The method requires the computation
of the greyed area Fig. C.26 and the determination of the coefficient k£ such that this area is
approximately zero.

For this purpose, the area under the curve of the relative interpenetration velocity in the period
of time of 0 < ¢ < k7T will be assumed to be similar to a triangular shape, see Fig. C.26,

_GkT
2

Ay (C.43)
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and for k7' <t < T it will be considered close to a rectangle,
AQ = eN(;i (T — /{ZT) (C44)

Therefore, by equating Eqs.(C.43,C.44) yields

aen

= — C.45
1+ QenN ( )

with a = 2. However, after performing several tests, we proposed to use instead a heuristic value

a = 1.7, which gives more accurate solutions.
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