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LE8 ><E<I8C@Q8:@cE ;< C8 D@JD8 (\J GI<:@J8D<EK< � ;<DFJKI8IFE HL< ;8;8 :L8CHL@<I 9FC8
B P :L8CHL@<I EeD<IF ? > 0� M8C< C8 ;<J@>L8C;8;

ˆ

B

Mf(x)dx ≤ 2|B|+ C

ˆ

Rn

|f(x)|p(x) log(e + |f(x)|)q(x)dx 	 � 


G8I8 KF;8 =LE:@cE 8:FK8;8 p : Rn → [1,∞)� ;FE;< q(x) = máx{?−1(? + 1 − p(x)), 0}
� C8I8D<EK< � :L8E;F p = 1 <EKFE:<J q = 1 P 	 � 
 <J C8 ;<J@>L8C;8; ;< 2@<E<I . < GIL<98
K8D9@_E HL<� I<HL@I@<E;F ?@GcK<J@J 8;@:@FE8C<J JF9I< C8 =LE:@cE p� :FEF:@;8 :FDF :FE;@�
:@cE ;< K@GF CF>�#dC;<I� C8 @EK<>I89@C@;8; CF:8C J< GL<;< D<AFI8I <OK<E;@<E;F <C :FEF:@;F
I<JLCK8;F ;< 8:FK8:@cE M : Lp(·)(Rn) ?→ L

p(·)
loc (Rn)

 C @EK<I_J <E <JKL;@8I <JK< K @GF ;< ;<J@>L8C;8;<J G8I8 <C FG<I8;FI Mη J< ;<9< 8 HL<
<C D@JDF <J GLEKL8CD<EK< D8PFI F @>L8C HL< M P� GFI CF K8EKF� K8DGF:F <JK\ 8:FK8;F
<E L1(Rn)� ;< 8CCa C8 @DGFIK8E:@8 ;< 8E8C@Q8I JL @EK<>I89@C@;8; CF:8C   E <JK8 ;@I<::@cE�
J< F9K@<E<E ;<J@>L8C;8;<J ;< K@GF 2@<E<I HL< ><E<I8C@Q8E 8 C8J ;8;8J <E 6 � � 7 � @E:CLP<E;F
<C :8JF :FE G<JFJ   C <JG8:@F ;< J8C@;8 <JK\ K8D9@_E I<C8:@FE8;F :FE C8 =LE:@cE ;< 4FLE>
η  1a8 ;<J@>L8C;8;<J ;< K@GF #<;9<I> <EKI< Mη P JL M<IJ@cE =I8::@FE8I@8� J< ;<;L:<E
I<JLCK8;FJ ;< C8J D@JD8J :8I8:K<IaJK @:8J G8I8 <C FG<I8;FI Mα,η 

� 89< J<b8C8I HL< G8IK< ;< CFJ I<JLCK8;FJ FI@>@E8C<J ;< <JK8 K<J@J J< <E:L<EKI8E I<JL�
D@;FJ P GL9C@:8;FJ <E 6 � 7 
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 E <JK< GI@D<I :8GaKLCF @EKIF;L:@I<DFJ CFJ FG<I8;FI<J D8O@D8C<J HL< EFJ @EK<I<J8E
P CFJ I<JLCK8;FJ ;< 8:FK8:@cE HL< J< J89< HL< _JKFJ M<I@�:8E <E ;@JK @EKFJ <JG8:@FJ =LE�
:@FE8C<J  �;<D\J� ;<�E@I<DFJ LE8 :C8J< ;< FG<I8;FI<J @EK<>I8C<J HL< JFE :FEKIFC8;FJ � <E
:@<IKF J<EK@;F� GFI <JK8J =LE:@FE<J D8O@D8C<J � G8I8 CFJ :L8C<J K8D9@_E J< :FEF:<E 8C>LEFJ
I<JLCK8;FJ ;< :FEK@EL@;8; $E@:@8CD<EK< � ;<J:I@9@I<DFJ C8J GIFG@<;8;<J ;< C8J =LE:@FE<J ;<
4FLE> HL< ;<K<ID@E8E CFJ FG<I8;FI<J D8O@D8C<J <JKL;@8;FJ � P ;8I<DFJ <JG<:@8C 8K<E:@cE
8 LE8 :C8J< G8IK@:LC8I ;< =LE:@FE<J ;< 4FLE>� C8 :C8J< Bp � C8 :L8C J<I\ ;< >I8E LK@C@;8;
G8I8 C8 F9K<E:@cE ;< CFJ I<JLCK8;FJ ;< 8:FK8:@cE ;<J<8;FJ 

� � � � �%��� ��# �� � %��

�&�,)$):, � � � � � � .<8 η : [0,+∞)→ [0,+∞] LE8 =LE:@cE �<:@DFJ HL< η <J LE8 =LE:@cE
;< 4FLE> J@ η(0) = 0� η(+∞) = ĺım

t→+∞
η(t) = +∞� η <J <JKI@:K8D<EK< :I<:@<EK< P :FEM<O8�

<J ;<:@I�

η(λs + (1− λ)t) ≤ λη(s) + (1− λ)η(t), ∀ λ ∈ (0, 1), ∀ s, t ∈ [0,+∞).

"->0=A,. 4I9 �  �  � �  J @ED<;@8KF ;< C8 :FEM<O@;8; HL< KF;8 =LE:@cE ;< 4FLE> <J :FEK@EL8

 A<DGCFJ ;< =LE:@FE<J ;< 4FLE> JFE C8J =LE:@FE<J ;< K@GF GFK<E:@8 η(t) = tp :FE
p ≥ 1� C8J =LE:@FE<J ;< K@GF L logL� η(t) = tp(1 + log+ t)q :FE p ≥ 1 P q ≥ 0 P K8D9@_E
C8J =LE:@FE<J <OGFE<E:@8C<J η(t) = et

p − e :FE p > 0 � FEJ@;<I8I<DFJ HL< C8J =LE:@FE<J η
<JKI@:K8D<EK< :I<:@<EK<J P :FEM<O8J K8C<J HL< η(0) = 0 P η(t) = +∞ G8I8 KF;F t ≥ t0 � P
:@<IKF t0 ∈ [0,∞)� JFE K8D9@_E ;< 4FLE>

 C J@>L@<EK< I<JLCK8;F ;8;F <E 6 ��7 GIFM<< ;< LE8 I<GI<J<EK8:@cE @EK<>I8C G8I8 =LE:@F�
E<J ;< 4FLE>



� !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

�&+" � � � � � 	 6 ��7 
 � &:/, 1@9. 4I9 /0 *:@92 η ,/84?0 7, >42@409?0 =0;=0 >09?,. 4I9 49?02=,7

η(t) =

ˆ t

0

h(s)ds, t ≥ 0,

/:9/0 h(0) = 0� h : [0,+∞) → [0,+∞] 0 > .: 9?49@, ;: = 4E<@40 =/, � ;: >4?4A, 09 (0,+∞) D
9: �/0.=0. 409?0 � D >4 h(t) = +∞ ;,=, t ≥ u� 0 9?: 9.0 > η(t) = +∞ ;,=, t ≥ u� $0. H;=:.,�
809?0 � >4 >0 ?4090 @9, 1@9. 4I9 h .: 9 0 >?,> ;=: ;40/,/0 >� 7, 1@9. 4I9 η /0�94/, , ?=,AG> /0
7, 49?02=,7 /0 ,==4-, =0 >@7?, >0 = /0 *:@92�

" - >0=A,. 4I9 �  �  � �  C C<D8 8EK<I@FI K8D9@_E <J :@<IKF J@ h <J :FEK@EL8 GFI ;<I<:?8� 8LEHL<
EF E<:<J8I@8D<EK< h(0) = 0  E I<8C@;8;� J @ η K @<E< <J8 I<GI<J<EK8:@cE @EK<>I8C� η K @<E<
;<I@M8;8J 8 @QHL@<I;8 P 8 ;<I<:?8 <E KF;8 C8 J<D@II<:K8 (0,+∞) P JFE @>L8C<J <O:<GKF�
HL@Q\J � <E LE :FEALEKF 8 CF JLDF ELD<I89C< ;< GLEKFJ 	 M<I 6 ��7 
  �Ja� C8 =LE:@cE h ;<C
C<D8 <J C8 ;<I@M8;8 8 @QHL@<I;8 ;< η 

 E CF JL:<J@MF� ;<EFK8I<DFJ :FE η? = h P ;@I<DFJ HL< C8 =LE:@cE η? <J C8 /0=4A,/, ;<
η   J :FEJ<:L<E:@8 @ED<;@8K8 ;< C8 I<GI<J<EK8:@cE @EK<>I8C HL< C8 =LE:@cE η P JL ;<I@M8;8
η? J< I<C8:@FE8E D<;@8EK< C8 ;<J@>L8C;8; HL< ;8 <C J@>L@<EK< C<D8

�-/-*"/)- � � � � � � #,=, ?:/, 1@9. 4I9 /0 *:@92 η >0 ?4090 <@0 η(t)/t 0 > 9: �/0.=0. 409?0 D
A,709 7,> >42@409?0 > /0 >42@,7/,/0 >

1

2
η?
?

t

2

?
≤ η(t)

t
≤ η?(t), ∀ t > 0. 	 �  �  � 


�08: >?=,. 4I9�  E M@IKL; ;<C '<D8 �  �  � � J89<DFJ HL< η? <J EF�;<:I<:@<EK<  'L<>F� J @
0 < s ≤ t� GFI D<;@F ;< LE :8D9@F ;< M8I@89C<J F9K<E<DFJ HL<

η(s)

s
=

1

s

ˆ s

0

η?(u)du =
1

t

ˆ t

0

η?
?s

t
v
?
dv ≤ 1

t

ˆ t

0

η? (v) dv =
η(t)

t
,

;< ;FE;< J< K@<E< HL< η(t)/t <J EF�;<:I<:@<EK< 

+FI FKI8 G8IK< � 8D98J ;<J@>L8C;8;<J <E 	 �  �  � 
 JFE K8D9@_E :FEJ<:L<E:@8 ;< C8 DFEF�
KFEa8 ;< η?  '8 ;<J@>L8C;8; ;< C8 ;<I<:?8 <J @ED<;@8K8� P C8 ;< C8 @QHL@<I;8 J< J@>L< ;< C8
J@>L@<EK< <JK @D8:@cE

η(t)

t
=

1

t

ˆ t

0

η?(s)ds ≥ 1

t

ˆ t

t/2

η?(s)ds ≥ η?(t/2)

2
.

�?FI8 ;<�E@I<DFJ C8 =LE:@cE :FDGC<D<EK8I@8 ;< LE8 =LE:@cE ;< 4FLE> +8I8 <CCF �
@EKIF;L:@I<DFJ C8 EF:@cE ;< =LE:@cE @EM<IJ8 :L8E;F J< K@<E< LE8 =LE:@cE :I<:@<EK< EF
E<:<J8I@8D<EK< @EM<IK@9C< 

�&�,)$):, � � � � 
 � �8;8 Φ : [0,+∞] → [0,+∞] LE8 =LE:@cE :I<:@<EK< � J< ;<�E< JL
49A0=>, 2090=,74E,/, GFI

Φ−1(t) = ı́nf{s > 0 : Φ(s) > t}, 	 �  �  � 


;FE;< ı́nf ∅ = +∞



�  � !LE:@FE<J ;< 4FLE> �

"->0=A,. 4I9 �  �  � � . @ Φ <JK\ 8:FK8;8� ;@>8DFJ� Φ(s) ≤ C G8I8 KF;F s� : C8I8D<EK<
Φ−1(t) = +∞ G8I8 KF;F t ≥ C  4� J @ Φ(s) = +∞ G8I8 KF;F s ≥ s0 � <EKFE:<J Φ−1(t) = +∞
G8I8 KF;F t ≥ s0 

"->0=A,. 4I9 �  �  � � �  J =\:@C M<I HL<� 8 G8IK@I ;< C8 ;<�E@:@cE ;< @EM<IJ8 ><E<I8C@Q8;8� C8
=LE:@cE FI@>@E8C Φ J< GL<;< I<<J:I@9@I� G8I8 0 ≤ t < +∞� :FDF

Φ(t) = sup{s > 0 : Φ−1(s) < t}, 	 �  �  � � 


;FE;< sup ∅ = +∞ 	 M<I 6 ��7 
 

�&+" � � � � � � � %0, Φ : [0,+∞]→ [0,+∞] @9, 1@9. 4I9 .=0. 409?0 D .: 9?49@, ;: = 4E<@40 =/, �
�9?: 9.0 >

�4� Φ−1 0 > . =0. 409?0 D .: 9?49@, ;: = /0=0.3,�

�44� A, 709 7,> /0 >42@,7/,/0 >

Φ(Φ−1(t)) ≤ t ≤ Φ−1(Φ(t)), 0 ≤ t ≤ +∞; 	 �  �  � � 


�444� >4 Φ 0 > 0 >?=4. ?,809?0 . =0. 409?0 � (Φ−1)−1(t) = Φ(t)� 0 >?: 0 >� 7,> /0 >42@,7/,/0 > 09
	 �  �  � � 
 >: 9 42@,7/,/0 >�

�08: >?=,. 4I9� . @ :FEJ@;<I8DFJ 0 ≤ s ≤ t ≤ +∞�

{u > 0 : Φ(u) > t} ⊂ {u > 0 : Φ(u) > s}

P KFD8E;F <C aE�DF ;< K8C<J :FEALEKFJ � I<JLCK8 HL< Φ−1(s) ≤ Φ−1(t)� <J ;<:@I� Φ−1 <J
:I<:@<EK< 

+8I8 GIF98I C8 :FEK@EL@;8; GFI ;<I<:?8� KFD<DFJ LE8 JL:<J@cE 0 ≤ sn ? s� <JKF <J �
ĺımn→∞ sn = s P s ≤ sn+1 ≤ sn G8I8 :8;8 n  J :C8IF� <EKFE:<J � HL<

Φ−1(sn) ≥ Φ−1(sn+1) ≥ Φ−1(s).

+FI FKIF C8;F� ;8;F ? > 0� <O@JK< u > 0 :FE Φ(u) > s K8C HL< Φ−1(s) + ? > u � FDF
sn ≥ sn+1 ≥ s� <O@JK< m ∈ N K8C HL< Φ(u) > sn G8I8 KF;F n ≥ m  EKFE:<J � G8I8 KF;F
n ≥ m� u ∈ {t > 0 : Φ(t) > sn}� <JKF <J � Φ−1(sn) ≤ u < Φ−1(s) + ? G8I8 KF;F n ≥ m  E
:FEJ<:L<E:@8� Φ−1(sn)? Φ−1(s)

+ IF9<DFJ 8?FI8 C8J ;<J@>L8C;8;<J <E 	 �  �  � � 
  .LGFE>8DFJ GI@D<IF t < +∞ +FI LE
C8;F� ;< C8 ;<�E@:@cE ;< Φ−1 K<E<DFJ HL< Φ−1(Φ(t)) = ı́nf{s > 0 : Φ(s) > Φ(t)}� GFI
CF HL<� J @ =L<I8 s ≤ t� K<E;Ia8DFJ HL< Φ(s) ≤ Φ(t) GFI <C :I<:@D@<EKF ;< Φ P EF GF;Ia8
<JK8I s <E <C :FEALEKF 'L<>F� ;<9< J<I s > t P� 8Ja� Φ−1(Φ(t)) ≥ t +8I8 GIF98I C8 FKI8
;<J@>L8C;8;� LJ8DFJ <C D@JDF 8I>LD<EKF� <JK8 M<Q K<E@<E;F <E :L<EK8 C8 =FID8 	 �  �  � � 

P <C :I<:@D@<EKF ;< Φ−1   E <C :8JF <E HL< t = +∞� GL<;< F:LII@I HL< Φ(t) = M < +∞ F
Φ(t) = +∞  E :L8CHL@<I :8JF� ;< C8 *9J<IM8:@cE �  �  � I<JLCK8 HL< Φ−1(Φ(t)) = +∞ = t
4 J@ 8?FI8 Φ−1(t) = M < +∞ F Φ−1(t) = +∞� ;< 	 �  �  � � 
 J< ;<;L:< HL< Φ(Φ−1(t)) =
+∞ = t



� !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

+IF9<DFJ 8?FI8 �444�  48 M@DFJ 8EK<J HL<� <E :8JF ;< J<I t = +∞� J< ;8E C8J @>L8C�
;8;<J <E 	 �  �  � � 
  .LGFE>8DFJ <EKFE:<J t < +∞ P HL<� GFI <C :FEKI8I@F� Φ−1(Φ(t)) > t
 EKFE:<J � :FDF Φ <J <JKI@:K8D<EK< :I<:@<EK< �

Φ(t) < Φ(Φ−1(Φ(t))) ≤ Φ(t)

GFI 	 �  �  � � 
 � CF :L8C <J 89JLI;F 'L<>F� Φ−1(Φ(t)) = t . @D@C8ID<EK< � J< GL<;< GIF98I
C8 FKI8 @>L8C;8;� K<E@<E;F <E :L<EK8 HL< Φ−1 K8D9@_E <J <JKI@:K8D<EK< :I<:@<EK<  +FI CF
K8EKF� (Φ−1)−1(t) = Φ(t)

 E M@IKL; ;<C C<D8 8EK<I@FI� C8J @EM<IJ8J ;< =LE:@FE<J ;< 4FLE> :F@E:@;<E :FE C8J @E�
M<IJ8J LJL8C<J  � :FEK@EL8:@cE� J< ;8E 8C>LE8J GIFG@<;8;<J JF9I< C8J @EM<IJ8J ;< =LE:@FE<J
;< 4FLE> HL< LK@C@Q8I<DFJ <E <JK< KI898 AF

�&+" � � � � � �� %0, η @9, 1@9. 4I9 /0 *:@92 D >0, η−1 >@ 49A0=>, � �9?: 9.0 > η−1(0) = 0�
ĺım

t→+∞
η−1(t) = +∞� η−1 0 > 0 >?=4. ?,809?0 . =0. 409?0 D .I9.,A, � 0 >?: 0 >�

η−1(λs + (1− λ)t) ≥ λη−1(s) + (1− λ)η−1(t), ∀ λ ∈ (0, 1), ∀ s, t ∈ [0,+∞).

�08: >?=,. 4I9� !\:@CD<EK< � η−1(0) = η−1(η(0)) = 0 +FI <C '<D8 �  �  � � J89<DFJ HL< η−1

<J :I<:@<EK< � G<IF HL<I<DFJ M<I HL< C8 DFEFKFEa8 <J <JKI@:K8 +8I8 <CCF � JLGFE>8DFJ� GFI
<C :FEKI8I@F� HL< <O@JK<E 0 < s < t K8C<J HL< η−1(s) ≥ η−1(t) �< C8 DFEFKFEa8 ;< η �
s = η(η−1(s)) ≥ η(η−1(t)) = t� CF :L8C :FEKI8;@:< s < t 'L<>F� η−1 <J <JKI@:K8D<EK<
:I<:@<EK< 

+IF9<DFJ C8 :FE:8M@;8; ;< η−1  . <8E s, t > 0 P λ ∈ (0, 1) � FDF η <J :FEM<O8 K<E<DFJ
HL<

η(λη−1(s) + (1− λ)η−1(t)) ≤ λs + (1− λ)t,

P 8GC@:8E;F η−1 <E 8D9FJ C8;FJ ;< C8 ;<J@>L8C;8;� <E M@IKL; ;< JL :I<:@D@<EKF� J< J@>L<
HL<

λη−1(s) + (1− λ)η−1(t) ≤ η−1(λs + (1− λ)t),

CF HL< J@>E@�:8 HL< η−1 <J :cE:8M8

!@E8CD<EK< � J<8 M > 0 P KFD<DFJ t0 = η(M) + 1  EKFE:<J � J @ t ≥ t0 � M8C< HL<
η−1(t) ≥ η−1(η(M) + 1) > η−1(η(M)) = M � <JKF <J � η−1(t)→ +∞ :L8E;F t →∞

�<�E@I<DFJ 8 :FEK@EL8:@cE CF HL< J< :FEF:< :FDF =LE:@cE ;< 4FLE> :FDGC<D<EK8I@8

�&�,)$):, � � � � � � � .<8 η LE8 =LE:@cE ;< 4FLE> . < ;<�E< C8 =LE:@cE :FDGC<D<EK8I@8 ;<
η � HL< ;<EFK8I<DFJ GFI ?η � :FDF

?η(t) =
ˆ t

0

(η?)−1(s) ds, t ≥ 0.

;FE;< (η?)−1 ;<EFK8 C8 49A0=>, 2090=,74E,/, ;< η? 



�  � !LE:@FE<J ;< 4FLE> �

'8J =LE:@FE<J :FDGC<D<EK8I@8J J8K@J=8:<E C8J J@>L@<EK<J GIFG@<;8;<J 

�&+" � � � � � 	 � %0, η @9, 1@9. 4I9 /0 *:@92 D ?η >@ 1@9. 4I9 .:8;70809?,=4, .: 9 η? 0 >?=4. �
?,809?0 . =0. 409?0 � �9?: 9.0 >�

�4� ?η 0 > @9, 1@9. 4I9 /0 *:@92�

�44� ??η = η� 0 > /0. 4=� 7, : ;0=,. 4I9 ∼ 0 > 4/08;: ?09?0 �

�08: >?=,. 4I9� +8I8 M<I HL< ?η <J ;< 4FLE>� LK@C@Q8I<DFJ <C '<D8 �  �  � � <J ;<:@I� M<I<DFJ
HL< C8 =LE:@cE (η?)−1 J8K@J=8:< C8J GIFG@<;8;<J I<HL<I@;8J <E ;@:?F C<D8  E I<8C@;8;� :FE�
J@;<I8I<DFJ C8 *9J<IM8:@cE �  �  � ;8;F HL<� :FDF η? <J :I<:@<EK< P :FEK@EL8 GFI @QHL@<I;8�
GFI <C '<D8 �  �  � � �4� � (η?)−1 <J :I<:@<EK< P :FEK@EL8 GFI ;<I<:?8 'L<>F� J @ (η?)−1(0) ?= 0�
EF <J I<C<M8EK< P8 HL< EF F9K<E;I<DFJ LE8 =LE:@cE :FEK@EL8 GFI @QHL@<I;8 . @E <D98I�
>F� ;<9<DFJ GIF98I HL< (η?)−1 <J LE8 =LE:@cE GFJ@K @M8 <E (0,+∞) GL<J <JKF ;@:< HL<
?η <J :FEM<O8 +8I8 <CCF � EFK8I HL< J@ =L<I8 (η?)−1(t) = 0 G8I8 8C>eE t > 0� <EKFE:<J
t = η?((η?)−1(t)) = 0 GFI <C '<D8 �  �  � � �444� P C8 DFEFKFEa8 <JKI@:K8 ;< η?  'L<>F� ;<9<
J<I (η?)−1 GFJ@K @M8 <E (0,+∞) +F;<DFJ 8�ID8I� <EKFE:<J � HL< ?η <J LE8 =LE:@cE ;< 4FLE>

1<8DFJ 8?FI8 HL< ∼ <J @;<DGFK<EK<  . <>eE C8 �<�E@:@cE �  �  � � � 98JK8I\ M<I HL< C8J
=LE:@FE<J η? P (?η?)−1 JFE @>L8C<J <E :8J@ KF;F GLEKF �< C8 =cIDLC8 G8I8 ?η P GFI C8J
GIFG@<;8;<J ;< η? GIF98;8J 8EK<J � C8 ;<I@M8;8 ;< ?η <J C8 =LE:@cE (η?)−1  'L<>F� (?η?)−1(t) =
((η?)−1)−1(t) <O:<GKF� HL@Q\J � <E LE :FEALEKF 8 CF JLDF ELD<I89C< ;< GLEKFJ  +<IF� GFI
<C '<D8 �  �  � � �444� � :FDF η? <J <JKI@:K8D<EK< :I<:@<EK< � ((η?)−1)−1(t) = η? � P F9K<E<DFJ
8Ja HL< ??η = η 

0E8 GIFG@<;8; DLP @DGFIK8EK< HL< M<I@�:8E C8J =LE:@FE<J η P ?η <J C8 ;<EFD@E8;8
/0>42@,7/,/ /0 *:@92 

�&+" � � � � � 
 	 6 ��7 
 � %0, η @9, 1@9. 4I9 /0 *:@92 D >@;:92,8: > <@0 ?η� >@ 1@9. 4I9 .:8�
;70809?,=4, � ?,8- 4G9 0 > /0 *:@92� �9?: 9.0 > ,8-,> >,?4>1,.09 7, ;<J@>L8C;8; ;< 4FLE>

st ≤ η(s) + ?η(t), ∀s, t ≥ 0 	 �  �  � � 


.: 9 42@,7/,/ .@,9/: t = η?(s) : s = (η?)−1(t)�

" - >0 =A,. 4I9 �  �  � � � . @ η(t) = tp/p :FE 1 < p < ∞� J< GL<;< M<I HL< ?η(t) = tp
?
/p? :FE

1/p + 1/p? = 1 P J< I<:LG<I8 C8 ;<J@>L8C;8; ;< 4FLE> :C\J@:8

st ≤ sp

p
+

tp
?

p?
, ∀s, t ≥ 0. 	 �  �  � � 


�89< J<b8C8I HL< FKIFJ 8LKFI<J ;<�E<E C8 =LE:@cE :FDGC<D<EK8I@8 <E C8 =FID8

?η(t) = sup{ts− η(s) : s ≥ 0}, t ≥ 0. 	 �  �  � � 


. < GL<;< M<I HL<� <E I<8C@;8;� 8D98J ;<�E@:@FE<J JFE <HL@M8C<EK<J 	 M<I� GFI <A<DGCF� 6 � � 7 
 
�<G<E;@<E;F ;<C :8JF� KI898 A8I<DFJ :FE LE8 L FKI8 ;<�E@:@cE

+FI FKI8 G8IK< � <J =\:@C M<I HL< η P ?η J8K@J=8:<E C8 J@>L@<EK< I<C8:@cE



� !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

�&+" � � � � �� � %0, η @9, 1@9. 4I9 /0 *:@92� %4 η? 0 > 0 >?=4. ?,809?0 . =0. 409?0 � A, 709 7,>
>42@409?0 > /0 >42@,7/,/0 >

t ≤ η−1(t)?η−1(t) ≤ 2t, ∀ t > 0. 	 �  �  � � 


�08: >?=,. 4I9� *9J<IM<DFJ HL<� :FDF η? <J <JKI@:K8D<EK< :I<:@<EK< � K8EKF η :FDF ?η JFE
=LE:@FE<J ;< 4FLE> 	 GFI '<D8 �  �  � � 
 � ;< ;FE;< J< J@>L< HL< JLJ @EM<IJ8J JFE �E@K8J P
C8J ;<J@>L8C;8;<J HL< HL<I<DFJ GIF98I K@<E<E J<EK@;F

 M8CL8E;F C8 ;<J@>L8C;8; ;< 4FLE> 	 �  �  � � 
 :FE η−1(t) P ?η−1(t)� F9K<E<DFJ @ED<�
;@8K8D<EK< C8 ;<J@>L8C;8; ;< C8 ;<I<:?8 ;< 	 �  �  � � 
  +8I8 GIF98I C8 ;<J@>L8C;8; ;< C8
@QHL@<I;8� <J JL�:@<EK< 8GC@:8I C8 J@>L@<EK< I<C8:@cE 	 M<I 6 � � 7 


?η(s)
s

≤ η−1(?η(s)), s > 0, 	 �  �  � �


:FE s = ?η−1(t) G8I8 F9K<E<I

t

?η−1(t)
=

?η(s)
s

≤ η−1(?η(s)) = η−1(t).

-<JK8 DFJKI8I� <EKFE:<J � C8 M8C@;<Q ;< 	 �  �  � �
  +8I8 <CCF � EFK<DFJ HL<

0 ≤ ?η(s) = sup{st− η(t) : t ≥ 0},

GFI CF HL< GF;<DFJ :FEJ@;<I8I� J @E G_I;@;8 ;< ><E<I8C@;8;� HL< <C JLGI<DF J< KFD8 JF9I<
KF;FJ CFJ M8CFI<J ;< t ≥ 0 K8C<J HL< st− η(t) ≥ 0 ! @A<DFJ � GL<J � LE M8CFI ;< t > 0 ;< <J<
K@GF P KFD<DFJ u = t− η(t)/s ≤ ?η(s)/s � FDF 0 ≤ u ≤ t P η(t)/t <J EF�;<:I<:@<EK< 	 M<I
�FIFC8I@F �  �  � 
 �

η(u)

u
≤ η(t)

t
≤ s.

'L<>F�
η(u) ≤ su = st− η(t) ≤ ?η(s).

"I8:@8J 8 C8 :FEK@EL@;8; ;< η � KFD8E;F <C JLGI<DF JF9I< KF;FJ CFJ M8CFI<J ;< t J< F9K@<E<
HL<

η

??η(s)
s

?
≤ ?η(s)

P M8C< 	 �  �  � �
 ;< C8 DFEFKFEa8 ;< η−1 

�;<D\J ;< C8 ;<J@>L8C;8; ;< 4FLE> HL< <OGLJ@DFJ D\J 8II@98� <J GFJ@9C< K<E<I LE8
;<J@>L8C;8; J@D@C8I� HL< ><E<I8C@Q8 8 8HL<CC8� G8I8 LE8 K<IE8 ;< =LE:@FE<J ;< 4FLE> :LP8J
@EM<IJ8J M<I@�HL<E :@<IK8 I<C8:@cE  JK8 ><E<I8C@Q8:@cE HL< D<E:@FE8DFJ =L< ;8;8 <E 6 ��7
P J<I\ ;< >I8E LK@C@;8; 8 C8 ?FI8 ;< K<E<I LE8 ;<J@>L8C;8; ;< #dC;<I <E <JG8:@FJ ;< *IC@:Q
	 M<I R �  � 
 



�  � !LE:@FE<J ;< 4FLE> �

�&+" � � � � �� 	 6 ��7 
 � %4 η1, η2 D ϕ >: 9 1@9. 4: 90 > /0 *:@92 <@0 A0=4�.,9

η−1
1 (t)η−1

2 (t) ≤ ϕ−1(t), ∀t ≥ 0,

09?: 9.0 >
ϕ(st) ≤ η1(s) + η2(t), ∀s, t ≥ 0.

"->0=A,. 4I9 �  �  � � � �C8I8D<EK< � J @ ϕ(t) = t� C8 =LE:@cE η2 = ?η1 J8K@J=8:< C8 ;<J@>L8C;8;
η−1
1 (t)η−1

2 (t) ≤ ϕ−1(t), ∀t ≥ 0 <E M@IKL; ;< 	 �  �  � � 
 J @<DGI< HL< η?
1 J<8 <JKI@:K8D<EK<

:I<:@<EK<  �Ja� < C C<D8 8EK<I@FI K @<E< :FDF :8JF G8IK@:LC8I 8 C8 ;<J@>L8C;8; ;< 4FLE>
;8;8 <E <C '<D8 �  �  � � J@ J< K @<E< ;@:?8 GIFG@<;8; <E C8 ;<I@M8;8 ;< η1 

 E DL:?FJ :8JFJ � JLGFE;I<DFJ HL< C8J =LE:@FE<J ;< 4FLE> :FE C8J HL< KI8K8I<DFJ
J8K@J=8:<E C8 J@>L@<EK< :FE;@:@cE

�&�,)$):, � � � � �
 � �@I<DFJ HL< LE8 =LE:@cE ;< 4FLE> η <J >@-8@7?4;74.,?4A, J@ G8I8
KF;F G8I ;< EeD<IFJ s, t > 0� J< M<I@�:8 HL< η(st) ≤ η(s)η(t)

+8I8 =LE:@FE<J ;< 4FLE> JL9DLCK@GC@:8K@M8J J< K @<E<E C8J J@>L@<EK<J GIFG@<;8;<J HL<
LJ8I<DFJ 8 CF C8I>F ;< C8 K<J@J  �EK<J ;< <ELE:@8IC8J � E<:<J@K8I<DFJ :FEJ@;<I8I C8 J@>L@<EK<
EFK8:@cE� ;8;8J ;FJ =LE:@FE<J η, ϕ : [0,+∞) → [0,+∞)� EF E<:<J8I@8D<EK< ;< 4FLE>�
;<EFK8I<DFJ GFI η ≈ ϕ� P ;@I<DFJ HL< η 0 > 0<@4A, 709?0 , ϕ� J @ G8I8 KF;F t ≥ 0 <O@JK<E
:FEJK8EK<J C1, C2 > 0 K8C<J HL< C1η(t) ≤ ϕ(t) ≤ C2η(t) . @ JcCF M8C< C8 ;<J@>L8C;8; ;< C8
;<I<:?8� <J:I@9@DFJ ϕ ? η P� J@ JcCF M8C< C8 ;< C8 @QHL@<I;8� ϕ ? η 

�&+" � � � � �� � %4 η 0 > @9, 1@9. 4I9 /0 *:@92 >@-8@7?4;74.,?4A, � 09?: 9.0 >

�4� η?(t) ≈ η(t)/t�

�44� η−1 0 > @9, 1@9. 4I9 /0 *:@92 >@;0=8@7?4;74.,?4A, � 0 >?: 0 >� η−1(st) ≥ η−1(s)η−1(t)
;,=, ?:/: ;,= s, t > 0�

�08: >?=,. 4I9� )FK<DFJ HL< C8 GIFG@<;8; �4� J< J@>L< ;<C �FIFC8I@F �  �  �   E <=<:KF�
η(t)/t ≤ η?(t) P LJ8E;F C8 JL9DLCK@GC@:8K@M@;8; ;< η �

η?(t) ≤ η(2t)

t
≤ η(2)

η(t)

t
.

+8I8 M<I HL< η−1 <J JLG<IDLCK@GC@:8K@M8� :FEJ@;<I<DFJ s, t > 0 . @ 8GC@:8DFJ C8 GIF�
G@<;8; ;< JL9DLCK@GC@:8K@M@;8; ;< η 8 u = η−1(s) P v = η−1(t)� HL< :C8I8D<EK< JFE EF
ELCFJ GFI C8 DFEFKFEa8 ;< C8 =LE:@cE η � F9K<E<DFJ HL<

η(η−1(s)η−1(t)) = η(uv) ≤ η(u)η(v) = η(η−1(s))η(η−1(t)) = st. 	 �  �  � � 


!@E8CD<EK< � J< ;<;L:< HL< η−1(s)η−1(t) ≤ η−1(st) 8GC@:8E;F η−1 8 8D9FJ C8;FJ ;< C8
;<J@>L8C;8; ;< 8II@98



� !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

0E <A<DGCF :C\J@:F ;< =LE:@FE<J ;< 4FLE> JL9DLCK@GC@:8K@M8J � 8;<D\J ;< C8J =LE:@FE<J
;< K@GF GFK<E:@8� JFE C8J =LE:@FE<J ;< K@GF L logL� <J ;<:@I� =LE:@FE<J ;< C8 =FID8 η(t) =
tβ(1 + log+ t)δ � :FE β ≥ 1 P δ ≥ 0� ;FE;<

log+ t = χ[0,1](t) + log(t)χ(1,+∞)(t).

+FI C8 =FID8 HL< K@<E<E <JK8J =LE:@FE<J � <J =\:@C F9K<E<I <OGI<J@FE<J <OGCa:@K8J <HL@M8C<EK<J
8 JLJ =LE:@FE<J @EM<IJ8J P :FDGC<D<EK8I@8J � :FDF J< M<I\ <E <C C<D8 J@>L@<EK< 

�&+" � � � � �� � %0,9 β > 0� δ ≥ 0 D η(t) = tβ(1 + log+ t)δ � �9?: 9.0 >�

�4� η−1(t) ≈ t1/β(1 + log+ t)−δ/β �

�44� >4 β > 1� ?η(t) ≈ tβ
?
(1 + log+ t)−δ/(β−1)� /: 9/0 β ? = β/(β − 1)� %4 β = 1 D δ > 0� >0

?4090 7, 0<@4A, 709. 4,
t ≈ η−1(t)Φ−1(t), 	 �  �  �� 


>409/: Φ(t) = et
1/δ − e�

" - >0 =A,. 4I9 �  �  �� � )FK8I HL< J@ β = 1 P δ > 0� η? EF I<JLCK8 <JKI@:K8D<EK< :I<:@<EK< <E
KF;F JL ;FD@E@F� J @E <D98I>F� 	 �  �  �� 
 <J M\C@;8 GL<JKF HL< C8 =LE:@cE t(1 + log+ t)δ <J
GLEKL8CD<EK< <HL@M8C<EK< 8 t log(e + t)δ P _JK8 Ja K @<E< ;<I@M8;8 <JKI@:K8D<EK< :I<:@<EK< 
 J GFI <CCF HL< ;@I<DFJ HL< ?η = Φ G8I8 <JK< :8JF G8IK@:LC8I

�08: >?=,. 4I9� +8I8 ;<DFJKI8I �4� 98JK8 M<I HL<� J @ ϕ(t) = t1/β(1 + log+ t)−δ/β � <O@JK<E
:FEJK8EK<J C1, C2 > 0 K8C<J HL<

C1ϕ(t) ≤ η−1(t) ≤ C2ϕ(t), ∀t ≥ 0,

F� <HL@M8C<EK<D<EK< �
η(C1ϕ(t)) ≤ t ≤ η(C2ϕ(t)), ∀t ≥ 0. 	 �  �  �� 


)FK<DFJ GI@D<IF HL< J@ δ = 0 F J@ 0 ≤ t < 1� J< K @<E< HL< η(t) = tβ P� <EKFE:<J �
η(ϕ(t)) = t� <J ;<:@I� 	 �  �  �� 
 M8C< :FE C1 = C2 = 1

.LGFE>8DFJ 8?FI8 HL< δ > 0 P t ≥ 1� P KFD<DFJ C1 = 1/máx {1, β−δ} +L<JKF HL<
(1 + log t)δ/β ≥ 1 P C1 ≤ 1� I<JLCK8 HL< C1ϕ(t) ≤ t1/β P K<E<DFJ HL<

η(C1ϕ(t)) = (C1ϕ(t))
β
?
1 + log+(C1ϕ(t))

?δ ≤
?

C1t
1/β

(1 + log t)δ/β

?β ?
1 + log+

?
t1/β

??δ

=
Cβ

1 t

(1 + log t)δ

?
1 +

1

β
log t

?δ
≤ Cβ

1 máx {1, β−δ}t = t.

+IF9<DFJ 8?FI8 HL< η(C2ϕ(t)) ≥ t G8I8 8C>LE8 :FEJK8EK< C2 > 0 P KF;F t ≥ 1  J
=\:@C M<I HL< (1 + log t) ≤ ?−1t? G8I8 :8;8 ? > 0 P G8I8 KF;F t ≥ 1 /FD8E;F ?δ = 1 P
<C<M8E;F 8 C8 δ � J< J@>L< HL< t(1 + log t)−δ ≥ δ−δ G8I8 KF;F t ≥ 1 'L<>F� J @ C2 ≥ δδ/β �
K<E<DFJ HL< C2ϕ(t) = C2t

1/β(1 + log t)−δ/β ≥ 1 �Ja� GF;<DFJ <J:I@9@I

η(C2ϕ(t)) =
Cβ

2 t

(1 + log t)δ

?
1 + log

?
C2t

1/β

(1 + log t)δ/β

??δ
.



�  � !LE:@FE<J ;< 4FLE> �

(\J 8eE� :FDF K8D9@_E M8C< HL< (1 + log t)δ ≤ (δ/?)δt? G8I8 KF;F ? > 0 P KF;F
t ≥ 1� J @ < C<>@DFJ ? ;< D8E<I8 HL< 0 < 1 − ? < β P KFD8DFJ C8 :FEJK8EK< C2 =

máx
?
δδ/β, (δ/?)δ/β,

?
β

1−?

?δ/β?
= máx

?
(δ/?)δ/β,

?
β

1−?

?δ/β?
F9K<E<DFJ HL<

η(C2ϕ(t)) ≥
Cβ

2 t

(1 + log t)δ

?
1 + log

?
C2t

1−?
β

(δ/?)δ/β

??δ

≥ Cβ
2 t

(1 + log t)δ

?
1 + log

?
t
1−?
β

??δ

≥ Cβ
2 t

?
1− ?

β

?δ

≥ t.

 C@>@<E;F C̃1 = mı́n{1, C1} = C1 P C̃2 = máx{1, C2} = C2 � M8C<E C8J ;<J@>L8C;8;<J

C1ϕ(t) ≤ η−1(t) ≤ C2ϕ(t)

G8I8 KF;F t ≥ 0

+8I8 ;<DFJKI8I �44� LJ8I<DFJ HL< ?η−1(t) ≈ t/η−1(t)� G8I8 CF :L8C 98JK8I\ M<I HL< η?

<J <JKI@:K8D<EK< :I<:@<EK< ;< 8:L<I;F 8C '<D8 �  �  � �  +8I8 <CCF � EFK<DFJ HL<

η??(t) =

?
β(β − 1)tβ−2 0 ≤ t < 1
tβ−2(1 + log t)δ−2

?
a log2(t) + b log(t) + c

?
t ≥ 1.

;FE;< a = β(β − 1)� b = 2β2 + 2β(δ − 1) − δ P c = β2 + δ(δ − 2) + β(2δ − 1) (<;@8EK<
:\C:LCFJ HL< FD@K@I<DFJ � J< GL<;< ;<;L:@I HL< a log2(t) + b log(t) + c > 0 J@<DGI< HL<
β > 1 P δ ≥ 0� HL< <J EL<JKIF :8JF  JKF @DGC@:8 HL< η? <J <JKI@:K8D<EK< :I<:@<EK<  +FI
CF K8EKF� M8C< C8 <HL@M8C<E:@8 ?η−1(t) ≈ t/η−1(t) <E M@IKL; ;< 	 �  �  � � 
 P� LK@C@Q8E;F <C aK<D
8EK<I@FI �4� � K<E<DFJ HL<

?η−1(t) ≈ t1−1/β(1 + log+ t)δ/β.

�FDF β > 1� 1 − 1/β = 1/β ? > 0 'L<>F� 8GC@:8E;F EL<M8D<EK< <C aK<D �4� :FE 1/β ? P
δ/β � <E CL>8I ;< β P δ I<JG<:K@M8D<EK< � K<E<DFJ HL<

?η(t) ≈ tβ
?
(1 + log+ t)−(δ/β)β?

= tβ
?
(1 + log+ t)−δ/(β−1)

:FDF HL<Ia8DFJ M<I

�?FI8 9@<E� J @ β = 1 P δ > 0� J89<DFJ HL<

η−1(t) ≈ t(1 + log+ t)−δ.

 J 9@<E :FEF:@;F HL< (1 + log+ t) ≈ log(e + t)� ;< ;FE;< J< K@<E< HL<

η−1(Φ(t))t ≈ Φ(t)(log(et
1/δ

))−δt = Φ(t)t−1t = Φ(t),

F� <HL@M8C<EK<D<EK< � :FDF Φ <J @EM<IK@9C< �

t ≈ η−1(t)Φ−1(t).



� � !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

+8I8 J@DGC@�:8I CFJ I<JLCK8;FJ ;< <JK8 K<J@J � :FEJ@;<I8I<DFJ� 8 D<EFJ HL< J< @E;@HL<
CF :FEKI8I@F� =LE:@FE<J ;< 4FLE> 9: =8,74E,/,> � <JKF <J � =LE:@FE<J ;< 4FLE> η G8I8 C8J
:L8C<J η(1) = 1  E <C J@>L@<EK< C<D8 ;8DFJ ;FJ GIFG@<;8;<J HL< M<I@�:8E <JK< K @GF ;<
=LE:@FE<J 

�&+" � � � � ��� %0, η @9, 1@9. 4I9 /0 *:@92 9: =8,74E,/, � �9?: 9.0 >

�4� η(t) ≥ t ;,=, ?:/: t ≥ 1�

�44� η−1 ?,8- 4G9 0 >?F 9: =8,74E,/, D η−1(t) ≤ t ;,=, ?:/: t ≥ 1�

�08: >?=,. 4I9� �FDF η(1) = 1 P η <J :FEM<O8� :L8CHL@<I8 J<8 t ≥ 1 J< K @<E< HL<

1 = η(1) = η

?
t

t

?
≤ η(t)

t
,

<J ;<:@I� η(t) ≥ t CF HL< GIL<98 �4� 

+FI FKIF C8;F� η−1(1) = η−1(η(1)) = 1 . @ =L<I8 η−1(t) > t G8I8 8C>eE t ≥ 1� K<E;Ia8DFJ
HL< t > η(t) G8I8 8C>eE t ≥ 1� CF HL< :FEKI8;@:< �4�  �Ja� ;<9< J<I η−1(t) ≤ t G8I8 KF;F
t ≥ 1

* KI8J GIFG@<;8;<J :C\J@:8J HL< :FEJ@;<I8I<DFJ JF9I< =LE:@FE<J :I<:@<EK<J � EF E<:<J8�
I@8D<EK< ;< 4FLE>� JFE C8J ;<EFD@E8;8J ?4;: >@;0=4: = P ?4;: 4910=4: = 

�&�,)$):, � � � � �� � �8;8 LE8 =LE:@cE Φ EF�E<>8K@M8 P :I<:@<EK< ;<�E@;8 JF9I< [0,+∞)
:FE Φ(0) = 0� ;@I<DFJ HL< Φ <J ;< ?4;: >@;0=4: = q � 0 ≤ q < ∞� J @ <O@JK< C > 0 K8C HL<

Φ(st) ≤ CsqΦ(t), ∀ s ≥ 1, ∀ t > 0.

+FI FKIF C8;F� ;@I<DFJ HL< Φ <J ;< ?4;: 4910=4: = q � 0 ≤ q < ∞� J @ <O@JK< C > 0 K8C HL<

Φ(st) ≤ CsqΦ(t), ∀ 0 ≤ s ≤ 1, ∀ t ≥ 0.

. @ EF J< <JG<:@�:8 <C M8CFI ;< q � J @DGC<D<EK< ;@I<DFJ HL< Φ <J ;< K@GF JLG<I@FI F
@E=<I@FI� I<JG<:K@M8D<EK< 

0E8 :C8J< G8IK@:LC8I HL< K8D9@_E :FEJ@;<I8I<DFJ <J C8 9@<E :FEF:@;8 :C8J< ∆2 

�&�,)$):, � � � � �	 � �@I<DFJ HL< LE8 =LE:@cE Φ EF�E<>8K@M8 P :I<:@<EK< ;<�E@;8 JF9I<
[0,+∞) J8K@J=8:< C8 :FE;@:@cE ∆2 � P <J:I@9@I<DFJ Φ ∈ ∆2 � J @ <O@JK< LE8 :FEJK8EK< GFJ@K @M8
C K8C HL<

Φ(2t) ≤ CΦ(t), ∀ t > 0.

�C>LE8J GIFG@<;8;<J HL< J<I\E ;< LK@C@;8; 8:<I:8 ;< <JK8J :C8J<J J< @E:CLP<E <E <C
J@>L@<EK< C<D8



�  � !LE:@FE<J ;< 4FLE> � �

�&+" � � � � �
 � %0, Φ @9, 1@9. 4I9 9: �902,?4A, D .=0. 409?0 /0�94/, >: - =0 [0,+∞) .: 9
Φ(0) = 0� �9?: 9.0 >�

�4� Φ ∈ ∆2 >4 D >I7: >4 Φ 0 > /0 ?4;: >@;0=4: =�

�44� >4 Φ 9: 0 > 4/G9?4.,809?0 9@7, D 0 > /0 ?4;: 4910=4: = q� 0 C4>?0 @9, .: 9>?,9?0 C > 0
?, 7 <@0 tq ≤ CΦ(t) ;,=, t >@�. 409?0809?0 2=,9/0 �

�08: >?=,. 4I9� . @ Φ <J ;< K@GF JLG<I@FI 0 ≤ q < ∞� <EKFE:<J <J @ED<;@8KF HL< Φ ∈ ∆2

GL<J Φ(2t) ≤ C2qΦ(t) = ?CΦ(t) -<:aGIF:8D<EK< � J<8 Φ ∈ ∆2 P JLGFE>8DFJ� J @E G_I;@;8
;< ><E<I8C@;8;� HL< Φ(2t) ≤ CΦ(t) :FE :FEJK8EK< C > 1 �8;F s ≥ 1� <O@JK< k ∈ N K8C
HL< 2k−1 ≤ s < 2k P� G8I8 :8;8 t ≥ 0 K<E<DFJ HL<

Φ(st) ≤ Φ(2kt) ≤ CkΦ(t) = C2(k−1) log2(C)Φ(t) ≤ Cslog2(C)Φ(t),

GFI CF HL< Φ <J ;< K@GF JLG<I@FI q = log2(C) ∈ [0,+∞)

. @ 8?FI8 Φ EF <J @;_EK@:8D<EK< ELC8� <O@JK< t0 > 0 K8C HL< Φ(t) > 0 G8I8 KF;F t ≥ t0
;<9@;F 8C :I<:@D@<EKF ;< Φ /FD<DFJ t ≥ máx{1, t0} 0J8E;F HL< Φ <J ;< K@GF @E=<I@FI
q � K<E<DFJ HL<

0 < Φ(t0) = Φ

?
t0
t
t

?
≤ C

?
t0
t

?q

Φ(t)

P� <E :FEJ<:L<E:@8� tq ≤ ?CΦ(t) G8I8 KF;F t ≥ máx{1, t0} :FE ?C = Ctq0/Φ(t0)

� � � � � � � �	�� Bp

0E8 :C8J< G8IK@:LC8I ;< =LE:@FE<J ;< 4FLE> HL< I<JLCK8 J<I C8 8;<:L8;8 G8I8 F9K<E<I
GIFG@<;8;<J ;< 8:FK8:@cE JF9I< <C FG<I8;FI D8O@D8C 8JF:@8;F� D<E:@FE8;F <E C8 @EKIF�
;L::@cE� <J C8 HL< J< ;<�E< 8 :FEK@EL8:@cE

�&�,)$):, � � � � �� � .<8 1 < p < ∞ �<:@DFJ HL< LE8 =LE:@cE ;< 4FLE> η J8K@J=8:< C8
:FE;@:@cE Bp � P <J:I@9@DFJ η ∈ Bp � J @ <O@JK< LE8 :FEJK8EK< GFJ@K @M8 c K8C HL<

∞̂

c

η(t)

tp
dt

t
< ∞.

�FDF :FEJ<:L<E:@8 @ED<;@8K8 ;< C8 ;<�E@:@cE ;< C8 :C8J< Bp J< K @<E<E C8J J@>L@<EK<J
GIFG@<;8;<J 

�&+" � � � � �� � %0, 1 < p < ∞ D η @9, 1@9. 4I9 /0 *:@92 9: =8,74E,/, D �94?, � �9?: 9.0 >

�4� η ∈ Bp >4 D >I7: >4 0C4>?09 .: 9>?,9?0 > ;: >4?4A,> C1 D C2 ?, 70 > <@0

ˆ C1t

0

λp−1η?
?

t

λ

?
dλ

λ
≤ C2t

p−1, ∀ t > 0;



� � !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

�44� >4 η ∈ Bp� 0 C4>?0 @9, .: 9>?,9?0 ;: >4?4A, Cp ?, 7 <@0 η(t) ≤ Cpt
p ;,=, ?:/: t ≥ c�

/: 9/0 c 0 > 7, .: 9>?,9?0 <@0 ,;,=0.0 09 7, /0�94. 4I9 /0 7, . 7,>0 Bp�

�444� >4 η ∈ Bp D 1 < p ≤ q < ∞� 0 9?: 9.0 > η ∈ Bq � �> /0. 4=� 7,> . 7,>0 > Bp >: 9 .=0. 409?0 >
=0 >;0. ?: /0 p�

�4A� >4 ηq ∈ Bp ;,=, ,72@9: > 1 < p, q < ∞� 0 9?: 9.0 > η ∈ Bp�

�A� >4 η ∈ Bp 0 > >@-8@7?4;74.,?4A, � 0C4>?0 0 < ? < p ?, 7 <@0 η ∈ Bp−? �

�08: >?=,. 4I9� 1<8DFJ GI@D<IF HL< M8C< C8 <HL@M8C<E:@8 �4�  . LGFE>8DFJ HL< η ∈ Bp �
<JKF <J � <O@JK<E ;FJ :FEJK8EK<J GFJ@K @M8J C > 0 P c K8C<J HL<

ˆ ∞

c

η(t)

tp
dt

t
≤ C.

+8I8 :8;8 s > 0� ?8:<DFJ <C :8D9@F ;< M8I@89C<J t = 2s/λ P F9K<E<DFJ HL< C8 <OGI<J@cE
8EK<I@FI J< GL<;< I<<J:I@9@I :FDF

ˆ 2s/c

0

λpη

?
2s

λ

?
dλ

λ
≤ 2pCsp.

+L<JKF HL< η(2s/λ) ≥ (s/λ)η?(s/λ) 	 M<I �FIFC8I@F �  �  � 
 � C8 ;<J@>L8C;8; 8EK<I@FI @DGC@:8
HL<

ˆ 2s/c

0

λp−1η?
? s

λ

? dλ

λ
≤ 2pCsp−1,

:L8CHL@<I8 J<8 s > 0 /FD8E;F C1 = 2/c P C2 = 2pC � J< K @<E< C8 ;<J@>L8C;8; ;<J<8;8
-<:aGIF:8D<EK< � J @ J< M<I@�:8 C8 :FE;@:@cE 8EK<I@FI� LJ8DFJ C8 FKI8 I<C8:@cE ;8;8 <E <C
�FIFC8I@F �  �  � � η?(s/λ) ≥ (λ/s)η(s/λ)� P 8Ja K<E<DFJ HL< G8I8 KF;F s > 0�

ˆ C1s

0

λpη
? s

λ

? dλ

λ
≤ C2s

p.

#8:@<E;F <C :8D9@F ;< M8I@89C<J λ = s/t J< ;<;L:< C8 ;<J@>L8C;8;

ˆ ∞

1/C1

η(t)

tp
dt

t
≤ C2 < ∞,

<J ;<:@I� η ∈ Bp 

�<DFJKI<DFJ 8?FI8 �44�  . LGFE>8DFJ HL< EF M8C< C8 ;<J@>L8C;8; ;<J<8;8 'L<>F� G8I8
:8;8 m ∈ N <O@JK< tm ≥ c K8C HL< η(tm) > mtpm  �Ja� G8I8 :8;8 m ∈ N
ˆ ∞

c

η(t)

tp
dt

t
≥
ˆ ∞

tm

η(t)

tp
dt

t
≥ η(tm)

ˆ ∞

tm

1

tp
dt

t
≥ mtpm

ˆ ∞

tm

1

tp
dt

t
= mtpm

1

ptpm
=

m

p
−→
m→∞

∞,

CF HL< :FEKI8;@:< HL< η ∈ Bp 



�  � !LE:@FE<J ;< 4FLE> � �

'8 ;<DFJKI8:@cE ;< �444� <J @ED<;@8K8 GL<J p− q ≤ 0�

ˆ ∞

c

η(t)

tq
dt

t
=

ˆ ∞

c

tp−q η(t)

tp
dt

t
≤ cp−q

ˆ ∞

c

η(t)

tp
dt

t
< ∞.

.<8 8?FI8 ηq ∈ Bp � <J ;<:@I� <O@JK< c > 0 K8C HL<

ˆ ∞

c

η(t)q

tp
dt

t
< ∞.

. @E G_I;@;8 ;< ><E<I8C@;8;� GF;<DFJ JLGFE<I HL< c = 1 � FDF η <JK\ EFID8C@Q8;8� G8I8
KF;F t ≥ 1 K<E<DFJ HL< η(t) ≥ t ≥ 1� ;< ;FE;< J< J@>L< HL< η(t) ≤ η(t)q G8I8 KF;F t ≥ 1
+FI CF K8EKF�

ˆ ∞

1

η(t)

tp
dt

t
≤
ˆ ∞

1

η(t)q

tp
dt

t
< ∞,

<J ;<:@I� η ∈ Bp P M8C< �4A� 

-<JK8 GIF98I <C aK<D �A� � < C :L8C <JK89C<:< C8 8G<IKLI8 ;< C8 :C8J< Bp  0E8 GIL<98
;< <CCF GL<;< <E:FEKI8IJ< <E 6 � � '<D8 �  � 7 � J @E <D98I>F� ;<:@;@DFJ ;8I 8HLa LE8 GIL<98
;@=<I<EK< 98J8;8 <E C8J @;<8J ;< 6 � 7  +8I8 <CCF � LJ8I<DFJ HL< η ∈ Bp <J <HL@M8C<EK< 8 HL<
<O@JK8E :FEJK8EK<J GFJ@K @M8J c P K K8C<J HL< G8I8 :8;8 r > 0�

ˆ ∞

cr

dt

η−1(t/r)p
≤ Kr, 	 �  �  �� 


CF HL< J< J@>L< ?8:@<E;F LE :8D9@F ;< M8I@89C<J P LJ8E;F HL< η?(t) ≈ η(t)/t GFI J<I η
JL9DLCK@GC@:8K@M8

. @ ;<�E@DFJ Ak = 2krc G8I8 k ∈ N� <EKFE:<J G8I8 :8;8 n ∈ N�

∞?

k=n

Ak

η−1(2k)p
=

∞?

k=n

ˆ 2krc

0

dt

η−1(2k)p
=

∞?

k=n

ˆ 2nrc

0

dt

η−1(2k)p
+

∞?

k=n

ˆ 2krc

2nrc

dt

η−1(2k)p
= I + II.

 JK@D<DFJ GI@D<IF I  +8I8 <CCF � EFK<DFJ HL<� GFI J<I η−1 JLG<IDLCK@GC@:8K@M8� M8C< HL<
η−1(2k) ≥ η−1(2)k P� 8Ja� C8 J<I@<

∞?

k=0

1

η−1(2k)p
≤

∞?

k=0

1

(η−1(2)p)k
< ∞

GL<J η−1(2) > η−1(1) = 1

. @ ;<EFD@E8DFJ α =
∞?
k=0

1
η−1(2k)p

≥ 1
η−1(1)

= 1 P βn =
∞?
k=n

1
η−1(2k)p

G8I8 n ∈ N� J< K @<E<
HL<

βn =
∞?

k=n

1

η−1(2k−n2n)p
≤ 1

η−1(2n)p

∞?

j=0

1

η−1(2j)p
=

α

η−1(2n)p
.



� � !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

'L<>F�

I =
∞?

k=n

ˆ 2nrc

0

dt

η−1(2k)p
= Anβn ≤

αAn

η−1(2n)p
. 	 �  �  �� 


�?FI8 <JK @D<DFJ II  0J8E;F C8J GIFG@<;8;<J ;< βn � GF;<DFJ <J:I@9@I

II =
∞?

k=n

1

η−1(2k)p

k?

j=n+1

ˆ 2jrc

2j−1rc

dt =
∞?

j=n+1

ˆ 2jrc

2j−1rc

dt
∞?

k=j

1

η−1(2k)p

=
∞?

j=n+1

βj

ˆ 2jrc

2j−1rc

dt ≤ α
∞?

j=n+1

ˆ 2jrc

2j−1rc

dt

η−1(2j)p
.

�FDF η−1 <J JLG<IDLCK@GC@:8K@M8�

η−1(2j) ≥ η−1(2jr/t)η−1(t/(2nr))η−1(2n) ≥ η−1(1/c)η−1(t/(2nr))η−1(2n)

G8I8 :8;8 2j−1rc < t < 2jrc  E :FEJ<:L<E:@8�

II ≤ α

η−1(1/c)p η−1(2n)p

∞?

j=n+1

ˆ 2jrc

2j−1rc

dt

η−1
?

t
2nr

?p =
α

η−1(1/c)p η−1(2n)p

ˆ ∞

2nrc

dt

η−1
?

t
2nr

?p .

�< C8 ;<J@>L8C;8; 8EK<I@FI� ;< 	 �  �  �� 
 P ;< 	 �  �  �� 
 � F9K<E<DFJ HL<

∞?

k=n

Ak

η−1(2k)p
≤ α

η−1(2n)p

?
An +

1

η−1(1/c)p

ˆ ∞

2nrc

dt

η−1
?

t
2nr

?p
?

≤ αAn

η−1(2n)p

?
1 +

K

cη−1(1/c)p

?
=

CαAn

η−1(2n)p
	 �  �  �� 


= Cα

? ∞?

k=n

Ak

η−1(2k)p
−

∞?

k=n+1

Ak

η−1(2k)p

?
.

'L<>F�
∞?

k=n+1

Ak

η−1(2k)p
≤ Cα − 1

Cα

∞?

k=n

Ak

η−1(2k)p
.

. @ ;<�E@DFJ γ = Cα−1
Cα

� :FDF C > 1 P α ≥ 1� 0 < γ < 1 #8:@<E;F @E;L::@cE <E j ∈ N�
I<JLCK8 HL<

∞?

k=j

Ak

η−1(2k)p
≤ γj

∞?

k=0

Ak

η−1(2k)p
,

CF HL<� <E G8IK@:LC8I� @DGC@:8 HL<

Aj ≤ γjη−1(2j)p
∞?

k=0

Ak

η−1(2k)p
.



�  � !LE:@FE<J ;< 4FLE> � �

.<8 8?FI8 0 < ? < p 8 <C<>@I 0K@C@Q8E;F C8 <JK @D8:@cE 8EK<I@FI P 	 �  �  �� 
 � C8 :L8C J<
GL<;< M<I HL< K8D9@_E M8C< J@ n = 0� K<E<DFJ HL<

ˆ ∞

cr

dt

η−1(t/r)p−?
≤

∞?

j=0

ˆ 2jrc

2j−1rc

dt

η−1(t/r)p−?
≤

∞?

j=0

ˆ 2jrc

0

dt

η−1(2j−1c)p−?

≤ 1

η−1(c/2)p−?

∞?

j=0

Aj

η−1(2j)p−?

≤ 1

η−1(c/2)p−?

∞?

j=0

γjη−1(2j)?
∞?

j=0

Ak

η−1(2k)p

≤ 1

η−1(c/2)p−?

∞?

j=0

γjη−1(2j)?
αCrc

η−1(1)p
=

αCrc

η−1(c/2)p−?

∞?

j=0

γjη−1(2j)?.

�8JK8Ia8 M<I� GL<J � HL< <O@JK< 0 < ? < p G8I8 <C :L8C C8 J<I@<

∞?

j=0

γjη−1(2j)?

<J :FEM<I><EK<  +8I8 <CCF � EFK<DFJ HL<� :FDF η−1 <J :cE:8M8� η−1(2j) ≤ 2jη−1(1) = 2j 
'L<>F� <C@>@<E;F 0 < ? < mı́n{log2(1/γ), p}� J< K @<E< HL< γ2? < 1 P� 8Ja�

∞?

j=0

γjη−1(2j)? ≤
∞?

j=0

(γ2?)j < ∞.

 E :FE:CLJ@cE� <O@JK<E 0 < ? < p P :FEJK8EK<J GFJ@K @M8J c P ?C K8C<J HL<

ˆ ∞

cr

dt

η−1(t/r)p−?
≤ ?Cr

G8I8 KF;F r > 0� HL< � :FDF M@DFJ <E 	 �  �  �� 
 � <J <HL@M8C<EK< 8 ;<:@I HL< η ∈ Bp−? 

 E <C �8GaKLCF � LJ8I<DFJ� <E DL:?FJ :8JFJ � C8J J@>L@<EK<J <HL@M8C<E:@8J HL< @EMFCL:I8E
8 C8 :C8J< Bp 

�&+" � � � � �� � %0, 1 < p < ∞� %0,9 η D ξ 1@9. 4: 90 > /0 *:@92 �94?,> ?, 70 > <@0 ;,=,
,72J9 r > 1

ξ−1(t) = t−1/rη−1(t), t > 0.

�9?:9.0 >�

�4� η 0 > >@-8@7?4;74.,?4A, >4 D >I7: >4 ξ 7: 0 >�

�44� >4 η 0 > >@-8@7?4;74.,?4A, � η1+p/r ∈ Bp >4 D >I7: >4 ξ ∈ Bp �



� � !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

�08: >?=,. 4I9� +IF9<DFJ GI@D<IF �4�  . LGFE>8DFJ HL< η <J JL9DLCK@GC@:8K@M8  EKFE:<J �
GFI <C '<D8 �  �  � ��44� � η−1 <J JLG<IDLCK@GC@:8K@M8 1<8DFJ HL< ξ−1 K8D9@_E CF <J  . <8E
s, t > 0 'L<>F�

ξ−1(st) = (st)−1/rη−1(st) ≥ s−1/rt−1/rη−1(s)η−1(t) = ξ−1(s)ξ−1(t).

. @>L@<E;F C8J @;<8J ;< C8 GIL<98 ;<C '<D8 �  �  � � �44� � <J =\:@C M<I HL< <JKF EFJ ;@:< HL< ξ
<J JL9DLCK@GC@:8K@M8 +IF:<;@<E;F ;< =FID8 J@D@C8I� J< ;<DL<JKI8 C8 I<:aGIF:8

�?FI8 GIF9<DFJ �44�  . @ η1+p/r ∈ Bp � <EKFE:<J LJ8E;F HL< η?(t)/η(t) ≈ 1/t GFI J<I η
JL9DLCK@GC@:8K@M8 	 M<I '<D8 �  �  � � �4�
 P ?8:@<E;F <C :8D9@F ;< M8I@89C<J u = η(t) J< K @<E<
HL<

∞ >

ˆ ∞

c

η(t)1+
p
r

tp
dt

t
≈
ˆ ∞

c

η(t)1+
p
r

tp
η?(t)dt

η(t)
=

ˆ ∞

η(c)

u1+ p
r

η−1(u)p
du

u
.

-<<DGC8Q8E;F η−1(t) GFI t1/rξ−1(t)� ?8:@<E;F <C :8D9@F ;< M8I@89C<J u = ξ(s) P LJ8E;F
HL< ξ K8D9@_E <J JL9DLCK@GC@:8K@M8 J< J@>L< HL<

∞ >

ˆ ∞

η(c)

u1+ p
r

η−1(u)p
du

u
=

ˆ ∞

η(c)

u

ξ−1(u)p
du

u
=

ˆ ∞

ξ−1(η(c))

ξ(s)

sp
ξ?(s)

ξ(s)
ds ≈

ˆ ∞

ξ−1(η(c))

ξ(s)

sp
ds

s
.

�FE:CL@DFJ � GL<J � HL< ξ ∈ Bp :FE :FEJK8EK< ξ−1(η(c)) )FK8I HL< KF;8J C8J @EK<>I8C<J HL<
8G8I<:<E 8EK<J JFE� <E I<8C@;8;� <HL@M8C<EK<J   J GFI <CCF HL< J@ 8?FI8 JLGFE<DFJ HL<
ξ ∈ Bp � J< F9K@<E< ;< @>L8C D8E<I8 C8 8�ID8:@cE JF9I< η 

+8I8 :@<IKF K@GF ;< =LE:@FE<J ;< 4FLE>� HL< @E:CLP<E 8 C8J ;< K@GF L logL� <J =\:@C M<I
G8I8 HL_ I8E>F ;< p _JK8J G<IK<E<:<E 8 C8 :C8J< Bp � CF HL< J<I\ ;< >I8E LK@C@;8; <E <C
�8GaKLCF �

�&+" � � � � ��� %0,9 β ≥ 1 D δ ≥ 0� �: 9>4/0=08: >� ;,=, j ∈ N� 7, 1@9. 4I9 /0 7, 1: =8,
ηj(t) = tβLj(t)

δ � /: 9/0 Lj >0 /0�90 =0.@=>4A,809?0 .:8:

L1(t) = (1 + log+ t)

Lj+1(t) = Lj(L1(t)).

�9?:9.0 >� ηj ∈ Bp ;,=, ?:/: p > β D ?:/: j ∈ N�

�08: >?=,. 4I9� �FDF P8 ?<DFJ LJ8;F 8EK<I@FID<EK< � J89<DFJ HL< L1(t) ≤ ?−1t? G8I8
KF;F t ≥ 1 P G8I8 KF;F ? > 0  E G8IK@:LC8I� L1(t) ≤ t G8I8 :8;8 t ≥ 1 . LGFE>8DFJ HL<�
G8I8 j ≥ 1� Lj(t) ≤ ?−1t? G8I8 KF;F t ≥ 1 P KF;F ? > 0 'L<>F� :FDF L1 <J :I<:@<EK< �
:8;8 Lj CF <J � P 8Ja Lj+1(t) = Lj(L1(t)) ≤ Lj(t) ≤ ?−1t? G8I8 KF;F t ≥ 1 P KF;F ? > 0  E
:FEJ<:L<E:@8� ηj(t) ≤ ?−1tβ+? G8I8 KF;F t ≥ 1 P ? > 0

. <8 p > β  'L<>F� <O@JK< ?0 > 0 K8C HL< p > β + ?0   EKFE:<J �
ˆ ∞

1

ηj(t)

tp
dt

t
≤ ?−1

0

ˆ ∞

1

1

tp−β−?0

dt

t
< ∞,

<J ;<:@I� ηj ∈ Bp G8I8 KF;F p > β 



�  �  C FG<I8;FI D8O@D8C Mη � �

� � � � �  !�"�� " ��'���� Mη

�FDF D<E:@FE8DFJ <E C8 @EKIF;L::@cE� G8I8 F9K<E<I GIFG@<;8;<J ;< 8:FK8:@cE JF9I<
:@<IKFJ FG<I8;FI<J @EK<>I8C<J J@E>LC8I<J P =I8::@FE8I@FJ P JLJ :FEDLK8;FI<J � <JKL;@8I<DFJ
GIFG@<;8;<J J@D@C8I<J JF9I< CFJ FG<I8;FI<J D8O@D8C<J HL< CFJ :FEKIFC8E <E 8C>eE J<EK@;F�
CFJ :L8C<J <JK\E 8JF:@8;FJ 8 =LE:@FE<J ;< 4FLE>  E <JK8 J<::@cE ;<�E@I<DFJ C8 M<IJ@cE EF�
=I8::@FE8I@8 ;< K8C<J FG<I8;FI<J D8O@D8C<J P DFJKI8I<DFJ 8C>LEFJ I<JLCK8;FJ :FEF:@;FJ 

. <8 f ∈ L1
loc(Rn)� <JKF <J � LE8 =LE:@cE D<;@9C< @EK<>I89C< JF9I< :FEALEKFJ ;< D<;@;8

�E@K8 �8;8 LE8 =LE:@cE ;< 4FLE> η J< ;<�E< <C FG<I8;FI D8O@D8C ><E<I8C@Q8;F Mη :FDF
J@>L< �

Mηf(x) = sup
B?x

||f ||η,B, x ∈ Rn,

;FE;< <C JLGI<DF J< KFD8 JF9I< KF;8J C8J 9FC8J B HL< :FEK@<E<E 8 x P || · ||η,B ;<EFK8 <C
GIFD<;@F ><E<I8C@Q8;F ;<�E@;F GFI

||f ||η,B = ı́nf

?
λ > 0 :

1

|B|

ˆ

B

η

? |f(x)|
λ

?
dx ≤ 1

?
.

�L8E;F KI898 A<DFJ :FE <JKFJ GIFD<;@FJ P :FE <C FG<I8;FI D8O@D8C Mη � <JK8I<DFJ JL�
GFE@<E;F HL< C8J =LE:@FE<J ;< 4FLE> @EMFCL:I8;8J <E JLJ ;<�E@:@FE<J JFE �E@K8J 

*9J<IM8I HL<� :L8E;F η <J C8 =LE:@cE @;<EK@;8;� Mη = M � < C FG<I8;FI D8O@D8C ;<
#8I;P�'@KK C<NFF;� :L8E;F η(t) = tp � 1 < p < ∞� Mηf = Mpf := M(|f |p)1/p 

+8I8 =LE:@FE<J ;< 4FLE> :L8C<JHL@<I8� LE GI@D<I I<JLCK8;F ;< 8:FK8:@cE G8I8 Mη JF9I<
<JG8:@FJ ;< '<9<J>L< :C\J@:FJ =L< GIF98;F <E 6 �� 7   E ;@:?F I<JLCK8;F� J< :8I8:K<I@Q8 C8
8:FK8:@cE GFI D<;@F ;< LE8 :FE;@:@cE Bp JF9I< η � P ;< 8CCa C8 @DGFIK8E:@8 ;< :FEJ@;<I8I
<JK< K @GF ;< =LE:@FE<J ;< 4FLE>

�&-/&+" � � � � � 	 6 �� 7 
 � %0,9 1 < p < ∞ D η @9, 1@9. 4I9 /0 *:@92� �9?: 9.0 > 0<@4A, 709�

�4� η ∈ Bp�

�44� 0C4>?0 @9, .:9>?,9?0 ;: >4?4A, C ?, 7 <@0

ˆ

Rn

(Mηf(x))
pdx ≤ C

ˆ

Rn

|f(x)|pdx

;,=, ?:/, 1@9. 4I9 80/4- 70 f �

)FK8I HL<� GFI <A<DGCF� J @ η(t) = tr :FE 1 ≤ r < ∞� < C I<JLCK8;F I<:LG<I8 C8 GIFG@<;8;
;< 8:FK8:@cE ;< Mr JF9I< Lp(Rn) G8I8 KF;F p > r >I8:@8J 8C '<D8 �  �  ��� <E G8IK@:LC8I�
J< K @<E< HL< <C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; M <JK\ 8:FK8;F JF9I< :L8CHL@<I
Lp(Rn)� 1 < p < ∞ +FI FKIF C8;F� J @ η(t) = t(1 + log+ t)k � J89<DFJ HL< Mη ≈ M k+1 � C8
:FDGFJ@:@cE ;< M :FE Ja D@JDF k + 1 M<:<J � P <C /<FI<D8 �  �  � EFJ ;8 C8 8:FK8:@cE ;<
M k JF9I< KF;FJ CFJ Lp(Rn) :FE 1 < p < ∞ EL<M8D<EK< <E M@IKL; ;<C '<D8 �  �  ��  JK<



� � !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

eCK @DF FG<I8;FI K@<E< <JG<:@8C @DGFIK8E:@8 GFIHL<� :FDF J< M<I\ D\J 8;<C8EK< � :FEKIFC8
8 CFJ :FEDLK8;FI<J ;< C8 @EK<>I8C<J J@E>LC8I<J <E C8 EFID8 ;< CFJ <JG8:@FJ Lp P� ALEKF :FE
<C K<FI<D8 8EK<I@FI� <J< :FEKIFC G<ID@K< ;<;L:@I C8J GIFG@<;8;<J ;< :FEK@EL@;8; ;< ;@:?FJ
:FEDLK8;FI<J 8 G8IK@I ;< C8J GIFG@<;8;<J ;< M k 

 C FG<I8;FI D8O@D8C Mη K8D9@_E ?8 J@;F <JKL;@8;F <E 6 �7 P <E 6 � � 7   E <JK< eCK @DF 8I�
K a:LCF� CFJ 8LKFI<J ;@<IFE LE8 :8I8:K<I@Q8:@cE ;< CFJ <JG8:@FJ ;< *IC@:Q 	 G8I8 JL ;<�E@:@cE�
M<I R �  � 
 � <E <C :FEK<OKF D\J ><E<I8C ;< <JG8:@FJ ;< K@GF ?FDF>_E<F ;< D<;@;8 @E�E@K8�
G8I8 HL< Mη <JK_ 8:FK8;8 ;< LE <JG8:@F ;< *IC@:Q <E FKIF  E <C �8GaKLCF � <OGFE;I<DFJ
;@:?F I<JLCK8;F G8I8 <C :8JF ;< Rn 

/8D9@_E 8E8C@Q8I<DFJ <C :8JF <E HL< Mη 8:Ke< JF9I< <JG8:@FJ ;< D<;@;8 �E@K8 +8I8
<CCF � <J :FEM<E@<EK< :FEJ@;<I8I C8 J@>L@<EK< M<IJ@cE ;<C FG<I8;FI Mη :L8E;F Ω <J LE
JL9:FEALEKF 89@<IKF ;< Rn :FE |Ω| < ∞ P f ∈ L1

loc(Ω) �<�E@DFJ Mη G8I8 f :FE JFGFIK<
<E Ω :FDF

Mηf(x) = sup
B?x

||f ||η,B, x ∈ Ω,

;FE;< 8?FI8 <C JLGI<DF J< KFD8 JF9I< KF;8J C8J 9FC8J B :FE :<EKIF <E Ω HL< :FEK@<E<E
8 x ∈ Ω P CFJ GIFD<;@FJ J< <J:I@9<E <E C8 =FID8

||f ||η,B = ı́nf

?
λ > 0 :

1

|B ∩ Ω|

ˆ

B

η

? |f(x)|
λ

?
dx ≤ 1

?
. 	 �  �  � 


� C8I8D<EK< � J @ Ω = Rn � J< K @<E< <C GIFD<;@F ;<�E@;F 8EK<I@FID<EK< 

 E 6 � � 7 K8D9@_E J< <JKL;@c <JK< FG<I8;FI JF9I< <JG8:@FJ ;< *IC@:Q ;<�E@;FJ JF9I<
<JG8:@FJ ;< K@GF ?FDF>_E<F ;< D<;@;8 �E@K8� F9K<E@_E;FJ< I<JLCK8;FJ ;< :8I8:K<I@Q8:@cE
J@D@C8I<J 8 CFJ ;8;FJ <E <C :8JF ;< D<;@;8 @E�E@K8

+FI eCK @DF� :89< D<E:@FE8I <C J@>L@<EK< I<JLCK8;F ;FE;< J< ;8 LE8 <JG<:@< ;< ;<J@>L8C�
;8; ;< K@GF ;_9@C G8I8 <C FG<I8;FI Mη � < C :L8C =L< GIF98;F <E 6 � � 7 

�&+" � � � � � 	 6 � � 7 
 � %0, η @9, 1@9. 4I9 /0 *:@92 D w @9 ;0>: � 0 >?: 0 >� @9, 1@9. 4I9 9: �
902,?4A, D 7:., 7809?0 49?02=,- 70 � �9?: 9.0 >� ;,=, ?:/: >@-.: 95@9?: ,- 40 =?: Ω /0 Rn � 7,
/0 >42@,7/,/

w({x ∈ Ω : Mηf(x) > 2λ}) ≤ Cn

ˆ

{x∈Ω:|f(x)|>λ}
η

? |f(x)|
λ

?
Mw(x)dx

A,70 ;,=, ?:/: λ > 0 D ?:/, 1@9. 4I9 80/4- 70 f � /: 9/0 Cn 0 > . 40 =?, .: 9>?,9?0 ;: >4?4A, <@0
>I7: /0;09/0 /0 7, /4809>4I9 n�

� � � � �  !�"�� " ��'���� �"���� ��"� Mα,η

 E <JK8 J<::@cE @EKIF;L:@I<DFJ LE8 M<IJ@cE =I8::@FE8I@8 ;<C FG<I8;FI D8O@D8C Mη � < C
:L8C G<ID@K@I\ :FEKIFC8I <C :FDGFIK8D@<EKF ;< :@<IKFJ FG<I8;FI<J @EK<>I8C<J =I8::@FE8I@FJ
P JLJ :FEDLK8;FI<J 



�  �  C FG<I8;FI D8O@D8C =I8::@FE8I@F Mα,η � �

�8;8 LE8 =LE:@cE ;< 4FLE> η P 0 ≤ α < n J< ;<�E< <C FG<I8;FI D8O@D8C =I8::@FE8I@F
8JF:@8;F Mα,η :FDF

Mα,ηf(x) = sup
B?x

|B|α/n||f ||η,B, x ∈ Rn, 	 �  �  � 


;FE;< <C JLGI<DF J< KFD8 JF9I< KF;8J C8J 9FC8J B HL< :FEK@<E<E 8 x

)L<M8D<EK< � :L8E;F η <J C8 =LE:@cE @;<EK@;8;� Mα,η = Mα � < C FG<I8;FI D8O@D8C
=I8::@FE8I@F :C\J@:F� :L8E;F η(t) = tp P 1 < p < n/α� Mα,ηf := Mα,pf = (Mαp(|f |p))1/p 

. @D@C8ID<EK< � K<E<DFJ LE8 M<IJ@cE ;<C FG<I8;FI Mα,η ;<�E@;8 JF9I< :FEALEKFJ 89@<IKFJ
Ω ⊂ Rn ;< D<;@;8 �E@K8� ;8;F� G8I8 f :FE JFGFIK< <E Ω� GFI

Mα,ηf(x) = sup
B?x

|B ∩ Ω|α/n||f ||η,B, x ∈ Ω,

;FE;< 8?FI8 <C JLGI<DF J< KFD8 JF9I< KF;8J C8J 9FC8J B :FE :<EKIF <E Ω HL< :FEK@<E<E
8 x P CFJ GIFD<;@FJ JFE :FDF <E 	 �  �  � 
 

� ;@=<I<E:@8 ;<C FG<I8;FI EF =I8::@FE8I@F Mη � < C FG<I8;FI Mα,η EF ?8 J@;F DLP <JKL;@8�
;F .cCF J< ?8E :FEJ@;<I8;F <E C8 C@K<I8KLI8 :8JFJ G8IK@:LC8I<J ;< _C :L8E;F C8 =LE:@cE ;<
4FLE> <J ;< C8 =FID8 η(t) = tβ(1+log+ t)δ :FE β ≥ 1 P δ ≥ 0  E <JFJ :8JFJ � <E 6 � � 7 J< GIF�
9c HL< J@ δ ≥ 1� Mα,η <J GLEKL8CD<EK< <HL@M8C<EK< 8 C8 :FDGFJ@:@cE Mα,β ◦Mα,Lβ(logL)δ−1 �
;FE;< MLβ(logL)δ−1 ;<EFK8 C8 D8O@D8C 8JF:@8;8 8 Φ(t) = tβ(1 + log+ t)δ−1  /8D9@_E�
<E ;@:?F 8IKa:LCF J< I<:LG<I8 <C I<JLCK8;F P8 :FEF:@;F HL< <JK89C<:< HL<� J @ β = 1 P
δ = k ∈ N� < C FG<I8;FI Mα,L(logL)k I<JLCK8 <HL@M8C<EK< 8 C8 :FDGFJ@:@cE ;<C FG<I8;FI
D8O@D8C =I8::@FE8I@F Mα :FE M k � < C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; @K<I8;F k
M<:<J 

� G<J8I ;< C8 <O@JK<E:@8 ;< ;@:?FJ I<JLCK8;FJ ;< ;<J:FDGFJ@:@cE� EF J< :FEF:<E C8J
GIFG@<;8;<J ;< 8:FK8:@cE ;< Mα,η :L8E;F η <J LE8 =LE:@cE ;< 4FLE> ><E<I8C� E@ J @HL@<I8
<E <C :FEK<OKF ;< <JG8:@FJ ;< '<9<J>L< :C\J@:FJ  +FI K8C DFK@MF� <J HL< <JK8DFJ @EK<I<J8;FJ
<E <JKL;@8I ;@:?F FG<I8;FI <E <JK8 K<J@J � EF JcCF GFI Ja D@JDF� J@EF K8D9@_E GFI <C :FEKIFC
HL< _JK< <A<I:< JF9I< ;@JK @EKFJ FG<I8;FI<J ;<C 8E\C@J @J 8IDcE@:F� :FDF J< M<I\ <E C8 J<::@cE
J@>L@<EK< 

� :FEK@EL8:@cE� DFJKI8I<DFJ ;FJ I<JLCK8;FJ HL< LJ8I<DFJ =L<IK<D<EK< <E <C �8GaKL�
CF � XJKFJ EFJ FKFI>8E LE8 ?<II8D@<EK8 DLP eK@C 8 C8 ?FI8 ;< KI898 A8I :FE =LE:@FE<J ;<
4FLE>� EFJ G<ID@K<E G8J8I ;< FG<I8;FI<J D8O@D8C<J 8JF:@8;FJ 8 <CC8J 8 FKIFJ FG<I8;F�
I<J D8O@D8C<J P8 :FEF:@;FJ  (\J GI<:@J8D<EK< � J @ η1 P η2 JFE =LE:@FE<J ;< 4FLE> :FE
η1(t) ≤ Cη2(t) G8I8 t JL�:@<EK<D<EK< >I8E;< P 8C>LE8 :FEJK8EK< GFJ@K @M8 C � J< GL<;< M<I
HL< Mα,η1f(x) ≤ CMα,η2f(x) G8I8 KF;F x +8IK@:LC8ID<EK< � J @ η G<IK<E<:< 8 8C>LE8 :C8J<
Bp � C8 D8O@D8C Mα,p D8PFI8 8 Mα,η GLEKL8CD<EK< � P J@ η <J ;< K@GF @E=<I@FI p� M8C< C8
FKI8 ;<J@>L8C;8;  JKF <J CF HL< <JK89C<:<E CFJ J@>L@<EK<J I<JLCK8;FJ 

�&+" � � � � � � %0,9 η1 D η2 1@9. 4: 90 > /0 *:@92 9: =8,74E,/,> ?, 70 > <@0 η1(t) ≤ C0η2(t)
;,=, ?:/: t ≥ t0 > 0 D . 40 =?, .: 9>?,9?0 ;: >4?4A, C0� D >0, 0 ≤ α < n� �9?: 9.0 >� ;,=, ?:/,
-: 7, B .: 9 .09?=: 09 Ω D ?:/, 1@9. 4I9 f ∈ L1

loc(Ω)�

||f ||η1,B ≤ 2C||f ||η2,B,



�� !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

D� ,>H� Mα,η1f(x) ≤ 2CMα,η2f(x) ;,=, ?:/: x ∈ Ω�

�08: >?=,. 4I9� !@A<DFJ LE8 9FC8 B :FE :<EKIF <E Ω P f ∈ L1
loc(Ω) . LGFE>8DFJ J@E

G_I;@;8 ;< ><E<I8C@;8; HL< C0 ≥ 1 P KFD<DFJ C = máx{C0, t0} ≥ 1 'L<>F� GFI C8
:FEM<O@;8; ;< η1 �

1

|B ∩ Ω|

ˆ

B

η1

? |f(x)|
2C||f ||η2,B

?
dx ≤ 1

2|B ∩ Ω|

ˆ

{x∈B:|f(x)|/C||f ||η2,B≤1}
η1

? |f(x)|
C||f ||η2,B

?
dx

+
1

2|B ∩ Ω|

ˆ

{x∈B:|f(x)|/C||f ||η2,B>1}
η1

? |f(x)|
C||f ||η2,B

?
dx

≤ 1

2

+
1

2C|B ∩ Ω|

ˆ

{x∈B:|f(x)|/||f ||η2,B>C}
η1

? |f(x)|
||f ||η2,B

?
dx.

�< C8 <C<::@cE ;< C � |f(x)|/C||f ||η2,B > 1 @DGC@:8 |f(x)|/||f ||η2,B > t0   EKFE:<J �
LJ8E;F C8 I<C8:@cE <EKI< η1 P η2 P HL< C0/C ≤ 1� K<E<DFJ HL<

1

|B ∩ Ω|

ˆ

B

η1

? |f(x)|
2C||f ||η2,B

?
dx ≤ 1

2
+

1

2|B ∩ Ω|

ˆ

B∩Ω

C0

C
η2

? |f(x)|
||f ||η2,B

?
dx ≤ 1

2
+

1

2
= 1.

+FI CF K8EKF� ||f ||η1,B ≤ 2C||f ||η2,B  (\J 8eE� ;< ;@:?8 ;<J@>L8C;8; <J @ED<;@8KF HL<
Mα,η1f(x) ≤ 2CMα,η2f(x)

�-/-*"/)- � � � � � � %0,9 η1 D η2 1@9. 4: 90 > /0 *:@92 9: =8,74E,/,> D 0 ≤ α < n� �9?: 9.0 >�

�4� >4 η1 ∈ Bp ;,=, ,72J9 1 < p < ∞� ;,=, ?:/, -: 7, B .: 9 .09?=: 09 Ω D ?:/, 1@9. 4I9
f ∈ L1

loc(Ω)� 0 C4>?0 C = C(p) > 0 ?, 7 <@0

||f ||η1,B ≤ 2C||f ||p,B,

D Mα,ηf(x) ≤ 2CpMα,pf(x) ;,=, ?:/: x ∈ Ω�

�44� >4 η2 0 > /0 ?4;: 4910=4: = p ;,=, ,72J9 1 ≤ p < n/α� ;,=, ?:/, -: 7, B .: 9 .09?=: 09
Ω D ?:/, 1@9. 4I9 f ∈ L1

loc(Ω)� 0 C4>?0 C > 0 ?, 7 <@0

||f ||p,B ≤ 2C||f ||η2,B,

D (Mαp(|f |p)(x))1/p ≤ 2CMα,η2f(x) ;,=, ?:/: x ∈ Ω�

�08: >?=,. 4I9� . @ η1 ∈ Bp � GFI <C '<D8 �  �  ���44� <O@JK< Cp > 0 K8C HL< η1(t) ≤ Cpt
p G8I8

KF;F t ≥ c > 0 'L<>F� GFI <C C<D8 8EK<I@FI� <O@JK< LE8 :FEJK8EK< C = máx{Cp, c} K8C HL<
||f ||η1,B ≤ 2C||f ||p,B P Mα,ηf(x) ≤ 2CpMα,pf(x) G8I8 KF;F x ∈ Ω

�E\CF>8D<EK< � J @ η2 <J ;< K@GF @E=<I@FI p� ;<C '<D8 �  �  ���44� <O@JK< C > 0 K8C HL<
tp ≤ Cη2(t) G8I8 KF;F t ≥ 1 'L<>F� GFI <C C<D8 8EK<I@FI� <O@JK< LE8 :FEJK8EK< C > 0 K8C
HL< ||f ||p,B ≤ 2C||f ||η2,B P� 8Ja� Mα,pf(x) ≤ 2CMα,η2f(x) G8I8 KF;F x ∈ Ω



�  � *G<I8;FI<J @EK<>I8C<J I<C8:@FE8;FJ P JLJ :FEDLK8;FI<J � �

*KI8 GIFG@<;8; DLP eK@C HL< GFJ<<E <JKFJ GIFD<;@FJ � P HL< J< GIL<98 J@>L@<E;F C8J
@;<8J ;< CFJ I<JLCK8;FJ 8EK<I@FI<J � <J LE8 M<IJ@cE ;< C8 9@<E :FEF:@;8 ;<J@>L8C;8; ;<
%<EJ<E

�&+" � � � � �� %0, η @9, 1@9. 4I9 /0 *:@92 9: =8,74E,/, D �94?, � D >0, 1 ≤ p < ∞�
�9?: 9.0 >� ;,=, .,/, -: 7, B ⊂ Rn A,70 7, /0 >42@,7/,/

||f ||η,B ≤ 2||f p||1/pη,B,

.@,7<@40 =, >0, f ∈ L1
loc(Rn)�

�08: >?=,. 4I9� !@A<DFJ LE8 9FC8 B P f ∈ L1
loc(Rn)  EKFE:<J � ;< C8 :FEM<O@;8; ;< η P

LJ8E;F HL< 1/p ≤ 1� K<E<DFJ HL<

1

|B|

ˆ

B

η

?
|f(x)|

2||f p||1/pη,B

?
dx ≤ 1

2|B|

ˆ

B

η

?? |f(x)|p
||f p||η,B

?1/p
?

dx

≤ 1

2|B|

ˆ

B

η(1)dx +
1

2|B|

ˆ

{x∈B:|f(x)|p>||fp||η,B}
η

? |f(x)|p
||f p||η,B

?
dx

≤ 1

2
+

1

2
= 1.

+FI CF K8EKF�
||f ||η,B ≤ 2||f p||1/pη,B.

� � �� �!�"�� "�# ��$��"���# "����� ��� # ( #%# � ��%�

$�� "�#

�FDF P8 ?<DFJ D<E:@FE8;F� CFJ FG<I8;FI<J D8O@D8C<J ><E<I8C@Q8;FJ Mη P Mα,η :FE�
KIFC8E 8 LE8 8DGC@8 :C8J< ;< FG<I8;FI<J ;< K@GF @EK<>I8C J@E>LC8I P =I8::@FE8I@8� P 8 JLJ
:FEDLK8;FI<J  � @:?F :FEKIFC M@<E< ;8;F <E DL:?FJ :8JFJ 8 KI8M_J ;< CF HL< J< :FEF:<
:FDF ;<J@>L8C;8; ;< K@GF �F@=D8E

ˆ

Rn

|Tf(x)|pw(x)dx ≤ C

ˆ

Rn

|MT f(x)|pw(x)dx 	 �  �  � 


;FE;< T <J LEF ;< K8C<J FG<I8;FI<J � MT <J <C FG<I8;FI D8O@D8C ;< :FEKIFC � 0 < p < ∞
P w <J LE G<JF G<IK<E<:@<EK< 8 C8 :C8J< A∞ ;< (L:B<E?FLGK 	 G8I8 C8 ;<�E@:@cE ;< <JK8
:C8J< ;< G<JFJ M<I� GFI <A<DGCF� 6 �� 7 
 

+8I8 C8 F9K<E:@cE ;< ;@:?8 ;<J@>L8C;8; J< :L<EK8 :FE ;<J@>L8C;8;<J GLEKL8C<J ;<C K @GF

M ?
δ(Tf)(x) ≤ CδMT f(x), δ ∈ (0, 1), 	 �  �  � 


;FE;< T P MT JFE CFJ FG<I8;FI<J ;< 	 �  �  � 
 P

M ?f(x) := sup
B?x

ı́nf
a∈R

1

|B|

ˆ

B

|f(y)− a| dy ≈ sup
B?x

1

|B|

ˆ

B

|f(y)−mBf | dy.



�� !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

<J <C FG<I8;FI D8O@D8C �J?8IG�� J @<E;F mBf = 1
|B|

´

B
|f | P M ?

δf = M ?(|f |δ) 1
δ G8I8 δ >

0 +FI <A<DGCF� J< :FEF:< HL< J@ T <J LE FG<I8;FI ;< �8C;<IcE�5P>DLE;� <C FG<I8;FI
D8O@D8C ;< :FEKIFC <J MT = M � < C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; 	 M<I 6 � � 7 
 � P
J@ T <J <C FG<I8;FI @EK<>I8C =I8::@FE8I@F Iα � 0 ≤ α < n� I<JLCK8 HL< MT = Mα � < C FG<I8;FI
D8O@D8C =I8::@FE8I@F 	 M<I 6 �� 7 
 

�L8E;F J< KI898 A8 :FE CFJ :FEDLK8;FI<J ;< FI;<E k ;< CFJ FG<I8;FI<J T � C8 ;<J@>L8C;8;
	 �  �  � 
 KFD8 C8 =FID8

M ?
δ(T

kf)(x) ≤ C

k−1?

j=0

M?(T
jf)(x) + CMT f(x), 0 < ? < δ < 1,

<J ;<:@I� 8;<D\J ;<C FG<I8;FI D8O@D8C ;< :FEKIFC MT J< K @<E<E k K_ID@EFJ HL< @EMFCL:I8E
8 CFJ :FEDLK8;FI<J ;< T ;< D<EFI FI;<E

�<J@>L8C;8;<J ;< <JK< K @GF =L<IFE F9K<E@;8J <E 6 �� 7 G8I8 <C :8JF ;< CFJ :FEDLK8;FI<J
;< FG<I8;FI<J ;< �8C;<IcE�5P>DLE;� P <E 6 � � 7 G8I8 CFJ :FEDLK8;FI<J ;< Iα 	 M<I K8D9@_E
6 ��7 P 6 ��7 
 

�<9<DFJ ;<JK8:8I HL< <E CFJ KI898 AFJ 6 � � 7 P 6 �� 7 CFJ 8LKFI<J GIL<98E P LK@C@Q8E 	 �  �  � 

:FE δ = 1� G <IF <J I<:@_E <E <C 8IKa:LCF 6 �� 7 ;FE;< J< @EKIF;L:< <C =8:KFI δ ∈ (0, 1)� < C :L8C
G<ID@K< � <E <C :8JF ;< CFJ :FEDLK8;FI<J � F9K<E<I D<AFI<J FG<I8;FI<J ;< :FEKIFC MT HL<
8HL<CCFJ HL< JLI><E E8KLI8CD<EK< 8 G8IK@I ;< C8 ;<J@>L8C;8; :FE δ = 1

�?FI8 9@<E� J @ J< :FEF:< <JK< K @GF ;< ;<J@>L8C;8;<J GLEKL8C<J HL< @EMFCL:I8E 8C FG<I8�
;FI M ?

δ � <J GFJ@9C< ;<;L:@I C8J GIFG@<;8;<J ;< 8:FK8:@cE ;< T 8 G8IK@I ;< C8J GIFG@<;8;<J
;< :FEK@EL@;8; ;< MT � @E:CLJF <E FKIFJ <JG8:@FJ ;@=<I<EK<J 8 CFJ Lp   C J @>L@<EK< C<D8
GIF98;F GFI � '<IE<I <E 6 �� 7 <J LE8 ?<II8D@<EK8 :IL:@8C G8I8 CF>I8I <J< F9 A<K@MF  E CFJ
:8GaKLCFJ � P � DFJKI8I<DFJ D\J GI<:@J8D<EK< :cDF J< LK@C@Q8 <JK< C<D8

�&+" � � �� � 	 6 �� 7 
 � �C4>?0 @9, .: 9>?,9?0 ;: >4?4A, C ?, 7 <@0 ;,=, ?:/, 1@9. 4I9 7:., 7809?0
49?02=,- 70 g D ?:/, 1@9. 4I9 80/4- 70 f .: 9 |{x : |f(x)| > λ}| < ∞ ;,=, .,/, λ > 0� A, 70
7, >42@409?0 /0 >42@,7/,/

ˆ

Rn

|fg|dx ≤ C

ˆ

Rn

M ?fMgdx.

� � �� � � ����	����� ������	��� ������	���

 E <JK8 J<::@cE @EKIF;L:@I<DFJ CFJ FG<I8;FI<J ;< K@GF @EK<>I8C J@E>LC8I HL< GL<;<E
:FEKIFC8IJ< GFI CFJ FG<I8;FI<J D8O@D8C<J 8 <JKL;@8I <E <JK8 K<J@J � <E <C J<EK@;F ;< 	 �  �  � 
 

. <8 T LE FG<I8;FI @EK<>I8C J@E>LC8I ;< K@GF :FEMFCL:@cE :FE Ee:C<F K � <JKF <J � T <JK\
8:FK8;F JF9I< L2(Rn) P

Tf(x) = v.p.

ˆ

Rn

K(x− y)f(y) dy, 	 �  �  �




�  � *G<I8;FI<J @EK<>I8C<J I<C8:@FE8;FJ P JLJ :FEDLK8;FI<J ��

;FE;< K <J LE8 =LE:@cE D<;@9C< ;<�E@;8 =L<I8 ;<C FI@><E �FE <C F9 A<K@MF ;< ;<J:I@9@I
<C :FDGFIK8D@<EKF ;< T JF9I< CFJ ;@JK @EKFJ <JG8:@FJ =LE:@FE8C<J HL< :FEJ@;<I8I<DFJ <E <C
�8GaKLCF � � 8JLD@I<DFJ :@<IK8 :FE;@:@cE ;< JL8M@;8; JF9I< K  0E8 ;< K8C<J :FE;@:@FE<J
<J C8 ;<EFD@E8;8 :FE;@:@cE ;< #dID8E;<I� ;@I<DFJ HL< K J8K@J=8:< C8 :FE;@:@cE ;<
#dID8E;<I J@ <O@JK<E :FEJK8EK<J c > 1 P C1 > 0 K8C<J HL<

ˆ

|x|>c|y|
|K(x− y)−K(x)| dx ≤ C1, ∀ y ∈ Rn.

 JK8 <J C8 :FE;@:@cE D\J ;_9@C :FE C8 HL< KI898 A8I<DFJ P EFJ I<=<I@I<DFJ 8 <CC8 :FDF C8
:FE;@:@cE H1 

'8 :C8J< D\J =L<IK< HL< :FEJ@;<I8I<DFJ <J C8 :C\J@:8 :FE;@:@cE ;< '@GJ:?@KQ � 8 C8 :L8C
;<EFK8I<DFJ GFI H∗

∞   JG<:a�:8D<EK< � ;@I<DFJ HL< K ∈ H∗
∞ J@ <O@JK<E :FEJK8EK<J θ�

C > 0 P c > 1 K8C<J HL<

|K(x− y)−K(x)| ≤ C
|y|θ
|x|θ+n

, |x| > c|y|.

 JK8 :FE;@:@cE <J J8K@J=<:?8� GFI <A<DGCF� GFI CFJ ;<EFD@E8;FJ FG<I8;FI<J ;< �8C;<IcE�
5P>DLE; �FDF J< D<E:@FEc D\J 8II@98� �F@=D8E DFJKIc <E 6 � � 7 HL< <JKFJ FG<I8;FI<J
M<I@�:8E LE8 ;<J@>L8C;8; ;< :FEKIFC :FDF C8 ;8;8 <E 	 �  �  � 
 :FE MT = M P G<JFJ
w ∈ A∞ � G8I8 CF :L8C LK@C@Qc� <E I<8C@;8;� C8 :FE;@:@cE H∗

∞ <E CFJ Ee:C<FJ   J =\:@C M<I C8
:FEK<E:@cE H∗

∞ ⊂ H1 G<IF J< :FEF:< 	 M<I 6 �� 7 
 HL< EF <J GFJ@9C< I<<DGC8Q8I 8 C8 GI@D<I8
GFI C8 J<>LE;8 P 8eE 8Ja F9K<E<I C8 ;<J@>L8C;8; ;< �F@=D8E :FE M :FDF <C FG<I8;FI ;<
:FEKIFC   J GFI <CCF HL< JLI>@c <C J@>L@<EK< @EK<IIF>8EK< � V,L_ :FE;@:@FE<J @EK<ID<;@8J �
<JKF <J � <EKI< H∗

∞ P H1 � JFE JL�:@<EK<J G8I8 F9K<E<I LE ;<J@>L8C;8; ;< K@GF �F@=D8E :FE
MT = M � 0E8 GI@D<I8 GIFGL<JK8 =L<IFE C8J :C8J<J ;< #dID8E;<I Hr � 1 ≤ r ≤ ∞� J<
;@:< HL< K ∈ Hr J@ <O@JK<E :FEJK8EK<J c ≥ 1 P Cr > 0 K8C<J HL< G8I8 KF;F y ∈ Rn :FE
R > c|y|�

∞?

m=1

(2mR)n/r
?
?
ˆ

2mR<|x|≤2m+1R

|K(x− y)−K(x)|rdx
?1/r

≤ Cr.

.< <EK@<E;< HL< J@ r =∞� C8 :FE;@:@cE KFD8 C8 =FID8

∞?

m=1

(2mR)n sup
2mR<|x|≤2m+1R

|K(x− y)−K(x)| ≤ C∞.

�FDF J< M<I\ CL<>F� <E <C '<D8 �  �  � � <JK8J :C8J<J M<I@�:8E H∗
∞ ⊂ H∞ ⊂ Hs ⊂ Hr ⊂ H1 �

G8I8 1 ≤ r < s < ∞� GFI CF HL< <=<:K@M8D<EK< JFE D\J =L<IK<J HL< H1 � G <IF� <E GI@E:@G@F�
D\J ;_9@C<J HL< H∗

∞  +8I8 <JK8J :C8J<J J< :FEF:<E ;<J@>L8C;8;<J ;< K@GF �F@=D8E� :FE
G<JFJ ;< A∞ � ;< C8 =FID8

ˆ

Rn

|Tf(x)|pw(x)dx ≤ C

ˆ

Rn

|Mr?f(x)|pw(x)dx, 1 < r ≤ ∞, 	 �  �  � 




�� !LE:@FE<J D8O@D8C<J P FG<I8;FI<J I<C8:@FE8;FJ

;FE;< r? <J <C :FEAL>8;F ;< #dC;<I ;< r 	 M<I 6 �� 7 P 6 � 7 
  �FDF J< GL<;< F9J<IM8I� J @
r = ∞� <J GFJ@9C< F9K<E<I ;<C C8;F ;<I<:?F ;< C8 ;<J@>L8C;8; 8C FG<I8;FI D8O@D8C ;<
#8I;P�'@KK C<NFF; . @E <D98I>F� <E 6 �� 7 J< GIF9c HL<� G8I8 1 < r < ∞� C8 ;<J@>L8C;8; ;<
8II@98 <J �J?8IG� <E <C J@>L@<EK< J<EK@;F� ;8;F 1 ≤ r < ∞ P 1 ≤ t < r? � <O@JK< LE FG<I8;FI
@EK<>I8C J@E>LC8I T 8:FK8;F <E Lp(Rn)� 1 < p < ∞� :FE Ee:C<F K ∈ Hr G8I8 <C :L8C EF
M8C< C8 ;<J@>L8C;8;

ˆ

Rn

|Tf(x)|pw(x)dx ≤ C

ˆ

Rn

|Mtf(x)|pw(x)dx

G8I8 KF;8 f K8C HL< <C C8;F @QHL@<I;F <J �E@KF P G8I8 KF;F G<JF w ∈ A∞   JKF J@>E@�:8 HL<
EF <J GFJ@9C< D<AFI8I C8 ;<J@>L8C;8; 	 �  �  � 
 :FE LE FG<I8;FI ;<C K @GF Mt GLEKL8CD<EK<
D\J :?@:F HL< Mr? 

 E M@JK8 ;< <JK< I<JLCK8;F� CFJ 8LKFI<J <E 6 ��7 J< GI<>LEK8IFE HL_ F:LII< <EKI< H∞ P C8
@EK<IJ<::@cE ;< KF;8J C8J :C8J<J Hr � 1 ≤ r < ∞ (\J GI<:@J8D<EK< � <JK898E @EK<I<J8;FJ <E
:FEF:<I J@ <O@JK a8 8C>eE FG<I8;FI @EK<>I8C ;< :FEMFCL:@cE :FE Ee:C<F K ∈ ?

1≤r<∞ Hr\H∞
P� ;< J<I <JKF :@<IKF� J @ J< GF;a8 F9K<E<I 8C>LE8 @E=FID8:@cE HL< G<ID@K8 <E:FEKI8I LE
FG<I8;FI D8O@D8C ;< :FEKIFC D\J 8;<:L8;F� GLEKL8CD<EK< D<EFI HL< KF;FJ CFJ Mr? 

 E:FEKI8IFE� GL<J � HL< <O@JK a8 LE FG<I8;FI :FE Ee:C<F K ∈ ?
1≤r<∞ Hr \H∞ � < C :L8C�

8;<D\J� K<Ea8 FKI8J GIFG@<;8;<J ;< I<>LC8I@;8; HL< >8I8EK@Q898E HL< 	 �  �  � 
 M8Ca8 :FE
:@<IKF FG<I8;FI D8O@D8C Mη G8I8 ;<K<ID@E8;8 =LE:@cE η ;< 4FLE> HL< <O?@9@I<DFJ CL<>F
 C FG<I8;FI HL< <A<DGC@�:8 <JK< ?<:?F <J <C HL< J< :FEF:< :FDF !LE:@cE �L8;I8;F� ;8;F
GFI

Sf(x) =


?

n∈Z

?????
1

2n

ˆ x+2n

x

f(y)dy − 1

2n−1

ˆ x+2n−1

x

f(y)dy

?????

2



1/2

<C :L8C� J @ 9@<E <J EF�C@E<8C� GL<;< @EK<IGI<K8IJ< :FDF C8 EFID8 <E ?2 	 <C <JG8:@F ;< C8J
JL:<J@FE<J ;< :L8;I8;FJ JLD89C<J
 ;<C FG<I8;FI 8 M8CFI<J M<:KFI@8C<J Uf(x) = KS ∗ f(x)
J@<E;F

KS(x) = {KS
n (x)}n∈Z =

?
1

2n
χ(−2n,0)(x)−

1

2n−1
χ(−2n−1,0)(x)

?

n∈Z
.

 E <C 8IKa:LCF 6 �� 7 	 M<I K8D9@_E 6 ��7 
 J< DFJKI8IFE :@<IK8J :FE;@:@FE<J ;< JL8M@;8; <E KS

HL< GIL<98E JL G<IK<E<E:@8 8
?

1≤r<∞ Hr \H∞ 

� FE <C F9 A<K @MF ;< ;8I LE D8I:F D\J 8;<:L8;F G8I8 FG<I8;FI<J :FE <JK8J GIFG@<;8;<J �
J< @EKIF;LA<IFE EL<M8J :C8J<J ;<C <JK @CF ;< C8J ;< #dID8E;<I P8 :FEF:@;8J � G<IF ;<�E@;8J
<E LE8 <J:8C8 ;< <JG8:@FJ D\J 8DGC@8 HL< C8J ;< CFJ <JG8:@FJ Lr � CFJ <JG8:@FJ ;< *IC@:Q 
'FJ 8LKFI<J DFJKI8IFE <E 6 ��7 HL< <C FG<I8;FI S G<IK<E<:a8 8 LE8 ;< <JK8J EL<M8J :C8J<J �
C8 :L8C� <=<:K@M8D<EK< � I<JLCK8 J<I @EK<ID<;@8 <EKI< H∞ P

?
1≤r<∞ Hr  �8DFJ C8 ;<�E@:@cE

;< ;@:?8J :C8J<J 8 :FEK@EL8:@cE

�&�,)$):, � � �� 	 � .<8 Φ LE8 =LE:@cE ;< 4FLE> �E@K8 � @I<DFJ HL< LE Ee:C<F K J8K@J=8:<
C8 :FE;@:@cE ;< #dID8E;<I HΦ � P <J:I@9@I<DFJ K ∈ HΦ � J @ <O@JK<E :FEJK8EK<J c ≥ 1 P



�  � *G<I8;FI<J @EK<>I8C<J I<C8:@FE8;FJ P JLJ :FEDLK8;FI<J ��

CΦ > 0 K8C<J HL< G8I8 KF;F y ∈ Rn :FE R > c|y|�
∞?

m=1

(2mR)n? (K(· − y)−K(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ CΦ. 	 �  �  �


;FE;< {|x| ∼ s} ;<EFK8I\ C8 :FIFE8 {x : s < |x| ≤ 2s}

"->0=A,. 4I9 �  �  � � �L8E;F Φ(t) = tr :FE 1 ≤ r < ∞� C8 :FE;@:@cE 8EK<I@FI <J C8 :C8J< Hr

8EK<J ;<�E@;8 �L8E;F r =∞� 	 �  �  �
 J< <EK@<E;< :FDF C8 :C8J< H∞ 

�8 AF <JK8 ;<�E@:@cE� C8J =LE:@FE<J ;< 4FLE> Φ G8I8 C8J :L8C<J KS ∈ HΦ � :FDF J<
DFJKIc <E 6 ��7 � JFE ;< C8 =FID8

Φ(t) = et
1/(1+?) − 1, ? > 0.

. @>L@<E;F <C <JGaI@KL ;< C8 ;<J@>L8C;8; 	 �  �  � 
 � <E CL>8I ;< FG<I8;FI<J D8O@D8C<J Mr? � CFJ
FG<I8;FI<J D8O@D8C<J HL< JLI><E E8KLI8CD<EK< JFE CFJ I<C8:@FE8;FJ :FE ?Φ 	 M<I 	 �  �  �� 

P *9J<IM8:@cE �  �  �� 
 � <JKF <J � M?Φ :FE

?Φ = t(1 + log+ t)1+?, ? > 0

HL<� :FDF M@DFJ <E <C '<D8 �  �  � � <JK\E D8PFI8;FJ GFI :L8CHL@<I FG<I8;FI D8O@D8C Mr? �
G8I8 KF;F r > 1  E :FEJ<:L<E:@8� J @ J< :FEF:< HL< LE ;<K<ID@E8;F Ee:C<F G<IK<E<:< 8
LE8 :C8J< ;< #dID8E;<I HΦ <JKI@:K8D<EK< D<EFI HL< LE8 :@<IK8 :C8J< Hr � <EKFE:<J Ja J<
GL<;< D<AFI8I GLEKL8CD<EK< <C FG<I8;FI D8O@D8C ;< :FEKIFC   JKF DFK@M8 <C <JKL;@F ;<
C8J GIFG@<;8;<J ;< :FEK@EL@;8; ;< CFJ FG<I8;FI<J Mη 8JF:@8;FJ 8 ;@JK @EK8J =LE:@FE<J ;<
4FLE> η 

�EK<J ;< :FEK@EL8I :FE CFJ I<JLCK8;FJ ;< 8:FK8:@cE G8I8 CFJ FG<I8;FI<J @EK<>I8C<J
J@E>LC8I<J � M<I<DFJ HL< KF;8J C8J :FE;@:@FE<J ;< #dID8E;<I 8EK<J ;<J:I@K8J M<I@�:8E C8J
J@>L@<EK<J I<C8:@FE<J ;< @E:CLJ@cE ;8;8J <E 6 �� 7 � :LP8 GIL<98 J< ?8I\ ;< D8E<I8 D\J
><E<I8C <E <C '<D8 �  �  � � 

�&+" � � �� � 	 6 �� 7 
 � (,709 7,> >42@409?0 > 49. 7@>4: 90 >�

�4� ;,=, ?:/: 1 ≤ r < s < ∞� H∗
∞ ⊂ H∞ ⊂ Hs ⊂ Hr ⊂ H1�

�44� .@,7<@40 =, >0, 7, 1@9. 4I9 /0 *:@92 Φ� H∞ ⊂ HΦ ⊂ H1�

�444� >4 Φ ∈ Br ;,=, ,72J9 r > 1� 0 9?: 9.0 > Hr ⊂ HΦ �

 E I<C8:@cE :FE C8 ;<J@>L8C;8; GLEKL8C 	 �  �  � 
 � <E 6 ��7 CFJ 8LKFI<J GIF98IFE <C J@>L@<EK<
I<JLCK8;F G8I8 FG<I8;FI<J :FE :FE;@:@FE<J ;< I<>LC8I@;8; :FDF C8J ;<�E@;8J 8II@98 XJK<
DL<JKI8 CF HL< 8�ID\98DFJ 8EK<J � :L8EKF D\J JL8M< <J <C Ee:C<F� D<AFI J<I\ C8 <JK @D8:@cE
P <C FG<I8;FI D8O@D8C ;< :FEKIFC I<JLCK8EK< 
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�&-/&+" � � �� � � 	 6 ��7 
 � %0, T @9 :;0=,/: = 49?02=,7 >492@7,= .: 9 9J. 70: K ∈ HΦ � .: 9 Φ
@9, 1@9. 4I9 /0 *:@92 ?, 7 <@0 >@ .:8;70809?,=4, ?,8- 4G9 >0, /0 *:@92� �9?: 9.0 >� ;,=,
.,/, 0 < δ < 1� 0 C4>?0 @9, .: 9>?,9?0 ;: >4?4A, Cδ ?, 7 <@0

M ?
δ(Tf)(x) ≤ CδM?Φf(x), 	 �  �  � � 


/:9/0 ?Φ 0 > 7, 1@9. 4I9 .:8;70809?,=4, /0 Φ�

/8D9@_E J< K@<E< LE8 M<IJ@cE ;<C K<FI<D8 8EK<I@FI :L8E;F CFJ Ee:C<FJ J8K@J=8:<E C8
:FE;@:@cE '@GJ:?@KQ H∗

∞ � HL< =L< GIF98;8 <E 6 � � 7   C D@JDF I<JLCK8;F M8C< G8I8 <C :8JF
<E HL< K ∈ H∞ � :FDF J< M@F <E 6 ��7 

�&-/&+" � � �� � � 	 6 � � � ��7 
 � %0, T @9 :;0=,/: = 49?02=,7 >492@7,= .: 9 9J. 70: K ∈ H∗
∞ :

K ∈ H∞ � �9?: 9.0 >� ;,=, .,/, 0 < δ < 1� 0 C4>?0 @9, .: 9>?,9?0 ;: >4?4A, Cδ ?, 7 <@0

M ?
δ(Tf)(x) ≤ CδMf(x). 	 �  �  � � 


�EK<J ;< :FEK@EL8I :FE C8J GIFG@<;8;<J ;< CFJ FG<I8;FI<J ;< K@GF @EK<>I8C� ;8DFJ 8C>L�
EFJ <A<DGCFJ ;< <CCFJ P C8J :FII<JGFE;@<EK<J :FE;@:@FE<J ;< K@GF #dID8E;<I HL< J8K@J=8:<E
JLJ Ee:C<FJ 

�508;7: �  �  � � � +8I8 D\J @E=FID8:@cE JF9I< CFJ <A<DGCFJ HL< C@JK8I<DFJ 898 AF� M<I 6 �� 7 

	 @
 &=,9>1: =8,/,> /0 $40 >E�  C :C\J@:F <A<DGCF ;< FG<I8;FI T <J C8 KI8EJ=FID8;8 ;<
#@C9<IK <E R

Tf(x) = Hf(x) = v.p.
1

π

ˆ

R

f(y)

x− y
dy

P� D\J ><E<I8CD<EK< � C8J KI8EJ=FID8;8J ;< -@<JQ <E Rn �

Tf(x) = Rjf(x) = cnv.p.

ˆ

Rn

xj − yj
|x− y|n+1

f(y)dy, 1 ≤ j ≤ n.

 J =\:@C M<I HL< CFJ Ee:C<FJ ;< <JKFJ FG<I8;FI<J J8K@J=8:<E C8 :FE;@:@cE H∗
∞   E

<=<:KF� J @ |x| > c|y| G8I8 8C>eE c > 1� <EKFE:<J |x| <
?

c
c−1

?
|x − y| P� G8I8 :8;8

1 ≤ j ≤ n J< K @<E< HL<
????

xj − yj
|x− y|n+1

− xj

|x|n+1

???? =
????
(xj − yj)|x|n+1 − xj |x− y|n+1

|x− y|n+1|x|n+1

???? ≤ C
|yj |
|x|n+1

≤ C
|y|

|x|n+1
.

 E M@IKL; ;< <CCF � 	 �  �  � � 
 M8C< :FE <C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF;

	 @@
 ";0=,/: =0 > /0 �,7/0=I9�+D28@9/� (\J ><E<I8CD<EK< � J @ T <J LE FG<I8;FI ;< C8
=FID8 	 �  �  �
 8:FK8;F JF9I< L2(Rn) P <C Ee:C<F J8K@J=8:< HL< |K(x)| ≤ C|x|−n G8I8
KF;F x ?= 0 P� G8I8 8C>eE θ > 0�

|K(x− y)−K(x)| ≤ C
|y|θ
|x|n+θ

, |x| > 2|y| > 0,

T J< ;@:< LE FG<I8;FI ;< �8C;<IcE�5P>DLE; ;< K@GF :FEMFCL:@cE P� :C8I8D<EK< � GFI
;<�E@:@cE J8K@J=8:< C8 :FE;@:@cE H∗

∞  +FI CF K8EKF� <JK\ :FEKIFC8;F GFI D<;@F ;<
	 �  �  � � 
 :FE MT = M 



�  � *G<I8;FI<J @EK<>I8C<J I<C8:@FE8;FJ P JLJ :FEDLK8;FI<J ��

	 @@@
 ";0=,/: =0 > 49?02=,70 > .: 9 9J. 70: 3:8:2G90: � *KIF <A<DGCF ;< <JK< K @GF ;< FG<I8;FI
JFE C8J @EK<>I8C<J J@E>LC8I<J :FE Ee:C<FJ �IFL>?�� <JKF <J � FG<I8;FI<J ;< K@GF :FE�
MFCL:@cE :FE Ee:C<F K(x) = Ω(x)|x|−n ;FE;< Ω <J LE8 =LE:@cE ;<�E@;8 JF9I< C8
<J=<I8 LE@K8I@8 Sn−1 ;< Rn :FE @EK<>I8C ELC8  OK<E;@<E;F Ω 8 Rn \{0} I8;@8CD<EK< �
P CC8D8E;F� :FE 89LJF ;< EFK8:@cE� Ω 8 JL <OK<EJ@cE� _JK8 I<JLCK8 J<I LE8 =LE:@cE
?FDF>_E<8 ;< >I8;F 0 'FJ 8LKFI<J <E 6 �� � +IFGFJ@K @FE � � 7 DFJKI8IFE HL< <C Ee:C<F
;< T M<I@�:8 K ∈ HΦ  +8I8 <CCF � 8JLD<E HL<� G8I8 ;<K<ID@E8;8 =LE:@cE ;< 4FLE>
Φ� C8 =LE:@cE Ω ∈ LΦ(Sn−1) :FE

ˆ 1

0

ωΦ(t)
dt

t
< ∞,

;FE;< ωΦ <J <C Dc;LCF LΦ ;< :FEK@EL@;8; ;<�E@;F GFI

ωΦ(t) = sup
|y|≤t

||Ω(·+ y)− Ω(·)||Φ,Sn−1 , t ≥ 0.

'L<>F� ;<C /<FI<D8 �  �  � � J< J@>L< HL< <JK< K @GF ;< FG<I8;FI<J <JK\ :FEKIFC8;F GFI
<C FG<I8;FI D8O@D8C M?Φ 

	 @M
  @7?4;74.,/: =0 > /0 �:@=40 =�  O@JK<E FKI8J @EK<>I8C<J J@E>LC8I<J :FE Ee:C<FJ D<EFJ
I<>LC8I<J HL< CFJ ;< C8J KI8EJ=FID8;8J ;< -@<JQ   E 6 �� 7 � CFJ 8LKFI<J 8E8C@Q8E C8J
@EK<>I8C<J ;8;8J <E K_ID@EFJ ;< LE DLCK@GC@:8;FI  JG<:a�:8D<EK< � G8I8 LE8 =LE:@cE
m ;8;8 ;<�E@;8 JF9I< Rn � :FEJ@;<I8IFE <C FG<I8;FI DLCK@GC@:8;FI Tm ;<�E@;F 8
GI@FI@ G8I8 =LE:@FE<J f <E C8 :C8J< ;< .:?N8IKQ GFI D<;@F ;< C8 KI8EJ=FID8;8 ;<
!FLI@<I :FDF ?Tmf(ζ) = m(ζ) ?f(ζ) . @ � G8I8 8C>eE 1 < s ≤ 2 P 8C>eE l ∈ N :FE
l > n/s C8J ;<I@M8;8J ;< m J8K@J=8:<E HL<

sup
R>0

?
Rs|β|−n

ˆ

{R<|x|<2R}
|Dβm(x)|sdx

?1/s

< ∞, ∀ |β| = β1 + · · · + βn ≤ l

<E 6 �� 7 J< GIF9c HL< <C FG<I8;FI Tm GL<;< <J:I@9@IJ< :FDF <C CaD@K< ;< FG<I8;FI<J
;< :FEMFCL:@cE D\J J@DGC<J TN

m � N ∈ N� :LPFJ Ee:C<FJ KN <JK\E <E C8 :C8J< Hr G8I8
KF;F 1 < r < n/(n − l)� :FE :FEJK8EK< LE@=FID< <E N  �Ja� :8;8 FG<I8;FI TN

m J<
GL<;< :FEKIFC8I GFI <C FG<I8;FI D8O@D8C Mr? G8I8 KF;F n/l < r? < ∞ <E M@IKL; ;<C
/<FI<D8 �  �  � � P� GFI D<;@F ;< LE 8I>LD<EKF ;< CaD@K< � K8D9@_E F:LII< CF D@JDF
G8I8 <C FG<I8;FI Tm 

'FJ :FEDLK8;FI<J :FE JaD9FCF <E BMO G8I8 CFJ FG<I8;FI<J @EK<>I8C<J J@E>LC8I<J ;<C
K @GF ;<J:I@KF 8II@98 K8D9@_E =L<IFE :FEJ@;<I8;FJ <E 6 �� 7  �8;F T LEF ;< K8C<J FG<I8;FI<J
P b ∈ L1

loc(Rn)� J< ;<�E< <C :FEDLK8;FI ;< FI;<E k ;< T � G8I8 k ∈ N ∪ {0}� GFI

T k
b f(x) =

ˆ

Rn

(b(x)− b(y))kK(x− y)f(y) dy.

+8I8 <C <JKL;@F ;< <JKFJ FG<I8;FI<J � CFJ 8LKFI<J <E 6 �� 7 @EKIF;LA<IFE C8J :FII<JGFE;@<EK<J
:FE;@:@FE<J ;< JL8M@;8; <E <C Ee:C<F K � C8J HL< ;<G<E;<E ;< LE8 =LE:@cE ;< 4FLE> Φ P�
8;<D\J� ;<C FI;<E ;< CFJ :FEDLK8;FI<J 
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�&�,)$):, � � �� � � � .<8 Φ LE8 =LE:@cE ;< 4FLE> �E@K8 P k ∈ N �<:@DFJ HL< <C Ee:C<F K
J8K@J=8:< C8 :FE;@:@cE ;< #dID8E;<I HΦ,k � P <J:I@9@DFJ K ∈ HΦ,k � J @ <O@JK<E :FEJK8EK<J
c ≥ 1 P CΦ,k > 0 K8C<J HL< G8I8 KF;F y ∈ Rn :FE R > c|y|

∞?

m=1

mk(2mR)n?K(· − y)−K(·)?Φ,|x|∼2mR ≤ CΦ,k.

. @ k = 0� J @DGC<D<EK< J< K@<E< HL< HΦ,k = HΦ 	 �<�E@:@cE �  �  � 
 

�FDF F9J<IM8DFJ <E <C :8JF k = 0� :L8E;F J< :FEJ@;<I8 C8 =LE:@cE Φ(t) = tr :FE
1 ≤ r < ∞� C8 :FE;@:@cE 8EK<I@FI GL<;< <J:I@9@IJ< ;< C8 J@>L@<EK< =FID8

∞?

m=1

mk(2mR)n/r
?
?
ˆ

2mR<|x|≤2m+1R

|K(x− y)−K(x)|rdx
?1/r

≤ Cr.

P J< ;@:< HL< K ∈ Hr,k  �L8E;F r = ∞� <EK<E;<DFJ HL< <C Ee:C<F J8K@J=8:< C8 :FE;@:@cE
H∞,k J@

∞?

m=1

mk(2mR)n sup
2mR<|x|≤2m+1R

|K(x− y)−K(x)| ≤ C∞.

 JK8J :C8J<J M<I@�:8E C8J J@>L@<EK<J I<C8:@FE<J � :FDF J< D<E:@FE8 <E 6 �� 7 

�&+" � � �� � 	 � %0, k ∈ N ∪ {0}� �9?: 9.0 >�

�4� ;,=, ?:/: 1 ≤ r < s < ∞� H∗
∞ ⊂ H∞,k ⊂ Hs,k ⊂ Hr,k ⊂ H1,k ⊂ H1�

�44� ;,=, ?:/: j ∈ N ∪ {0} .: 9 0 ≤ j ≤ k� HΦ,k ⊂ HΦ,j �

�444� .@,7<@40 =, >0, 7, 1@9. 4I9 /0 *:@92 Φ� H∞,k ⊂ HΦ,k ⊂ H1,k�

�4A� >4 Φ ∈ Br ;,=, ,72J9 r > 1� 0 9?: 9.0 > Hr,k ⊂ HΦ,k �

�08: >?=,. 4I9� )FK<DFJ HL< G8I8 :8;8 m ∈ N�

?(K(· − y)−K(·))χ{|x|∼2mR}?s,B(0,2m+1R)

=

?
(2m+1R)−n

ˆ

2mR<|x|≤2m+1R

|K(x− y)−K(x)|s
?1/s

≤ ?(K(· − y)−K(·))χ{|x|∼2mR}?∞,B(0,2m+1R)

?
(2m+1R)n − (2mR)n

(2m+1R)n

?1/s

≤ ?(K(· − y)−K(·))χ{|x|∼2mR}?∞,B(0,2m+1R),

;< ;FE;< J< J@>L< HL< H∞,k ⊂ Hs,k  +FI FKIF C8;F� :FDF s/r > 1� GFI C8 ;<J@>L8C;8; ;<
#dC;<I :C\J@:8 J< K@<E< HL<

?(K(· − y)−K(·))χ{|x|∼2mR}?r,B(0,2m+1R)



�  � *G<I8;FI<J @EK<>I8C<J I<C8:@FE8;FJ P JLJ :FEDLK8;FI<J ��

≤ ?(K(· − y)−K(·))χ{|x|∼2mR}?s,B(0,2m+1R)

((2m+1R)n − (2mR)n)1/r−1/s

(2m+1R)n/r−n/s

≤ ?(K(· − y)−K(·))χ{|x|∼2mR}?s,B(0,2m+1R),

P ;<C D@JDF DF;F� KFD8E;F r = 1 �Ja� J< M<I@�:8E C8J :FEK<E:@FE<J Hs,k ⊂ Hr,k ⊂ H1,k

G8I8 KF;F 1 ≤ r < s < ∞

+8I8 M<I HL< H∗
∞ ⊂ H∞,k � J<8E C, θ > 0 P c ≥ 1 K8C<J HL<� J @ |x| > c|y|�

|K(x− y)−K(x)| ≤ C
|y|θ
|x|θ+n

.

'L<>F� G8I8 :8;8 m ∈ N� J @ |x| > 2mR� <EKFE:<J c|y| < R < 2mR < |x|� ;< ;FE;< J<
K@<E< HL<

sup
2mR<|x|≤2m+1R

|K(x− y)−K(y)| ≤ C sup
2mR<|x|≤2m+1R

|y|θ
|x|θ+n

≤ C
(R/c)θ

(2mR)θ+n
=

C

cθ2mθ(2mR)n
.

'L<>F�
∞?

m=1

(2mR)n sup
2mR<|x|≤2m+1R

|K(x− y)−K(y)| ≤ C

cθ

∞?

m=1

1

2mθ
< ∞.

�FDF m ∈ N� mk ≥ 1 G8I8 KF;F k ∈ N ∪ {0}� ;< ;FE;< J< J@>L< HL< H1,k ⊂ H1  '8
GIL<98 ;< �44� K8D9@_E <J @ED<;@8K8 GL<J mj ≤ mk G8I8 KF;F m ∈ N P KF;F 0 ≤ j ≤ k 

. <8 8?FI8 Φ LE8 =LE:@cE ;< 4FLE>  E M@IKL; ;< C8 J@>L@<EK< ;<J@>L8C;8; ;< #dC;<I
G8I8 CFJ GIFD<;@FJ 'LO<D9LI>

1

|B|

ˆ

B

|f(x)g(x)|dx ≤ ||f ||Φ,B||g||?Φ,B

HL< M<I<DFJ D\J 8;<C8EK< <E 	 �  �  � � 
 � J< GL<;< GIF98I HL<

1

|B(0, 2m+1R)|

ˆ

B(0,2m+1R)

|K(x− y)−K(y)|χ{2mR<|x|≤2m+1R}dx

≤ ||(K(· − y)−K(·))χ{|x|∼2mR}||Φ,B(0,2m+1R)||χ{|x|∼2mR}||?Φ,B(0,2m+1R)

≤ ?(K(· − y)−K(·))χ{|x|∼2mR}?Φ,B(0,2m+1R)||χB(0,2m+1R)||?Φ,B(0,2m+1R)

+L<JKF HL< G8I8 KF;8 9FC8 B J< K @<E< HL<

||χB||Φ,B = ı́nf

?
λ > 0 :

1

|B|

ˆ

B

Φ(1/λ)dx ≤ 1

?

= ı́nf{λ > 0 : 1/λ ≤ Φ−1(1)} = 1

Φ−1(1)
.

J< J@>L< HL<

1

|B(0, 2m+1R)|

ˆ

B(0,2m+1R)

|K(x− y)−K(y)|χ{|x|∼2mR}dx
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≤ C?(K(· − y)−K(·))χ{|x|∼2mR}?Φ,B(0,2m+1R),

CF HL< GIL<98 C8 :FEK<E:@cE HΦ,k ⊂ H1,k  +8I8 GIF98I C8 @E:CLJ@cE H∞,k ⊂ HΦ,k � KFD<DFJ
λ = ?(K(· − y)−K(·))χ{|x|∼2mR}?∞,B(0,2m+1R)  �Ja�

1

|B(0, 2m+1R)|

ˆ

B(0,2m+1R)

Φ

? |K(x− y)−K(y)|χ{|x|∼2mR}(x)

λ

?
dx

≤ 1

|B(0, 2m+1R)|

 

B(0,2m+1R)

Φ(1)dx = Φ(1).

. @ Φ(1) ≤ 1�

?(K(· − y)−K(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ ?(K(· − y)−K(·))χ{|x|∼2mR}?∞,B(0,2m+1R).

 E <C :8JF <E HL< Φ(1) > 1� 98JK8 KFD8I λ = Φ(1)?(K(·−y)−K(·))χ{|x|∼2mR}?∞,B(0,2m+1R)

P LJ8I C8 :FEM<O@;8; ;< Φ G8I8 F9K<E<I

?(K(·−y)−K(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ Φ(1)?(K(·−y)−K(·))χ{|x|∼2mR}?∞,B(0,2m+1R),

;< ;FE;< J< J@>L< C8 :FEK<E:@cE ;<J<8;8

!@E8CD<EK< � C8 GIFG@<;8; �4A� <J :FEJ<:L<E:@8 @ED<;@8K8 ;<C �FIFC8I@F �  �  � GL<JKF
HL< Φ ∈ Br 

 E 6 �� 7 � CFJ 8LKFI<J K8D9@_E ;<DFJKI8IFE C8J J@>L@<EK<J ;<J@>L8C;8;<J GLEKL8C<J G8I8
CFJ :FEDLK8;FI<J � HL< ><E<I8C@Q8E 8 C8J ;< CFJ /<FI<D8J �  �  � � P �  �  � �  +8I8 JL F9K<E:@cE�
J< I<HL@<I< HL< C8 =LE:@cE b J<8 ;< M8I@8:@cE D<;@8 8:FK8;8� CF HL< J< ;<EFK8 :FDF
b ∈ BMO P J@>E@�:8 HL< C8 :8EK@;8;

||b||BMO := sup
B

1

|B|

ˆ

B

|b(x)− bB|dx

<J �E@K8� ;FE;< bB ;<EFK8 <C GIFD<;@F ;< b JF9I< C8 9FC8 B 

�&-/&+" � � �� � 
 	 6 �� 7 
 � %0,9 Φ D Ψ 1@9. 4: 90 > /0 *:@92 �94?,> ?, 70 > <@0 ;,=, t ≥ t0 > 1�
?Φ−1(t)Ψ−1(t) ≤ ϕ−1

k (t)� >409/: ϕk(t) = t(1+log+ t)k � %4 T 0 > @9 :;0=,/: = 49?02=,7 >492@7,=
.: 9 9J. 70: K ∈ HΨ ∩HΦ,k � ;,=, .,/, b ∈ BMO� 0 < δ < ? < 1 D k ∈ N� 0 C4>?0 C = Cδ,?

?, 7 <@0

M ?
δ(T

k
b f)(x) ≤ C

k−1?

j=0

||b||k−j
BMOM?(T

j
b f)(x) + C||b||kBMOM?Φf(x)

�&-/&+" � � �� � � 	 6 �� 7 
 � %4 T 0 > @9 :;0=,/: = 49?02=,7 >492@7,= .: 9 9J. 70: K ∈ H∗
∞ :

K ∈ H∞ ∩ Hϕ−1
k ,k >409/: ϕk(t) = t(1 + log+ t)k � ;,=, .,/, b ∈ BMO� 0 < δ < ? < 1 D

k ∈ N� 0 C4>?0 C = Cδ,? ?, 7 <@0

M ?
δ(T

k
b f)(x) ≤ C

k−1?

j=0

||b||k−j
BMOM?(T

j
b f)(x) + C||b||kBMOML(logL)kf(x)
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� :FEK@EL8:@cE� ;8I<DFJ 8C>LE8J ;<�E@:@FE<J JF9I< FG<I8;FI<J @EK<>I8C<J =I8::@FE8I@FJ
;< K@GF :FEMFCL:@cE HL< K@<E<E 8 CFJ FG<I8;FI<J Mα,η :FDF FG<I8;FI<J ;< :FEKIFC <E <C
J<EK@;F ;< 	 �  �  � 
 

 E 6 � � 7 � CFJ 8LKFI<J :FEJ@;<I8IFE FG<I8;FI<J @EK<>I8C<J =I8::@FE8I@FJ ;<C K @GF

Tαf(x) =

ˆ

Rn

Kα(x− y)f(y) dy, 0 ≤ α < n, 	 �  �  � � 


;FE;< <C Ee:C<F Kα J8K@J=8:< LE8 :FE;@:@cE ;< K8D8bF P LE8 :FE;@:@cE ;< JL8M@;8; ;<
K@GF #dID8E;<I =I8::@FE8I@8 '8 :FE;@:@cE ;< K8D8bF J< ;<EFD@E8 Sα P ;@I<DFJ HL<
Kα ∈ Sα J@ <O@JK< LE8 :FEJK8EK< C > 0 K8C HL<

ˆ

{|x|∼s}
|Kα(x)| dx ≤ Csα,

;FE;< {|x| ∼ s} <J � :FDF 8EK<J � C8 :FIFE8 {x : s < |x| ≤ 2s}

'8 :FE;@:@cE ;< JL8M@;8; J< ;<�E< 8 :FEK@EL8:@cE� C8 :L8C <JK\ ;8;8 <E C8 <J:8C8 ;<
CFJ <JG8:@FJ ;< *IC@:Q � <E 8E8CF>a8 :FE <C :8JF ;< CFJ FG<I8;FI<J ;< K@GF @EK<>I8C J@E>LC8I

�&�,)$):, � � �� �� � �8;8 Φ LE8 =LE:@cE ;< 4FLE> K8C HL< <CC8 P JL :FDGC<D<EK8I@8 JFE
�E@K8J � ;@I<DFJ HL< Kα ∈ Hα,Φ J@ <O@JK<E :FEJK8EK<J c ≥ 1 P Cα,Φ > 0 K8C<J HL< G8I8 KF;F
y ∈ Rn :FE R > c|y|� M8C< C8 ;<J@>L8C;8;

∞?

m=1

(2mR)n−α?(Kα(· − y)−Kα(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ Cα,Φ. 	 �  �  � � 


� @I<DFJ HL< Kα ∈ H∗
α,∞ J@ <O@JK<E :FEJK8EK<J C > 0 P c > 1 K8C<J HL<

|Kα(x− y)−Kα(x)| ≤ C
|y|

|x|n+1−α
, |x| > c|y|.

�L8E;F Φ(t) = tr :FE 1 ≤ r < ∞� J< ;@:< HL< Kα ∈ Hα,r � CF HL< J@>E@�:8 HL< <O@JK<E
:FEJK8EK<J c ≥ 1 P Cα,r > 0 K8C<J HL< G8I8 KF;F y ∈ Rn :FE R > c|y|� M8C< C8 ;<J@>L8C;8;

∞?

m=1

(2mR)n/r
?−α

?
ˆ

2mR<|x|≤2m+1R

|K(x− y)−K(x)|rdx
?1/r

≤ Cα,r.

�L8E;F r =∞� @EK<IGI<K8DFJ C8 :FE;@:@cE 	 �  �  � � 
 :FDF

∞?

m=1

(2mR)n−α sup
2mR<|x|≤2m+1R

|K(x− y)−K(x)| ≤ Cα,∞.

�C @>L8C HL< <E <C :8JF ;< C8J :FE;@:@FE<J ;< K@GF #dID8E;<I EF =I8::@FE8I@8J � J< K @<E<E
C8J J@>L@<EK<J @E:CLJ@FE<J G8I8 C8J :C8J<J ;<�E@;8J 8II@98� :FDF J< D<E:@FEc <E 6 � � 7 
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�&+" � � �� �� � %0, 0 ≤ α < n� �9?: 9.0 >�

�4� ;,=, ?:/: 1 ≤ r < s < ∞� H∗
α,∞ ⊂ Hα,∞ ⊂ Hα,s ⊂ Hα,r ⊂ Hα,1�

�44� .@,7<@40 =, >0, 7, 1@9. 4I9 /0 *:@92 Φ� Hα,∞ ⊂ Hα,Φ ⊂ Hα,1�

�444� >4 Φ ∈ Br ;,=, ,72J9 r > 1� 0 9?: 9.0 > Hα,r ⊂ Hα,Φ �

�08: >?=,. 4I9� �8;F HL< <C K_ID@EF HL< @EMFCL:I8 8 α <E C8J :FE;@:@FE<J EF @E�LP< <E
CFJ GIFD<;@FJ ;< K@GF 'LO<D9LI>� C8J GIL<98J ;< KF;8J C8J @E:CLJ@FE<J J< F9K@<E<E :FDF
<E <C :8JF α = 0

�8 AF C8J :FE;@:@FE<J ;< K8D8bF P ;< JL8M@;8; ;< K@GF #dID8E;<I <E <C Ee:C<F Kα

;8;8J � <E 6 � � 7 J< ;<DFJKI8IFE CFJ J@>L@<EK<J I<JLCK8;FJ ;< :FEKIFC 8E\CF>FJ 8 CFJ F9K<E@;FJ
G8I8 CFJ FG<I8;FI<J @EK<>I8C<J J@E>LC8I<J <E C8 J<::@cE 8EK<I@FI �L8E;F Tα = Iα � < C
:FII<JGFE;@<EK< I<JLCK8;F =L< ;8;F GI<M@8D<EK< <E 6 � 7 

�&-/&+" � � �� �� 	 6 � � 7 
 � %0, Tα @9 :;0=,/: = 49?02=,7 1=,.. 4: 9,=4: /0 7, 1: =8, /,/, 09
	 �  �  � � 
 .: 9 9J. 70: Kα ∈ Sα∩Hα,Φ .: 9 Φ /0 *:@92 ?, 7 <@0 0 7 7, D >@ .:8;70809?,=4, >: 9
�94?,>� �9?: 9.0 >� ;,=, .,/, 0 < δ < 1� 0 C4>?0 @9, .: 9>?,9?0 ;: >4?4A, Cδ ?, 7 <@0

M ?
δ(Tαf)(x) ≤ CδMα,?Φf(x). 	 �  �  � �


�&-/&+" � � �� �� 	 6 � � 7 
 � %0, Tα @9 :;0=,/: = 49?02=,7 1=,.. 4: 9,=4: /0 7, 1: =8, /,/, 09
	 �  �  � � 
 .: 9 9J. 70: Kα ∈ Sα ∩ H∗

α,∞ : K ∈ Sα ∩ Hα,∞ � �9?: 9.0 >� ;,=, .,/, 0 < δ < 1�
0 C4>?0 @9, .: 9>?,9?0 ;: >4?4A, Cδ ?, 7 <@0

M ?
δ(Tαf)(x) ≤ CδMαf(x). 	 �  �  � � 


�508;7: �  �  � � � 1<8DFJ 8?FI8 8C>LEFJ <A<DGCFJ ;< FG<I8;FI<J HL< J8K@J=8:<E C8J :FE;@�
:@FE<J ;< K@GF #dID8E;<I =I8::@FE8I@8J P CFJ :FII<JGFE;@<EK<J FG<I8;FI<J D8O@D8C<J ;<
:FEKIFC 

	 @
 ";0=,/: = 49?02=,7 1=,.. 4: 9,=4: � 0E <A<DGCF :C\J@:F ;< LE FG<I8;FI ;<C K @GF 	 �  �  � � 

<J <C FG<I8;FI @EK<>I8C =I8::@FE8I@F Iα � :LPF Ee:C<F Kα(x) = |x|α−n J8K@J=8:< :C8I8�
D<EK< C8 :FE;@:@cE Sα GL<J

ˆ

s<|x|≤2s

|x|α−ndx =

ˆ 2s

s

ρα−nρn+1dρ =
1

α
((2s)α − sα) ? sα, ∀ s > 0,

P K8D9@_E C8 :FE;@:@cE ;< K@GF #dID8E;<I H∗
α,∞   E <=<:KF� <E M@IKL; ;<C K<FI<D8

;<C M8CFI D<;@F <O@JK< z = θx + (1− θ)y :FE θ ∈ (0, 1) K8C HL<

||x− y|α−n − |x|α−n| ≤ C|z|α−n−1|x− y − x| = C|z|α−n−1|y|,

GFI CF HL<� <C@>@<E;F |x| > c|y| G8I8 8C>eE c > 1/θ > 1� I<JLCK8 |z| ≥ (θ − 1/c)|x| P
F9K<E<DFJ HL<

||x− y|α−n − |x|α−n| ≤ C|z|α−n−1|y| = C
|y|

|x|n+1−α
.
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 E :FEJ<:L<E:@8� GFI <C /<FI<D8 �  �  � � � Iα <JK\ :FEKIFC8;F GFI <C FG<I8;FI D8O@D8C
=I8::@FE8I@F :C\J@:F Mα 

	 @ @
 ";0=,/: =0 > 49?02=,70 > .: 9 9J. 70: 3:8:2G90: �  JK< K@GF ;< FG<I8;FI<J JFE LE8 M<I�
J@cE =I8::@FE8I@8 ;< 8HL<CCFJ ;8;FJ <E <C  A<DGCF �  �  � �	 @@@
  . < :FEJ@;<I8E FG<I8�
;FI<J ;< K@GF @EK<>I8C =I8::@FE8I@8 :FE Ee:C<F Kα(x) = Ω(x)|x|α−n ;FE;< Ω <J :FDF
<E ;@:?F <A<DGCF  E 6 � � 7 � CFJ 8LKFI<J ;<DFJKI8IFE HL< Kα � < C Ee:C<F ;< Tα � M<I@�:8
C8J :FE;@:@FE<J Sα P Hα,Φ J@<DGI< HL< Ω ∈ LΦ(Sn−1) :FE

ˆ 1

0

ωΦ(t)
dt

t
< ∞,

;FE;< ωΦ <J <C Dc;LCF LΦ ;< :FEK@EL@;8; 	 M<I  A<DGCF �  �  � �	 @@@
 
   JKFJ FG<I8;FI<J
=L<IFE K8D9@_E :FEJ@;<I8;FJ <E 6 � �7 P 6 �� 7 

	 @@@
  @7?4;74.,/: =0 > /0 �:@=40 =� 1<IJ@FE<J =I8::@FE8I@8J ;< CFJ FG<I8;FI<J Tm ;<�E@;FJ
<E <C  A<DGCF �  �  � �	 @M
 K8D9@_E JFE <A<DGCFJ ;< FG<I8;FI<J @EK<>I8C<J =I8::@FE8I@FJ
:FE Ee:C<FJ Kα ∈ Sα ∩Hα,r � CFJ :L8C<J =L<IFE @EKIF;L:@;FJ <E 6 �� 7  �JLD@<E;F HL<
|m(x)| ? |x|−α P HL< C8J ;<I@M8;8J ;< m J8K@J=8:<E

sup
R>0

?
Rs(|β|−α)−n

ˆ

{R<|x|<2R}
|Dβm(x)|sdx

?1/s

< ∞, ∀ |β| = β1 + · · · + βn ≤ l

G8I8 8C>eE 1 < s ≤ 2 P 8C>eE l ∈ N :FE l > n/s� < C FG<I8;FI Tm GL<;< <J:I@9@IJ<
:FDF <C CaD@K< ;< FG<I8;FI<J ;< :FEMFCL:@cE TN

m  . < GIF9c <E 6 � � 7 HL< CFJ Ee:C<FJ
KN

α ;< <JKFJ eCK @DFJ M<I@�:8E KN
α ∈ Sα ∩Hα,r G8I8 KF;F 1 < r < n/(n−α)� ;FE;<

C8 :FEJK8EK< ;< C8 :FE;@:@cE ;< K@GF #dID8E;<I EF ;<G<E;< ;< N  �Ja� :FDF <E
<C :8JF EF =I8::@FE8I@F� I<JLCK8 HL< Tm <JK\ :FEKIFC8;F� <E M@IKL; ;< 	 �  �  � 
 � GFI <C
FG<I8;FI D8O@D8C =I8::@FE8I@F Mα,r? G8I8 :8;8 n/l < r? < ∞

. @ 8?FI8 :FEJ@;<I8DFJ LE8 =LE:@cE b ∈ L1
loc(Rn)� ;<�E@DFJ <C :FEDLK8;FI ;< Tα ;<

FI;<E k � G8I8 k ∈ N ∪ {0} GFI

T k
α,bf(x) =

ˆ

Rn

(b(x)− b(y))kKα(x− y)f(y) dy, 0 ≤ α < n.

�C8I8D<EK< � :L8E;F k = 0� T k
α,b = Tα  +8I8 <JKFJ FG<I8;FI<J � JLGFE;I<DFJ HL< <C Ee:C<F

Kα J8K@J=8:< � 8;<D\J ;< C8 :FE;@:@cE Sα � C8 J@>L@<EK< :FE;@:@cE ;< I<>LC8I@;8;

�&�,)$):, � � �� �� � .<8 Φ LE8 =LE:@cE ;< 4FLE> �E@K8 P k ∈ N � @I<DFJ HL< K ∈ Hα,Φ,k

J@ <O@JK<E :FEJK8EK<J c ≥ 1 P Cα,Φ,k > 0 K8C<J HL< G8I8 KF;F y ∈ Rn :FE R > c|y|� M8C< C8
;<J@>L8C;8;

∞?

m=1

(2mR)n−αmk?(Kα(· − y)−Kα(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ Cα,Φ,k.

+8I8 <JK8J :C8J<J � J< K @<E<E C8J J@>L@<EK<J GIFG@<;8;<J � HL< ><E<I8C@Q8E 8 C8J ;8;8J <E
CFJ '<D8J �  �  � � P �  �  � � 
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�&+" � � �� �� � %0, 0 ≤ α < n D k ∈ N� �9?: 9.0 >�

�4� ;,=, ?:/: 1 ≤ r < s < ∞� H∗
α,∞,k ⊂ Hα,∞,k ⊂ Hα,s,k ⊂ Hα,r,k ⊂ Hα,1,k�

�44� ;,=, ?:/: j ∈ N ∪ {0} .: 9 0 ≤ j ≤ k� Hα,Φ,k ⊂ Hα,Φ,j �

�444� .@,7<@40 =, >0, 7, 1@9. 4I9 /0 *:@92 Φ� Hα,∞,k ⊂ Hα,Φ,k ⊂ Hα,1,k�

�4A� >4 Φ ∈ Br ;,=, ,72J9 r > 1� 0 9?: 9.0 > Hα,r,k ⊂ Hα,Φ,k �

�08: >?=,. 4I9� �FDF <C EeD<IF α JcCF 8=<:K8 8 C8 D<;@;8 ;< C8 9FC8 <E :8;8 LE8 ;<
C8J :FE;@:@FE<J ;< K@GF #dID8E;<I :FEJ@;<I8;8J � KF;8J C8J ;<J@>L8C;8;<J GIF98;8J <E <C
'<D8 �  �  � � G<ID@K<E ;<;L:@I C8J GIFG@<;8;<J <ELE:@8;8J <E <JK< C<D8

 E 6 � � 7 � CFJ 8LKFI<J GIF98IFE K8D9@_E LE8 ;<J@>L8C;8; <E <C <JGaI@KL ;< 	 �  �  � �
 G8I8
T k
α,b � HL< ;8DFJ <E CFJ J@>L@<EK<J I<JLCK8;FJ � :L8E;F b ∈ BMO   E <C :8JF <E HL< Tα = Iα �
C8 ;<J@>L8C;8; ;< :FEKIFC =L< ;<DFJKI8;8 <E 6 ��7 P 6 ��7 G8I8 k = 1� P <E 6 � � 7 G8I8 :L8CHL@<I
k ∈ N <E <C :FEK<OKF D\J ><E<I8C ;< <JG8:@FJ ;< K@GF ?FDF>_E<F

�&-/&+" � � �� �� 	 6 � � 7 
 � %0,9 Φ D Ψ 1@9. 4: 90 > /0 *:@92 �94?,> ?, 70 > <@0 ?Φ−1(t)Ψ−1(t) ≤
ϕ−1
k (t) ;,=, ?:/: t ≥ t0 > 1� /: 9/0 ϕk(t) = t(1 + log+ t)k � %4 Tα 0 > @9 :;0=,/: = 49?02=,7
1=,.. 4: 9,=4: .: 9 9J. 70: K ∈ Sα ∩ Hα,Ψ ∩ Hα,Φ,k � ;,=, .,/, b ∈ BMO� 0 < δ < ? < 1 D
k ∈ N� 0 C4>?0 @9, .: 9>?,9?0 C = Cδ,? ?, 7 <@0

M ?
δ(T

k
α,bf)(x) ≤ C

k−1?

j=0

||b||k−j
BMOM?(T

j
α,bf)(x) + C||b||kBMOMα,?Φf(x).

�&-/&+" � � �� � � 	 6 � � 7 
 � %4 Tα 0 > @9 :;0=,/: = 49?02=,7 1=,.. 4: 9,=4: .: 9 9J. 70: K ∈
Sα ∩H∗

α,∞ : K ∈ Sα ∩Hα,∞,k � ;,=, .,/, b ∈ BMO� 0 < δ < ? < 1 D k ∈ N� 0 C4>?0 @9,
.: 9>?,9?0 C = Cδ,? ?, 7 <@0

M ?
δ(T

k
α,bf)(x) ≤ C

k−1?

j=0

||b||k−j
BMOM?(T

j
α,bf)(x) + C||b||kBMOMα,ϕk

f(x),

/:9/0 ϕk(t) = t(1 + log+ t)k �
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 E <JK< :8GaKLCF J< ;8I\E C8J ;<�E@:@FE<J P GIFG@<;8;<J 9\J@:8J 8:<I:8 ;< CFJ <JG8:@FJ
;< *IC@:Q P ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< Lp(·) � HL< JFE CFJ <JG8:@FJ ;< =LE:@FE<J HL<
J<I\E :FEJ@;<I8;FJ 8 CF C8I>F ;< <JK8 K<J@J P JF9I< CFJ :L8C<J J< <JKL;@8I\E C8J GIFG@<;8;<J
;< 8:FK8:@cE ;< CFJ FG<I8;FI<J @EKIF;L:@;FJ <E <C :8GaKLCF 8EK<I@FI (\J <JG<:a�:8D<EK< �
<E <C �8GaKLCF � J< ;<DFJKI8I\ HL< <C FG<I8;FI Mα,η � ;<�E@;F <E 	 �  �  � 
 � P CFJ FG<I8;FI<J
:FEKIFC8;FJ GFI _JK< <JK\E 8:FK8;FJ <E <JG8:@FJ ;< *IC@:Q P LE <JKL;@F J@D@C8I J< I<8C@Q8I\
<E <C �8GaKLCF � I<JG<:KF ;< CFJ <JG8:@FJ Lp(·) 

� � � � #!��� # �� �"���)

�FDF D<E:@FE8DFJ <E C8 @EKIF;L::@cE� CFJ <JG8:@FJ ;< *IC@:Q I<JLCK8E� <E DL:?FJ
:8JFJ � J<I :FEK<OKFJ D\J 8;<:L8;FJ G8I8 F9K<E<I GIFG@<;8;<J ;< :FEK@EL@;8; ;< ;@M<IJFJ
FG<I8;FI<J HL< EF I<JLCK8E 8:FK8;FJ JF9I< CFJ :C\J@:FJ <JG8:@FJ ;< '<9<J>L<   C <A<D�
GCF :C\J@:F ;< <JK< K @GF ;< :FDGFIK8D@<EKF CF FKFI>8 <C FG<I8;FI D8O@D8C ;< #8I;P�
'@KK C<NFF; HL< EF <JK\ 8:FK8;F JF9I< L1(Rn) (\J GI<:@J8D<EK< � Mf <J @EK<>I89C< G8I8
f ∈ L1(Rn) J@ P JcCF J@ f <J @;_EK@:8D<EK< ELC8  J E8KLI8C <EKFE:<J GI<>LEK8IJ< JF9I< HL_
<JG8:@F ;< =LE:@FE<J HL< JLJK@KLP8 8 L1(Rn) I<JLCK8 Mf 8C D<EFJ CF:8CD<EK< @EK<>I89C< 
0E8 I<JGL<JK8 8 <JK8 :L<JK@cE =L< ;8;8 GFI 2@<E<I 6 �� 7 HL@<E GIF9c HL< J< M<I@�:8 C8
J@>L@<EK< ;<J@>L8C;8;

ˆ

B

Mf(x)dx ≤ 2|B|+ C

ˆ

Rn

|f(x)| log(e + |f(x)|)dx

G8I8 KF;8 9FC8 B P :@<IK8 :FEJK8EK< GFJ@K @M8 C   J ;<:@I� J @ C8 =LE:@cE f J8K@J=8:< HL<
|f | log(e+|f |) <J @EK<>I89C< � <EKFE:<J Mf K8D9@_E CF <J CF:8CD<EK<  . @ KFD8DFJ C8 =LE:@cE
Φ(t) = t log(e + t)� GF;<DFJ ;<:@I HL< C8 =LE:@cE f ;<9< J8K@J=8:<I HL<

ˆ

Rn

Φ(|f(x)|)dx < ∞.



��  JG8:@FJ =LE:@FE8C<J

'8 :FE;@:@cE 8EK<I@FI ;<�E< <C :FEALEKF HL< ;<EFD@E8DFJ <JG8:@F ;< *IC@:Q 8JF:@8;F 8
C8 =LE:@cE Φ 1<I<DFJ 8?FI8 C8 ;<�E@:@cE ;< <JKFJ <JG8:@FJ ;< D8E<I8 =FID8C

�&�,)$):, � � � � � � .<8 Ω ⊂ Rn 89@<IKF P J<8 Φ : [0,∞) → [0,∞) LE8 =LE:@cE K8C HL<
Φ(0) = 0 . < ;<�E< <C 0 >;,. 4: /0 "=74. E LΦ(Ω) :FDF <C :FEALEKF ;< KF;8J C8J =LE:@FE<J
f D<;@9C<J JF9I< Ω G8I8 C8J :L8C<J <O@JK< LE EeD<IF GFJ@K @MF λ K8C HL< <C =LE:@FE8C

?Φ,Ω(f/λ) :=

ˆ

Ω

Φ

? |f(x)|
λ

?
dx

<J �E@KF

"->0=A,. 4I9 �  �  � � . @ Φ(t) = tp :FE p ≥ 1� LΦ(Ω) <J <C <JG8:@F ;< '<9<J>L< :C\J@:F Lp(Ω)

 C =LE:@FE8C ?Φ,Ω EF <J LE8 EFID8 G8I8 <C <JG8:@F ;< *IC@:Q LΦ(Ω) P8 HL<� <E ><E<I8C�
EF J8:8 <J:8C8I<J P J@ � GFI <A<DGCF� ?Φ,Ω(f) = 0 P Φ <J ELC8 <E LE @EK<IM8CF 8 C8 ;<I<:?8
;<C FI@><E� f EF E<:<J8I@8D<EK< <J ELC8 <E K8C @EK<IM8CF . @E <D98I>F� C8 ;<�E@:@cE HL<
J@>L< @EKIF;L:< LE8 EFID8 G8I8 <C <JG8:@F ;< *IC@:Q :L8E;F Φ <J LE8 =LE:@cE ;< 4FLE>

�&�,)$):, � � � � � � .<8 Ω ⊂ Rn 89@<IKF P J<8 Φ : [0,∞) → [0,∞) LE8 =LE:@cE K8C HL<
Φ(0) = 0 �8;8 f LE8 =LE:@cE D<;@9C< JF9I< Ω� ;<�E@DFJ <C =LE:@FE8C

||f ||LΦ(Ω) = ı́nf{λ > 0 : ?Φ,Ω(f/λ) ≤ 1}.

�EK<J ;< GIF98I HL< <C =LE:@FE8C 8EK<I@FI <J LE8 EFID8 G8I8 LΦ(Ω) :L8E;F Φ <J ;<
4FLE>� I<HL<I@I<DFJ 8C>LE8J GIFG@<;8;<J HL< <JK89C<:<E I<C8:@FE<J <EKI< ;@:?F =LE:@FE8C
P ?Φ,Ω 

�&+" � � � � �� %0, Φ : [0,∞) → [0,∞) @9, 1@9. 4I9 /0 *:@92 D Ω @9 ,- 40 =?: /0 Rn �
�9?: 9.0 >�

�4� ?Φ,Ω(f/||f ||LΦ(Ω)) ≤ 1 >408;=0 <@0 0 < ||f ||LΦ(Ω) < ∞� %4 � ,/08F>� Φ 0 > >@-8@7?4�
;74.,?4A, D 0 >?F 9: =8,74E,/, � >0 ?4090 <@0 ?Φ,Ω(f/||f ||LΦ(Ω)) = 1�

�44� >4 ?Φ,Ω(f/λ) ≤ 1 .: 9 λ > 0� 0 9?: 9.0 > ||f ||LΦ(Ω) ≤ λ D� >4 ?Φ,Ω(f) ≤ C ;,=, ,72@9,
.: 9>?,9?0 C > 1� 0 9?: 9.0 > ||f ||LΦ(Ω) ≤ C �

�444� >4 ||f ||LΦ(Ω) ≤ 1� 0 9?: 9.0 > ?Φ,Ω(f) ≤ ||f ||LΦ(Ω) � �9 .,8- 4: � >4 ||f ||LΦ(Ω) > 1� 0 9?: 9�
.0 > ?Φ,Ω(f) ≥ ||f ||LΦ(Ω) �

�08: >?=,. 4I9� +8I8 ;<DFJKI8I �4� � J<8 0 < ||f ||LΦ(Ω) < ∞ +FI C8 ;<�E@:@cE ;< ||f ||LΦ(Ω) �
<O@JK< {λn}n∈N LE8 JL:<J@cE ;<:I<:@<EK< 8 ||f ||LΦ(Ω) HL< J8K@J=8:< ?Φ,Ω(f/λn) ≤ 1 G8I8
:8;8 n ∈ N +FI C8 :FEK@EL@;8; ;< Φ P <C '<D8 ;< !8KFL K<E<DFJ HL<

?Φ,Ω

?
f

||f ||LΦ(Ω)

?
=

ˆ

Ω

Φ

? |f(x)|
||f ||LΦ(Ω)

?
dx =

ˆ

Ω

ĺım inf
n→∞

Φ

? |f(x)|
λn

?
dx

≤ ĺım inf
n→∞

ˆ

Ω

Φ

? |f(x)|
λn

?
dx = ĺım inf

n→∞
?Φ,Ω

?
f

λn

?
.



�  �  JG8:@FJ ;< *IC@:Q ��

+<IF� G8I8 KF;F n ∈ N� ?Φ,Ω(f/λn) ≤ 1� GFI CF HL<� ;< C8 ;<J@>L8C;8; 8EK<I@FI F9K<�
E<DFJ HL< ?Φ,Ω(f/||f ||LΦ(Ω)) ≤ 1

. LGFE>8DFJ 8?FI8 HL< Φ <J JL9DLCK@GC@:8K@M8 P <JK\ EFID8C@Q8;8 'L<>F� G8I8 KF;F
0 < λ < ||f ||LΦ(Ω) J< K @<E< HL<

?Φ,Ω (f/λ) ≤ Φ

? ||f ||LΦ(Ω)

λ

?
?Φ,Ω

?
f/||f ||LΦ(Ω)

?
.

�Ja� J @ =L<I8 ?Φ,Ω

?
f/||f ||LΦ(Ω)

?
< 1� K<E;Ia8DFJ HL< ?Φ,Ω (f/λ) < Φ(||f ||LΦ(Ω)/λ) G8I8

KF;FJ <JFJ M8CFI<J ;< λ 'L<>F� KFD8E;F CaD@K< :L8E;F λ → ||f ||LΦ(Ω) � ;< C8 :FEK@EL@;8;
;< Φ J< K @<E< HL<

ĺım
λ→||f ||

LΦ(Ω)

?Φ,Ω

?
f

λ

?
≤ ĺım

λ→||f ||
LΦ(Ω)

Φ

? ||f ||LΦ(Ω)

λ

?
= Φ(1) = 1

 O@JK @Ia8� <EKFE:<J � 8C D<EFJ LE λ < ||f ||LΦ(Ω) G8I8 <C :L8C ?Φ,Ω(f/λ) ≤ 1� CF HL<
:FEKI8;@:< HL< ||f ||LΦ(Ω) <J <C aE�DF 'L<>F� ;<9< J<I ?Φ,Ω(f/||f ||LΦ(Ω)) = 1

+ IF9<DFJ �44�   J :C8IF HL< J@ � G8I8 8C>eE λ > 0 J< K @<E< HL< ?Φ,Ω(f/λ) ≤ 1� GFI
;<�E@:@cE ;< ||f ||LΦ(Ω) ;<9< J<I ||f ||LΦ(Ω) ≤ λ . @ 8?FI8 K<E<DFJ HL< ?Φ,Ω(f) ≤ C G8I8
8C>LE8 :FEJK8EK< C > 1� ;< C8 :FEM<O@;8; ;< Φ K<E<DFJ HL<

ˆ

Ω

Φ

? |f(x)|
C

?
dx ≤ 1

C

ˆ

Ω

Φ(|f(x)|)dx ≤ 1

P� GFI CF M@JKF I<:@_E� ||f ||LΦ(Ω) ≤ C 

+8I8 GIF98I �444� � EFK<DFJ HL<� J @ 0 < ||f ||LΦ(Ω) ≤ 1� LJ8DFJ C8 :FEM<O@;8; ;< ?Φ,Ω P
<C @E:@JF �4� G8I8 F9K<E<I

?Φ,Ω(f) ≤ ||f ||LΦ(Ω)?Φ,Ω(f/||f ||LΦ(Ω)) ≤ ||f ||LΦ(Ω).

 E :8D9@F� J @ ||f ||LΦ(Ω) = 0� <EKFE:<J f = 0 <E :8J@ KF;F GLEKF ;< Ω P� GFI CF K8EKF�
?Φ,Ω(f) = 0 = ||f ||LΦ(Ω) 

. @ 8?FI8 ||f ||LΦ(Ω) > 1� G8I8 :8;8 1 < λ < ||f ||LΦ(Ω) J< K @<E< HL< ?Φ,Ω(f/λ) > 1 GFI
;<�E@:@cE ;<C =LE:@FE8C || · ||LΦ(Ω)  � FDF Φ <J :FEM<O8 P λ > 1�

1 < ?Φ,Ω(f/λ) =

ˆ

Ω

Φ

? |f(x)|
λ

?
dx ≤ 1

λ

ˆ

Ω

Φ(|f(x)|)dx.

'L<>F� ?Φ,Ω(f) > λ #8:@<E;F λ ? ||f ||LΦ(Ω) J< :FE:CLP< HL< ||f ||LΦ(Ω) ≤ ?Φ,Ω(f)

�/-.-0)$):, � � � � � � %0, Ω ⊂ Rn ,- 40 =?: D >0, Φ : [0,∞) → [0,∞) @9, 1@9. 4I9 ?, 7 <@0
Φ(t) =

´ t

0
φ(s)ds /:9/0 φ : [0,∞)→ [0,∞) 0 > @9, 1@9. 4I9 .: 9?49@, ;: = 4E<@40 =/, ?, 7 <@0

φ(0) = 0� �9?: 9.0 >�



��  JG8:@FJ =LE:@FE8C<J

�4� ||f ||LΦ(Ω) ≥ 0 D� >4 f = 0 09 .,>4 ?:/: ;@9?: � 09?: 9.0 > ||f ||LΦ(Ω) = 0� %4 � ,/08F>� φ
0 > ;: >4?4A, 09 (0,∞)� 0 9?: 9.0 > ||f ||LΦ(Ω) = 0 48;74., f = 0 09 .,>4 ?:/: ;@9?: �

�44� ||cf ||LΦ(Ω) = |c|||f ||LΦ(Ω) ;,=, ?:/: c ∈ Rn�

�444� >4 � ,/08F>� φ 0 > 9: �/0.=0. 409?0 � 09?: 9.0 > ||f + g||LΦ(Ω) ≤ ||f ||LΦ(Ω) + ||g||LΦ(Ω) �

�08: >?=,. 4I9� +FI J<I <C aE�DF ;< EeD<IFJ I<8C<J EF�E<>8K@MFJ � <J @ED<;@8KF HL<� G8I8
:L8CHL@<I =LE:@cE f � ||f ||LΦ(Ω) ≥ 0 �;<D\J� J @ f = 0 <E :8J@ KF;F GLEKF� :L8CHL@<I8 J<8
λ > 0� J< K @<E< HL<

ˆ

Ω

Φ(|f(x)|/λ)dx = 0 ≤ 1

8Ja HL< <C aE�DF ||f ||LΦ(Ω) <J ELCF

. <8 φ GFJ@K @M8 =L<I8 ;<C FI@><E P J<8 f K8C HL< ||f ||LΦ(Ω) = 0 . LGFE>8DFJ� GFI <C
:FEKI8I@F� HL< G8I8 8C>eE c > 0� |f(x)| ≥ c G8I8 KF;F x ∈ E :FE 0 < |E| < ∞ 'L<>F� ;<
C8 ;<�E@:@cE ;< ||f ||LΦ(Ω) = 0� G8I8 :8;8 λ > 0 J< K @<E< HL<

1 ≥
ˆ

Ω

Φ

? |f(x)|
λ

?
≥ |E|Φ(c/λ).

+<IF ;< C8 GFJ@K @M@;8; ;< φ� K<E<DFJ HL< Φ(t) ? ∞ :L8E;F t ? ∞� ;< ;FE;< J< J@>L<
HL< Φ(c/λ) ? ∞ G8I8 λ ? 0� CF HL< :FEKI8;@:< HL< |E|Φ(c/λ) ≤ 1 G8I8 KF;F λ > 0
'L<>F� ;<9< J<I f = 0 <E :8J@ KF;F GLEKF

�?FI8 9@<E� ;8;F c ∈ R <J =\:@C M<I HL<

||cf ||LΦ(Ω) = ı́nf

?
λ > 0 :

ˆ

Ω

Φ

? |cf(x)|
λ

?
dx ≤ 1

?

= ı́nf

?
λ > 0 :

ˆ

Ω

Φ

? |f(x)|
λ/|c|

?
dx ≤ 1

?

= ı́nf

?
|c|µ > 0 :

ˆ

Ω

Φ

? |f(x)|
µ

?
dx ≤ 1

?

= |c|||f ||LΦ(Ω).

-<JK8 GIF98I C8 ;<J@>L8C;8; KI@8E>LC8I� G8I8 CF :L8C JLGFE;I<DFJ HL< C8 =LE:@cE φ
<J EF�;<:I<:@<EK< F� CF HL< <J CF D@JDF� HL< Φ <J :FEM<O8 . <8E f, g =LE:@FE<J K8C<J HL<
||f ||LΦ(Ω), ||g||LΦ(Ω) < ∞  J :C8IF HL<� J @ 8C>LE8 ;< <JK8J :8EK@;8;<J <J ELC8� <EKFE:<J f
F g <J ELC8 <E :8J@ KF;F GLEKF P I<JLCK8 ||f + g||LΦ(Ω) = ||f ||LΦ(Ω) + ||g||LΦ(Ω)  +F;<DFJ
8JLD@I� GL<J � HL< 0 < ||f ||LΦ(Ω), ||g||LΦ(Ω) < ∞ . @ ;<�E@DFJ

β =
||f ||LΦ(Ω)

||f ||LΦ(Ω) + ||g||LΦ(Ω)

P γ =
||g||LΦ(Ω)

||f ||LΦ(Ω) + ||g||LΦ(Ω)

,

<EKFE:<J β + γ = 1 'L<>F� ;<C :I<:@D@<EKF P C8 :FEM<O@;8; ;< Φ�
ˆ

Ω

Φ

? |f(x) + g(x)|
||f ||LΦ(Ω) + ||g||LΦ(Ω)

?
dx ≤

ˆ

Ω

Φ

? |f(x)|+ |g(x)|
||f ||LΦ(Ω) + ||g||LΦ(Ω)

?
dx



�  �  JG8:@FJ ;< *IC@:Q ��

=

ˆ

Ω

Φ

?
β
|f(x)|
||f ||LΦ(Ω)

+ γ
g(x)|

||g||LΦ(Ω)

?
dx

≤ β

ˆ

Ω

Φ

? |f(x)|
||f ||LΦ(Ω)

?
dx + γ

ˆ

Ω

Φ

?
g(x)|

||g||LΦ(Ω)

?
dx

≤ β + γ = 1,

<E M@IKL; ;<C '<D8 �  �  ��4�  ! @E8CD<EK< � LJ8E;F <C '<D8 �  �  ��44� � K<E<DFJ GIF98;8 C8
;<J@>L8C;8; KI@8E>LC8I

�FDF :FEJ<:L<E:@8 ;<C C<D8 8EK<I@FI P ;<C '<D8 �  �  � � J @ Φ <J ;< 4FLE>� || · ||LΦ(Ω)

I<JLCK8 J<I LE8 EFID8 G8I8 <JK< <JG8:@F� :FDF DL<JKI8 <C J@>L@<EK< I<JLCK8;F (\J 8eE�
(LΦ(Ω), ? · ?Φ) I<JLCK8 J<I LE <JG8:@F ;< �8E8:? :FDF J< ;<DFJKIc <E 6 �� 7 	 M<I K8D9@_E
6 � 7 F 6 ��7 
 

�&-/&+" � � � � 	 	 6 � � 7 
 � %4 Φ 0 > @9, 1@9. 4I9 /0 *:@92� 09?: 9.0 > || · ||LΦ(Ω) 0 > @9, 9: =8,
;,=, 0 7 0 >;,. 4: /0 "=74. E LΦ(Ω)�  F> ,J9� (LΦ(Ω), ? · ?Φ) 0 > @9 0>;,. 4: /0 �,9,.3�

1FCM@<E;F 8 CF HL< ;@J:LKa8DFJ 8C :FD@<EQF ;< <JK8 J<::@cE� C8 =LE:@cE ;8;8 GFI
Φ(t) = t log(e+ t) <J @EK<ID<;@8 <EKI< Ψ1(t) = t P Ψ2(t) = t2 :LPFJ <JG8:@FJ 8JF:@8;FJ JFE
L1 P L2 I<JG<:K@M8D<EK<   J 8Ja HL< GF;<DFJ G<EJ8I� ;< 8C>LE8 D8E<I8� 8 CFJ <JG8:@FJ ;<
*IC@:Q :FDF <JG8:@FJ �@EK<ID<;@FJ� <EKI< CFJ Lp P JLJK@KLKFJ ;< <JKFJ :L8E;F CFJ eCK @DFJ
EF G8I<:<E J<I <C :FEK<OKF D\J 8;<:L8;F G8I8 <C <JKL;@F ;< C8 :FEK@EL@;8; ;< :@<IKFJ
FG<I8;FI<J ;<C �E\C@J @J �IDcE@:F

 E CF HL< J@>L< � ;8I<DFJ LE8 J<I@< ;< ;<J@>L8C;8;<J HL< J8K@=8:<E C8J EFID8J ;< *I�
C@:Q � ><E<I8C@Q8E;F� <E :@<IK8 =FID8� FKI8J ;<J@>L8C;8;<J 9@<E :FEF:@;8J <E <C :FEK<OKF ;<
<JG8:@FJ ;< '<9<J>L< :C\J@:FJ  '8 GI@D<I8 ;<J@>L8C;8; HL< GI<J<EK8I<DFJ <J LE8 ><E<I8�
C@Q8:@cE ;< C8 ;<J@>L8C;8; ;< #dC;<I� GIF98;8 <E 6 �� 7 � HL< J< J@>L< ;< C8 ;<J@>L8C;8; ;<
4FLE> ><E<I8C@Q8;8 	 �  �  � � 
 

�/-.-0)$):, � � � � 
 	 6 �� 7 
 � #,=, ?:/, 1@9. 4I9 /0 *:@92 Φ �94?, >0 ?4090 <@0
ˆ

Ω

|f(x)g(x)|dx ≤ 2||f ||LΦ(Ω)||g||L?Φ(Ω) 	 �  �  � 


;,=, ?:/: ;,= /0 1@9. 4: 90 > f ∈ LΦ(Ω) D g ∈ L
?Φ(Ω)�

�08: >?=,. 4I9� �8JK8 JLGFE<I ||f ||LΦ(Ω) > 0 P ||g||L?Φ(Ω) > 0 P8 HL<� <E FKIF :8JF� f = 0
F g = 0 <E :8J@ KF;F GLEKF P C8 ;<J@>L8C;8; <J KI@M@8C 

. @ � G8I8 :8;8 x ∈ Ω� 8GC@:8DFJ C8 ;<J@>L8C;8; ;< 4FLE> 	 �  �  � � 
 8 s = |f(x)|/||f ||LΦ(Ω)

P t = |g(x)|/||g||L?Φ(Ω) � J< K @<E< HL<

|f(x)g(x)|
||f ||LΦ(Ω)||g||L?Φ(Ω)

≤ Φ

? |f(x)|
||f ||LΦ(Ω)

?
+ ?Φ

?
|g(x)|
||g||L?Φ(Ω)

?
.



��  JG8:@FJ =LE:@FE8C<J

'L<>F� <E M@IKL; ;<C '<D8 �  �  ��4� K<E<DFJ HL<

ˆ

Ω

|f(x)g(x)|
2||f ||LΦ(Ω)||g||L?Φ(Ω)

dx ≤ 1

2

ˆ

Ω

Φ

? |f(x)|
||f ||LΦ(Ω)

?
dx +

1

2

ˆ

Ω

?Φ
?

|g(x)|
||g||L?Φ(Ω)

?
dx ≤ 1,

;< ;FE;< J< K@<E< 	 �  �  � 
 

� C8I8D<EK< � J @ Φ(t) = tp/p� <EKFE:<J ?Φ(t) = tp
?
/p? :FE 1 < p < ∞ P 1/p + 1/p? = 1�

P J< I<:LG<I8 C8 ;<J@>L8C;8; ;< #dC;<I :C\J@:8� 8LEHL< C8 :FEJK8EK< 2 EF <J cGK@D8
GL<J <J 9@<E J89@;F HL< ;@:?8 ;<J@>L8C;8; M8C< :FE :FEJK8EK< 1 � FEF:<I C8J =LE:@FE<J
Φ P ?Φ <OGCa:@K8D<EK< GL<;< G<ID@K@IEFJ � <E DL:?FJ :8JFJ � D<AFI8I C8 :FEJK8EK< ;< C8
;<J@>L8C;8; ;< #dC;<I 	 �  �  � 
 

-<:FI;<DFJ� 8;<D\J� HL< J@ 1/p + 1/q = 1/r :FE 1 ≤ r < ∞� K8D9@_E J< K@<E< HL<

||fg||Lr(Ω) ≤ ||f ||Lp(Ω)||g||Lq(Ω). 	 �  �  � 


 JKF <J LE8 :FEJ<:L<E:@8 @ED<;@8K8 ;< C8 ;<J@>L8C;8; ;< #dC;<I :C\J@:8 :FE <OGFE<EK<J
p/r P q/r  +<IF K8D9@_E GL<;< GIF98IJ< 8GC@:8E;F C8 ;<J@>L8C;8; ;< 4FLE> ><E<I8C@Q8;8
HL< J8K@J=8:<E C8J =LE:@FE<J Ψ(t) = tr � Φ1(t) = tp P Φ2(t) = tq �

Ψ(st) ≤ Φ1(s) + Φ2(t), ∀s, t ≥ 0,

HL< <J :FEJ<:L<E:@8 ;< C8 I<C8:@cE t1/pt1/q = t1/r G8I8 KF;F t > 0

 E M@IKL; ;< C8 ;<J@>L8C;8; ;< 4FLE> 8EK<I@FI G8I8 =LE:@FE<J Φ1,Φ2,Ψ D\J ><E<I8C<J
	 '<D8 �  �  � � 
 � J< ;<DFJKIc <E 6 ��7 LE8 M<IJ@cE ;< C8 ;<J@>L8C;8; ;< #dC;<I JF9I< <JG8:@FJ
;< *IC@:Q HL< K@<E< 8 	 �  �  � 
 P 	 �  �  � 
 :FDF :8JFJ G8IK@:LC8I<J 

�/-.-0)$):, � � � � � � 	 6 ��7 
 � %4 Φ1,Φ2,Ψ >: 9 1@9. 4: 90 > /0 *:@92 �94?,> ?, 70 > <@0

Φ−1
1 (t)Φ−1

2 (t) ≤ Ψ−1(t), ∀t ≥ 0

09?: 9.0 >

||fg||LΨ(Ω) ≤ 2||f ||LΦ1 (Ω)||g||LΦ2 (Ω), 	 �  �  � � 


;,=, ?:/: ;,= /0 1@9. 4: 90 > f ∈ LΦ1(Ω) D g ∈ LΦ2(Ω)�

�08: >?=,. 4I9� �8JK8 JLGFE<I ||f ||LΦ1 (Ω) > 0 P ||g||LΦ2 (Ω) > 0 P8 HL<� <E FKIF :8JF� f = 0
F g = 0 <E :8J@ KF;F GLEKF P C8 ;<J@>L8C;8; <J KI@M@8C 

�FDF
Φ−1

1 (t)Φ−1
2 (t) ≤ Ψ−1(t), ∀t ≥ 0,

J89<DFJ HL< M8C< C8 ;<J@>L8C;8; ;< 4FLE> ><E<I8C@Q8;8

Ψ(st) ≤ Φ1(s) + Φ2(t), ∀ s, t ≥ 0,



�  �  JG8:@FJ ;< *IC@:Q ��

;8;8 <E <C '<D8 �  �  � �  �GC@:\E;FC8 8 s = |f(x)|/||f ||LΦ1 (Ω) P t = |g(x)|/||g||LΦ2 (Ω) �
LK @C@Q8E;F HL< Ψ <J :FEM<O8 P <C '<D8 �  �  ��4� � J< K @<E< HL<

ˆ

Ω

Ψ

? |f(x)g(x)|
2||f ||LΦ1 (Ω)||g||LΦ2 (Ω)

?
dx ≤ 1

2

ˆ

Ω

Ψ

? |f(x)g(x)|
||f ||LΦ1 (Ω)||g||LΦ2 (Ω)

?
dx

≤ 1

2

ˆ

Ω

Φ1

? |f(x)|
||f ||LΦ1 (Ω)

?
dx +

1

2

ˆ

Ω

Φ2

? |g(x)|
||g||LΦ2 (Ω)

?
dx

≤ 1

2
+

1

2
= 1.

!@E8CD<EK< � GFI <C '<D8 �  �  ��444� � J< F9K@<E< C8 ;<J@>L8C;8; ;<J<8;8

-<:FI;<DFJ HL< G8I8 LE8 =LE:@cE ;< 4FLE> Φ ?89a8DFJ ;<�E@;F <C GIFD<;@F ><E<�
I8C@Q8;F ;< f <E <C �8GaKLCF �  . @E <D98I>F� EF <J E<:<J8I@F HL< Φ J<8 ;< 4FLE> �8JK8
JLGFE<I Φ �E@K8 :FE Φ(0) = 0 0J8E;F <C =LE:@FE8C ?Φ,Ω � ;@:?F GIFD<;@F J< <J:I@9< ;< C8
J@>L@<EK< D8E<I8

||f ||Φ,B = ı́nf

?
λ > 0 :

1

|B ∩ Ω|?Φ,Ω(fχB/λ) ≤ 1

?
, 	 �  �  � � 


JF9I< LE8 9FC8 B = B(x,R) :FE :<EKIF x ∈ Ω P I8;@F R > 0� G8I8 f ∈ L1
loc(Ω)  J =\:@C

M<I HL< J@ Φ(t) = t� ||f ||Φ,B <J <C GIFD<;@F LJL8C 1
|B∩Ω|

´

B
|f | P J@ Φ(t) = tp :FE p ≥ 1�

<EKFE:<J ||f ||Φ,B := ||f ||p,B =
?

1
|B∩Ω|

´

B
|f |p

?1/p



+8I8 <JKFJ GIFD<;@FJ K8D9@_E J< K@<E< LE8 ;<J@>L8C;8; ;< #dC;<I ><E<I8C@Q8;8 >I8:@8J �
EL<M8D<EK< � 8C '<D8 �  �  � � 

�/-.-0)$):, � � � � � � 	 6 ��7 
 � %4 Φ1,Φ2,Ψ >: 9 1@9. 4: 90 > /0 *:@92 �94?,> ?, 70 > <@0

Φ−1
1 (t)Φ−1

2 (t) ≤ Ψ−1(t), ∀t ≥ 0

09?: 9.0 >

||fg||Ψ,B ≤ 2||f ||Φ1,B||g||Φ2,B, 	 �  �  � �


;,=, ?:/: ;,= /0 1@9. 4: 90 > f, g ∈ L1
loc(Ω)�

" - >0 =A,. 4I9 �  �  � � �  E G8IK@:LC8I� J @ Ψ(t) = t� J< K @<E< C8 ;<J@>L8C;8;

1

|B ∩ Ω|

ˆ

B

|f(x)g(x)|dx ≤ 2||f ||Φ1,B||g||?Φ1,B
, 	 �  �  � � 


G8I8 KF;F G8I ;< =LE:@FE<J f, g ∈ L1
loc(Ω)

�08: >?=,. 4I9� '8 ;<DFJKI8:@cE <J J@D@C8I 8 C8 ;< C8 +IFGFJ@:@cE �  �  � � � @EK<>I8E;F JF9I<
9FC8J B :FE :<EKIF <E Ω P ;@M@;@<E;F GFI |B ∩ Ω|



��  JG8:@FJ =LE:@FE8C<J

0E8 GIFG@<;8; HL< K@<E<E CFJ <JG8:@FJ Lp <J HL< JL EFID8 GL<;< <J:@9@IJ< <E K_ID@EFJ
;< JL <JG8:@F ;L8C Lp? <E C8 =FID8

||f ||p,Ω = sup
||g||p?,Ω≤1

ˆ

Ω

f(x)g(x)dx.

CF :L8C K @<E< HL< M<I� <E G8IK< � :FE HL< Φ(t) = tp/p P ?Φ(t) = tp
?
/p? J8K@J=8:<E C8 ;<J@>L8C;8;

;< 4FLE> 1<I<DFJ <E <C J@>L@<EK< I<JLCK8;F HL< <JKF GL<;< ><E<I8C@Q8IJ< 8C :FEK<OKF ;<
<JG8:@FJ ;< *IC@:Q 

�&+" � � � � � 
 � %0, Ω ⊂ Rn ,- 40 =?: � %0, Φ @9, 1@9. 4I9 /0 *:@92 D >0, ?Φ >@ 1@9. 4I9
.:8;70809?,=4, � ,8-,> �94?,>� �0�948: > 0 7 1@9. 4: 9,7

|||f |||LΦ(Ω) := sup
||g||

L
?Φ(Ω)

≤1

ˆ

Ω

f(x)g(x).

�9?:9.0 >� ;,=, ?:/, f ∈ LΦ(Ω) >0 ?40909 7,> /0 >42@,7/,/0 >

||f ||LΦ(Ω) ≤ |||f |||LΦ(Ω) ≤ 2||f ||LΦ(Ω). 	 �  �  � � 


 F> ,J9�
LΦ(Ω) = {f : |||f |||LΦ(Ω) < ∞}.

�08: >?=,. 4I9� 1<8DFJ HL< M8C<E C8J ;<J@>L8C;8;<J <E 	 �  �  � � 
 G8I8 KF;8 f ∈ LΦ(Ω) . <8
g ∈ L

?Φ(Ω) :FE ||g||L?Φ(Ω) ≤ 1  EKFE:<J � GFI C8 ;<J@>L8C;8; ;< #dC;<I 	 �  �  � 
 K<E<DFJ HL<

ˆ

Ω

f(x)g(x)dx ≤
ˆ

Ω

|f(x)g(x)|dx ≤ 2||f ||LΦ(Ω)||g||L?Φ(Ω) ≤ 2||f ||LΦ(Ω).

/FD8E;F JLGI<DF JF9I< KF;8J C8J =LE:@FE<J g F9K<E<DFJ C8 ;<J@>L8C;8;

|||f |||LΦ(Ω) ≤ 2||f ||LΦ(Ω).

 E :FEJ<:L<E:@8� LΦ(Ω) ⊆
?
f : |||f |||LΦ(Ω) < ∞

?


�?FI8 JLGFE>8DFJ HL< |||f |||LΦ(Ω) < ∞ . @ |||f |||LΦ(Ω) = 0� <EKFE:<J f = 0 <E :8J@
KF;F GLEKF  E <=<:KF� J @ <O@JK @<I8 8C>eE :FEALEKF E :FE 0 < |E| < ∞ ;FE;< f ?= 0�
<EKFE:<J g = ?Φ−1(1/|E|)sgn(f)χE ∈ L

?Φ(Ω) :FE

?L?Φ(Ω)(g) =

ˆ

E

Φ
?
?Φ−1(1/|E|)|sgn(f(x))|

?
dx =

ˆ

E

Φ
?
?Φ−1(1/|E|)

?
dx = 1.

 E :FEJ<:L<E:@8�

|||f |||LΦ(Ω) ≥
ˆ

Ω

f(x)g(x)dx = ?Φ−1(1/|E|)
ˆ

E

|f(x)|dx > 0,

CF HL< :FEKI8;@:< CF JLGL<JKF +FI CF K8EKF� f = 0 <E :8J@ KF;F GLEKF P 8Ja ||f ||LΦ(Ω) = 0



�  �  JG8:@FJ ;< *IC@:Q ��

.LGFE>8DFJ <EKFE:<J HL< |||f |||LΦ(Ω) > 0 P HL<� 8;<D\J� f <J LE8 =LE:@cE J@DGC< 
'L<>F� C8 =LE:@cE

g(x) = φ

?
f(x)

|||f |||LΦ(Ω)

?

K8D9@_E <J LE8 =LE:@cE J@DGC< P G<IK<E<:< 8 L
?Φ(Ω)� J @<E;F φ C8 ;<I@M8;8 ;< Φ 	 M<I

'<D8 �  �  � 
  'L<>F� ;<C '<D8 �  �  � � M8C< C8 @>L8C;8; <E C8 ;<J@>L8C;8; ;< 4FLE>

Φ

?
f(x)

|||f |||LΦ(Ω)

?
+ ?Φ(g(x)) = f(x)g(x)

|||f |||LΦ(Ω)

G8I8 :8;8 x ∈ Ω  JKF @DGC@:8 HL<

ˆ

Ω

Φ

?
f(x)

|||f |||LΦ(Ω)

?
dx +

ˆ

Ω

?Φ(g(x))dx =

????
ˆ

Ω

f(x)g(x)

|||f |||LΦ(Ω)

dx

???? . 	 �  �  � � 


+FI FKIF C8;F� ;< C8 ;<�E@:@cE ;< |||f |||LΦ(Ω) <J =\:@C M<I HL<

????
ˆ

Ω

f(x)g(x)dx

???? ≤ máx
?
1, ||g||L?Φ(Ω)

?
|||f |||LΦ(Ω),

GFI CF HL< <C C8;F ;<I<:?F ;< 	 �  �  � � 
 <J � 8 CF JLDF� máx
?
1, ||g||L?Φ(Ω)

?
 . @ ||g||L?Φ(Ω) ≤ 1�

GFI <C '<D8 �  �  ��444� J< K @<E< HL<
´

Ω
?Φ(g(x))dx ≤ 1 P� 8Ja�

ˆ

Ω

Φ

?
f(x)

|||f |||LΦ(Ω)

?
dx ≤ 1.

. @ =L<I8 ||g||L?Φ(Ω) > 1� <EKFE:<J máx
?
1, ||g||L?Φ(Ω)

?
= ||g||L?Φ(Ω) P� GFI <C D@JDF C<D8�

||g||L?Φ(Ω) ≤
´

Ω
?Φ(g(x))dx� ;< ;FE;< J< F9K@<E< HL<

ˆ

Ω

Φ

?
f(x)

|||f |||LΦ(Ω)

?
dx = 0.

 E :L8CHL@<I :8JF�
ˆ

Ω

Φ

?
f(x)

|||f |||LΦ(Ω)

?
dx ≤ 1,

CF HL< @DGC@:8 HL<
||f ||LΦ(Ω) ≤ |||f |||LΦ(Ω)

G8I8 KF;8 =LE:@cE f J@DGC<  . @ 8?FI8 f <J LE8 =LE:@cE D<;@9C< :FE 0 < |||f |||LΦ(Ω) < ∞�
<O@JK< LE8 JL:<J@cE ;< =LE:@FE<J J@DGC<J EF�E<>8K@M8J {fn} :I<:@<EK<J 8 |f | GLEKL8CD<EK< �
;< ;FE;< J< K@<E< HL< |||fn|||LΦ(Ω) ≤ |||f |||LΦ(Ω)   E :FEJ<:L<E:@8�

ˆ

Ω

Φ

?
fn(x)

|||f |||LΦ(Ω)

?
dx ≤

ˆ

Ω

Φ

?
fn(x)

|||fn|||LΦ(Ω)

?
dx ≤ 1



��  JG8:@FJ =LE:@FE8C<J

GFI CF GIF98;F 8EK<J  !@E8CD<EK< � ?8:@<E;F n → ∞� GFI <C K<FI<D8 ;< C8 :FEM<I><E:@8
DFEcKFE8 J< J@>L< HL<

ˆ

Ω

Φ

? |f(x)|
|||f |||LΦ(Ω)

?
dx ≤ 1,

P EL<M8D<EK< F9K<E<DFJ C8 ;<J@>L8C;8; ||f ||LΦ(Ω) ≤ |||f |||LΦ(Ω)   JKF @DGC@:8 C8 FKI8
:FEK<E:@cE

?
f : |||f |||LΦ(Ω) < ∞

?
⊆ LΦ(Ω)

� CF C8I>F ;<C �8GaKLCF � :FEJ@;<I8I<DFJ� 8;<D\J ;< <JG8:@FJ ;< *IC@:Q 8JF:@8;FJ
8 =LE:@FE<J ;< 4FLE>� <JG8:@FJ ;<�E@;FJ 8 KI8M_J ;< =LE:@FE<J EF�E<>8K@M8J B G8I8 C8J
:L8C<J <O@JK< LE8 =LE:@cE b : [0,+∞) → [0,+∞) :FEK@EL8 GFI @QHL@<I;8 HL< J8K@J=8:<
b(0) = 0 K8C HL<

B(t) =
ˆ t

0

b(s)ds. 	 �  �  � � 


 E ><E<I8C� <JK8 =LE:@cE GF;Ia8 EF J<I ;< 4FLE> :FDF DL<JKI8 <C '<D8 �  �  � � P8 HL<
b GL<;< J<I� GFI <A<DGCF� ;<:I<:@<EK< <E 8C>eE @EK<IM8CF F ELC8 8CI<;<;FI ;<C :<IF . @E
<D98I>F� GL<;< ;<�E@IJ< C8 @EM<IJ8 ><E<I8C@Q8;8 G8I8 B :FDF <E 	 �  �  � 
 

* KI8 :C8J< ;< =LE:@FE<J HL< :FEJ@;<I8I<DFJ G8I8 ;<�E@I <JG8:@FJ ;< *IC@:Q P HL<
I<JLCK8 J<I LE JL9:FEALEKF ;< C8 :C8J< ;< =LE:@FE<J ;< 4FLE>� <J C8 :C8J< ;< )�=LE:@FE<J 
�8DFJ 8HLa C8 ;<�E@:@cE :FII<JGFE;@<EK< P LE I<JLCK8;F HL< @EMFCL:I8 )�=LE:@FE<J HL<
J<I\ ;< LK@C@;8; <E <C <JKL;@F ;<C :FEKIFC ;< FG<I8;FI<J <E <C �8GaKLCF � 

�&�,)$):, � � � � � � � .<8 A : [0,+∞) → [0,+∞) LE8 =LE:@cE ;< 4FLE> �<:@DFJ HL< A
<J LE8 )�=LE:@cE J@ � 8;<D\J�

ĺım
t→0+

A(t)

t
= 0 P ĺım

t→+∞
A(t)

t
= +∞.

�&+" � � � � �� � %0,9 A D B /: > !�1@9. 4: 90 > <@0 >,?4>1,.09 7, .: 9/4. 4I9 ∆2 � �9?: 9.0 >�
A ◦ B 0 > ?,8- 4G9 @9, !�1@9. 4I9 09 7, . 7,>0 ∆2 �

�08: >?=,. 4I9�  J @ED<;@8KF HL< A ◦ B <J LE8 =LE:@cE ;< 4FLE> P8 HL< C8 :FDGFJ@:@cE
;< =LE:@FE<J :I<:@<EK<J P :FEM<O8J <J LE8 =LE:@cE :I<:@<EK< P :FEM<O8� (A ◦ B)(0) = 0 P
ĺımt→+∞(A ◦ B)(t) = +∞ �;<D\J� ;< C8 DFEFKFEa8 ;< A J< K @<E< HL< A ◦ B ∈ ∆2 

-<JK8 M<I HL<

ĺım
t→0+

(A ◦ B)(t)
t

= 0 P ĺım
t→+∞

(A ◦ B)(t)
t

= +∞.

+L<JKF HL< B(t)� B(t)/t P A(t)/t K @<E;<E 8 0 :L8E;F t → 0+ �

ĺım
t→0+

(A ◦ B)(t)
t

= ĺım
t→0+

A(B(t))
B(t)

B(t)
t

= 0.

4� 8E\CF>8D<EK< � :FDF B(t)� B(t)/t P A(t)/t K @<E;<E 8 +∞ :L8E;F t → +∞� K8D9@_E
ĺım

t→+∞
(A ◦ B)(t)/t = +∞



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ��

� � � � #!��� # �� ����#�%� �� �'! ���$� &�"�����

�<J;< GI@E:@G@FJ ;< CFJ 8bFJ � �� � CFJ <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ?8E
8;HL@I@;F >I8E EFKFI@<;8; ;<9@;F 8 HL< I<JLCK8E J<I <C \D9@KF 8;<:L8;F ;< <JKL;@F ;<
LE8 >I8E M8I@<;8; ;< GIF9C<D8J I<C8:@FE8;FJ :FE =<EcD<EFJ =aJ@:FJ � <EKI< CFJ :L8C<J J<
;<JK8:8E <C <JKL;@F ;< �L@;FJ <C<:KIFI<FCc>@:FJ � HL< JFE �L@;FJ HL< :8D9@8E ;< M@J:FJ@;8;
8EK< C8 GI<J<E:@8 ;< LE :8DGF <C_:KI@:F 	 M<I 6 ��7 
 � < C <JKL;@F ;<C �LAF ;< �L@;FJ <E D<�
;@FJ GFIFJFJ 	 M<I 6 � 7 
 � D8>E<KF<JK\K@:8 	 M<I 6 � � 7 
 P GIF:<JFJ ;< I<JK8LI8:@cE ;< @D\><E<J
	 M<I 6 � � 7 
   C GC8EK<F ;< <JKFJ GIF9C<D8J <JK\ aEK@D8D<EK< I<C8:@FE8;F :FE <C <JKL;@F ;<
GIFG@<;8;<J ;< I<>LC8I@;8; ;< JFCL:@FE<J ;< <:L8:@FE<J ;@=<I<E:@8C<J <E <C :FEK<OKF ;< CFJ
<JG8:@FJ D<E:@FE8;FJ  � @:?8J JFCL:@FE<J <JK\E :FEKIFC8;8J <E 8C>eE J<EK@;F GFI :@<IKFJ
FG<I8;FI<J ;<C 8E\C@J @J 8IDcE@:F� :LP8J GIFG@<;8;<J ;< I<>LC8I@;8; <J E<:<J8I@F :FEF:<I
G8I8 8Ja <JK89C<:<I GIFG@<;8;<J G8I8 C8J GI@D<I8J 

�8DFJ 8 :FEK@EL8:@cE C8 ;<�E@:@cE ;< CFJ <JG8:@FJ Lp(·) P 8C>LE8J ;< JLJ :8I8:K<IaJK @:8J
D\J @DGFIK8EK<J 

. <8 Ω LE 89@<IKF ;< Rn P J<8 p : Ω→ [1,∞) LE8 =LE:@cE D<;@9C< � 8 C8 HL<� ;< 8?FI8
<E 8;<C8EK< � ;<EFD@E8I<DFJ 1@9. 4I9 0C;:909?0  �8;F LE JL9:FEALEKF D<;@9C< E ;< Ω�
<J:I@9@I<DFJ

p−E = <JJ aE=
x∈E

p(x) P p+E = <JJ JLG
x∈E

p(x)

P� GFI J@DGC@:@;8;� ;<EFK8I<DFJ :FE p− P p+ 8C aE�DF P 8C JLGI<DF JF9I< KF;F <C <JG8:@F
Ω

' C8D8I<DFJ P(Ω) 8C :FEALEKF ;< KF;FJ CFJ <OGFE<EK<J ;<�E@;FJ JF9I< Ω P ;<EFK8I<DFJ
:FE P∗(Ω) 8C :FEALEKF ;< <OGFE<EK<J 8:FK8;FJ � <J ;<:@I� < C :FEALEKF ;< <OGFE<EK<J p :FE
p+ < ∞

�&�,)$):, � � � � � � �8;F P(Ω)� ;<:@DFJ HL< LE8 =LE:@cE D<;@9C< f G<IK<E<:< 8 Lp(·)(Ω)
J@ <C =LE:@FE8C

?p(·),Ω(f/λ) :=

ˆ

Ω

? |f(x)|
λ

?p(x)

dx

<J �E@KF G8I8 8C>eE λ > 0

 E I<8C@;8;� 8 CF C8I>F ;< C8 K<J@J JcCF :FEJ@;<I8I<DFJ <OGFE<EK<J 8:FK8;FJ � GFI CF
HL<� <E <J< :8JF� ;<:@I HL< f ∈ Lp(·)(Ω) <J <HL@M8C<EK< 8 HL<

ˆ

Ω

|f(x)|p(x)dx < ∞.

 J :C8IF HL< J@ <JKF eCK @DF F:LII< � <EKFE:<J f ∈ Lp(·)(Ω) KFD8E;F λ = 1 -<:aGIF:8D<EK< �
J @ <O@JK< λ > 0 K8C HL< ?p(·),Ω(f/λ) < ∞� <EKFE:<J

ˆ

Ω

|f(x)|p(x)dx ≤ máx{λ−p− , λ−p+}
ˆ

Ω

? |f(x)|
λ

?p(x)

dx < ∞.
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"->0=A,. 4I9 �  �  � � )FK8I HL< J@ p(x) ≡ p� Lp(·)(Ω) = Lp(Ω)� < C <JG8:@F ;< '<9<J>L<
:C\J@:F

 C =LE:@FE8C ?p(·),Ω J8K@J=8:< C8J J@>L@<EK<J GIFG@<;8;<J � HL< =L<IFE GIF98;8J <E 6 ��7
	 M<I K8D9@_E 6 �� 7 
 � DL:?8J ;< C8J :L8C<J J< J89<E M\C@;8J J@ <C <OGFE<EK< p(·) <J :FEJK8EK< 

�&+" � � � � � 	 6 � �7 
 � %0, p ∈ P∗(Ω) D Ω @9 ,- 40 =?: /0 Rn � �9?: 9.0 >�

�4� ?p(·),Ω(f) 0 > 9: 902,?4A, ;,=, ?:/, 1@9. 4I9 f D ?p(·),Ω(f) = 0 >4 D >I7: >4 f(x) = 0
;,=, .,>4 ?:/: x ∈ Ω�

�44� ?p(·),Ω(−f) = ?p(·),Ω(f) ;,=, ?:/, f �

�444� ?p(·),Ω(f) 0 > .: 9A0C, 09 0 7 >09?4/: <@0 � ;,=, ?:/: ;,= /0 1@9. 4: 90 > f D g� D ;,=, ?:/:
θ ∈ [0, 1]� ?p(·),Ω(θf + (1− θ)g) ≤ θ?p(·),Ω(f) + (1− θ)?p(·),Ω(g)�

�4A� ?p(·),Ω(f) ≤ ?p(·),Ω(g) >408;=0 <@0 |f(x)| ≤ |g(x)| ;,=, .,>4 ?:/: x ∈ Ω�

�A� >4 0 < ?p(·),Ω(f) < ∞� 0 7 8,;0: λ ?→ ?p(·),Ω(f/λ) 0 > .: 9?49@: D /0.=0. 409?0 >: - =0
[1,∞)�

�08: >?=,. 4I9� '8 ;<DFJKI8:@cE ;< �4� <J @ED<;@8K8 GFI J<I ?p(·),Ω(f) C8 @EK<>I8C ;< LE8
=LE:@cE EF�E<>8K@M8� P �44� J< K @<E< KI@M@8CD<EK< ;< C8 @>L8C;8; |f | = | − f |

+ IF9<DFJ C8 GIFG@<;8; �444�  . <8 θ ∈ [0, 1]� P f, g ;FJ =LE:@FE<J ;<�E@;8J JF9I< Ω
'L<>F� ;8;F HL< p(x) ≥ 1 G8I8 KF;F x ∈ Ω� LJ8DFJ C8 :FEM<O@;8; ;< C8 =LE:@cE h(t) =
|t|p(x) G8I8 :8;8 x �AF P C8 ;<J@>L8C;8; KI@8E>LC8I G8I8 F9K<E<I

?p(·),Ω(θf + (1− θ)g) =

ˆ

Ω

|θf(x) + (1− θ)g(x)|p(x)dx

≤
ˆ

Ω

θ|f(x)|p(x) + (1− θ)|g(x)|p(x)dx

= θ?p(·),Ω(f) + (1− θ)?p(·),Ω(g).

+FI CF K8EKF� ?p(·),Ω <J :FEM<O8

 J =\:@C M<I HL< M8C< �4A� GL<J � J @ |f(x)| ≥ |g(x)| G8I8 :8J@ KF;F x ∈ Ω� |f(x)|p(x) ≥
|g(x)|p(x) G8I8 :8J@ KF;F x ∈ Ω P CL<>F @EK<>I8DFJ 

�<DFJKI<DFJ �A�  1<8DFJ GI@D<IF HL< <C D8G<F <J ;<:I<:@<EK<  . <8E λ1, λ2 ∈ [1,∞)
:FE λ1 < λ2  'L<>F� |f(x)/λ1| ≥ |f(x)/λ2| G8I8 KF;F x ∈ Ω � FDF ?p(·),Ω(f) < ∞
P ?p(·),Ω(f/λ) ≤ ?p(·),Ω(f)� GFI �4A� I<JLCK8 ?p(·),Ω(f/λ) < ∞ G8I8 KF;F λ ∈ [1,∞) P�
<EKFE:<J � ?p(·),Ω(f/λ1) ≥ ?p(·),Ω(f/λ2)  J ;<:@I� C8 =LE:@cE λ ?→ ?p(·),Ω(f/λ) <J ;<:I<:@<EK<
<E [1,∞).

!@E8CD<EK< � GIF9<DFJ C8 :FEK@EL@;8; ;<C =LE:@FE8C ?p(·),Ω(f/λ) I<JG<:KF ;< λ . <8
λ0 ∈ [1,∞) P {λn} LE8 JL:<J@cE <E [1,∞) K8C HL< λn → λ0  �<�E@DFJ C8 JL:<J@cE ;<



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ��

=LE:@FE<J fn(x) = |f(x)/λn|p(x) � C8J :L8C<J J8K@J=8:<E

ĺım
n→∞

fn(x) =

????
f(x)

λ0

????
p(x)

, ∀ x ∈ Ω.

�;<D\J� :FDF λn ∈ [1,∞)� I<JLCK8 HL< |fn(x)| ≤ |f(x)|p(x) G8I8 KF;F n ∈ N +<IF
|f(x)|p(x) <J @EK<>I89C< GL<J ?p(·),Ω(f) < ∞� ;< ;FE;<� GFI <C /<FI<D8 ;< C8 �FEM<I><E:@8
�FD@E8;8� J< K @<E< HL<

?p(·),Ω(f/λ0) =

ˆ

Ω

????
f(x)

λ0

????
p(x)

dx = ĺım
n→∞

ˆ

Ω

????
f(x)

λn

????
p(x)

dx = ĺım
n→∞

?p(·),Ω(f/λn)

+FI CF K8EKF� C8 =LE:@cE λ ?→ ?p(·),Ω(f/λ) <J :FEK@EL8 <E [1,∞)

)FK<DFJ HL< <C =LE:@FE8C ?p(·),Ω EF <J LE8 EFID8 8eE :L8E;F J8K@J=8:< C8J GIFG@<;8;<J
�4� P �44� � GL<J E@ C8 GIFG@<;8; ;< ?FDF><E<@;8; E@ C8 ;<J@>L8C;8; KI@8E>LC8I JFE :@<IK8J 
'8J GIFG@<;8;<J ;<C '<D8 �  �  � :8I8:K<I@Q8E 8 ?p(·),Ω :FDF C8 DF;LC8I :FEM<O8 <E <C
J<EK@;F ;< 6 �� 7  . @E <D98I>F� 8 G8IK@I ;< C8 DF;LC8I :FEM<O8 J< GL<;< ;<�E@I C8 J@>L@<EK<
:8EK@;8;� HL< I<JLCK8I\ J<I LE8 EFID8 G8I8 <C <JG8:@F Lp(·)(Ω)

�&�,)$):, � � � � �� �8;FJ p ∈ P∗(Ω) P Ω LE 89@<IKF ;< Rn � ;<�E@DFJ <C =LE:@FE8C

||f ||p(·),Ω := ı́nf{λ > 0 : ?p(·),Ω(f/λ) ≤ 1}.

. @ Ω = Rn � <J:I@9@I<DFJ J@DGC<D<EK< || · ||p(·),Rn = || · ||p(·) P� :L8E;F <C <OGFE<EK< p(x) ≡ p�
;<EFK8I<DFJ 8C =LE:@FE8C GFI || · ||p(·),Ω = || · ||p,Ω 

*9J<IM<DFJ HL<� 8 ;@=<I<E:@8 ;< CFJ <JG8:@FJ Lp :C\J@:FJ ;FE;< J< K<Ea8 C8 I<C8:@cE
||f ||p,Ω = ?p,Ω(f)

1/p � <JKF P8 EF <J GFJ@9C< :L8E;F p EF <J :FEJK8EK<  . @E <D98I>F� J<
K @<E<E C8J J@>L@<EK<J I<C8:@FE<J <EKI< C8 DF;LC8I ?p(·),Ω P <C =LE:@FE8C || · ||p(·),Ω � C8J :L8C<J
J<I\E ;< >I8E LK@C@;8; G8I8 C8 F9K<E:@cE ;< CFJ I<JLCK8;FJ ;< :FEK@EL@;8; <E <C �8GaKLCF �

�&+" � � � � � 	 6 � �7 � 6 � � 7 
 � %0, p ∈ P∗(Ω) D Ω @9 ,- 40 =?: /0 Rn � �9?: 9.0 >�

�4� ||f ||p(·),Ω = 0 >4 D >I7: >4 ?p(·),Ω(f) = 0�

�44� ?p(·),Ω(f/||f ||p(·),Ω) = 1 >408;=0 <@0 0 < ||f ||p(·),Ω < ∞�

�444� %4 ?p(·),Ω(f/λ) ≤ 1 .: 9 λ > 0� 0 9?: 9.0 > ||f ||p(·),Ω ≤ λ D� >4 ?p(·),Ω(f) ≤ C ;,=,

,72@9, .: 9>?,9?0 C > 0� 0 9?: 9.0 > ||f ||p(·),Ω ≤ mı́n{C1/p− , C1/p+}�

�4A� %4 ||f ||p(·),Ω ≤ 1� 0 9?: 9.0 > ?p(·),Ω(f) ≤ ||f ||p(·),Ω �  F> ,J9� ||f ||p(·),Ω = 1 >4 D >I7: >4
?p(·),Ω(f) = 1�

�A� %4 {fn}n∈N 0 > @9, >@.0 >4I9 /0 1@9. 4: 90 > 9: �902,?4A,> ?, 70 > <@0 fn ? f � 0 9?: 9.0 >
||fn||p(·),Ω ? ||f ||p(·),Ω



��  JG8:@FJ =LE:@FE8C<J

�08: >?=,. 4I9� �FDF M@DFJ� J @ ?p(·),Ω(f) = 0� <EKFE:<J f(x) = 0 G8I8 :8J@ KF;F x ∈ Ω P
<EKFE:<J ?p(·),Ω(f/λ) = 0 G8I8 KF;F λ > 0� ;< ;FE;< ||f ||p(·),Ω = 0 -<:aGIF:8D<EK< � J @
||f ||p(·),Ω = 0� G8I8 :8;8 n ∈ N <O@JK< 0 < λn < 1/n K8C HL< ?p(·),Ω(f/λn) ≤ 1 'L<>F� G8I8
:8;8 n ∈ N J< F9K@<E< HL<

1

λn

ˆ

Ω

|f(x)|p(x)dx ≤
ˆ

Ω

? |f(x)|
λn

?p(x)

dx ≤ 1, 	 �  �  � 


<J ;<:@I� ?p(·),Ω(f) ≤ λn < 1/n G8I8 KF;F n ∈ N #8:@<E;F n →∞� I<JLCK8 ?p(·),Ω(f) = 0

1<8DFJ HL< M8C< �44�  + I@D<IF DFJKI8I<DFJ HL< ?p(·),Ω(f/||f ||p(·),Ω) ≤ 1 +FI ;<��
E@:@cE ;< ||f ||p(·),Ω � <O@JK< {λn}n∈N LE8 JL:<J@cE ;<:I<:@<EK< 8 ||f ||p(·),Ω < ∞ K8C HL<
?p(·),Ω(f/λn) ≤ 1 G8I8 KF;F n ∈ N +FI <C '<D8 ;< !8KFL K<E<DFJ HL<

?p(·),Ω

?
f

||f ||p(·),Ω

?
=

ˆ

Ω

????
f(x)

||f ||p(·),Ω

????
p(x)

dx =

ˆ

Ω

ĺım inf
n→∞

????
f(x)

λn

????
p(x)

dx

≤ ĺım inf
n→∞

ˆ

Ω

????
f(x)

λn

????
p(x)

dx = ĺım inf
n→∞

?p(·),Ω

?
f

λn

?
.

�FDF G8I8 KF;F n ∈ N� ?p(·),Ω(f/λn) ≤ 1� J< J@>L< HL< ĺım inf
n→∞

?p(·),Ω(f/λn) ≤ 1 P� GFI

C8 ;<J@>L8C;8; 8EK<I@FI� F9K<E<DFJ HL< ?p(·),Ω(f/||f ||p(·),Ω) ≤ 1

1<8DFJ 8?FI8 HL< ;@:?8 :8EK@;8; <J <O8:K8D<EK< 1 +8I8 <CCF � EFK<DFJ HL< :L8CHL@<I8
J<8 0 < λ < ||f ||p(·),Ω M8C<

?p(·),Ω (f/λ) ≤ (||f ||p(·),Ω/λ)p
+

?p(·),Ω
?
f/||f ||p(·),Ω

?

GFI J<I p+ ≥ 1 �Ja� J @ F:LII@<I8 HL< ?p(·),Ω
?
f/||f ||p(·),Ω

?
< 1� K<E;Ia8DFJ G8I8 KF;FJ <JFJ

M8CFI<J ;< λ HL< ?p(·),Ω (f/λ) < (||f ||p(·),Ω/λ)p+  'L<>F� ?8:@<E;F λ → ||f ||p(·),Ω J< K @<E<
HL<

ĺım
λ→||f ||p(·),Ω

?p(·),Ω

?
f

λ

?
≤ ĺım

λ→||f ||p(·),Ω

? ||f ||p(·),Ω
λ

?p+

= 1

 O@JK @Ia8� <EKFE:<J � 8C D<EFJ LE λ < ||f ||p(·),Ω HL< M<I@�:8 ?p(·),Ω(f/λ) ≤ 1� CF HL<
:FEKI8;@:< HL< ||f ||p(·),Ω <J <C aE�DF 'L<>F� ;<9< J<I ?p(·),Ω(f/||f ||p(·),Ω) = 1

+8I8 GIF98I �444� � EFK<DFJ HL<� J @ λ > 0 <J K8C HL< ?p(·),Ω(f/λ) ≤ 1� <EKFE:<J λ
@EK<IM@<E< <E <C :FEALEKF {λ > 0 : ?p(·),Ω(f/λ) ≤ 1} P I<JLCK8 HL< JL aE�DF ||f ||p(·),Ω ≤ λ

. LGFE>8DFJ 8?FI8 HL< ?p(·),Ω(f) ≤ C G8I8 8C>LE8 :FEJK8EK< C > 0 . @ C ≤ 1� <EKFE:<J

?p(·),Ω(f/C
1/p−) ≤ 1

C
?p(·),Ω(f) ≤ 1.

. @� <E :8D9@F� C > 1�

?p(·),Ω(f/C
1/p+) ≤ 1

C
?p(·),Ω(f) ≤ 1.



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ��

'L<>F� ;< 8D9FJ :8JFJ P <E M@IKL; ;< CF GIF98;F 8EK<J �

||f ||p(·),Ω ≤ mı́n{C1/p− , C1/p+}.

+FI eCK @DF� GIF9<DFJ �4A�  . @ ||f ||p(·),Ω > 0� <J:I@9@<E;F f = ||f ||p(·),Ω(f/||f ||p(·),Ω)�
LJ8DFJ C8 :FEM<O@;8; ;< ?p(·),Ω :FE θ = ||f ||p(·),Ω  +L<JKF HL< ?p(·),Ω

?
f/||f ||p(·),Ω

?
= 1

GFI �44� � J< J@>L< HL< ?p(·),Ω(f) ≤ ||f ||p(·),Ω  . @ ||f ||p(·),Ω = 0� ?p(·),Ω(f) = 0 = ||f ||p(·),Ω <E
M@IKL; ;< �4� 

�?FI8 9@<E� ;< �44� � ||f ||p(·),Ω = 1� <EKFE:<J ?p(·),Ω(f) = ?p(·),Ω
?
f/||f ||p(·),Ω

?
= 1

-<:aGIF:8D<EK< � J @ ?p(·),Ω(f) = 1� <EKFE:<J ;< �444� J< K @<E< HL< ||f ||p(·),Ω ≤ 1 . @ =L<I8 HL<
||f ||p(·),Ω < 1� <EKFE:<J <O@JK< ||f ||p(·),Ω < λ < 1 K8C HL< ?p(·),Ω(f/λ) ≤ 1 P J@>L@<E;F C8J
@;<8J ;< 	 �  �  � 
 � I<JLCK8 HL< ?p(·),Ω(f) ≤ λ < 1� CF :L8C <J LE8 :FEKI8;@::@cE �Ja� ;<9< J<I
||f ||p(·),Ω = 1

 E M@IKL; ;< CFJ '<D8J �  �  � P �  �  � � || · ||p(·),Ω <J LE8 EFID8 G8I8 Lp(·)(Ω)

�&+" � � � � 
 	 6 � �7 
 � %0, p ∈ P∗(Ω) D Ω @9 ,- 40 =?: /0 Rn � �9?: 9.0 >� 0 7 1@9. 4: 9,7 || · ||p(·),Ω
/0�90 @9, 9: =8, 09 0 7 0 >;,. 4: Lp(·)(Ω)�

�08: >?=,. 4I9� �C8I8D<EK< � ||f ||p(·),Ω ≥ 0 GFI J<I <C aE�DF ;< LE :FEALEKF ;< EeD<IFJ
I<8C<J GFJ@K @MFJ  �;<D\J� :FDF M@DFJ <E <C C<D8 8EK<I@FI� ||f ||p(·),Ω = 0 <J <HL@M8C<EK< 8
HL< ?p(·),Ω(f) = 0� CF HL< <HL@M8C< K8D9@_E 8 ;<:@I HL< f = 0 <E :8J@ KF;F GLEKF GFI <C
'<D8 �  �  ��4� 

1<I@�HL<DFJ C8 ?FDF><E<@;8; ;<C =LE:@FE8C . <8 α ∈ R � C8I8D<EK< � G8I8 α = 0� J<
K @<E< ||αf ||p(·),Ω = |α|||f ||p(·),Ω  . LGFE>8DFJ α ?= 0  E M@IKL; ;< '<D8 �  �  ��44� F9K<E<DFJ

||αf ||p(·),Ω = ı́nf

?
λ > 0 : ?p(·),Ω

?
αf

λ

?
≤ 1

?
= ı́nf

?
λ > 0 : ?p(·),Ω

?
f
λ
|α|

?
≤ 1

?

= ı́nf

?
|α| λ

|α| > 0 : ?p(·),Ω

?
f
λ
|α|

?
≤ 1

?
= ı́nf

?
|α|β > 0 : ?p(·),Ω

?
f

β

?
≤ 1

?

= |α| ı́nf
?
β > 0 : ?p(·),Ω(f/β) ≤ 1

?
= |α|||f ||p(·),Ω.

+FI eCK @DF� M<8DFJ HL< M8C< C8 ;<J@>L8C;8; KI@8E>LC8I . <8E f P g ;FJ =LE:@FE<J
D<;@9C<J :FE ||f ||p(·),Ω, ||g||p(·),Ω < ∞ )FK<DFJ HL< J@ ||f ||p(·),Ω = 0 c ||g||p(·),Ω = 0� M8C<
C8 @>L8C;8; ||f + g||p(·),Ω = ||f ||p(·),Ω + ||g||p(·),Ω  . LGFE>8DFJ� GL<J � HL< ||f ||p(·),Ω > 0 P
||g||p(·),Ω > 0

*9J<IM<DFJ HL< J@ KFD8DFJ

β =
||f ||p(·),Ω

||f ||p(·),Ω + ||g||p(·),Ω
P γ =

||g||p(·),Ω
||f ||p(·),Ω + ||g||p(·),Ω



��  JG8:@FJ =LE:@FE8C<J

<EKFE:<J β + γ = 1 P

f + g

||f ||p(·),Ω + ||g||p(·),Ω
= β

f

||f ||p(·),Ω
+ γ

g

||g||p(·),Ω
.

�Ja� GFI C8 :FEM<O@;8; ;< ?p(·),Ω P <C '<D8 �  �  � �44� �

?p(·),Ω

?
f + g

||f ||p(·),Ω + ||g||p(·),Ω

?
≤ β?p(·),Ω

?
f

||f ||p(·),Ω

?
+ γ?p(·),Ω

?
g

||g||p(·),Ω

?
= β + γ = 1.

!@E8CD<EK< � ;<C '<D8 �  �  � �444� J< K @<E< HL< ||f + g||p(·),Ω ≤ ||f ||p(·),Ω + ||g||p(·),Ω 

� FE <JK8 EFID8� <C <JG8:@F Lp(·)(Ω) I<JLCK8 J<I ;< �8E8:?� :FDF J< DFJKIc <E 6 ��7 

�&-/&+" � � � � � 	 6 � �7 
 � �,/: p ∈ P∗(Ω) D Ω @9 ,- 40 =?: /0 Rn � Lp(·)(Ω) 0 > @9 0>;,. 4: /0
�,9,.3 ;=: A4>?: .: 9 7, 9: =8, || · ||p(·),Ω �

0EF GF;Ia8 G<EJ8I HL< CFJ <JG8:@FJ Lp(·) ?<I<;8E DL:?8J ;< C8J GIFG@<;8;<J ;< CFJ
<JG8:@FJ ;< '<9<J>L< :C\J@:FJ � :L8E;F <C <OGFE<EK< p <J :FEJK8EK<  . @E <D98I>F� <C FG<�
I8;FI KI8JC8:@cE EF <J � <E ><E<I8C� :FEK@ELF JF9I< Lp(·)  (\J GI<:@J8D<EK< � ;8;F :L8CHL@<I
<OGFE<EK< p EF :FEJK8EK< � <O@JK< f ∈ Lp(·)(Rn) K8C HL< τhf(·) = f(·+ h) /∈ Lp(·)(Rn) G8I8
8C>eE h ∈ Rn 	 M<I 6 �� 7 F 6 ��7 
   E :FEJ<:L<E:@8� C8 :FEMFCL:@cE ;< =LE:@FE<J f ∈ Lp(·)(Rn)
:FE =LE:@FE<J @EK<>I89C<J g GL<;< EF G<IK<E<:<I 8 Lp(·)(Rn)� <JKF <J � EF M8C< <E ><E<I8C
C8 ;<J@>L8C;8; ;< 4FLE> ||f ∗ g||p(·) ? ||f ||p(·)||g||1  �8;F HL< <JK8J GIFG@<;8;<J P8 EF JFE
:@<IK8J � DL:?FJ ;< CFJ I<JLCK8;FJ HL< J< M<I@�:8E JF9I< CFJ <JG8:@FJ ;< '<9<J>L< :C\J@:FJ
EF JFE M\C@;FJ <E <C :FEK<OKF M8I@89C<  � G<J8I ;< <CCF � DL:?FJ FKIFJ I<JLCK8;FJ J< J@>L<E
M<I@�:8E;F� G<IF I<HL@<I<E ;< ?@GcK<J@J 8;@:@FE8C<J P ;< EL<M8J K_:E@:8J G8I8 GIF98ICFJ 

� :FEK@EL8:@cE� ;8DFJ 8C>LEFJ I<JLCK8;FJ DLP @DGFIK8EK<J HL< LK@C@Q8I<DFJ =I<:L<E�
K<D<EK< <E <C �8GaKLCF �� DL:?FJ ;< CFJ :L8C<J ><E<I8C@Q8E 8 CFJ P8 :FEF:@;FJ JF9I<
<JG8:@FJ ;< '<9<J>L< :C\J@:FJ   C GI@D<IF ;< <CCFJ <J C8 ><E<I8C@Q8:@cE ;< C8 ;<J@>L8C;8;
;< #dC;<I

�/-.-0)$):, � � � � � 	 6 � �7 
 � %0, Ω @9 ,- 40 =?: /0 Rn D p ∈ P∗(Ω) .: 9 p− > 1� %0, p? ∈ P(Ω)
?, 7 <@0 1/p(x) + 1/p?(x) = 1 ;,=, ?:/: x ∈ Ω� �9?: 9.0 >� ;,=, ?:/, f ∈ Lp(·)(Ω) D ?:/,
g ∈ Lp?(·)(Ω) >0 ?4090 <@0

ˆ

Ω

|f(x)g(x)|dx ≤ cp||f ||p(·),Ω||g||p?(·),Ω

/:9/0 cp = 1 + 1/p− − 1/p+ �

" - >0 =A,. 4I9 �  �  � � � . @ p(x) ≡ p > 1� cp = 1 P J< I<:LG<I8 C8 :C\J@:8 ;<J@>L8C;8; ;<
#dC;<I



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< � �

�08: >?=,. 4I9 /0 7, #=:;: >4. 4I9 
� 
� �� +L<JKF HL< C8 ;<J@>L8C;8; <J KI@M@8C J@ ||f ||p(·),Ω =
0 F ||g||p?(·),Ω = 0� GF;<DFJ JLGFE<I HL< 8D98J EFID8J JFE EF ELC8J 

�FDF 1 < p− ≤ p(x) ≤ p+ < ∞� M8C< C8 ;<J@>L8C;8; ;< 4FLE> :C\J@:8 ;8;8 <E 	 �  �  � � 

G8I8 :8;8 x ∈ Ω �AF  JKF <J � M8C< C8 J@>L@<EK< ;<J@>L8C;8;

|f(x)||g(x)|
||f ||p(·),Ω||g||p?(·),Ω

≤ 1

p(x)

? |f(x)|
||f ||p(·),Ω

?p(x)

+
1

p?(x)

? |g(x)|
||g||p?(·),Ω

?p?(x)

.

$EK<>I8E;F JF9I< Ω P LJ8E;F C8 GIFG@<;8; �44� ;<C '<D8 �  �  � K<E<DFJ HL<

ˆ

Ω

f(x)g(x)

||f ||p(·),Ω||g||p?(·),Ω
dx ≤

ˆ

Ω

1

p(x)

?
f(x)

||f ||p(·),Ω

?p(x)

dx +

ˆ

Ω

1

p?(x)

?
g(x)

||g||p?(·),Ω

?p?(x)

dx

≤ 1

p−

ˆ

Ω

?
f(x)

||f ||p(·),Ω

?p(x)

dx +
1

(p?)−

ˆ

Ω

?
g(x)

||g||p?(·),Ω

?p?(x)

dx

=
1

p−
+

1

(p?)−
.

 J =\:@C M<I HL< (p?)− = (p+)? � ;< ;FE;< J< K@<E< HL<

1

(p?)−
=

1

(p+)?
= 1− 1

p+
.

�Ja�
ˆ

Ω

|f(x)g(x)|dx ≤ cp||f ||p(·),Ω||g||p?(·),Ω

:FDF HL<Ia8DFJ GIF98I

 E 8C>LEFJ :8JFJ I<JLCK8I\ eK@C LJ8I LE8 M8I@8EK< ;< C8 ;<J@>L8C;8; 8EK<I@FI HL< @EMFCL�
:I8 KI<J <OGFE<EK<J � C8 :L8C ><E<I8C@Q8 8 C8 ;<J@>L8C;8; 	 �  �  � 
 G8I8 <OGFE<EK<J :FEJK8EK<J 

�/-.-0)$):, � � � � � � 	 6 � � 7 
 � %0, Ω @9 ,- 40 =?: /0 Rn D >0,9 p, q ∈ P∗(Ω)� %0, r ∈ P(Ω)
?, 7 <@0 1/r(x) = 1/p(x) + 1/q(x) ;,=, ?:/: x ∈ Ω D >@;:92,8: > <@0 r− > 1 D <@0
(p/r)−, (q/r)− > 1� �9?: 9.0 >� ;,=, ?:/, f ∈ Lp(·)(Ω) D ?:/, g ∈ Lq(·)(Ω) >0 ?4090 <@0

||fg||r(·),Ω ≤ C||f ||p(·),Ω||g||q(·),Ω

;,=, ,72@9, .: 9>?,9?0 C > 0�

�08: >?=,. 4I9� )FK<DFJ HL< ;< C8 I<C8:@cE <EKI< r, p, q J< K @<E< HL< 1 = 1/(p(x)/r(x)) +
1/(q(x)/r(x)) P :FDF (p/r)−, (q/r)− > 1� M8C< C8 ;<J@>L8C;8; ;< 4FLE> 	 �  �  � � 
 :FE
<OGFE<EK<J p(x)/r(x) P q(x)/r(x) G8I8 :8;8 x �AF� <JKF <J �

|f(x)g(x)|
||f ||p(·),Ω||g||q(·),Ω

≤ 1
p(x)
r(x)

? |f(x)|
||f ||p(·),Ω

? p(x)
r(x)

+
1

q(x)
r(x)

? |g(x)|
||g||q(·),Ω

? q(x)
r(x)

.



��  JG8:@FJ =LE:@FE8C<J

 C<M8E;F 8 C8 GFK<E:@8 r(x) P LJ8E;F HL< C8 =LE:@cE t ?→ |t|r(x) <J :FEM<O8 G8I8 :8;8 x
�AF� K<E<DFJ HL<

? |f(x)g(x)|
||f ||p(·),Ω||g||q(·),Ω

?r(x)

≤ 1
p(x)
r(x)

? |f(x)|
||f ||p(·),Ω

?p(x)

+
1

q(x)
r(x)

? |g(x)|
||g||q(·),Ω

?q(x)

.

+IF:<;@<E;F :FDF <E C8 GIL<98 ;< C8 +IFGFJ@:@cE �  �  � K<E<DFJ HL<

ˆ

Ω

? |f(x)g(x)|
||f ||p(·),Ω||g||q(·),Ω

?r(x)

dx ≤ 1

(p/r)−
+

1

(q/r)−
= K.

0J8E;F <C '<D8 �  �  � �444� K<E<DFJ HL<
????

fg

||f ||p(·),Ω||g||q(·),Ω

????
r(·),Ω

≤ mı́n{K1/r− , K1/r+},

P ;< C8 ?FDF><E<@;8; ;< C8 EFID8 J< J@>L<

||fg||r(·),Ω ≤ C||f ||p(·),Ω||g||q(·),Ω

:FE C = mı́n{K1/r− , K1/r+}

�< D8E<I8 J@D@C8I 8 :FDF J< ?@QF <E C8 J<::@cE 8EK<I@FI JF9I< <JG8:@FJ ;< *IC@:Q �
GF;<DFJ ><E<I8C@Q8I 8 Lp(·) � <E :@<IKF J<EK@;F� C8 J@>L@<EK< @;<EK@;8;

||f ||p,Ω = sup
||g||p?,Ω≤1

ˆ

Ω

f(x)g(x)dx,

:FDF DL<JKI8 C8 GIFGFJ@:@cE HL< J@>L< GIF98;8 <E 6 ��7 

�/-.-0)$):, � � � � � � 	 6 � �7 
 � %0, 1 < p− ≤ p+ < ∞ D

|||f |||p(·),Ω := sup
||g||p?(·),Ω≤1

ˆ

Ω

f(x)g(x)dx.

�9?:9.0 >� ;,=, ?:/, f ∈ Lp(·)(Ω) >0 ?40909 7,> /0 >42@,7/,/0 >

||f ||p(·),Ω ≤ |||f |||p(·),Ω ≤ cp||f ||p(·),Ω, 	 �  �  � � 


/:9/0 cp 0 > 7, .: 9>?,9?0 <@0 ,;,=0.0 7, #=:;: >4. 4I9 
� 
� � �  F> ,J9�

Lp(·)(Ω) = {f : |||f |||p(·),Ω < ∞}.

�08: >?=,. 4I9� 1<8DFJ HL< M8C<E C8J ;<J@>L8C;8;<J <E 	 �  �  � � 
 G8I8 KF;8 f ∈ Lp(·)(Ω)
. <8 g ∈ Lp?(·)(Ω) :FE ||g||p?(·),Ω ≤ 1 'L<>F� GFI C8 ;<J@>L8C;8; ;< #dC;<I ><E<I8C@Q8;8
K<E<DFJ HL<

ˆ

Ω

f(x)g(x)dx ≤
ˆ

Ω

|f(x)g(x)|dx ≤ cp||f ||p(·),Ω||g||p?(·),Ω ≤ cp||f ||p(·),Ω.



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ��

/FD8E;F JLGI<DF JF9I< KF;8J C8J =LE:@FE<J g :FE ||g||p?(·),Ω ≤ 1� I<JLCK8

|||f |||p(·),Ω ≤ cp||f ||p(·),Ω.

.< F9K@<E< 8Ja C8 J<>LE;8 ;<J@>L8C;8; P� <E :FEJ<:L<E:@8� Lp(·)(Ω) ⊆
?
f : |||f |||p(·),Ω < ∞

?


�?FI8 JLGFE>8DFJ HL< |||f |||p(·),Ω < ∞ . @ |||f |||p(·),Ω = 0� <EKFE:<J f = 0 <E :8J@ KF;F
GLEKF  E <=<:KF� J @ <O@JK @<I8 8C>eE :FEALEKF E :FE 0 < |E| < ∞ ;FE;< f ?= 0� <EKFE:<J
g = mı́n{|E|−1/(p?)− , |E|−1/(p?)+}sgn(f)χE ∈ Lp?(·)(Ω) J8K@J=8:<

?p?(·),Ω(g) =

ˆ

E

?
mı́n{|E|−1/(p?)− , |E|−1/(p?)+}|sgn(f(x))|

?p?(x)
dx ≤ 1.

 E :FEJ<:L<E:@8�

|||f |||p(·),Ω ≥
ˆ

Ω

f(x)g(x)dx = mı́n{|E|−1/(p?)− , |E|−1/(p?)+}
ˆ

E

|f(x)|dx > 0,

CF HL< :FEKI8;@:< CF JLGL<JKF +FI CF K8EKF� f = 0 <E :8J@ KF;F GLEKF P 8Ja ||f ||p(·),Ω = 0

. LGFE>8DFJ <EKFE:<J HL< |||f |||p(·),Ω > 0 � FDF f ∈ Lp(·)(Ω)� 0 < ||f ||p(·),Ω < ∞
�;<D\J� :FDF p− > 1� p?(x) ≤ (p?)+ = (p−)? < ∞ G8I8 KF;F x ∈ Ω 'L<>F� J @ ;<�E@DFJ
C8 =LE:@cE

g(x) =

? |f(x)|
||f ||p(·),Ω

?p(x)−1

sgn(f(x)), x ∈ Ω

K<E<DFJ HL<

?p?(·),Ω(g) =

ˆ

Ω

? |f(x)|
||f ||p(·),Ω

?(p(x)−1)p?(x)

dx =

ˆ

Ω

? |f(x)|
||f ||p(·),Ω

?p(x)

dx = 1,

CF HL< J< KI8;L:< <E HL< ||g||p?(·),Ω = 1 GFI <C '<D8 �  �  � �4A�  �Ja� :FE:CL@DFJ HL<

|||f |||p(·),Ω ≥
ˆ

Ω

f(x)g(x)dx = ||f ||p(·),Ω
ˆ

Ω

? |f(x)|
||f ||p(·),Ω

?p(x)

dx = ||f ||p(·),Ω.

� � � � � � �����
����� �� ���� ���	�����
	�

'8J :FE;@:@FE<J ;< K@GF CF>8IaKD@:8J HL< J< ;<�E@I\E 8 :FEK@EL8:@cE JLI><E ;<C <JKL;@F
;< C8J GIFG@<;8;<J ;< 8:FK8:@cE ;<C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; <E <C :FEK<OKF
;< CFJ <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< Lp(·)   E GI@D<I8 @EJK8E:@8� <E 6 �� 7 � < C
8LKFI GIL<98 HL< J@ p ∈ P∗(Rn) <J LE <OGFE<EK< HL< J8K@J=8:< C8 J@>L@<EK< :FE;@:@cE

|p(x)− p(y)| ≤ C

− log(|x− y|) J@ |x− y| < 1/2 	 �  �  � �


P� 8;<D\J� <J :FEJK8EK< =L<I8 ;< LE8 9FC8 �A8 :<EKI8;8 <E <C FI@><E� <EKFE:<J ;@:?F
FG<I8;FI <JK\ 8:FK8;F <E Lp(·)(Rn)
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+FJK<I@FID<EK< � <E 6 � � 7 � CFJ 8LKFI<J I<<DGC8Q8E C8 :FE;@:@cE ;< :FEJK8E:@8 ;< p =L<I8
;< LE8 9FC8 GFI C8 J@>L@<EK< :FE;@:@cE ;< ;<:8@D@<EKF <E <C @E�E@KF

|p(x)− p(y)| ≤ C

log(e + |x|) ∀|y| ≥ |x|, 	 �  �  � � 


HL< � ALEKF :FE C8 :FE;@:@cE 	 �  �  � �
 � 8J<>LI8E <C D@JDF I<JLCK8;F 18I@8EK<J ;< <JK8J :FE�
;@:@FE<J =L<IFE ;8;8J <E 6 �� 7 P I<JLCK8;FJ J@D@C8I<J <E ;@M<IJFJ :FEK<OKFJ =L<IFE GIF98;FJ
<E 6 ��7 P 6 � � 7 � <EKI< FKIFJ 

. @ Ω <J LE 89@<IKF ;< Rn � ;8;F p ∈ P∗(Ω) ;@I<DFJ HL< p <J CF>�#dC;<I :FEK@ELF� P
CF ;<EFK8I<DFJ GFI p ∈ P log(Ω)� J @ p J8K@J=8:< 	 �  �  � �
 P 	 �  �  � � 
 G8I8 x, y ∈ Ω � 89<
F9J<IM8I HL< J@ Ω <J 8:FK8;F� JcCF J< G@<EJ8 <E C8 :FE;@:@cE 	 �  �  � �
 P8 HL< C8 J<>LE;8
:FE;@:@cE <J J@<DGI< M\C@;8

0E <A<DGCF ;< <OGFE<EK<J HL< J8K@J=8:<E C8 :FE;@:@cE 	 �  �  � �
 JFE C8J =LE:@FE<J '@GJ�
:?@KQ P8 HL<� J @ |x− y| < 1/2�

|p(x)− p(y)| ≤ C|x− y| ≤ C

log(1/|x− y|) .

. @ :FEJ@;<I8DFJ <OGFE<EK<J ;< C8 =FID8

p(x) = p∞ +
C

log(e + |x|)a

:FE p∞, a ≥ 1 P C > 0� <J =\:@C M<I :FE C8 ;<�E@:@cE <HL@M8C<EK< ;8;8 <E <C '<D8 �  �  � � �A4� �
< C :L8C J@>L< 8 :FEK@EL8:@cE� HL< p J8K@J=8:< C8 :FE;@:@cE 	 �  �  � � 
  'F D@JDF F:LII< :FE
<OGFE<EK<J ;< C8 =FID8

p(x) = p∞ +
C

(e + |x|)b
:FE p∞ ≥ 1 P b, C > 0  E _JK< eCK @DF :8JF� C8 :FEJK8EK< ;< C8 :FE;@:@cE CF>�#dC;<I
;<G<E;<I\� <E ><E<I8C� ;< C8 GFK<E:@8 b

 E <C J@>L@<EK< C<D8 J< ;8E 8C>LE8J GIFG@<;8;<J I<C8K@M8J 8 CFJ <OGFE<EK<J CF>�#dC;<I
:FEK@ELFJ 

�&+" � � � � � 	 � %0, Ω ⊂ Rn ,- 40 =?: � �,/: > p, q ∈ P log(Ω) D c ∈ R ?, 7 <@0 c ≥ 1/p− � A, 709
7,> >42@409?0 > ;=: ;40/,/0 >�

�4� p + q ∈ P log(Ω)�

�44� cp ∈ P log(Ω)�

�444� p.q ∈ P log(Ω) >408;=0 <@0 p+, q+ < ∞�
�4A� 1/p >,?4>1,.0 	 �  �  � �
 D 	 �  �  � � 
 �  F> ,J9� >4 0 >?: :.@==0 D p+ < ∞� 0 9?: 9.0 >

p ∈ P log(Ω)�



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ��

�A� mı́n{p, q} ∈ P log(Ω) D máx{p, q} ∈ P log(Ω)�

�A4� p >,?4>1,.0 	 �  �  � � 
 >4 D >I7: >4 0C4>?09 .: 9>?,9?0 > ;: >4?4A,> C∞ D p∞ ?, 70 > <@0 � ;,=,
?:/: x ∈ Rn �

|p(x)− p∞| ≤
C∞

log(e + |x|) ;

�A44� >4 p >,?4>1,.0 	 �  �  � �
 � 0 9?: 9.0 > p 0 > @9, 1@9. 4I9 @941: =80809?0 .: 9?49@,�

�A444� >4 F = B \ B(0, |x|)� /: 9/0 x ∈ B .: 9 B @9, -: 7, >: - =0 Rn � 0 9?: 9.0 >

0 ≤ p(y)− p−F ≤
C

log(e + |x|) , ∀y ∈ F.

�08: >?=,. 4I9� 1<8DFJ GI@D<IF HL< p+ q J8K@J=8:< C8 :FE;@:@cE 	 �  �  � �
 JF9I< Ω� G8I8 CF
:L8C KFD<DFJ x, y ∈ Ω :FE |x − y| < 1/2  EKFE:<J � :FDF 8D9FJ <OGFE<EK<J J8K@J=8:<E
;@:?8 GIFG@<;8;�

|(p + q)(x)− (p + q)(y)| ≤ |p(x)− p(y)|+ |q(x)− q(y)| ≤ C

− log(|x− y|) .

�<C D@JDF DF;F� J@ |y| ≥ |x| P Ω <J EF 8:FK8;F 	 :8JF :FEKI8I@F� 	 �  �  � � 
 M8C< KI@M@8CD<EK<
 �
J< F9K@<E< C8 :FE;@:@cE 	 �  �  � � 
 

. @ 8?FI8 KFD8DFJ c ≥ 1/p− � J< K @<E< HL< cp <J LE <OGFE<EK< P� 8;<D\J� :FDF |cp(x)−
cp(y)| = c|p(x)− p(y)|� 8D98J :FE;@:@FE<J JFE @ED<;@8K8J 

.LGFE>8DFJ HL< p+, q+ < ∞  EKFE:<J

|p.q(x)−p.q(y)| = |p(x)(q(x)−q(y))+q(y)(p(x)−p(y))| ≤ p+|q(x)−q(y)|+q+|p(x)−p(y)|,

P ;< <JK8 ;<J@>L8C;8; J< J@>L<E 	 �  �  � �
 P 	 �  �  � � 
 

+FI FKIF C8;F� :FDF p ≥ 1�
????

1

p(x)
− 1

p(y)

???? =
????
p(y)− p(x)

p(x)p(y)

???? ≤ |p(x)− p(y)|

P� <E :FEJ<:L<E:@8� 1/p J8K@J=8:< 8D98J :FE;@:@FE<J CF>8IaKD@:8J  -<:aGIF:8D<EK< � J @ 1/p
J8K@J=8:< 	 �  �  � �
 P 	 �  �  � � 
 P p+ < ∞� :FDF

|p(x)− p(y)| = |p(x)p(y)|
????

1

p(x)
− 1

p(y)

???? ≤ (p+)2
????

1

p(x)
− 1

p(y)

????

I<JLCK8 p ∈ P log(Ω)

+8I8 M<I HL< K8EKF mı́n{p(·), q(·)} :FDF máx{p(·), q(·)} G<IK<E<:<E 8 C8 :C8J< P log(Ω)�
EFK<DFJ HL< ;8;FJ a, b ∈ R�

mı́n{a, b} = a + b− |a− b|
2

P máx{a, b} = a + b + |a− b|
2

.
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�Ja�

|mı́n{a, b} −mı́n{c, d}| = |(a− c) + (b− d) + (|c− d| − |a− b|)|
2

≤ |a− c|+ |b− d|
2

+
||c− d| − |a− b||

2

≤ |a− c|+ |b− d|
2

+
|c− d− (a− b)|

2
≤ |a− c|+ |b− d|,

P� J@D@C8ID<EK< �
|máx{a, b} −máx{c, d}| ≤ |a− c|+ |b− d|.

�GC@:8E;F 8D98J ;<J@>L8C;8;<J :FE a = p(x)� b = q(x)� c = p(y) P d = q(y) J< K @<E< HL<

|mı́n{p(x), q(x)} −mı́n{p(y), q(y)}| ≤ |p(x)− p(y)|+ |q(x)− q(y)|

P
|máx{p(x), q(x)} −máx{p(y), q(y)}| ≤ |p(x)− p(y)|+ |q(x)− q(y)|,

P JcCF I<JK8 LJ8I C8J GIFG@<;8;<J CF>�#dC;<I ;< p P q 

+ IF9<DFJ 8?FI8 C8 :FE;@:@cE <HL@M8C<EK< 8 	 �  �  � � 
  .LGFE>8DFJ HL< <O@JK<E :FEJ�
K8EK<J GFJ@K @M8J C∞ P p∞ K8C<J HL<� G8I8 KF;F x ∈ Rn �

|p(x)− p∞| ≤
C∞

log(e + |x|) . 	 �  �  � �


'L<>F� ;8;FJ x, y ∈ Rn K8C<J HL< |y| ≥ |x|�

|p(x)− p(y)| ≤ |p(x)− p∞|+ |p(y)− p∞| ≤
C∞

log(e + |x|) +
C∞

log(e + |y|) ≤
2C∞

log(e + |x|) .

-<:aGIF:8D<EK< � J @ M8C< 	 �  �  � � 
 � M<I<DFJ GI@D<IF HL< <C :8E;@;8KF p∞ = ĺım
|x|→∞

p(x)

P CL<>F DFJKI8I<DFJ HL< _JK< M<I@�:8 C8 ;<J@>L8C;8; 	 �  �  � �
  +8I8 GIF98I HL< p GFJ<<
CaD@K< � KFD<DFJ LE8 JL:<J@cE {xk}k∈N K8C HL< |xk| = k  . <8 ? > 0 P <C@A8DFJ N0 K8C HL<

C
log(e+N0)

< ?� J @<E;F C C8 :FEJK8EK< ;< 	 �  �  � � 
  �Ja� J @ m, k ≥ N0 �

|p(xm)− p(xk)| ≤
C

log(e +mı́n{|xk|, |xm|})
≤ C

log(e + N0)
< ?,

CF HL< @DGC@:8 HL< {p(xk)}k∈N <J LE8 JL:<J@cE ;< �8L:?P� GFI CF HL< K<E<DFJ HL< <O@JK<
p∞ = ĺım

k→∞
p(xk)

�?FI8 9@<E� J<8 N K8C HL< |p(xN )− p∞| < ? P N ≥ N0  �Ja� J @ |x| ≥ N �

|p(x)− p∞| ≤ |p(x)− p(xN )|+ |p(xN )− p∞| ≤
C

log(e + N)
+ ? ≤ C

log(e + N0)
+ ? ≤ 2?.



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ��

#<DFJ GIF98;F� GL<J � HL< p∞ = ĺım
|x|→∞

p(x) �?FI8 M<8DFJ HL< M8C< 	 �  �  � �
  +8I8 <CCF �

�A<DFJ x ∈ Rn P :FEJ@;<I<DFJ yk ∈ Rn K8C HL< |yk| ≥ |x| P |p(yk) − p∞| < 1
k
� k ∈ N

 EKFE:<J �

|p(x)− p∞| ≤ |p(x)− p(yk)|+ |p(yk)− p∞| ≤
C

log(e + |x|) +
1

k
.

#8:@<E;F k →∞ F9K<E<DFJ C8 ;<J@>L8C;8; ;<J<8;8 G8I8 KF;F x ∈ Rn :FE C∞ = C 

+ IF9<DFJ 8?FI8 HL< p <J LE@=FID<D<EK< :FEK@EL8� CF :L8C J< J@>L< ;< C8 :FE;@:@cE
	 �  �  � �
   E <=<:KF� ;8;F ? > 0� KFD<DFJ δ = mı́n{1/2, e−C/?} ;FE;< C <J C8 :FEJK8EK<
;< C8 :FE;@:@cE 	 �  �  � �
   EKFE:<J � J @ x, y ∈ Ω :FE 0 < |x− y| < δ ≤ 1/2�

|p(x)− p(y)| ≤ C

− log |x− y| <
C

− log δ
≤ C

log(eC/?)
= ?.

!@E8CD<EK< � J<8 F = B \ B(0, |x|) ;FE;< x ∈ Rn K8C HL< x ∈ B  . LGFE>8DFJ HL< p
J8K@J=8:< C8 :FE;@:@cE 	 �  �  � � 
  'L<>F� G8I8 KF;F G8I y, z ∈ F � K<E<DFJ HL<

|p(y)− p(z)| ≤ |p(y)− p(x)|+ |p(x)− p(z)| ≤ 2C

log(e + |x|)

;< ;FE;< J< J@>L< � <E M@IKL; ;< C8 :FEK@EL@;8; LE@=FID<� HL<

0 ≤ p(y)− p−F ≤ p+F − p−F ≤
2C

log(e + |x|) .

�FDF D<E:@FE\98DFJ 8EK<J � J @ 1 < p− ≤ p+ < ∞� 8D98J :FE;@:@FE<J CF>8IaKD@:8J
JFE JL�:@<EK<J G8I8 HL< <C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; M <JK_ 8:FK8;F JF9I<
Lp(·)(Rn) :FDF DL<JKI8 <C J@>L@<EK< I<JLCK8;F ;< 6 �� 7  . cCF ;8DFJ <C I<JLCK8;F JF9I< Rn

GL<J <JK8DFJ @EK<I<J8;FJ eE@:8D<EK< <E <C <JKL;@F ;< C8 :FEK@EL@;8; ;< CFJ FG<I8;FI<J
@EK<>I8C<J ;8;FJ <E <C �8GaKLCF � JF9I< <J< :FEK<OKF

�&-/&+" � � � � � � 	 6 � � 7 
 � %0, p ∈ P log(Rn) .: 9 1 < p− ≤ p+ < ∞� �9?: 9.0 > 0 7 : ;0=,/: =
8,C48,7 /0 �,=/D��4??70B::/ M 0 >?F ,.: ?,/: >: - =0 Lp(·)(Rn)�

(\J 8eE� + @:B 8E; -TU@SB8 	 6 �� 7 
 ;@<IFE LE <A<DGCF ;< <JG8:@F Lp(·) � :FE LE <OGFE<EK<
p HL< M<I@�:8 :FE;@:@FE<J LE GF:F D\J ;_9@C<J HL< C8J CF>8IaKD@:8J � P G8I8 <C :L8C M EF
<JK\ 8:FK8;F <E Lp(·)(Rn)  E :@<IKF J<EK@;F� <J< <A<DGCF @E;@:8 HL< C8J :FE;@:@FE<J ;<
K@GF CF>8IaKD@:8J JFE :FE;@:@FE<J GLEKL8C<J cGK@D8J JF9I< p� 8LEHL< J< J89< HL< EF
JFE E<:<J8I@8J   E 6 ��7 CFJ 8LKFI<J ;@<IFE LE8 :FE;@:@cE E<:<J8I@8 P JL�:@<EK< HL< K@<E<
@DGC@:8:@FE<J K<cI@:8J DLP @DGFIK8EK<J G<IF HL< EF <J DLP eK@C <E C8 GI\:K@:8� CF HL<
ALJK@�:8 :FEJ@;<I8I 8HLa p ∈ P log(Rn) �89< J<b8C8I HL< DL:?FJ 8LKFI<J I<HL@<I<E HL<
<C <OGFE<EK< 1/p(·) J<8 CF>�#dC;<I :FEK@ELF P8 HL< <JKF G<ID@K< @E:CL@I <OGFE<EK<J EF
8:FK8;FJ � G<IF EF KI8K8I<DFJ :FE <JK< K @GF ;< <OGFE<EK<J <E <JK8 K<J@J  . @E <D98I>F�



��  JG8:@FJ =LE:@FE8C<J

;<C '<D8 �  �  � ��4A� 1/p <J CF>�#dC;<I :FEK@ELF J@ P JcCF J@ p K8D9@_E CF <J � GFI CF HL<
:FEJ@;<I8I<DFJ J@DGC<D<EK< p ∈ P log(Ω)

+FI FKI8 G8IK< � <E 6 �� 7 � J< ;<DFJKIc HL< C8 :FE;@:@cE CF>�#dC;<I CF:8C 	 �  �  � �
 J< GL<;<
:8I8:K<I@Q8I 8 KI8M_J ;< LE8 :FE;@:@cE ><FD_KI@:8 HL< @EMFCL:I8 8C K8D8bF ;< C8J 9FC8J
:FDF DL<JKI8 <C J@>L@<EK< C<D8  JK8 :8I8:K<I@Q8:@cE <J LE8 ?<II8D@<EK8 DLP eK@C G8I8
F9K<E<I I<JLCK8;FJ ;< 8:FK8:@cE <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< � :L8E;F
;@:?8 :FE;@:@cE CF>8IaKD@:8 <J JLGL<JK8 	 M<I �8GaKLCF �
 

�&+" � � � � � � 	 6 �� 7 
 � '9 0C;:909?0 p ∈ P∗(Rn) >,?4>1,.0 7, .: 9/4. 4I9 	 �  �  � �
 >4 D >I7:
>4 0C4>?0 @9, .: 9>?,9?0 ;: >4?4A, C ?, 7 <@0 � ;,=, ?:/, -: 7, B � |B|p−B−p+B ≤ C �

�08: >?=,. 4I9� .LGFE>8DFJ HL< p J8K@J=8:< C8 :FE;@:@cE 	 �  �  � �
 :FE :FEJK8EK< C0 P J<8
B = B(x,R)� R > 0 � FDF wn = |B(0, 1)| ≤ 2n � <O@JK< 0 < R0 < 1/2 K8C HL<

n

2
≤ log(|B|)

log(2R)
=

log(wnR
n)

log(2R)
≤ n

G8I8 KF;F 0 < R < R0  'L<>F� J @ 0 < R < R0 < 1/2� K<E<DFJ HL<

|B| ≤ |B(x,R0)| = wnR
n
0 < 2n(1/2)n = 1

P� GFI C8 :FEK@EL@;8; LE@=FID< ;< p 	 M<I '<D8 �  �  � ��A44�
 � <O@JK<E x, y ∈ B K8C<J HL<

|p−B − p+B| = |p(x)− p(y)| ≤ C0

− log(|x− y|) ≤
C0

− log(2R)
.

 E :FEJ<:L<E:@8�

|B|p−B−p+B ≤ |B|
C0

log(2R) = e
C0 log(|B|)

2R ≤ e2C0n.

. @ 8?FI8 R ≥ R0 �

|B|p−B−p+B ≤ |B(x,R0)|p
−−p+ = (wnR

n
0 )

p−−p+ = K.

/FD8E;F K = mı́n{e2C0n, K}� J< K @<E< HL< G8I8 KF;8 9FC8 B � |B|p−B−p+B ≤ C 

-<:aGIF:8D<EK< � JLGFE>8DFJ HL< |B|p−B−p+B ≤ C  . <8E x, y ∈ Rn ;@JK @EKFJ K8C<J HL<
|x− y| < 1/2 'L<>F� <O@JK<E R > 0 P z ∈ Rn K8C<J HL< x, y ∈ B = B(z, R) P

|x− y|/2 < R < |x− y|.

�FDF |B| ≤ (2R)n ≤ 1 P |p(x)− p(y)| ≤ p+B − p−B �

(2|x− y|)−|p(x)−p(y)| ≤ (2R)−|p(x)−p(y)| ≤ |B|−|p(x)−p(y)|
n ≤ |B|

p−
B

−p+
B

n ≤ C1/n.

+L<JKF HL< p+ < ∞� |x − y|−|p(x)−p(y)| ≤ C1/n4p
+ ≤ K :FE K > 1 �GC@:8E;F C8 =LE:@cE

CF>8I@KDF 8 8D9FJ C8;FJ ;< <JK8 ;<J@>L8C;8; K<E<DFJ HL< G8I8 KF;F 0 < |x− y| < 1/2�

|p(x)− p(y)| ≤ log(K)

− log(|x− y|) .



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ��

� � � � � � � �	��� �� ����� ������
�	�	�

 E :FII<C8:@cE :FE C8 ;<�E@:@cE ;< Lp(w) :L8E;F p <J :FEJK8EK< P w LE G<JF� <J ;<:@I�
LE8 =LE:@cE D<;@9C< EF�E<>8K@M8 P CF:8CD<EK< @EK<>I89C< � J< GL<;< ;<�E@I <C <JG8:@F ;<
'<9<J>L< ;< <OGFE<EK< M8I@89C< Lp(·)(σ) :FE G<JF σ P p ∈ P∗(Ω)� :FDF <C :FEALEKF ;< C8J
=LE:@FE<J D<;@9C<J f G8I8 C8J :L8C<J

?p(·),σ,Ω(f/λ) :=

ˆ

Ω

? |f(x)|
λ

?p(x)

σ(x)dx < ∞

G8I8 8C>eE λ > 0

 E I<8C@;8;� J< :FEJ@;<I8I\E <JG8:@FJ ;< =LE:@FE<J ;FE;< <C G<JF σ <J ;< C8 =FID8
σ(x) = w(x)p(x) � :FE w LE G<JF� <JKF <J � f ∈ Lp(·)(σ) J@ P JcCF J@ fw ∈ Lp(·)  � FDeED<EK< �
J< ;@:< HL<� <E <JK< :8JF� w <J LE DLCK@GC@:8;FI

. @ 9@<E <JK< KI8K8D@<EKF EF <J <C LJL8C <E <C <JKL;@F ;< 8:FK8:@FE<J :FE G<JFJ � ?8
J@;F LK@C@Q8;F G8I8 F9K<E<I ;<J@>L8C;8;<J :FE G<JFJ G8I8 FG<I8;FI<J @EK<>I8C<J 	 M<I 6 �� 7 

F ;<J@>L8C;8;<J :FE ;FJ G<JFJ 	 M<I 6 �� 7 
  . @E <D98I>F� GL<;< F:LII@I HL< <C <JG8:@F
Lp(·)(wp) := L

p(·)
w EF J<8 LE <JG8:@F ;< �8E8:? ;< =LE:@FE<J P8 HL< C8J =LE:@FE<J J@D�

GC<J EF E<:<J8I@8D<EK< G<IK<E<:<E 8 _C  �< KF;8J =FID8J� J @ w ∈ L
p(·)
loc (Rn)� <EKFE:<J C8J

:8I8:K<IaJK @:8J ;< 9FC8J <JK\E <E L
p(·)
w (Rn) (\J 8eE� G8I8 :8;8 9FC8 B � Lp(·)

w (B) I<JLCK8
J<I LE <JG8:@F ;< �8E8:? ;< =LE:@FE<J  + @;@<E;F HL< w <JK_ <E LE8 :@<IK8 :C8J< ;< G<JFJ �
C8 GIFG@<;8; 8EK<I@FI HL<;8I\ >8I8EK@Q8;8

�;<D\J� J< GL<;< M<I HL< J@ w ∈ L
p(·)
loc (Rn) P f ∈ L

p(·)
w (Rn)� C8 J@>L@<EK< <HL@M8C<E:@8

M8C<

||fw||p(·) ≈ sup
||g||p?(·),w−1≤1

ˆ

Rn

|f(x)g(x)|dx,

8eE :L8E;F L
p(·)
w (Rn) EF J<8 LE <JG8:@F ;< �8E8:? ;< =LE:@FE<J  � @:?8 <HL@M8C<E:@8 J<

F9K@<E< ;< 8GC@:8I C8 +IFGFJ@:@cE �  �  � � 8 C8 =LE:@cE fw ∈ Lp(·)(Rn)

 E <JK8 J<::@cE @EKIF;L:@I<DFJ C8J :C8J<J ;< G<JFJ :FE C8J HL< KI898 A8I<DFJ� HL<
JLI><E ;< C8 8:FK8:@cE ;<C FG<I8;FI D8O@D8C =I8::@FE8I@F JF9I< <JG8:@FJ ;< '<9<J>L< ;<
<OGFE<EK< M8I@89C<   JK8J :C8J<J JFE LE8 ><E<I8C@Q8:@cE 8C :FEK<OKF M8I@89C< ;< C8J :C8J<J
Ap,q @EKIF;L:@;8J <E 6 �� 7 

�&�,)$):, � � � � �� � .<8 0 ≤ α < n P p, q ∈ P∗(Rn) K8C<J HL< 1/q(x) = 1/p(x) − α/n P
p+ < n/α � @I<DFJ HL< LE G<JF w ∈ Ap(·),q(·) J@ <O@JK< LE8 :FEJK8EK< GFJ@K @M8 C K8C HL<
G8I8 KF;8 9FC8 B J< M<I@�:8 C8 ;<J@>L8C;8;

||wχB||q(·)||w−1χB||p?(·) ≤ C|B|1−α
n .

�L8E;F α = 0� J @DGC<D<EK< <J:I@9@I<DFJ w ∈ Ap(·) 

'8 :C8J< Ap(·) =L< ;<�E@;8� G8I8C<C8D<EK< � <E 6 � � 7 P 6 � � 7   E 8D9FJ 8IKa:LCFJ J< GIL<98�
98 AF ;@=<I<EK<J K_:E@:8J � HL< ;@:?8 :C8J< :8I8:K<I@Q8 C8 8:FK8:@cE ;< M  �EK<J ;< <ELE:@8I



��  JG8:@FJ =LE:@FE8C<J

<JK< I<JLCK8;F� ;8I<DFJ 8C>LE8J GIFG@<;8;<J ;< C8J :C8J<J Ap(·),q(·) HL< LK@C@Q8I<DFJ 8 CF
C8I>F ;<C �8GaKLCF �

�&+" � � � � � � � %0,9 0 ≤ α < n� 0 < δ < 1 D w @9 ;0>: � %0,9 p, q, s ∈ P∗(Rn) ?, 70 > <@0
1/q(x) = 1/p(x)− α/n D s(x) = (1− α/n)q(x) .: 9 1 < p− ≤ p+ < n/α� �9?: 9.0 >�

�4� ;,=, ?:/: 1 ≤ β ≤ p− �

wβ ∈ A p(·)
β

,
q(·)
β

⇔ w
βn

n−αβ ∈ Aq(·)( 1
β
−α

n)
.

�9 ;,=?4.@7,=� .@,9/: β = 1�

w ∈ Ap(·),q(·) ⇔ w
n

n−α ∈ As(·);

�44� >4 w ∈ Ap(·),q(·)� 0 9?: 9.0 > wδ ∈ A q(·)
δ

�

�444� >0, 1 ≤ r ≤ q− � %4 wr ∈ A q(·)
r

� 0 9?: 9.0 > wδ ∈ A q(·)
δ

�

" - >0 =A,. 4I9 �  �  � � � )FK8E;F HL< q(·)/s(·) = n/(n− α)� J< J@>L< HL< �4� <J LE8 ><E<I8C@�
Q8:@cE ;<C I<JLCK8;F GIF98;F GFI (L:B<E?FLGK P 2?<<;<E <E 6 �� 7 G8I8 <C :8JF β = 1

�08: >?=,. 4I9 /0 �08, 
� 
� 
	 � +IF9<DFJ �4�  �8;F HL< β ≤ p− ≤ q− � J< K @<E< <EKFE:<J

HL< 0 < n−αβ
n

≤ q−
?

n−αβ
nβ

?
 'L<>F�

||w
nβ

n−αβχB||q(·)( 1
β
−α

n)
= ||wβχB||

n
n−αβ

q(·)(n−αβ
nβ )( n

n−αβ )
= ||wβχB||

n
n−αβ

q(·)
β

. 	 �  �  � � 


+FI FKIF C8;F� :FDF q(·)n/(q(·)(n− αβ)− nβ) = (p(·)/β)? � F9K<E<DFJ HL<

||w
−nβ
n−αβχB|| q(·)(n−αβ)

q(·)(n−αβ)−nβ

= ||w−βχB||
n

n−αβ

q(·)n
q(·)(n−αβ)−nβ

= ||w−βχB||
n

n−αβ

( p(·)β )
? . 	 �  �  � �


�?FI8 9@<E� J @ wβ ∈ A p(·)
β

,
q(·)
β

� ;< 	 �  �  � � 
 P 	 �  �  � �
 K<E<DFJ HL<

||w
nβ

n−αβχB||q(·)( 1
β
−α

n)
||w

−nβ
n−αβχB|| q(·)(n−αβ)

q(·)(n−αβ)−nβ

= ||wβχB||
n

n−αβ

q(·)
β

||w−βχB||
n

n−αβ

( p(·)β )
?

? |B|(1−
αβ
n )

n
n−αβ = |B|.

-<:aGIF:8D<EK< � J @ JLGFE<DFJ 8?FI8 HL< w
βn

n−αβ ∈ Aq(·)( 1
β
−α

n)
� LJ8E;F EL<M8D<EK<

	 �  �  � � 
 P 	 �  �  � �
 � J< ;<;L:< HL<

||wβχB|| q(·)
β

||w−βχB|| p(·)
p(·)−β

= ||w
nβ

n−αβχB||1−
αβ
n

q(·)( 1
β
−α

n)
||w

−nβ
n−αβχB||1−

αβ
n

q(·)(n−αβ)
q(·)(n−αβ)−nβ

= ||w
nβ

n−αβχB||1−
αβ
n

q(·)( 1
β
−α

n)
||w

−nβ
n−αβχB||1−

αβ
n

(q(·)( 1
β
−α

n))
? ? |B|1−αβ

n .



�  �  JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< ��

�?FI8 GIF:<;<DFJ :FE C8 GIL<98 ;< �44�  +L<JKF HL< 0 < δ < 1 < q− � J< K @<E< HL<

||wδχB|| q(·)
δ

||w−δχB|| q(·)
q(·)−δ

= ||wχB||δq(·)||w−δχB|| q(·)
q(·)−δ

.

. @ u(·) = q(·)/(q(·) − δ)� <EKFE:<J 1/u(·) = (n − nδ + αδ)/n + δ/p?(·) <E M@IKL; ;< C8
I<C8:@cE <EKI< p(·) P q(·)

�Ja� GFI C8 ;<J@>L8C;8; ;< #dC;<I ><E<I8C@Q8;8 P C8 :FE;@:@cE JF9I< w� :FE:CL@DFJ HL<

||wδχB|| q(·)
δ

||w−δχB|| q(·)
q(·)−δ

≤ ||wχB||δq(·)||w−1χB||δp?(·)||χB|| n
n−nδ+αδ

? |B|δ(1−α
n
)|B|1−δ(1−α

n
) = |B|.

+8I8 ;<DFJKI8I �444� � KFD<DFJ r P δ :FDF <E C8J ?@GcK<J@J  . <8 0 < δ < 1 ≤ r ≤ q− �
<EKFE:<J K<E<DFJ C8 J@>L@<EK< @>L8C;8;

||wδχB|| q(·)
δ

||w−δχB|| q(·)
q(·)−δ

= ||wrχB||
δ
r
q(·)
r

||w−δχB|| q(·)
q(·)−δ

. 	 �  �  � � 


. <8 u(·) :FDF <E C8 GIL<98 ;< �44�  �<C ?<:?F HL< 1/u(·) = 1/((r/δ)( q(·)
r
)?) + (r − δ)/r�

	 �  �  � � 
 P C8J GIFG@<;8;<J ;< w� F9K<E<DFJ HL<

||wδχB|| q(·)
δ

||w−δχB|| q(·)
q(·)−δ

≤ ||wrχB||
δ
r
q(·)
r

||w−rχB||
δ
r

(
q(·)
r

)?
||χB|| r

r−δ
≤ |B| δr |B|1− δ

r = |B|.

�FDF D<E:@FE8DFJ 8EK<J � CFJ 8LKFI<J ;< 6 � � 7 P 6 � � 7 ;<DFJKI8IFE HL< C8 :C8J< ;< G<JFJ
Ap(·) :8I8:K<I@Q8 C8 8:FK8:@cE ;<C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; M  . @ 9@<E <E
8D9FJ 8IKa:LCFJ J< :FEJ@;<I8 C8 :C8J< ;< G<JFJ ;<�E@;8 JF9I< :L9FJ <E CL>8I ;< 9FC8J � J<
GL<;< M<I HL< KF;FJ CFJ I<JLCK8;FJ HL< @EMFCL:I8E 8 <JK8 :C8J< JFE :@<IKFJ :L8E;F <E C8
;<�E@:@cE <JK\ ;8;8 JF9I< 9FC8J 

�&-/&+" � � � � �	 	 6 � � 7 � 6 � � 7 
 � %0,9 p ∈ P log(Rn) .: 9 1 < p− ≤ p+ < ∞ D w @9 ;0>: �

�9?: 9.0 >� M : L
p(·)
w ?→ L

p(·)
w � 0 > /0. 4=�
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p(·)
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;8;8 GFI Ψ(x, t) = (tw(x))p(x)  . < ;@:< HL< C8 =LE:@cE Ψ ∈ A J@ C8 ;<J@>L8C;8;

?????w
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B∈B
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|B|

ˆ

B

|f |
?????
p(·)

? ||wf ||p(·)

M8C< G8I8 :L8CHL@<I =8D@C@8 B ;< 9FC8J ;@JALEK8J B P G8I8 KF;8 =LE:@cE f ∈ L
p(·)
w (Rn) . @

w ≡ 1� ;<:@DFJ J@DGC<D<EK< HL< p ∈ A 

�L8E;F p(x) ≡ p > 1� J< K @<E< HL< Ψ ∈ A J@ P JcCF J@ wp ∈ Ap   E <=<:KF� J @ wp ∈ Ap �
GFI C8 ;<J@>L8C;8; ;< #dC;<I J< K @<E< HL<

ˆ

Rn

?
w(x)

?

B∈B
χB(x)

1

|B|

ˆ

B

|f |
?p

dx =
?

B∈B

ˆ

B

w(x)pdx

?
1

|B|

ˆ

B

|f(x)|dx
?p
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?

B∈B
|B|−p

ˆ

B

w(x)pdx

?
ˆ

B

w−p?
?p/p?

×
?
ˆ

B

|f(x)w(x)|pdx
?
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?

B∈B

ˆ

B

|f(x)w(x)|pdx
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ˆ

Rn

|f(x)w(x)|pdx
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?
ˆ

B

wp

?1/p

sup
||g||p≤1

ˆ

Rn

w(x)−1g(x)χB(x)dx

= sup
||g||p≤1

?
ˆ

B

w(x)p
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B

w−1g
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dx

?1/p

= sup
||g||p≤1

?
ˆ

Rn

?
w(x)χB(x)
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?p

dx

?1/p

≤ C sup
||g||p≤1

||w(w−1g||p) ≤ C.
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0E8 GIFG@<;8; DLP LK@C@Q8;8 <E C8 K<FIa8 ;< 8:FK8:@cE :FE G<JFJ <J C8 8G<IKLI8 ;<
C8 :C8J< ;< G<JFJ   E <C :8JF ;< Ap(·) � M8C@_E;FEFJ ;< C8 :C8J< A � <J GFJ@9C< GIF98I LE8
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 JK< :8GaKLCF <JK\ ;<;@:8;F 8C <JKL;@F ;< C8J GIFG@<;8;<J ;< 8:FK8:@cE ;<C FG<I8;FI
D8O@D8C =I8::@FE8I@F ><E<I8C@Q8;F Mα,η <E <JG8:@FJ ;< *IC@:Q   E K8C J<EK@;F� ;8I<DFJ
:FE;@:@FE<J E<:<J8I@8J P JL�:@<EK<J JF9I< C8J =LE:@FE<J A,B P η ;< D8E<I8 HL< J< M<I@��
HL< HL< Mα,η : LA(Ω) ?→ LB(Ω)� G8I8 JL9:FEALEKFJ 89@<IKFJ Ω ;< Rn  � FDF J< D<E:@FEc
<E C8 @EKIF;L::@cE� @EK<I<J8 ;8I LE8 :FE;@:@cE ;< K@GF �@E@ HL< J< :FII<JGFE;8 :FE C8
F9K<E@;8 <E 6 ��7 � 6 � � 7 P 6 �� 7 <E <C :8JF EF =I8::@FE8I@F� P :FE C8 ;< 6 �� 7 G8I8 Mα  (\J
8eE� J< ;<9@C@K8I\E C8J GIFG@<;8;<J ;< C8J =LE:@FE<J HL< ;<�E<E CFJ <JG8:@FJ ;< *IC@:Q
:FE <C F9 A<KF ;< @E:CL@I D\J <JG8:@FJ HL< CFJ :FEJ@;<I8;FJ <E CFJ 8IKa:LCFJ :@K8;FJ   E <C
:8JF η(t) = t J< M<I\ HL< C8 :FE;@:@cE ;< K@GF �@E@ F9K<E@;8 <J � 98 AF :@<IK8J :FE;@:@F�
E<J � <HL@M8C<EK< 8 C8 ;<J@>L8C;8; ;8;8 <E 6 �� 7 HL< :8I8:K<I@Q8 C8 8:FK8:@cE ;<C FG<I8;FI
Mα <E <JG8:@FJ ;< *IC@:Q  . @ 9@<E <JKF J< ;<I@M8 ;@I<:K8D<EK< ;<C I<JLCK8;F <E 6 �� 7 P <C
:FEK<E@;F <E <JK< :8GaKLCF� C8 GIL<98 ;< ;@:?8 <HL@M8C<E:@8 J< ?8I\ <E =FID8 ;@I<:K8 J@E
<DGC<8I <JKFJ I<JLCK8;FJ  �< <JK8 D8E<I8� HL<;8I\E <OGL<JK8J C8J GIFG@<;8;<J ;< C8J =LE�
:@FE<J @EMFCL:I8;8J  +FI FKI8 G8IK< � :FDF :FEJ<:L<E:@8 ;< CFJ I<JLCK8;FJ F9K<E@;FJ G8I8
Mα,η � :8I8:K<I@Q8I<DFJ C8 8:FK8:@cE ;<C :FEDLK8;FI ;< FI;<E k ∈ N ;<C FG<I8;FI @EK<�
>I8C =I8::@FE8I@F Iα <E <JG8:@FJ ;< *IC@:Q � D<;@8EK< LE8 :FE;@:@cE ;< K@GF �@E@ ;<I@M8;8
;<C :FII<JGFE;@<EK< FG<I8;FI D8O@D8C HL< CF :FEKIFC8 . < F9K<E;I\E 8;<D\J :FE;@:@FE<J
JL�:@<EK<J HL< >8I8EK@:<E C8 8:FK8:@cE <E <JKFJ <JG8:@FJ ;< ;@M<IJFJ FG<I8;FI<J @EK<>I8C<J
=I8::@FE8I@FJ ;< :FEMFCL:@cE P JLJ :FEDLK8;FI<J � :LPFJ Ee:C<FJ J8K@J=8:<E :@<IK8J :FE;@�
:@FE<J ;< K@GF #dID8E;<I 8JF:@8;8J 8 =LE:@FE<J ;< 4FLE> P JFE D<EFJ I<>LC8I<J HL< <C
Ee:C<F ;< Iα 

� � � � ��#%�$�� # �� �� $���+� � � ��� # !�"� Mη

-<:FI;<DFJ HL< <E 6 �� 7 <C 8LKFI GIL<98 HL< C8 8:FK8:@cE ;<C FG<I8;FI D8O@D8C Mη

JF9I< <JG8:@FJ Lp(Rn)� 1 < p < ∞� <J <HL@M8C<EK< 8 HL< C8 =LE:@cE η G<IK<E<Q:8 8 C8 :C8J<
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  /8C :FE;@:@cE Bp GL<;<
<J:I@9@IJ< <E C8 =FID8

ˆ C1t

0

λp−1η?
?

t

λ

?
dλ

λ
≤ C2t

p−1,

G8I8 KF;F t > 0 P :@<IK8J :FEJK8EK<J C1, C2 > 0 	 M<I '<D8 �  �  ���4�
  . @ KFD8DFJ a(t) =
b(t) = tp−1 � C8 ;<J@>L8C;8; 8EK<I@FI GL<;< I<<J:I@9@IJ< :FDF J@>L<

ˆ C1t

0

b(λ)η?
?

t

λ

?
dλ

λ
≤ C2a(t). 	 �  �  � 
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a, b P η 

. LGFE>8DFJ 8?FI8 HL< a P b JFE =LE:@FE<J D\J ><E<I8C<J HL< C8J GFK<E:@8J 8EK<I@FI<J
P J8K@J=8:<E a(0) = b(0) = 0� JFE :FEK@EL8J GFI @QHL@<I;8� a <J EF�;<:I<:@<EK< � P C8J
=LE:@FE<J

A(t) =

ˆ t

0

a(s)ds, B(t) =
ˆ t

0

b(s)ds

JFE �E@K8J  /<E@<E;F GI<J<EK< <C /<FI<D8 �  �  � � J<Ia8 I8QFE89C< <JG<I8I HL< <C FG<I8;FI
Mη <JK_ 8:FK8;F ;<C <JG8:@F ;< *IC@:Q LA(Rn) <E <C <JG8:@F ;< *IC@:Q LB(Rn) :L8E;F C8
:FE;@:@cE 	 �  �  � 
 J< M<I@�:8  E I<8C@;8;� <J8 :FE;@:@cE :8I8:K<I@Q8 ;@:?8 8:FK8:@cE P <C
I<JLCK8;F :FII<JGFE;@<EK< =L< GIF98;F <E 6 � � 7 <E <C :FEK<OKF D\J ><E<I8C ;< <JG8:@FJ ;<
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ˆ C1t

0

b(λ)
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t

λ

?
dλ ≤ C2a(C2t), ∀t > 0; 	 �  �  � 
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B(Mηf(x))dx ≤ C

ˆ
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A(C|f(x)|)dx

;,=, ?:/, 1@9. 4I9 80/4- 70 f �

�444� 0C4>?0 @9, .: 9>?,9?0 ;: >4?4A, C ?, 7 <@0

||Mηf ||LB(Rn) ≤ ||f ||LA(Rn)

;,=, ?:/, 1@9. 4I9 80/4- 70 f �

" - >0 =A,. 4I9 �  �  � � . @ A(t) = B(t) = tp :FE 1 < p < ∞ P η(t) = t(1 + log+ t)k G8I8
k ∈ N� < C I<JLCK8;F 8EK<I@FI =L< GIF98;F GI<M@8D<EK< <E 6 ��7 � 98 AF ?@GcK<J@J 8;@:@FE8C<J
JF9I< C8J =LE:@FE<J A P B  +FI FKI8 G8IK< � <J :C8IF ;< 	 �  �  � 
 HL< <JK< K<FI<D8 ><E<I8C@Q8
<C /<FI<D8 �  �  � ;8;F <E 6 �� 7 
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 E <C K<FI<D8 8EK<I@FI J< GL<;<E ;<9@C@K8I C8J ?@GcK<J@J JF9I< C8J =LE:@FE<J A P B G8I8
F9K<E<I <C J@>L@<EK< K<FI<D8� <C :L8C J<I\ ;< DL:?8 LK@C@;8; G8I8 ;<DFJKI8I CFJ I<JLCK8;FJ
:FII<JGFE;@<EK<J 8C FG<I8;FI D8O@D8C =I8::@FE8I@F ><E<I8C@Q8;F Mα,η 

�&-/&+" � � � � � � %0,9 Ψ(t) =
´ t

0
ψ(s)ds D Φ(t) =

´ t

0
φ(s)ds .: 9 ψ, φ /: > 1@9. 4: 90 > 9: �

902,?4A,>� %0, Ω @9 >@-.: 95@9?: ,- 40 =?: /0 Rn � %@;:92,8: > <@0 ξ 0 > @9, 1@9. 4I9 /0
*:@92 >@-8@7?4;74.,?4A, ?, 7 <@0 7, /0 >42@,7/,/

ˆ t

t0

φ(λ)

λ
ξ?
?

t

λ

?
dλ ≤ ψ(t), 	 �  �  � 


A,70 ;,=, ?:/: t ≥ t0� >409/: t0 = 0 >4 |Ω| = +∞ D t0 = 1 >4 |Ω| < ∞� �9?: 9.0 >� 0C4>?0
@9, .: 9>?,9?0 ;: >4?4A, D ?, 7 <@0

ˆ

Ω

Φ(Mξf(x))dx ≤ D0 + D

ˆ

Ω

Ψ(D|f(x)|)dx

;,=, ?:/, 1@9. 4I9 80/4- 70 f � /: 9/0 D0 = 0 >4 |Ω| = +∞ D D0 = Φ(1)|Ω| >4 |Ω| < ∞�

�08: >?=,. 4I9� +8I8 ;<DFJKI8I <JK< I<JLCK8;F� LJ8I<DFJ C8 J@>L@<EK< <JK @D8:@cE� HL< =L<
GIF98;8 <E <C 6 � � � '<D8 �  � 7 � G8I8 KF;8 =LE:@cE ;< 4FLE> ξ � <O@JK< LE8 :FEJK8EK< GFJ@K @M8
K K8C HL<

|{x ∈ Ω : Mξf(x) > λ}| ≤ K

ˆ ∞

1/4

|{x ∈ Ω : |f(x)| > λs}|ξ?(s)ds, 	 �  �  �


G8I8 KF;8 =LE:@cE D<;@9C< f P KF;F λ > 0

)FK8I HL< 98JK8 GIF98I <C K<FI<D8 G8I8 f ∈ LΨ(Ω) P8 HL<� <E :8JF :FEKI8I@F� M8C<
KI@M@8CD<EK< 
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0

φ(λ)

λ
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?

t

λ

?
dλ ≤ ψ(t), ∀ t ≥ 0.
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K<E<DFJ HL<
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Ω
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ˆ

Ω

ˆ Mξf(x)

0

φ(λ)dλdx

=

ˆ ∞

0

φ(λ)|{x ∈ Ω : Mξf(x) > λ}| dλ

≤ K

ˆ ∞

0

φ(λ)

ˆ ∞

1/4

|{x ∈ Ω : |f(x)| > λs}|ξ?(s) dsdλ

= K

ˆ ∞

0

φ(λ)

λ

ˆ ∞

λ/4

|{x ∈ Ω : |f(x)| > u}|ξ?
?u

λ

?
dudλ
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ˆ ∞

0

|{x ∈ Ω : |f(x)| > u}|
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ˆ 4u

0
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ˆ ∞

0

|{x ∈ Ω : |f(x)| > u}|
?
ˆ 4u

0

φ(λ)

λ
ξ?
?
4u

λ

?
dλ

?
du

≤ K

ˆ ∞

0

|{x ∈ Ω : |f(x)| > u}|ψ(4u)du

=
K
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ˆ

Ω

Ψ(4|f(x)|)dx ≤ D

ˆ

Ω

Ψ(D|f(x)|)dx,

J@<E;F D = máx{K/4, 4} . < K @<E< � <EKFE:<J � C8 ;<J@>L8C;8; ;<J<8;8 GL<JKF HL<� <E <JK<
:8JF� D0 = 0

�?FI8 9@<E� J @ |Ω| < ∞� J89<DFJ HL<
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1

φ(λ)

λ
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?

t

λ
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ˆ

Ω
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?
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0
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ˆ ∞

1

?
φ(λ)|{x ∈ Ω : Mξf(x) > λ}| dλ

≤ Φ(1)|Ω|+
ˆ ∞

1

φ(λ)|{x ∈ Ω : Mξf(x) > λ}| dλ = D0 + I,
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:8JF� C8 :FE;@:@cE 	 �  �  � 
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ˆ ∞

1
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ˆ ∞

1/4

|{x ∈ Ω : |f(x)| > λs}|ξ?(s) dsdλ
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ˆ ∞

1

φ(λ)

λ

ˆ ∞

λ/4u

|{x ∈ Ω : |f(x)| > u}|ξ?
?u

λ

?
dudλ

= K

ˆ ∞

1/4

|{x ∈ Ω : |f(x)| > u}|
?
ˆ 4u

1

φ(λ)

λ
ξ?
?u

λ

?
dλ

?
du

≤ K

ˆ ∞

1/4

|{x ∈ Ω : |f(x)| > u}|
?
ˆ 4u

1

φ(λ)

λ
ξ?
?
4u

λ

?
dλ

?
du

≤ K

ˆ ∞

1/4

|{x ∈ Ω : |f(x)| > u}|ψ(4u)du

=
K

4

ˆ

Ω

Ψ(4|f(x)|)dx ≤ D

ˆ

Ω

Ψ(D|f(x)|)dx,

;FE;< D <J :FDF 8EK<J  +FI CF K8EKF�
ˆ

Ω

Φ(Mξf(x))dx ≤ D0 + D

ˆ

Ω

Ψ(D|f(x)|)dx.

 E C8 J@>L@<EK< J<::@cE EFJ ;<;@:8I<DFJ 8 8E8C@Q8I C8J GIFG@<;8;<J ;< :FEK@EL@;8; ;<C
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A(t) =

ˆ t

0

a(s)ds, B(t) =
ˆ t

0

b(s)ds

;FE;< a, b : [0,∞) → [0,∞) JFE :FEK@EL8J GFI @QHL@<I;8� a(0) = b(0) = 0� a <J EF�
;<:I<:@<EK< P GFJ@K @M8 JF9I< (0,∞)  JKF <J � <E M@IKL; ;<C '<D8 �  �  � � A <J LE8 =LE:@cE
;< 4FLE>� 8LEHL< B GL<;< EF J<ICF  �JLD@I<DFJ HL< A P B JFE �E@K8J 

-<JG<:KF ;< C8 =LE:@cE ;< 4FLE> η HL< ;<�E< 8C FG<I8;FI D8O@D8C =I8::@FE8I@F� J<
JLGFE;I\ JL9DLCK@GC@:8K@M8 P EFID8C@Q8;8

� :FEK@EL8:@cE� J< <ELE:@8I\E CFJ I<JLCK8;FJ GI@E:@G8C<J I<JG<:KF ;< C8 8:FK8:@cE <E
<JG8:@FJ ;< *IC@:Q ;<C FG<I8;FI Mα,η :FEJ@;<I8E;F GI@D<IF <C :8JF Ω = Rn 

�&-/&+" � � � � � � %0, 0 < α < n� D >0,9 A� B D η .:8: /0�948: > ,9?0 >� %0, ξ @9,
1@9. 4I9 /0 *:@92 ?, 7 <@0 ξ−1(t) = η−1(t)t−

α
n � �9?: 9.0 >� 7: > >42@409?0 > 09@9. 4,/: > >: 9

0<@4A, 709?0 >�

�4� 0C4>?09 .: 9>?,9?0 > ;: >4?4A,> C1 D C2 ?, 70 > <@0

ˆ C1tA(t)−α/n

0

b(λ)

λ
ξ?
?

C1tA(t)−α/n

λ

?
dλ ≤ C2

A(t)1+α/n

t
, 	 �  �  � 


;,=, ?:/: t > 0�

�44� Mα,η : LA(Rn) ?→ LB(Rn)� 0 >?: 0 >� 0C4>?0 @9, .: 9>?,9?0 ;: >4?4A, K ?, 7 <@0 7,
/0 >42@,7/,/

||Mα,ηf ||LB(Rn) ≤ K||f ||LA(Rn)

A,70 ;,=, ?:/, f ∈ LA(Rn)�

" - >0 =A,. 4I9 �  �  � �  C :8JF α = 0 ;<C K<FI<D8 8EK<I@FI <J <C /<FI<D8 �  �  � P =L< GIF98;F
<E 6 � � 7  1<IJ@FE<J GI<M@8J ;<C I<JLCK8;F ;< 6 � � 7 =L<IFE ;8;8J <E 6 ��7 G8I8 @K<I8:@FE<J ;<C
FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; HL<� J<>eE J< J89<� JFE <HL@M8C<EK<J 8 FG<I8;FI<J
D8O@D8C<J 8JF:@8;FJ 8 =LE:@FE<J ;< 4FLE> ;< C8 =FID8 η(t) = t(1 + log+ t)k 	 M<I 6 �� 7 P
6 �� 7 
   E <C :8JF <JG<:@8C ;<C FG<I8;FI D8O@D8C =I8::@FE8I@F� <JKF <J � :L8E;F η(t) = t�
<E 6 � � 7 J< F9KLM@<IFE FKIF K@GF ;< :FE;@:@FE<J E<:<J8I@8J P JL�:@<EK<J G8I8 C8 8:FK8:@cE
;< Mα :L8E;F A P B JFE 8D98J =LE:@FE<J ;< 4FLE>  E C8 R �  � J< M<I\ HL<� G8I8 <J<
K@GF ;< =LE:@FE<J A P B � C8J ;< 6 � � 7 P C8 ;< K@GF �@E@ �4� ;<C K<FI<D8 8EK<I@FI I<JLCK8E
<HL@M8C<EK<J � J @<E;F C8 eCK @D8 D\J =\:@C ;< D8E@GLC8I HL< C8J GI@D<I8J � HL< @EMFCL:I8E <C
:\C:LCF ;< =LE:@FE<J :FDGC<D<EK8I@8J < @EM<IJ8J  . @ 9@<E J< K@<E< ;< CFJ I<JLCK8;FJ HL< C8J
:FE;@:@FE<J JFE <HL@M8C<EK<J � C8 GIL<98 J< ?8I\ ;< D8E<I8 ;@I<:K8



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

�L8E;F C8J =LE:@FE<J A P B JFE ;< K@GF GFK<E:@8� <C /<FI<D8 �  �  � G<ID@K< :8I8:�
K<I@Q8I C8J =LE:@FE<J ;< 4FLE> η G8I8 C8J :L8C<J Mα,η <JK\ 8:FK8;F JF9I< <JG8:@FJ ;<
'<9<J>L<   JKF <J CF HL< <JK89C<:< <C J@>L@<EK< :FIFC8I@F � HL< <J C8 M<IJ@cE =I8::@FE8I@8 ;<C
/<FI<D8 �  �  � GIF98;F <E 6 �� 7 

�-/-*"/)- � � � � �� %0,9 0 < α < n� 1 < p < n/α D 1/q = 1/p−α/n� �,/, η @9, 1@9. 4I9
/0 *:@92 >@-8@7?4;74.,?4A, � 0<@4A, 709�

�4� ηq/p ∈ Bq�

�44� 0C4>?0 @9, .: 9>?,9?0 ;: >4?4A, C ?, 7 <@0

?
ˆ

Rn

Mα,ηf(x)
qdx

?1/q

≤ C

?
ˆ

Rn

|f(x)|pdx
?1/p

;,=, ?:/, f ∈ Lp(Rn)�

. @ 9@<E <C F9 A<K@MF ;< <JK8 K<J@J <J ;8I GIFG@<;8;<J ;< 8:FK8:@cE JF9I< <JG8:@FJ ;<
*IC@:Q <E Rn � GL<JKF HL< J< J@>L@<IFE GI@E:@G8CD<EK< C8J @;<8J ;< 6 �� 7 G8I8 C8 GIL<98 ;<C
I<JLCK8;F 8EK<I@FI� @EK<EK8DFJ ><E<I8C@Q8I <C I<JLCK8;F G8I8 Mα ;8;F <E ;@:?F 8IKa:LCF
JF9I< :FEALEKFJ ;< D<;@;8 �E@K8  J ;<:@I� ;8I<DFJ 8 :FEK@EL8:@cE LE8 M<IJ@cE ;<C /<F�
I<D8 �  �  � :L8E;F Ω ⊂ Rn <J LE 89@<IKF ;< D<;@;8 �E@K8 HL< K@<E< 8C I<JLCK8;F ;< 6 �� 7
:FDF :8JF G8IK@:LC8I

�&-/&+" � � � � � � %0, Ω @9 >@-.: 95@9?: ,- 40 =?: /0 Rn .: 9 |Ω| < ∞� %0,9 0 < α < n� A�
B� η D ξ .:8: 09 0 7 &0: =08, �� 
� 	 ?, 70 > <@0 t1−α/na(t)−α/n D η−1(A(t))/t >: 9 1@9. 4: 90 >
.=0. 409?0 > <@0 ?409/09 , 49�94?: .@,9/: t → ∞� D B 0 > /0 ?4;: 4910=4: =� �9?: 9.0 >� 7: >
>42@409?0 > 09@9. 4,/: > >: 9 0<@4A, 709?0 >�

�4� 0C4>?09 .: 9>?,9?0 > ;: >4?4A,> C1 D C2 ?, 70 > <@0

ˆ C1t1−α/na(t)−α/n

1

b(λ)

λ
ξ?
?

C1t
1−α/na(t)−α/n

λ

?
dλ ≤ C2t

α/na(t)1+α/n,

;,=, ?:/: t ≥ 1�

�44� Mα,η : LA(Ω) ?→ LB(Ω)�

" - >0 =A,. 4I9 �  �  � � . @ 9@<E <C /<FI<D8 �  �  � J< GIF98I\ G8I8 <C FG<I8;FI D8O@D8C =I8:�
:@FE8I@F EF�:<EKI8;F� LE I<JLCK8;F J@D@C8I GL<;< F9K<E<IJ< G8I8 JL M<IJ@cE :<EKI8;8�
;@>8DFJ M c

α,η � :FDF J<I\ F9M@F ;< C8 GIL<98 ;<C K<FI<D8 ;< 8II@98 P ;<C ?<:?F HL<
M c

α,ηf(x) ≤ Mα,ηf(x)� 8eE :L8E;F 8D98J EF JFE <HL@M8C<EK<J 

�Ja� <E <C :8JF G8IK@:LC8I ;<C FG<I8;FI D8O@D8C =I8:::@FE8I@F Mα � <JKF <J � :L8E;F
η(t) = t� ?89I<DFJ GIF98;F HL<� 98 AF C8J :FII<JGFE;@<EK<J ?@GcK<J@J JF9I< A P B � Mα F
M c

α <JK\ 8:FK8;8 <EKI< CFJ <JG8:@FJ ;< *IC@:Q 8JF:@8;FJ J@ P JcCF J@ <O@JK<E ;FJ :FEJK8EK<J
GFJ@K @M8J C1 P C2 K8C<J HL<

ˆ C1t1−α/na(t)−α/n

1

b(λ)

λ
n

n−α

dλ ≤ C2a(t)
n

n−α 	 �  �  �




�  � -<JLCK8;FJ ;< 8:FK8:@cE G8I8 <C FG<I8;FI D8O@D8C =I8::@FE8I@F Mα,η ��

G8I8 KF;F t ≥ 1  JKF =L< GIF98;F <E 6 �� 7 G8I8 M c
α P� <E :FEJ<:L<E:@8� <C /<FI<D8 �  �  �

<J LE8 ><E<I8C@Q8:@cE ;< ;@:?F I<JLCK8;F )FK<DFJ HL<� J @ η(t) = t� η−1(A(t))/t = A(t)/t
P ;< C8J I<C8:@FE<J a(t/2)/2 ≤ A(t)/t ≤ a(t)� C8J ?@GcK<J@J ;< /<FI<D8 �  �  � <HL@M8C<E 8
C8J ;< 6 �� 7 

� :FEK@EL8:@cE J< ;8I\E C8J ;<DFJKI8:@FE<J ;< CFJ /<FI<D8J �  �  � P �  �  � 

�08: >?=,. 4I9 /0 &0: =08, �� 
� 	 � +I@D<IF DFJKI8I<DFJ HL< �4� @DGC@:8 �44�  +FI C8 ?FDF�
><E<@;8; ;< C8 EFID8� <J JL�:@<EK< :FEJ@;<I8I LE8 =LE:@cE f ∈ LA(Rn) :FE ||f ||LA(Rn) = 1
+8I8 K8C =LE:@cE� E<:<J@K8DFJ <E:FEKI8I LE8 :FEJK8EK< GFJ@K @M8 C � @E;<G<E;@<EK< ;< f �
K8C HL<

ˆ

Rn

B
?

Mα,ηf(x)

C

?
dx ≤ 1.

 J:I@98DFJ |f(x)| = g(x)h(x) ;FE;<

g(x) = |f(x)|A(|f(x)|)−α/nχ{|f(x)|>0}(x) P h(x) = A(|f(x)|)α/nχ{|f(x)|>0}(x).

�8;F HL< η−1(t) = ξ−1(t)tα/n � ;< C8 ;<J@>L8C;8; ;< #dC;<I ><E<I8C@Q8;8 	 �  �  � �
 K<E<DFJ
HL<

Mα,ηf(x) ≤ 2Mξ(g)(x)||h||Ln/α(Rn) ≤ 2Mξ(g)(x), x ∈ Rn, 	 �  �  � 


P8 HL<

||h||n/α
Ln/α(Rn)

=

ˆ

{|f(x)|>0}

?
A(|f(x)|)α/n

?n/α
dx ≤

ˆ

Rn

A(|f(x)|)dx ≤ 1.

 EKFE:<J �
ˆ

Rn

B
?

Mα,ηf(x)

C

?
dx ≤

ˆ

Rn

B
?

Mξg(x)

C/2

?
dx =

ˆ

Rn

B (Mξ(2g/C)(x)) dx. 	 �  �  � 


�FEJ@;<I<DFJ 8?FI8 C8 =LE:@cE

cξ(t) =

ˆ t

0

b(λ)

λ
ξ?
?

t

λ

?
dλ, 	 �  �  � � 


HL< <JK\ 9@<E ;<�E@;8 <E [0,∞)  E <=<:KF� ;< C8 :FE;@:@cE �4� � cξ(t1) < ∞ G8I8 8C>eE
t1 > 0� P 8Ja� cξ(t) < ∞ G8I8 :8;8 0 ≤ t ≤ t1 GL<JKF HL< ξ? <J :I<:@<EK<  �;<D\J�
:FDF η <J JL9DLCK@GC@:8K@M8� K8D9@_E CF <J ξ 	 M<I '<D8 �  �  ���4�
 CF HL< :FE;L:< 8 HL<
ξ?(st) ≤ 2ξ?(2s)ξ?(t)  EKFE:<J � J @ t ≥ t1

cξ(t) =

ˆ t1

0

b(λ)

λ
ξ?
?

t

λ

?
dλ +

ˆ t

t1

b(λ)

λ
ξ?
?

t

λ

?
dλ

≤ 2ξ?
?
2t

t1

?
cξ(t1) +

ˆ t

t1

b(λ)

λ
ξ?
?

t

λ

?
dλ < ∞,
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;FE;< <C eCK @DF K_ID@EF <J �E@KF <E M@IKL; ;< C8 :FEK@EL@;8; ;<C @EK<>I8E;F

 EKFE:<J � KFD8E;F Cξ(t) =
´ t

0
cξ(s)ds� C8 :FE;@:@cE 	 �  �  � 
 ;<C /<FI<D8 �  �  � M8C<

KI@M@8CD<EK< :FE φ = b P ψ = cξ P :L8C<JHL@<I8 :FEJK8EK<J D1 > 1 P D2 ≥ D1  �Ja� ;<
;@:?F K<FI<D8� <O@JK< D > 0 K8C HL<

ˆ

Rn

B (Mξ(2g/C)(x)) dx ≤ D

ˆ

Rn

Cξ(2Dg(x)/C)dx. 	 �  �  � � 


. <8 C = máx{2D/C1, 2D
2C2}� ;FE;< C1 P C2 JFE C8J :FEJK8EK<J ;< C8 :FE;@:@cE ;<

�@E@ �4�  'L<>F� ;< 	 �  �  � 
 � 	 �  �  � � 
 P LJ8E;F HL< Cξ(t) ≤ tcξ(t)� J< J@>L< HL<
ˆ

Rn

B
?

Mα,ηf(x)

C

?
dx ≤ D

ˆ

Rn

Cξ(2Dg(x)/C)dx

≤ D

ˆ

Rn

2Dg(x)

C
cξ

?
2Dg(x)

C

?
dx

≤ 2D2

C

ˆ

{|f(x)|>0}
g(x)cξ (C1g(x)) dx.

)FK<DFJ HL<� <E M@IKL; ;< C8 :FE;@:@cE �4� P ;< 	 �  �  � � 
 �

cξ(C1tA(t)−α/n) ≤ C2
A(t)1+α/n

t
, ∀t > 0.

'L<>F� ;< C8 ;<�E@:@cE ;< C8 =LE:@cE g P 8GC@:8E;F <JK8 ;<J@>L8C;8; 8 t = |f(x)| > 0�

g(x)cξ (C1g(x)) = |f(x)|A(|f(x)|)−α/ncξ
?
C1|f(x)|A(|f(x)|)−α/n

?

≤ |f(x)|A(|f(x)|)−α/nA(|f(x)|)1+α/n

|f(x)| = C2A(|f(x)|). 	 �  �  � � 


�Ja� ;< <JK8J <JK @D8:@FE<J P ;< C8 ;<�E@:@cE ;< C8 :FEJK8EK< C F9K<E<DFJ HL<
ˆ

Rn

B
?

Mα,ηf(x)

C

?
dx ≤ 2D2C2

C

ˆ

Rn

A(|f(x)|)dx ≤
ˆ

Rn

A(|f(x)|)dx ≤ 1,

:FDF HL<Ia8DFJ GIF98I

+8I8 ;<DFJKI8I C8 I<:aGIF:8� :FEJ@;<I<DFJ δ > 0 P J<8 fδ = χB(0,δ)   EKFE:<J � <J =\:@C
M<I ;< C8 ;<�E@:@cE ;< || · ||LA(Rn) HL< ||fδ||LA(Rn) = 1/A−1(ω−1δ−n)� ;FE;< ω = |B(0, 1)|

� :FEK@EL8:@cE� <JK @D8I<DFJ C8 D<;@;8 ;<C :FEALEKF {x ∈ Rn : Mα,ηfδ(x) > s} G8I8
:@<IKFJ M8CFI<J ;< s > 0 *9J<IM<DFJ GI@D<IF HL< J@ x ∈ Rn :FE |x| > δ � <EKFE:<J
B(0, δ) ⊂ B(x, 2|x|) �Ja�

1 ≥ 1

|B(x, 2|x|)|

ˆ

B(x,2|x|)
η

? |fδ(y)|
λ

?
dy =

|B(0, δ)|
|B(x, 2|x|)|η(1/λ) =

?
δ

2|x|

?n

η(1/λ),

;< ;FE;< J< J@>L< HL< ||fδ||η,B(x,2|x|) = 1/η−1 ((2|x|/δ)n)



�  � -<JLCK8;FJ ;< 8:FK8:@cE G8I8 <C FG<I8;FI D8O@D8C =I8::@FE8I@F Mα,η ��

'L<>F� ;< C8 ;<�E@:@cE ;< Mα,η P ;< C8 I<C8:@cE ξ−1(t) = η−1(t)t−α/n J< K @<E< HL<

|{x ∈ Rn : Mα,ηfδ(x) > s}| ≥
????
?
x ∈ Rn : δ < |x| P |B(x, 2|x|)|α/n||fδ||η,B(x,2|x|) > s

?????

=

????
?
x ∈ Rn : δ < |x| P ωα/n(2|x|)α

η−1((2|x|/δ)n) > s

?????

=

????
?
x ∈ Rn : δ < |x| P ωα/nδα

ξ−1((2|x|/δ)n) > s

?????

=

????
?
x ∈ Rn : δ < |x| < δ

2
ξ

?
ωα/nδα

s

? 1
n
?????.

.<8 0 < s < ωα/nδα/ξ−1(2n+1)  E M@IKL; ;<C :I<:@D@<EKF ;< ξ−1 � J< K @<E< HL< s <
ωα/nδα/ξ−1(2n) F� <HL@M8C<EK<D<EK< �

1 <
1

2
ξ

?
ωα/nδα

s

? 1
n

.

 EKFE:<J � G8I8 :8;8 δ > 0� < C :FEALEKF

?
x ∈ Rn : δ < |x| < δ

2
ξ
?

ωα/nδα

s

? 1
n

?
<J EF M8:aF

P M8C< C8 J@>L@<EK< <JK @D8:@cE

|{x ∈ Rn : Mα,ηfδ(x) > s}| ≥ ωδn

2n
ξ

?
ωα/nδα

s

?
− ωδn.

0J8E;F EL<M8D<EK< HL< s < ωα/nδα/ξ−1(2n+1)� J< K @<E< HL<

1

2n
ξ

?
ωα/nδα

s

?
− 1 ≥ 1

2n+1
ξ

?
ωα/nδα

s

?
,

P� GFI CF K8EKF�

|{x ∈ Rn : Mα,ηfδ(x) > s}| ≥ ωδn

2n+1
ξ

?
ωα/nδα

s

?
≥ ω1+α

n δn+α

2n+2s
ξ?
?

ωα/nδα

2s

?
, 	 �  �  � � 


;FE;<� <E C8 eCK @D8 ;<J@>L8C;8;� J< LK@C@Qc C8 I<C8:@cE ξ?(t/2)/2 ≤ ξ(t)/t ;8;8 <E 	 �  �  � 
 

�?FI8 9@<E� ;< C8 ?@GcK<J@J �44� P ;< 	 �  �  � � 
 �

1 ≥
ˆ

Rn

B
?

Mα,ηfδ(x)

K||fδ||LA(Rn)

?
dx 	 �  �  � �


=

ˆ ∞

0

b(λ)|{x ∈ Rn : Mα,ηfδ(x) > λK||fδ||LA(Rn)}|dλ

≥ ω1+α
n δn+α

2n+2K||fδ||LA(Rn)

ˆ ωα/nδα/Kξ−1(2n+1)||fδ ||LA(Rn)

0

b(λ)

λ
ξ?
?

ωα/nδα

2λK||fδ||LA(Rn)

?
dλ
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≥ ω1+α
n δn+αA−1(ω−1δ−n)

2n+2K

ˆ C1ωα/nδαA−1(ω−1δ−n)

0

b(λ)

λ
ξ?
?

C1ω
α/nδαA−1(ω−1δ−n)

λ

?
dλ,

;FE;< C8 :FEJK8EK< C1 = mı́n{1/(Kξ−1(2n+1)), 1/(2K)} = 1/(Kξ−1(2n+1))� P8 HL< ξ <JK\
EFID8C@Q8;8 GFI <JK8ICF η 

 C@>@<E;F t = A−1(ω−1δ−n)� ;< 	 �  �  � �
 K<E<DFJ HL<

ˆ C1tA(t)−
α
n

0

b(λ)

λ
ξ?
?

C1tA(t)−
α
n

λ

?
dλ ≤ C2

A(t)1+
α
n

t
,

G8I8 KF;F t > 0 P G8I8 8C>LE8J :FEJK8EK<J GFJ@K @M8J C1 P C2 � F9K<E@<E;F 8Ja C8 :FE;@:@cE
;< K@GF �@E@ �4� 

�08: >?=,. 4I9 /0 7 �: =: 7,=4: �� 
� � �  E M@IKL; ;<C /<FI<D8 �  �  � � 98JK8I\ M<I HL<� J @ :FE�
J@;<I8DFJ C8J =LE:@FE<J A(t) = tp P B(t) = tq :FE 1 < p < n/α P 1/q = 1/p − α/n� C8
:FE;@:@cE ;< K@GF �@E@ /<FI<D8 �  �  � �4� <J <HL@M8C<EK< 8 HL< C8 =LE:@cE ηq/p G<IK<E<Q:8 8
C8 :C8J< Bq � <JKF <J � HL< <O@JK8 c > 0 K8C HL<

ˆ ∞

c

η(t)q/p

tq
dt

t
< ∞.

-<<DGC8:<DFJ <EKFE:<J C8J =LE:@FE<J A P B GFI C8J GFK<E:@8J :FII<JGFE;@<EK<J <E C8
:FE;@:@cE /<FI<D8 �  �  � �4� ;< ;FE;< J< K@<E< HL< Mα,η : Lp(Rn) ?→ Lq(Rn) J@ P JcCF J@

ˆ C1t
1−αp

n

0

qλq−1ξ?
?

C1t
1−αp

n

λ

?
dλ

λ
≤ C2t

p(1+α
n
)−1 = C2t

p−(1−αp
n ),

G8I8 :@<IK8J :FEJK8EK<J C1, C2 > 0 P G8I8 KF;F t > 0� J @<E;F ξ−1(t) = η−1(t)t−α/n  � FDF ξ
<J JL9DLCK@GC@:8K@M8 GFI <C '<D8 �  �  �� �4� � J89<DFJ ;<C '<D8 �  �  � ��4� HL< ξ?(t) ≈ ξ(t)/t
;< ;FE;< K<E<DFJ HL< C8 ;<J@>L8C;8; 8EK<I@FI <J <HL@M8C<EK< 8

ˆ C1t
1−αp

n

0

λqξ

?
C1t

1−αp
n

λ

?
dλ

λ
≤ Ctp

G8I8 KF;F t > 0 -<8C@Q8E;F LE :8D9@F ;< M8I@89C<J J< GL<;< I<<J:I@9@I C8 ;<J@>L8C;8;
8EK<I@FI :FDF

ˆ ∞

1

ξ(s)

sq
ds

s
≤ Ctp−q(1−αp

n ).

�< C8 I<C8:@cE <EKI< p P q K<E<DFJ HL< <C <OGFE<EK< p−q
?
1− αp

n

?
HL< 8G8I<:< 8 C8 ;<I<:?8

<J ELCF� GFI CF HL< I<JLCK8 HL< C8 :FE;@:@cE �4� ;<C /<FI<D8 �  �  � <HL@M8C< 8 ;<:@I HL< C8
=LE:@cE ξ <JK\ <E C8 :C8J< Bq  �<C '<D8 �  �  ���44� :FE r = n/α > 1 <JKF <J CF D@JDF HL<
;<:@I HL< η1+αq

n ∈ Bq  +<IF 1 + αq/n = p/q � F9K<E@<E;F 8Ja C8 :FE;@:@cE ;<J<8;8 JF9I<
η 



�  � -<JLCK8;FJ ;< 8:FK8:@cE G8I8 <C FG<I8;FI D8O@D8C =I8::@FE8I@F Mα,η ��

�08: >?=,. 4I9 /0 &0: =08, �� 
� � +IF9<DFJ GI@D<IF �4� ⇒ �44�  � FEJ@;<I<DFJ f ∈ LA(Ω)
:FE ||f ||LA(Ω) = 1 'L<>F� 98JK8 GIF98I HL< <O@JK< LE8 :FEJK8EK< GFJ@K @M8 C � @E;<G<E;@<EK<
;< f � K8C HL<

ˆ

Ω

B
?

Mα,ηf(x)

C

?
dx ≤ 1.

�@M@;8DFJ 8 |f(x)| = f1+f2 ;FE;< f1(x) = |f(x)|χ{|f |>1}(x) P f2(x) = |f(x)|χ{|f |≤1}(x)
 EKFE:<J � Mα,ηf ≤ Mα,ηf1 + Mα,ηf2   JK @D<DFJ :8;8 JLD8E;F J<G8I8;8D<EK< 

+8I8 <C :8JF ;< f2 � <J:I@9@DFJ f2(x) = g(x)h(x) ;FE;< g(x) = |f(x)|χ{|f |≤1}(x) P
h(x) = χ{|f |≤1}(x) �< C8 I<C8:@cE η−1(t) = ξ−1(t)tα/n � GF;<DFJ 8GC@:8I C8 ;<J@>L8C;8; ;<
#dC;<I ><E<I8C@Q8;8 	 �  �  � �
 P F9K<E<I

Mα,ηf2(x) ≤ 2Mξg(x)||h||Ln/α(Ω) ≤ 2|Ω|α/n = 2K1.

+FI FKI8 G8IK< � J @ :FEJ@;<I8DFJ C8J =LE:@FE<J g1(x) = |f(x)|A(|f(x)|)−α/nχ{|f |>1}(x) P
h1(x) = A(|f(x)|)α/nχ{|f |>1}(x)� K<E<DFJ HL< f1(x) = g1(x)h1(x) 0J8E;F EL<M8D<EK< C8
;<J@>L8C;8; ;< #dC;<I 	 �  �  � �
 K<E<DFJ HL<

Mα,ηf1(x) ≤ 2Mξ(g1)(x)||h1||Ln/α(Ω) ≤ 2Mξ(g1)(x),

P8 HL< ||h1||Ln/α(Ω) ≤ 1  EKFE:<J �
ˆ

Ω

B
?

Mα,ηf(x)

C

?
dx ≤

ˆ

Ω

B
?
2Mξg1(x) + 2K1

C

?
dx 	 �  �  � � 


≤
ˆ

Ω

B
?
4C−1 máx {Mξg1(x), K1}

?
dx

≤
ˆ

Ω

B
?
Mξ(4C

−1g1)(x)
?
dx +

ˆ

Ω

B(4C−1K1)dx.

�FEJ@;<I<DFJ 8?FI8 C8 =LE:@cE

cξ(t) =

?
0 0 ≤ t < 1
´ t

1
b(λ)
λ

ξ?
?
t
λ

?
dλ t ≥ 1.

	 �  �  � � 


HL< <JK\ :C8I8D<EK< 9@<E ;<�E@;8 JF9I< [0,∞) �< <JK8 ;<�E@:@cE J< J@>L< @ED<;@8K8D<EK<
HL< C8 :FE;@:@cE 	 �  �  � 
 ;<C /<FI<D8 �  �  � M8C< :FE φ = b P ψ = cξ � G8I8 :L8C<JHL@<I8
:FEJK8EK<J D1 > 1 P D2 ≥ D1  'L<>F� KFD8E;F Cξ(t) =

´ t

0
cξ(s)ds� GFI ;@:?F K<FI<D8 J<

K@<E< HL<
ˆ

Ω

B
?
Mξ(4C

−1g1)(x)
?
dx ≤ |Ω|B(1) + D

ˆ

Ω

Cξ(4C−1Dg1(x))dx. 	 �  �  � �


. <8 K2 = |Ω|(B(1) +B(4C−1K1)) P <C@A8DFJ C ≥ 4D/C1 ;FE;< C1 <J C8 :FEJK8EK< ;<
�4�  'L<>F� ;< 	 �  �  � � 
 � 	 �  �  � �
 P LJ8E;F HL< Cξ(t) ≤ tcξ(t)� J< J@>L< HL<

ˆ

Ω

B
?

Mα,ηf(x)

C

?
dx ≤ K2 + D

ˆ

Ω

Cξ(4C−1Dg1(x))dx



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

≤ K2 + D

ˆ

Ω

4C−1Dg1(x)cξ
?
4C−1Dg1(x)

?
dx

≤ K2 + C1

ˆ

Ω

g1(x)cξ (C1g1(x)) dx.

)FK<DFJ HL<� <E M@IKL; ;< C8 :FE;@:@cE ;< �@E@ �4� P ;< 	 �  �  � � 
 � J< K @<E< � :FDF <E 	 �  �  � � 
 �
HL<

g1(x)cξ (C1g1(x)) ≤ C2A(|f(x)|).
�Ja� F9K<E<DFJ HL<

ˆ

Ω

B
?

Mα,ηf(x)

C

?
dx ≤ K2 + C1C2

ˆ

Ω

A(|f(x)|)dx ≤ K2 + C1C2.

!@E8CD<EK< � J @ K2 +C1C2 ≤ 1� HL<;8 GIF98;8 C8 JL�:@<E:@8 ;< C8 :FE;@:@cE ;< K@GF �@E@
 E :8JF :FEKI8I@F� :FDF B <J ;< K@GF @E=<I@FI� <JKF <J � <O@JK<E :FEJK8EK<J GFJ@K @M8J c, q
K8C<J HL< B(st) ≤ csqB(t) G8I8 KF;F s ∈ [0, 1] P KF;F t ≥ 0� GF;<DFJ <JK @D8I
ˆ

Ω

B
?

Mα,ηf(x)

C[c(K2 + C1C2)]1/q

?
dx ≤ c

?
1

[c(K2 + C1C2)]1/q

?q ˆ

Ω

B
?

Mα,ηf(x)

C

?
dx ≤ 1.

CF HL< GIL<98 �44� :FE K = [c(K2 + C1C2)]
1/q 

+8I8 ;<DFJKI8I C8 I<:aGIF:8� JLGFE>8DFJ� J @E G_I;@;8 ;< ><E<I8C@;8;� HL< <O@JK< 8C>eE
x0 ∈ Ω K8C HL< C8 9FC8 B(x0, 1) <JK\ :FEK<E@;8 <E Ω � FEJ@;<I<DFJ fδ = χB(x0,δ) G8I8
0 < δ ≤ 2−1/n P� :FDF 8EK<J � D<;@I<DFJ <C :FEALEKF ;< E@M<C ;< Mα,η(fδ)� Es := {x ∈ Ω :
Mα,η(fδ)(x) > s}

. <8 ωα/nδα/ξ−1((2/δ)n) < s < ωα/nδα/ξ−1(2n+1)  EKFE:<J � J @>L@<E;F CFJ D@JDFJ
8I>LD<EKFJ HL< <E C8 GIL<98 ;<C /<FI<D8 �  �  � � F9K<E<DFJ HL<

|Es| ≥
????
?
x ∈ Ω : δ < |x− x0| < 1/4 P |B(x, 2|x− x0|)|α/n||fδ||η,B(x,2|x−x0|) > s

?????

=

????
?
x ∈ Ω : δ < |x− x0| <

δ

2
ξ

?
ωα/nδα

s

? 1
n
?????.

�;<D\J� G8I8 CFJ M8CFI<J ;< s :FEJ@;<I8;FJ J< K@<E< HL<

δ <
δ

2
ξ

?
ωα/nδα

s

?1/n

< 1.

 JKF >8I8EK@Q8 HL< C8 :FIFE8 8EK<I@FI <J EF M8:a8 P J< <E:L<EKI8 :FDGC<K8D<EK< :FEK<E@;8
<E Ω  EKFE:<J � ;< <JK< ?<:?F P ;< C8 <JK @D8:@cE ;< C8 D<;@;8 ;<C :FEALEKF ;< E@M<C ;<
D\J 8II@98 J< F9K@<E< HL<

|{x ∈ Ω : Mα,ηfδ(x) > s}| ≥ ω1+α
n δn+α

2n+2s
ξ?
?

ωα/nδα

2s

?
,

LJ8E;F 8I>LD<EKFJ J@D@C8I<J 8 CFJ ;<C :8JF <E HL< Ω = Rn 



�  � -<JLCK8;FJ ;< 8:FK8:@cE G8I8 <C FG<I8;FI D8O@D8C =I8::@FE8I@F Mα,η ��

'L<>F� J @>L@<E;F CFJ C@E<8D@<EKFJ ;< 	 �  �  � �
 P JLGFE@<E;F HL< �44� M8C< � K<E<DFJ HL<

1 ≥
ˆ

Ω

B
?

Mα,ηfδ(x)

K||fδ||LA(Ω)

?
dx

=

ˆ ∞

0

b(λ)|{x ∈ Ω : Mα,ηfδ(x) > λK||fδ||LA(Ω)}|dλ

≥ ω1+α
n δn+α

2n+2K||fδ||LA(Rn)

ˆ

ωα/nδα

Kξ−1(2n+1)||fδ ||LA(Ω)

ωα/nδα

Kξ−1((2/δ)n)||fδ ||LA(Rn)

b(λ)

λ
ξ?
?

ωα/nδα

2λK||fδ||LA(Ω)

?
dλ

≥ ω1+α
n δn+αA−1(ω−1δ−n)

2n+2K

ˆ C1ωα/nδαA−1(ω−1δ−n)

2αωα/nA−1(ω−1δ−n)

Kη−1(2nδ−n)

b(λ)

λ
ξ?
?

C1ω
α/nδαA−1(ω−1δ−n)

λ

?
dλ,

;FE;< C1 = 1/(Kξ−1(2n+1))� C8 :FEJK8EK< ;<�E@;8 <E C8 ;<DFJKI8:@cE ;<C /<FI<D8 �  �  � 
'L<>F� J @ KFD8DFJ t = A−1(ω−1δ−n)� J< K @<E< C8 J@>L@<EK< :FE;@:@cE

ˆ C1tA(t)−α/n

2αωα/nt
Kη−1(2nωA(t))

b(λ)

λ
ξ?
?

C1tA(t)−α/n

λ

?
dλ ≤ C2

A(t)1+α/n

t
,

G8I8 :8;8 t ≥ t1 = A−1(2ω−1)

. <8 8?FI8

h(t) :=
2αωα/nt

Kη−1(2nωA(t))
.

 E M@IKL; ;< C8 JLG<IDLCK@GC@:8K@M@;8; ;< η−1 <J =\:@C M<I HL<

h(t) ≤ 2αωα/n

Kη−1(2nω)

t

η−1(A(t))
.

+FI C8 ?@GcK<J@J JF9I< η−1(A(t))/t� K<E<DFJ HL< h(t)→ 0 :L8E;F t → +∞ +FI FKI8 G8IK< �
K8D9@_E J89<DFJ HL< t1−α/na(t)−α/n → ∞ :L8E;F t → +∞  E :FEJ<:L<E:@8� GF;<DFJ
8�ID8I HL< <O@JK< t0 > 0 K8C HL< J@ t ≥ t0 � <EKFE:<J h(t) ≤ 1 P C1t

1−α/na(t)−α/n > 1 +8I8
K8C<J M8CFI<J ;< t� LJ8E;F HL< A(t) ≤ ta(t)� K<E<DFJ HL<
ˆ C1t1−α/na(t)−α/n

1

b(λ)

λ
ξ?
?

C1t
1−α/na(t)−α/n

λ

?
dλ

≤
ˆ C1tA(t)−α/n

1

b(λ)

λ
ξ?
?

C1tA(t)−α/n

λ

?
dλ

≤ C2
A(t)1+α/n

t
≤ C2t

α/na(t)1+α/n.

. @ t0 ≤ 1� <EKFE:<J F9K<E<DFJ HL< G8I8 KF;F t ≥ 1 M8C< C8 :FE;@:@cE ;< �@E@ ;<J<8;8

. @ t0 > 1� HL<I<DFJ M<I HL< C8 ;<J@>L8C;8; 8EK<I@FI GL<;< <OK<E;<IJ< 8 KF;F 1 ≤ t < t0 
� FDF t1−α/na(t)−α/n P a(t) JFE :I<:@<EK<J P C8 ;<J@>L8C;8; 8EK<I@FI M8C< G8I8 t = t0 � J @
1 ≤ t < t0 � J< J@>L< HL<
ˆ C1t1−α/na(t)−α/n

1

b(λ)

λ
ξ?
?

C1t
1−α/na(t)−α/n

λ

?
dλ



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

≤
ˆ C1t

1−α/n
0 a(t0)−α/n

1

b(λ)

λ
ξ?
?

C1t
1−α/n
0 a(t0)

−α/n

λ

?
dλ

≤ C2t
α/n
0 a(t0)

1+α/n = K0

≤ K0

a(1)1+α/n
tα/na(t)1+α/n.

/FD8E;F C̃2 = máx{C2, K0a(1)
−1−α/n}� F9K<E<DFJ HL<

ˆ C1t1−α/na(t)−α/n

1

b(λ)

λ
ξ?
?

C1t
1−α/na(t)−α/n

λ

?
dλ ≤ C̃2t

α/na(t)1+α/n

G8I8 KF;F t ≥ 1

� FDF :FEJ<:L<E:@8 ;<C /<FI<D8 �  �  � � F9K<E<DFJ C8 J@>L@<EK< :8I8:K<I@Q8:@cE G8I8 C8
8:FK8:@cE ;< Mα,η JF9I< Rn <E K_ID@EFJ ;< C8J GIFG@<;8;<J ;< :FEK@EL@;8; ;<C FG<I8;FI
D8O@D8C =I8::@FE8I@F :C\J@:F :FE G<JFJ 

�&-/&+" � � � � � � � %0, 0 < α < n D >0,9 A� B� η D ξ .:8: 09 0 7 &0: =08, �� 
� 	 � %@;:9�
2,8: > ,/08F> <@0 η D ?η >: 9 ,8-,> 1@9. 4: 90 > /0 *:@92� �: > >42@409?0 > 09@9. 4,/: > >: 9
0<@4A, 709?0 >�

�4� Mα,η : LA(Rn) ?→ LB(Rn)�

�44� 0C4>?0 @9, .: 9>?,9?0 ;: >4?4A, C ?, 7 <@0

????
Mαf

M?ηu

????
LB(Rn)

≤ C

????
f

u

????
LA(Rn)

, 	 �  �  � � 


;,=, ?:/, f ≥ 0 D ;,=, ?:/: ;0 >: u�

 C K<FI<D8 8EK<I@FI ><E<I8C@Q8 8C :8JF =I8::@FE8I@F LE I<JLCK8;F GIF98;F <E 6 � � 7 G8I8
Mη  �L8E;F A(t) = B(t) = tp � 1 < p < ∞ P α = 0� < C I<JLCK8;F :FII<JGFE;@<EK< =L<
GIF98;F <E 6 �� 7   E <J< D@JDF 8IKa:LCF� <C 8LKFI LK@C@Q8 <JK< K @GF ;< <JK @D8:@cE G8I8
F9K<E<I LE8 M<IJ@cE ;L8C ;< C8 J@>L@<EK< ;<J@>L8C;8; ;< K@GF !<�<ID8E�. K<@E

ˆ

Rn

Mf(x)pw(x)dx ≤ C

ˆ

Rn

|f(x)|pMw(x)dx.

�<J@>L8C;8;<J ;<C <JK @CF ;< 	 �  �  � � 
 =L<IFE K8D9@_E <JKL;@8;8J <E 6 �� 7 G8I8 0 ≤ α < n P
η :@<IK8 =LE:@cE ;< K@GF GFK<E:@8

�08: >?=,. 4I9 /0 7 &0: =08, �� 
� 	 �� �< C8 ;<J@>L8C;8; ;< #dC;<I ;8;8 <E 	 �  �  � �
 J< K @<E<

|B|α/n 1

|B|

ˆ

B

|f(y)|dy ≤ 2|B|α/n||f/u||η,B||u||?η,B ≤ 2Mα,η(f/u)(x)M?ηu(x),



�  � -<JLCK8;FJ ;< 8:FK8:@cE G8I8 <C FG<I8;FI D8O@D8C =I8::@FE8I@F Mα,η ��

G8I8 KF;8 9FC8 B K8C HL< x ∈ B  /FD8E;F <C JLGI<DF JF9I< K8C<J 9FC8J � J< K @<E< C8
J@>L@<EK< ;<J@>L8C;8; GLEKL8C

Mαf(x) ≤ 2Mα,η(f/u)(x)M?ηu(x), x ∈ Rn,

;< C8 :L8C J< ;<;L:< @ED<;@8K8D<EK< HL< �4� ⇒ �44� 

 E M@IKL; ;<C /<FI<D8 �  �  � � C8 I<:aGIF:8 M8C< J@ DFJKI8DFJ HL< �44� @DGC@:8 C8 :FE�
;@:@cE ;< K@GF �@E@ �4� ;<C /<FI<D8 �  �  �   JK @D8I<DFJ� G8I8 ;<K<ID@E8;FJ M8CFI<J ;<
s > 0� C8 D<;@;8 ;<C :FEALEKF Es := {x ∈ Rn : Mαf(x) > sM?ηu(x)}

�8;F δ > 0� J<8E f = u = χB(0,δ)   EKFE:<J � ||f/u||LA(Rn) = 1/A−1(ω−1δ−n)� ;FE;<
ω = |B(0, 1)| ��ID8DFJ HL<� G8I8 |x| > 2δ � J< :LDGC< C8 J@>L@<EK< <JK @D8:@cE

M?ηu(x) = M?ηχB(0,δ)(x) ≤ 1/?η−1((|x|/4δ)n).
.LGFE>8DFJ� GFI <C DFD<EKF� HL< C8 8�ID8:@cE <J M\C@;8

. <8 0 < s < 6α−nωα/nδα/ξ−1(1/(2n − 1)) 0J8E;F HL< B(0, δ) ⊂ B(x, 3|x|/2) J@
|x| > 2δ � P HL<

1

?η−1(t)
≤ η−1(t)

t
= ξ−1(t)tα/n−1, t > 0,

J< K @<E<E C8J J@>L@<EK<J <JK @D8:@FE<J 

|Es| ≥
????
?
x ∈ Rn : |x| > 2δ P |B(x, 3|x|/2)|α/n−1

ˆ

B(x,3|x|/2)
fδ > s/?η−1((|x|/4δ)n)

? ????

≥
????
?
x ∈ Rn : |x| > 2δ P ωα/n−1(3|x|/2)α−nωδn > sξ−1((|x|/4δ)n)(|x|/4δ)α−n

? ????

=

????
?
x ∈ Rn : |x| > 2δ P

6α−nωα/nδα

s
> ξ−1((|x|/4δ)n)

? ????

=

????

?
x ∈ Rn : 2δ < |x| < 4δξ

?
6α−nωα/nδα

s

?1/n
? ????

+FI C8 <C<::@cE ;< s�
ξ(6α−nωα/nδα/s) > 1/(2n − 1) > 2−n 	 �  �  � � 


GFI CF HL< <C :FEALEKF 8EK<I@FI <J LE8 :FIFE8 EF M8:a8 �Ja�

|{x ∈ Rn : Mαf(x) > sM?ηu(x)}| ≥ ω(4δ)nξ

?
6α−nωα/nδα

s

?
− ω(2δ)n.

+FI FKI8 G8IK< � DLCK @GC@:8E;F C8 GI@D<I ;<J@>L8C;8; <E 	 �  �  � � 
 GFI ω(2δ)n � I<JLCK8 HL<

ω(4δ)nξ

?
6α−nωα/nδα

s

?
− ω(2δ)n > ω(2δ)nξ(6α−nωα/nδα/s).

'L<>F� ;<C ?<:?F HL< ξ?(t/2)/2 ≤ ξ(t)/t� :FE:CL@DFJ HL<

|{x ∈ Rn : Mαf(x) > sM?ηu(x)}| ≥
2n−16α−nω1+α/nδn+α

s
ξ?
?
6α−nωα/nδα

2s

?
.



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

.8CMF :FEJK8EK<J � C8 ;<J@>L8C;8; 8EK<I@FI <J ;< C8 =FID8 ;< C8 <:L8:@cE 	 �  �  � � 
 F9K<E@;8
<E C8 GIL<98 ;<C /<FI<D8 �  �  �  +FI <CCF � <J :C8IF HL< J< GL<;<E J<>L@I CFJ C@E<8D@<EKFJ
;< ;@:?8 ;<DFJKI8:@cE 8 �E ;< F9K<E<I C8 :FE;@:@cE ;< K@GF �@E@ ;<J<8;8

�?FI8 J< ;8I\ C8 GIL<98 ;< C8 8�ID8:@cE �< C8 ;<�E@:@cE ;< Mη̃ �

M?ηχB(0,δ)(x) = sup
B?x:B∩B(0,δ) ?=∅

1

?η−1
?

|B|
|B∩B(0,δ)|

? ≤ sup
B?x:B∩B(0,δ) ?=∅

1

?η−1
?

|B|
ωδn

? .

. @ B = B(y, R) <J LE8 9FC8 K8C HL< x ∈ B P B ∩ B(0, δ) ?= ∅� P |x| > 2δ <EKFE:<J
2R > |x| − δ > |x|/2  E <=<:KF� J @ |x| > 2δ <EKFE:<J |x| − δ > |x|/2 �?FI8� J @ B <J LE8
9FC8 :FE C8J GIFG@<;8;<J 8EK<I@FI<J � P z ∈ B ∩ B(0, δ)� <EKFE:<J

|x| ≤ |x− y|+ |y − z|+ |z| ≤ R + R + δ = 2R + δ.

�FD9@E8E;F 8D98J <JK @D8:@FE<J J< K @<E< C8 I<C8:@cE ;<J<8;8 �Ja� R > |x|/4 P

M?ηχB(0,δ)(x) ≤ sup
B?x:B∩B(0,δ) ?=∅

1

?η−1((R/δ)n)
≤ 1

?η−1((|x|/4δ)n) ,

CF HL< ;<DL<JKI8 C8 8�ID8:@cE

� � � � 
!������ ��# �  !�"�� "�# �� $�! ��$��"�� ( #%#

� ��%$�� "�#

+8I8 0 < α < n� < C FG<I8;FI @EK<>I8C =I8::@FE8I@F ;< FI;<E α� Iα � J< ;<�E< GFI

Iαf(x) =

ˆ

Rn

f(y)

|x− y|n−α
dy,

J@<DGI< HL< C8 @EK<>I8C 8EK<I@FI J<8 �E@K8 <E :8J@ KF;F GLEKF

'8J GIFG@<;8;<J ;< 8:FK8:@cE JF9I< <JG8:@FJ ;< *IC@:Q ;< <JK< FG<I8;FI ?8E J@;F
<JKL;@8;8J GFI ;@M<IJFJ 8LKFI<J � <EKI< CFJ HL< GF;<DFJ :@K8I 8 6 � � 7 � 6 �� 7 � 6 �� 7 P 6 �� 7  +FI
<A<DGCF� <E 6 �� 7 CFJ 8LKFI<J GIF98IFE HL< Iα <JK\ 8:FK8;F <EKI< <JG8:@FJ ;< *IC@:Q LA(Ω)
P LB(Ω)� :L8E;F Ω <J LE JL9:FEALEKF ;< Rn ;< D<;@;8 �E@K8� J @ P JcCF J@ C8J =LE:@FE<J
A P B J8K@J=8:<E C8 :FE;@:@cE ;< K@GF �@E@ 	 �  �  �
  +FI FKIF C8;F� <E 6 � � 7 <C 8LKFI ;<;L:<
:@<IK8J :FE;@:@FE<J G8I8 C8 8:FK8:@cE ;< Iα 8 G8IK@I ;< C8 :8I8:K<I@Q8:@cE ;< C8 8:FK8:@cE ;<
Mα � C8J :L8C<J @EMFCL:I8E <C :\C:LCF ;< =LE:@FE<J @EM<IJ8J P :FDGC<D<EK8I@8J ;< =LE:@FE<J
I<C8:@FE8;8J :FE 8HL<CC8 HL< ;<�E<E CFJ <JG8:@FJ ;< *IC@:Q � J @<E;F <JK8J :FE;@:@FE<J D<EFJ
D8E<A89C<J HL< C8J ;< K@GF �@E@

. @E <D98I>F� <J <J:8JF <C D8K<I@8C ;@JGFE@9C< <E I<C8:@cE 8 C8J GIFG@<;8;<J ;< 8:FK8:@cE
<E <JG8:@FJ ;< *IC@:Q ;< CFJ :FEDLK8;FI<J ;< ;@M<IJFJ cI;<E<J ;< Iα :FE JaD9FCFJ <E BMO 



�  � �GC@:8:@FE<J 8 FG<I8;FI<J ;< K@GF @EK<>I8C P JLJ :FEDLK8;FI<J ��

-<:FI;<DFJ HL< <JKFJ :FEDLK8;FI<J J< ;<�E<E =FID8CD<EK< � G8I8 b ∈ L1
loc(Rn) P k ∈ N�

GFI

Ikα,bf(x) =

ˆ

Rn

(b(x)− b(y))k
f(y)

|x− y|n−α
dy.

 E I<C8:@cE 8 <CCFJ � J< :8I8:K<I@Q8I\ JL 8:FK8:@cE <E <JG8:@FJ ;< *IC@:Q GFI D<;@F ;<
LE8 :FE;@:@cE ;< K@GF �@E@ 8JF:@8;8 8 C8 =LE:@cE ϕk(t) = t(1 + log+ t)k  . < J89< HL<
<JK< K @GF ;< :FEDLK8;FI<J <JK\E :FEKIFC8;FJ � <E :@<IKF J<EK@;F� GFI <C FG<I8;FI D8O@D8C
=I8::@FE8I@F Mα,ϕk

� K8C :FDF J< GIF9c <E 6 � � 7 	 M<I /<FI<D8 �  �  �� 
  "I8:@8J 8 <JK< :FEKIFC �
< C /<FI<D8 �  �  � EFJ GIFM<<I\ ;< C8 :FE;@:@cE ;< K@GF �@E@ JL�:@<EK< G8I8 C8 :FEK@EL@;8;
;< Ikα,b HL<� :FDF J< M<I\ <E <C /<FI<D8 �  �  � � <J K8D9@_E LE8 :FE;@:@cE E<:<J8I@8

 E CFJ I<JLCK8;FJ ;< <JK8 J<::@cE J<I\ ;< >I8E LK@C@;8; <C J@>L@<EK< K<FI<D8� ;FE;< J<
;8 LE8 :8I8:K<I@Q8:@cE ;< C8 8:FK8:@cE ;<C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; JF9I<
<JG8:@FJ ;< *IC@:Q   JK8 :8I8:K<I@Q8:@cE =L< ;8;8 <E 6 �� 7   E 6 � �7 CFJ 8LKFI<J GIL<98E
:8I8:K<I@Q8:@FE<J ;< ;@:?8 8:FK8:@cE D<;@8EK< :FE;@:@FE<J ;< K@GF �@E@ <E C8 =LE:@cE
HL< ;<�E< 8C <JG8:@F� M@<E;F 8;<D\J HL< ;@:?8J :FE;@:@FE<J JFE <HL@M8C<EK<J 8 HL< C8
=LE:@cE :FDGC<D<EK8I@8 :FII<JGFE;@<EK< GFJ<8 C8 :FE;@:@cE ∆2  -<JLCK8;FJ J@D@C8I<J J<
F9KLM@<IFE <E 6 �� 7 

�&-/&+" � � � � � 	 6 �� 7 
 � %0, Φ @9, !�1@9. 4I9 �A0= �0�94. 4I9 
� 	 � 
	 �� %: 9 0<@4A, 709?0 >�

�4� 0 7 : ;0=,/: = 8,C48,7 /0 �,=/D��4??70B::/ 0 >?F ,.: ?,/: >: - =0 LΦ(Rn)�

�44� ?Φ� 7, 1@9. 4I9 .:8;70809?,=4, /0 Φ� ;0 =?090.0 , 7, . 7,>0 ∆2 �

�� � � � � �� 
�����	��� ��� ����	��� ������	� �	

���	��� Iα

+8I8 <C :FEDLK8;FI ;< FI;<E k ;< Iα :FE JaD9FCF b ∈ BMO K<E<DFJ� GL<J � C8 J@>L@<EK<
:8I8:K<I@Q8:@cE JF9I< <JG8:@FJ ;< *IC@:Q   E ;@:?F I<JLCK8;F� ;@I<DFJ HL< B ∈ ∆c

2 J@ 8D98J
B P ?B JFE )�=LE:@FE<J <E C8 :C8J< ∆2 

�&-/&+" � � � � � � %0,9 α D A .:8: 09 0 7 &0: =08, �� 
� 	 � k ∈ N ∪ {0}� %@;:92,8: > <@0
B 0 > @9, !�1@9. 4I9 <@0 >,?4>1,.0 7, .: 9/4. 4I9 ∆2 >4 k = 0 D 7, .: 9/4. 4I9 ∆c

2 >4 k > 0� D
<@0 ,/08F> 0 > /0 ?4;: 4910=4: = q > n/(n− α)� �9?: 9.0 >� 0<@4A, 709�

�4� 0C4>?09 .: 9>?,9?0 > ;: >4?4A,> C1 D C2 ?, 70 > <@0

ˆ C1tA(t)−
α
n

0

b(λ)

λ
n

n−α

?
1 + log+

?
C1tA(t)−

α
n

λ

?? kn
n−α

dλ ≤ C2

?A(t)

t

? n
n−α

A,70 ;,=, ?:/: t > 0�

�44� 0C4>?0 @9, .: 9>?,9?0 ;: >4?4A, K ?, 7 <@0 7, /0 >42@,7/,/

||Ikα,bf ||LB(Rn) ≤ K||f ||LA(Rn)

A,70 ;,=, ?:/, 1@9. 4I9 f ∈ L∞
c (Rn) D ?:/: b ∈ BMO� /: 9/0 K = K(||b||BMO)�



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

"->0=A,. 4I9 �  �  � � '8 :FE;@:@cE ∆2 JF9I< B EF <J I<8CD<EK< E<:<J8I@8 G8I8 C8 @DGC@:8:@cE
�44� ⇒�4� <E <C K<FI<D8 8EK<I@FI  JKF HL<;8I\ :C8IF <E C8 ;<DFJKI8:@cE ;<C K<FI<D8
"->0=A,. 4I9 �  �  � � '8J =LE:@FE<J ;< C8 =FID8 B(t) = tβ(1 + log+ t)γ :FE β > 1 P γ ≥ 0

M<I@�:8E C8 :FE;@:@cE ∆c
2 P8 HL< 8D98J � B P ?B(t) ≈ t

β
β−1/(1+ log+ t)

γ
β−1 � JFE )�=LE:@FE<J

;< K@GF L logL GFI CF HL< J8K@J=8:<E KI@M@8CD<EK< C8 :FE;@:@cE ∆2 

"->0=A,. 4I9 �  �  � � '8 :FE;@:@cE �4� ;<C /<FI<D8 �  �  � <J C8 :FE;@:@cE �4� ;<C /<FI<D8 �  �  �
:FII<JGFE;@<EK< 8 C8 =LE:@cE ϕk(t) = t(1+log+ t)k HL<� :FDF P8 J< D<E:@FEc� GIFM@<E< ;<C
:FEKIFC HL< <A<I:< C8 D8O@D8C =I8::@FE8I@8 Mα,ϕk

JF9I< <C :FEDLK8;FI Ikα,b G8I8 :L8CHL@<I
JaD9FCF b ∈ BMO   JK< :FEKIFC EFJ ?89@C@K8 8 8GC@:8I <C /<FI<D8 �  �  � G8I8 F9K<E<I LE8
;< C8J @DGC@:8:@FE<J <E C8 ;<DFJKI8:@cE ;<C I<JLCK8;F 8EK<I@FI

 E C8 GIL<98 ;<C /<FI<D8 �  �  � I<8C@Q8I<DFJ LE 8I>LD<EKF @E;L:K@MF  J GFI <CCF HL<
E<:<J@K8I<DFJ <C J@>L@<EK< I<JLCK8;F :FII<JGFE;@<EK< 8C FG<I8;FI Iα � < C :L8C <J LE8 M<IJ@cE
G8I8 <C :8JF ;< Rn ;<C I<JLCK8;F ;8;F <E 6 �� 7 G8I8 :FEALEKFJ ;< D<;@;8 �E@K8

�&-/&+" � � � � 	 � %0,9 α� A D B .:8: 09 0 7 &0: =08, �� �� 
� �9?: 9.0 >� 0<@4A, 709�

�4� 0C4>?09 .: 9>?,9?0 > ;: >4?4A,> C1 D C2 ?, 70 > <@0

ˆ C1tA(t)−
α
n

0

b(λ)

λ
n

n−α

dλ ≤ C2

?A(t)

t

? n
n−α

A,70 ;,=, ?:/: t > 0�

�44� 0C4>?0 @9, .: 9>?,9?0 ;: >4?4A, K ?, 7 <@0 7, /0 >42@,7/,/

||Iαf ||LB(Rn) ≤ C||f ||LA(Rn),

;,=, ?:/, 1@9. 4I9 f ∈ LA(Rn)� >408;=0 <@0 0 7 7,/: 4E<@40 =/: >0, �94?: �

�08: >?=,. 4I9� +8I8 M<I HL< �4� <J E<:<J8I@8� EFK<DFJ HL< G8I8 f ≥ 0�

Mαf(x) = sup
B?x

|B|α/n−1

ˆ

B

f(y)dy ≤ sup
B?x

|B(0, 1)|α/n−1

ˆ

B

f(y)

|x− y|n−α
dy ? Iαf(x),

;< ;FE;< J< J@>L< HL< ||Mαf ||LB(Rn) ? ||Iαf ||LB(Rn) ? ||f ||LA(Rn) G8I8 KF;8 f ∈ LA(Rn)
 E M@IKL; ;<C /<FI<D8 �  �  � :FE η(t) = t� M8C< C8 :FE;@:@cE ;< K@GF �@E@ �4� 

+ IF9<DFJ 8?FI8 �4� ⇒�44�  � FEJ@;<I<DFJ LE8 =LE:@cE f ∈ L∞
c (Rn) P b ∈ BMO :FE

||b||BMO = 1 + IF98I<DFJ HL< ||Iαf ||LB(Rn) < ∞ G8I8 GF;<I 8GC@:8I <C '<D8 �  �  � � 
)FK<DFJ HL< GF;<DFJ JLGFE<I HL< f = CχB(0,R) G8I8 8C>eE R > 0 P8 HL<� GFI J<I f
;< JFGFIK< :FDG8:KF� _JK< <JK\ :FEK<E@;F <E 8C>LE8 9FC8 ;< C8 =FID8 B(0, R) P GFI J<I f
8:FK8;8� |f(x)| ≤ ||f ||L∞(Rn)χB(0,R)(x) G8I8 KF;F x ∈ Rn  'L<>F� GF;<DFJ <J:I@9@I

ˆ

Rn

B(|Iαf(x)|)dx =

ˆ

Rn

B
?
C

ˆ

B(0,R)

1

|x− y|n−α
dy

?
dx



�  � �GC@:8:@FE<J 8 FG<I8;FI<J ;< K@GF @EK<>I8C P JLJ :FEDLK8;FI<J ��

=

?
ˆ

|x|≤2R

+

ˆ

|x|>2R

?
B
?
C

ˆ

B(0,R)

1

|x− y|n−α
dy

?
dx = I + II.

. @ |x| ≤ 2R� G8I8 y ∈ B(0, R) J< K @<E< HL< y ∈ B(x, 3R) �Ja�

I ≤
ˆ

|x|≤2R

B
?
C

ˆ

B(x,3R)

1

|x− y|n−α
dy

?
dx ≤

ˆ

|x|≤2R

B (C(3R)α) dx < ∞.

+FI FKIF C8;F� J @ |x| > 2R� |x−y| > |x|/2 0K@C@Q8E;F HL< B <J ;< K@GF @E=<I@FI q > n/(n−α)
K<E<DFJ HL<

II ≤
ˆ

|x|>2R

B
?
2n−αωnR

n

|x|n−α

?
dx ≤ B(CnR

α)

ˆ

|x|>2R

?
2R

|x|

?q(n−α)

dx

= B(CnR
α)2Rq(n−α)

ˆ ∞

2R

ρn−q(n−α)dρ

ρ
< ∞.

+FI CF K8EKF� ||Iαf ||LB(Rn) < ∞

'L<>F� J @ Bδ(t) = B(t1/δ) G8I8 0 < δ < 1� GFI <C '<D8 �  �  � � GF;<DFJ <J:I@9@I

||Iαf ||LB(Rn) = |||Iαf |δ||1/δLBδ (Rn)
	 �  �  �


≤ 2 sup
||g||

L
?Bδ (Rn)

≤1

?
ˆ

Rn

|Iαf(x)|δg(x)dx
?1/δ

≤ 2 sup
||g||

L
?Bδ (Rn)

≤1

?
ˆ

Rn

|Iαf(x)|δ|g(x)|dx
?1/δ

.

�FDF <J 9@<E :FEF:@;F HL< Iα <J ;< K@GF ;_9@C (1, n/(n − α))� G8I8 KF;8 =LE:@cE
f ∈ L∞

c (Rn) J< K @<E< HL< |{x ∈ Rn : |Iαf(x)| > λ}| < ∞ G8I8 KF;F λ > 0  E <=<:KF�

|{x ∈ Rn : |Iαf(x)| > λ}| ?
?
ˆ

Rn

|f(x)|
λ

dx

? n
n−α

?
? ||f ||∞|JFG(f)|

λ

? n
n−α

< ∞.

�;<D\J� KF;8 =LE:@cE g HL< @EK<IM@<E< <E <C JLGI<DF ;< 8II@98 I<JLCK8 J<I CF:8CD<EK<
@EK<>I89C< <E M@IKL; ;< HL< ||g||

L
?Bδ (Rn)

≤ 1 GL<J � J @ B <J LE8 9FC8�

ˆ

B

|g(x)|dx ≤
ˆ

{x∈B:|g(x)|≤1}
dx +

ˆ

{x∈B:|g(x)|>1}

|g(x)|?Bδ(1)

?Bδ(1)
dx

≤ |B|+ 1

?Bδ(1)

ˆ

{x∈B:|g(x)|>1}
?Bδ(|g(x)|)dx < ∞,

;FE;< <E C8 eCK @D8 ;<J@>L8C;8; J< LJc HL< ?Bδ <J ;< 4FLE>

'L<>F� <J GFJ@9C< 8GC@:8I <E C8 ;<J@>L8C;8; 	 �  �  �
 <C '<D8 �  �  � :FE |Iαf |δ P |g|
I<JG<:K@M8D<EK<  +FI CF K8EKF� LJ8E;F ;@:?F C<D8� C8 ;<J@>L8C;8; ><E<I8C@Q8;8 ;< #dC;<I
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	 �  �  � 
 P C8 ;<J@>L8C;8; GLEKL8C 	 �  �  � � 
 � F9K<E<DFJ HL<

||Iαf ||LB(Rn) ≤ C sup
||g||

L
?Bδ (Rn)

≤1

?
ˆ

Rn

M ?(|Iαf |δ)(x)Mg(x)dx

?1/δ

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?M ?(|Iαf |δ)?1/δLBδ (Rn)
?Mg?1/δ

L
?Bδ (Rn)

= C sup
||g||

L
?Bδ (Rn)

≤1

?M ?
δ(|Iαf |)?LB(Rn)?Mg?1/δ

L
?Bδ (Rn)

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?Mαf?LB(Rn)?Mg?1/δ
L

?Bδ (Rn)
.

�FDF B <J LE8 )�=LE:@cE <E C8 :C8J< ∆2 � Bδ K8D9@_E CF <J 	 M<I '<D8 �  �  � � 
  'L<>F� GFI
<C /<FI<D8 �  �  � J< K @<E< HL< ||Mg||

L
?Bδ (Rn)

≤ C?g?
L

?Bδ (Rn)
 0J8E;F 8?FI8 <C /<FI<D8 �  �  �

:FE η(t) = t :FE:CL@DFJ HL<

||Iαf ||LB(Rn) ≤ C sup
||g||

L
?Bδ (Rn)

≤1

?Mαf?LB(Rn)?g?1/δ
L

?Bδ (Rn)
≤ C?Mαf?LB(Rn) ≤ C?f?LA(Rn),

:L8CHL@<I8 J<8 f ∈ L∞
c (Rn)

�?FI8 9@<E� J @ 0 ≤ f ∈ LA(Rn)� ;<�E@DFJ fm(x) = mı́n{f(x), m}χB(0,m)(x)� m ∈ N
� C8I8D<EK< � fm ∈ L∞

c (Rn) P 0 ≤ fm(x)? f(x)� ;< ;FE;< HL< ||fm||LA(Rn) ? ||f ||LA(Rn) 
�;<D\J� :FDF 0 ≤ fm(y)|x−y|α−n ? f(y)|x−y|α−n � J< J@>L< ;<C /<FI<D8 ;< �FEM<I><E�
:@8 (FEcKFE8 HL< Iαfm(x)? Iαf(x) :L8E;F m →∞ G8I8 :8J@ KF;F x  E :FEJ<:L<E:@8�
||Iαfm||LB(Rn) ? ||Iαf ||LB(Rn)  'L<>F�

||Iαf ||LB(Rn) = ĺım
m→∞

||Iαfm||LB(Rn) ? ĺım
m→∞

||fm||LA(Rn) = ||f ||LA(Rn).

�8;8 8?FI8 LE8 =LE:@cE f ∈ LA(Rn) :L8CHL@<I8� f = f+ − f− � ;FE;< f+ = fχ{f≥0} P
f− = fχ{f<0} � P <C I<JLCK8;F M8C< G8I8 :8;8 LE8 ;< <CC8J � ;< ;FE;< J< J@>L< HL< K8D9@_E
M8C< G8I8 f 

�08: >?=,. 4I9 /0 &0: =08, �� �� 
� 1<8DFJ GI@D<IF HL< C8 :FE;@:@cE �4� <J JL�:@<EK<  . @
k = 0� < C I<JLCK8;F <J <C /<FI<D8 �  �  � P8 HL< L∞

c (Rn) ⊂ LA(Rn) . LGFE>8DFJ HL< M8C<
G8I8 :8;8 0 ≤ j ≤ k − 1 ∈ N� J< GIF98I\ <C I<JLCK8;F G8I8 k 

. @E G_I;@;8 ;< ><E<I8C@;8;� J<8 ||b||BMO = 1 P JLGFE>8DFJ GI@D<IF HL< b ∈ L∞(Rn)
/FD<DFJ LE8 =LE:@cE f ∈ L∞

c (Rn) 'L<>F� :FDF <E C8 GIL<98 ;<C /<FI<D8 �  �  � � K<E<DFJ
HL< ||Iαf ||LB(Rn) < ∞ 1<8DFJ HL< K8D9@_E ||Ikα,bf ||LB(Rn) < ∞ 0K@C@Q8E;F C8 =cIDLC8

Ijα,bf(x) =

j?

m=0

Cm,jb(x)
j−mIα(b

mf)(x), 	 �  �  � 




�  � �GC@:8:@FE<J 8 FG<I8;FI<J ;< K@GF @EK<>I8C P JLJ :FEDLK8;FI<J ��

P <C ?<:?F HL< b ∈ L∞(Rn) P f ∈ L∞
c (Rn)� K<E<DFJ HL<

||Ikα,bf ||LB(Rn) =

?????
k?

m=0

Cm,kb
k−mIα(b

mf)

?????
LB(Rn)

	 �  �  � 


≤
k?

m=0

Cm,k||b||k−m
L∞(Rn)||Iα(bmf)||LB(Rn)

≤
k?

m=0

Cm,k||b||kL∞(Rn)||Iαf ||LB(Rn) ? ||b||kL∞(Rn)||Iαf ||LB(Rn) < ∞.

�Ja� GFI <C '<D8 �  �  � � � K<E<DFJ HL<

||Ikα,bf ||LB(Rn) ≤ 2 sup
||g||

L
?Bδ (Rn)

≤1

?
ˆ

Rn

|Ikα,bf |δ|g(x)|dx
?1/δ

. 	 �  �  � � 


+FI FKIF C8;F� GFI C8 ;<J@>L8C;8; ;< �?<9PJ?<M� LJ8E;F HL< 1 ≤ t ≤ B(t)/B(1) P HL<
B <J ;< K@GF JLG<I@FI q G8I8 8C>eE 0 < q < ∞ 	 M<I '<D8 �  �  ���4�
 � G8I8 :8;8 λ > 0 J<
K @<E< HL<

|{x ∈ Rn : |Ikα,bf(x)| > λ}| ≤
ˆ

{x∈Rn:|Ikα,bf(x)|>λ}

|Ikα,bf(x)|
λ

dx 	 �  �  � � 


≤ 1

B(1)

ˆ

{x∈Rn:|Ikα,bf(x)|>λ}
B
?

|Ikα,bf(x)|
||Ikα,bf ||LB(Rn)

||Ikα,bf ||LB(Rn)

λ

?
dx

≤ 1

B(1) mı́n

?
1,
||Ikα,bf ||qLB(Rn)

λq

?
ˆ

Rn

B
?

|Ikα,bf(x)|
||Ikα,bf ||LB(Rn)

?
dx

≤
||Ikα,bf ||qLB(Rn)

B(1)λq
< ∞.

�Ja� G8I8 :8;8 0 < δ < 1 J< GL<;< 8GC@:8I <E 	 �  �  � � 
 <C '<D8 �  �  � P LJ8I HL< Bδ <J
LE8 )�=LE:@cE HL< J8K@J=8:< C8 :FE;@:@cE ∆2 � K8C :FDF J< ?@QF <E C8 ;<DFJKI8:@cE ;<C
/<FI<D8 �  �  � � G8I8 F9K<E<I ;< <JK< DF;F

||Ikα,bf ||LB(Rn) ≤ C sup
||g||

L
?Bδ (Rn)

≤1

?
ˆ

Rn

M ?(|Ikα,bf |δ)(x)Mg(x)dx

?1/δ

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?M ?(|Ikα,bf |δ)?1/δLBδ (Rn)
?Mg?1/δ

L
?Bδ (Rn)

= C sup
||g||

L
?Bδ (Rn)

≤1

?M ?
δ(|Ikα,bf |)?LB(Rn)?Mg?1/δ

L
?Bδ (Rn)

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?M ?
δ(|Ikα,bf |)?LB(Rn)?g?1/δ

L
?Bδ (Rn)



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

≤ C?M ?
δ(|Ikα,bf |)?LB(Rn).

�?FI8 9@<E� 8GC@:8E;F <C /<FI<D8 �  �  �� :L8E;F Tα = Iα 	 M<I K8D9@_E 6 � � � '<D8 �  � 7 

J< J@>L< HL<

||Ikα,bf ||LB(Rn) ≤ C

k−1?

j=0

?M?(I
j
α,bf)?LB(Rn) + C?Mα,ϕk

f?LB(Rn), 	 �  �  � � 


;FE;< ϕk(t) = t(1 + log+ t)k  *9J<IM<DFJ HL< C8 =LE:@cE ξk ;<C /<FI<D8 �  �  � ;<�E@;8

:FDF ξ−1
k (t) = t−α/nϕ−1

k (t) J8K@J=8:< ξk(t) ≈ t
n

n−α (1 + log+ t)
kn
n−α 	 M<I '<D8 �  �  �� 
 P C8

:FE;@:@cE ;< K@GF �@E@ ;< ;@:?F K<FI<D8 EF <J D\J HL< C8 :FE;@:@cE �4� HL< K<E<DFJ GFI
?@GcK<J@J  'L<>F� ;< <J< K<FI<D8 J89<DFJ HL< Mα,ϕk

<JK\ 8:FK8;8 ;< LA(Rn) <E LB(Rn)
GFI CF HL< <C eCK @DF K_ID@EF ;< 	 �  �  � � 
 <JK\ 8:FK8;F GFI ||f ||LA(Rn)  �?FI8 9@<E� CFJ
K_ID@EFJ I<JK8EK<J ;< C8 JLD8 J< GL<;<E I<<J:I@9@I ;< C8 J@>L@<EK< D8E<I8

?M?(I
j
α,bf)?LB(Rn) = ?M(|Ijα,bf |?)?LB? (Rn).

 E M@IKL; ;<C /<FI<D8 �  �  � GFI J<I ?B? ∈ ∆2 G8I8 KF;F 0 < ? < 1 J< K @<E< HL<

?M(|Ijα,bf |?)?LB? (Rn) ? ?|Ijα,bf |??LB? (Rn) = ?Ijα,bf?LB(Rn) ? ||f ||LA(Rn)

GL<J C8 :FE;@:@cE ;< K@GF �@E@ �4� @DGC@:8 C8 D@JD8 :FE;@:@cE :FE j <E CL>8I ;< k � G8I8
:8;8 0 ≤ j ≤ k − 1 +FI CF K8EKF�

||Ikα,bf ||LB(Rn) ≤ C||f ||LA(Rn),

:FE :FEJK8EK< @E;<G<E;@<EK< ;< ||b||L∞(Rn) 

�?FI8 <OK<E;8DFJ <JK< I<JLCK8;F 8 b ∈ BMO  �<�E@DFJ G8I8 :8;8 N ∈ N C8 =LE:@cE
bN :FDF J@>L<

bN (x) =





b J@ −N ≤ b(x) < N,
N J@ b(x) > N,
−N J@ b(x) < −N.

 J =\:@C M<I HL< |bN (x) − bN (y)| ≤ |b(x) − b(y)|� ;< ;FE;< ||bN ||BMO ≤ 2||b||BMO = 2
�;<D\J� :FDF f ∈ L∞

c � (bN )
mf → bmf :L8E;F N → ∞ JF9I< Lp(Rn) G8I8 :L8CHL@<I

1 < p < ∞ � FDF Iα <JK\ 8:FK8;F ;< Lp(Rn) <E Lq(Rn) :L8E;F 1/q = 1/p − α/n P
1 < p < n/α� J< K @<E< HL< Iα((bN )

mf) → Iα(b
mf) :L8E;F N → ∞ JF9I< Lq(Rn) �Ja�

<O@JK< LE8 JL9JL:<J@cE K8C HL< C8J :FEM<I><E:@8J 8EK<I@FI<J J< M<I@�:8E <E :8J@ KF;F GLEKF
P� LJ8E;F EL<M8D<EK< 	 �  �  � 
 � J< K @<E< HL< Ikα,bNl

f → Ikα,bf :L8E;F l → ∞ <E :8J@ KF;F
GLEKF +FI CF K8EKF� ;< C8 :FEK@EL@;8; ;< C8 =LE:@cE B � ;<C '<D8 ;< !8KFL P ;<C ?<:?F
HL< ||Ikα,bNl

f ||LB(Rn) ≤ 2C||f ||LA(Rn) F9K<E<DFJ HL<

ˆ

Rn

B
?

|Ikα,bf(x)|
2C||f ||LA(Rn)

?
dx =

ˆ

Rn

ĺım
l→∞

B
? |Ikα,bNl

f(x)|
2C||f ||LA(Rn)

?
dx 	 �  �  � � 




�  � �GC@:8:@FE<J 8 FG<I8;FI<J ;< K@GF @EK<>I8C P JLJ :FEDLK8;FI<J ��

≤ ĺım inf
l→∞

ˆ

Rn

B
? |Ikα,bNl

f(x)|
2C||f ||LA(Rn)

?
dx ≤ 1,

<JKF <J � ||Ikα,bf ||LB(Rn) ≤ 2C||f ||LA(Rn) < ∞ ! @E8CD<EK< � GFI C8 ?FDF><E<@;8; ;< C8
EFID8� ||Ikα,bf ||LB(Rn) ≤ 2||b||kBMO||f ||LA(Rn) 

+8I8 M<I HL< C8 :FE;@:@cE ;< K@GF �@E@ �4� <J E<:<J8I@8� I<8C@Q8I<DFJ LE8 <JK@D8:@cE
GLEKL8C ;<C :FEDLK8;FI Ikα,b � G8I8 <C JaD9FCF G8IK@:LC8I b(x) = log |x| ∈ BMO P G8I8
fδ = χB(0,δ) ∈ L∞

c (Rn)� J @<E;F δ > 0

. LGFE>8DFJ HL< |x| > 2δ   EKFE:<J � G8I8 y ∈ B(0, δ)� I<JLCK8 HL< |x − y| < 3|x|/2�
;< ;FE;< J< K@<E< HL<

b(x)− b(y) ≥ log (|x|/δ) = log 2 + log (|x|/2δ) ≥ log 2(1 + log+ (|x|/2δ)).

'L<>F� G8I8 K8C<J x�

Ikα,bfδ(x) =

ˆ

B(0,δ)

(b(x)− b(y))k

|x− y|n−α
dy ≥ Ck(1 + log+ (|x|/2δ))k ωδn

(3|x|/2)n−α

= C(α, n, k)ωα/nδα
(1 + log+(|x|/2δ))k

(|x|/2δ)n−α
,

;FE;< C(α, n, k) = Ckω1−α/n3α−n 

+FI <C '<D8 �  �  ���4� � J @ ϕ(t) = t1/(n−α)(1 + log+ t)k/(n−α) � <EKFE:<J <O@JK< LE8 :FEJ�
K8EK< D > 1 K8C HL<

D−1ϕ−1(t) ≤ tn−α(1 + log+ t)−k ≤ Dϕ−1(t),

GFI CF HL< J< K@<E<

Ikα,bfδ(x) ≥ C(α, n, k)ωα/nδα/Dϕ−1(|x|/2δ) := C̃ωα/nδα/ϕ−1(|x|/2δ)

G8I8 |x| > 2δ   EKFE:<J � KFD8E;F 0 < λ < C̃ωα/nδα/ϕ−1(21/n) P ξk(t) = ϕ(t)n =

t
n

n−α (1 + log+ t)
kn
n−α �

|{x ∈ Rn : |Ikα,bfδ(x)| > λ}| ≥
????
?
x ∈ Rn : |x| > 2δ P C̃ωα/nδα/ϕ−1(|x|/2δ) > λ

?????

≥
????
?
x ∈ Rn : 2δ < |x| < 2δϕ

?
C̃ωα/nδα

λ

??????

= ω2nδnϕ

?
C̃ωα/nδα

λ

?n

− ω2nδn ≥ ω2n−1δnϕ

?
C̃ωα/nδα

λ

?n

= ω2n−1δnξ

?
C̃ωα/nδα

λ

?
.



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

+FI CF K8EKF� ;< C8 <JK @D8:@cE 8EK<I@FI F9K<E<DFJ HL<

|{x ∈ Rn : |Ikα,bfδ(x)| > λ}| ≥ C̃2n−2ω1+α/nδn+α

λ
ξ?
?

C̃ωα/nδα

2λ

?
.

. @>L@<E;F CFJ D@JDFJ C@E<8D@<EKFJ HL< <E 	 �  �  � �
 � J< GL<;< ;<;L:@I C8 :FE;@:@cE

ˆ C1tA(t)−
α
n

0

b(λ)

λ
n

n−α

?
1 + log+

?
C1tA(t)−

α
n

λ

?? kn
n−α

dλ ≤ C2

?A(t)

t

? n
n−α

G8I8 KF;F t > 0� HL< <J C8 :FE;@:@cE ;< K@GF �@E@ �4� ;<C /<FI<D8 �  �  � G8I8 C8 =LE:@cE
ξk 

�� � � � � ����	����� ������	��� �	

���	���� � ��� 
�����	�����

 JK8 J<::@cE <JK\ ;<;@:8;8 8 <JKL;@8I C8J GIFG@<;8;<J ;< 8:FK8:@cE JF9I< <JG8:@FJ ;<
*IC@:Q ;< CFJ FG<I8;FI<J ;< :FEMFCL:@cE ;< K@GF =I8::@FE8I@F Tα P JLJ :FEDLK8;FI<J � K8C<J
:FDF CFJ ;<�E@;FJ <E C8 R �  �  � � :LPFJ Ee:C<FJ J8K@J=8:<E :FE;@:@FE<J ;< K@GF #dID8E;<I
8JF:@8;8J 8 LE8 =LE:@cE ;< 4FLE> ;8;8 +L<JKF HL< CFJ Ee:C<FJ HL< ;<�E<E 8 <JKFJ EL<MFJ
FG<I8;FI<J JFE 9@<E ><E<I8C<J P D<EFJ I<>LC8I<J HL< <C Ee:C<F ;< Iα � C8J :FE;@:@FE<J
F9K<E@;8J J<I\E� <E GI@E:@G@F� JL�:@<EK<J P J< GF;I\E ;<;L:@I ;< 8HL<CC8J HL< >8I8EK@Q8E
C8 8:FK8:@cE ;<C FG<I8;FI D8O@D8C ;< :FEKIFC Mα,η � ;FE;< C8 =LE:@cE η <JK\ aEK@D8D<EK<
I<C8:@FE8;8 :FE C8 :FE;@:@cE ;< #dID8E;<I HL< M<I@�:8 <C Ee:C<F

�EK<J ;< <JK89C<:<I <C I<JLCK8;F :FII<JGFE;@<EK< � I<:FI;<DFJ C8 ;<�E@:@cE ;< Tα � G8I8
0 ≤ α < n�

Tαf(x) =

ˆ

Rn

Kα(x− y)f(y) dy, 	 �  �  � �


;FE;< <C Ee:C<F Kα M<I@�:8I\ C8J J@>L@<EK<J :FE;@:@FE<J �

	 @
 C8 :FE;@:@cE ;< K8D8bF Sα HL< <JK89C<:< HL<
ˆ

{|x|∼s}
|Kα(x)| dx ≤ Csα,

G8I8 8C>LE8 :FEJK8EK< GFJ@K @M8 C � ;FE;< {|x| ∼ s} = {x : s < |x| ≤ 2s}�
	 @ @
 C8 :FE;@:@cE ;< I<>LC8I@;8; Hα,Φ 8JF:@8;8 8 LE8 =LE:@cE Φ ;< 4FLE> �FE:I<K8D<E�

K< � Kα ∈ Hα,Φ J@ <O@JK<E :FEJK8EK<J c ≥ 1 P CΦ > 0 K8C<J HL< G8I8 KF;F y ∈ Rn :FE
R > c|y|� M8C< C8 ;<J@>L8C;8;

∞?

m=1

(2mR)n−α? (Kα(· − y)−Kα(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ CΦ.

 E <C J@>L@<EK< K<FI<D8 J< <JK89C<:< <C I<JLCK8;F ;< 8:FK8:@cE 8EK<J D<E:@FE8;F



�  � �GC@:8:@FE<J 8 FG<I8;FI<J ;< K@GF @EK<>I8C P JLJ :FEDLK8;FI<J ��

�&-/&+" � � � � � � � %0, 0 < α < n� η @9, 1@9. 4I9 /0 *:@92 D >0, Tα @9 :;0=,/: = 1=,. �
. 4: 9,=4: .:8: 09 	 �  �  � �
 .: 9 9J. 70: Kα ∈ Sα ∩ Hα,η̃ � %0,9 A� B D ξ .:8: 09 0 7 &0: �
=08, �� 
� 	 .: 9 B @9, !�1@9. 4I9 09 7, . 7,>0 ∆2� D >@;:92,8: > <@0 7, .: 9/4. 4I9 /0 ?4;:
�494 /0 7 &0: =08, �� 
� 	 A, 70 � �9?: 9.0 >�

||Tαf ||LB(Rn) ≤ C||f ||LA(Rn),

;,=, ?:/, 1@9. 4I9 f ∈ L∞
c (Rn) ?, 7 <@0 0 7 7,/: 4E<@40 =/: 0 > �94?: �

" - >0=A,. 4I9 �  �  � � �  C K<FI<D8 8EK<I@FI K8D9@_E M8C< J@ :8D9@8DFJ C8 :FE;@:@cE ;< #dI�
D8E;<I Hα,?η GFI C8 :FE;@:@cE ;< K@GF '@GJ:?@KQ H∗

α,∞ � P C8 :FE;@:@cE ;< K@GF �@E@ �4�
;<C /<FI<D8 �  �  � GFI C8 :FE;@:@cE 	 �  �  �
   JK< :8D9@F J< ;<9< 8 HL< CFJ FG<I8;FI<J
Tα :FE Ee:C<FJ <E Sα ∩ H∗

α,∞ <JK\E :FEKIFC8;FJ GFI C8 D8O@D8C =I8::@FE8I@8 :C\J@:8 Mα �
:FDF <JK89C<:< <C /<FI<D8 �  �  � �  �Ja� J< GL<;< I<8C@Q8I LE8 GIL<98 J@D@C8I G8I8 F9K<E<I
C8 8:FK8:@cE G8I8 ;@:?FJ FG<I8;FI<J ;< LA(Rn) <E LB(Rn) G8I8 =LE:@FE<J 8:FK8;8J ;<
JFGFIK< :FDG8:KF

�08: >?=,. 4I9 /0 7 &0: =08, �� �� 	 � +8I8 0 < δ < 1� J<8 Bδ(t) = B(t1/δ)  EKFE:<J � :FDF
||Tαf ||LB(Rn) < ∞� GF;<DFJ <J:I@9@I

||Tαf ||LB(Rn) = |||Tαf |δ||1/δLBδ (Rn)
? sup

||g||
L

?Bδ (Rn)
≤1

?
ˆ

Rn

|Tαf |δ|g|dx
?1/δ

.

+IF:<;@<E;F :FDF <E 	 �  �  � � 
 � J< J@>L< ;< C8 ;<J@>L8C;8; ;< �?<9PJ?<M P ;< C8J
?@GcK<J@J JF9I< B HL< G8I8 KF;F λ > 0� |{x ∈ Rn : |Tαf(x)| > λ}| < ∞ 'L<>F� I<JLCK8
M\C@;F <C '<D8 �  �  � G8I8 |Tαf |δ  �< <JK< ?<:?F� ;< C8 ;<J@>L8C;8; ><E<I8C@Q8;8 ;< #dC;<I
	 �  �  � 
 P ;< C8 ;<J@>L8C;8; GLEKL8C 	 �  �  � �
 J< F9K@<E<

||Tαf ||LB(Rn) ≤ C sup
||g||

L
?Bδ (Rn)

≤1

?
ˆ

Rn

M ?(|Tαf |δ)(x)Mg(x)dx

?1/δ

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?M ?(|Tαf |δ)?1/δLBδ (Rn)
?Mg?1/δ

L
?Bδ (Rn)

= C sup
||g||

L
?Bδ (Rn)

≤1

?M ?
δ(|Tαf |)?LB(Rn)?Mg?1/δ

L
?Bδ (Rn)

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?Mα,ηf?LB(Rn)?Mg?1/δ
L

?Bδ (Rn)
.

�?FI8 9@<E� GFI <C '<D8 �  �  � � J< K @<E< HL< Bδ <J LE8 )�=LE:@cE <E ∆2 G8I8 KF;F
0 < δ < 1� GFI CF HL< ;<C /<FI<D8 �  �  � J< J89< HL< ||Mg||

L
?Bδ (Rn)

≤ C?g?
L

?Bδ (Rn)
 'L<>F�

LJ8E;F <C /<FI<D8 �  �  � P C8 :FE;@:@cE ;< K@GF �@E@ :FE:CL@DFJ HL<

||Tαf ||LB(Rn) ? sup
||g||

L
?Bδ (Rn)

≤1

?Mα,ηf?LB(Rn)?g?1/δ
L

?Bδ (Rn)
? ?Mα,ηf?LB(Rn) ≤ C?f?LA(Rn).
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+IFG@<;8;<J J@D@C8I<J 8 C8J 8EK<I@FI<J GL<;<E F9K<E<IJ< G8I8 CFJ :FEDLK8;FI<J ;<
FI;<E k ∈ N ;< Tα :FE JaD9FCF b ∈ BMO P 0 ≤ α < n� ;<�E@;FJ GFI

T k
α,bf(x) =

ˆ

Rn

(b(x)− b(y))kKα(x− y)f(y) dy,

98 AF <C JLGL<JKF ;< HL< <C Ee:C<F Kα ∈ Sα P M<I@�HL<� 8;<D\J� C8 J@>L@<EK< :FE;@:@cE ;<
I<>LC8I@;8; ;< K@GF #dID8E;<I� ;<G<E;@<EK< ;<C FI;<E k � Hα,Φ,k � <O@JK<E :FEJK8EK<J c ≥ 1
P Cα,Φ,k > 0 K8C<J HL< G8I8 KF;F y ∈ Rn :FE R > c|y|� M8C< C8 ;<J@>L8C;8;

∞?

m=1

(2mR)n−αmk? (Kα(· − y)−Kα(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ Cα,Φ,k.

�FE <JK8J GIFG@<;8;<J P D<;@8EK< C8 8GC@:8:@cE ;<C /<FI<D8 �  �  �� P LE 8I>LD<EKF
@E;L:K@MF J< K@<E< <C J@>L@<EK< I<JLCK8;F ;< 8:FK8:@cE G8I8 T k

α,b 

�&-/&+" � � � � � 
 � %0,9 0 < α < n� k ∈ N ∪ {0} D η D Φ /: > 1@9. 4: 90 > /0 *:@92
?, 70 > <@0 η−1(t)Φ−1(t) ≤ ϕ−1

k (t) >409/: ϕk(t) = t(1 + log+ t)k � %0,9 A� B D ξ .:8: 09 0 7
&0: =08, �� 
� 	 � .: 9 B @9, !�1@9. 4I9 09 7, . 7,>0 ∆2 >4 k = 0 D 09 7, . 7,>0 ∆c

2 >4 k > 0� %0,
Tα @9 :;0=,/: = 1=,.. 4: 9,=4: .:8: 09 	 �  �  � � 
 .: 9 9J. 70: K ∈ Sα ∩Hα,Φ,k D >@;:92,8: >
<@0 Tα 0 >?F ,.: ?,/: /0 Lp0(Rn) 09 Lq0(Rn)� p0, q0 > 1� %4 >0 A0=4�., 7, .: 9/4. 4I9 /0 ?4;:
�494 /0 7 &0: =08, �� 
� 	 � 09?: 9.0 > ;,=, ?:/, b ∈ BMO�

||T k
α,bf ||LB(Rn) ≤ C||b||kBMO||f ||LA(Rn),

;,=, ?:/, 1@9. 4I9 f ∈ L∞
c (Rn) ?, 7 <@0 ||Tαf ||LB(Rn) < ∞�

" - >0 =A,. 4I9 �  �  � � � . @ k = 0 P KFD8DFJ Φ ≈ ?η <E <JK< eCK @DF K<FI<D8 F9K<E<DFJ LE8
><E<I8C@Q8:@cE ;<C /<FI<D8 �  �  � � 

"->0=A,. 4I9 �  �  � � � �FDF <E <C :8JF k = 0� < C K<FI<D8 8EK<I@FI K8D9@_E M8C< J@ :8D�
9@8DFJ C8 :FE;@:@cE ;< #dID8E;<I Hα,Φ,k GFI C8 :FE;@:@cE ;< K@GF '@GJ:?@KQ H∗

α,∞,k F
GFI C8 :FE;@:@cE Hα,∞,k  � FDF J< DFJKIc <E <C /<FI<D8 �  �  �� � <JKFJ FG<I8;FI<J <JK\E
:FEKIFC8;FJ GFI C8 D8O@D8C =I8::@FE8I@8 Mα,ϕk

:FE ϕk(t) = t(1 + log+ t)k  . @>L@<E;F C8J
@;<8J ;<C /<FI<D8 �  �  � G8I8 <C :FEDLK8;FI Ikα,b J< GL<;< GIF98I HL< LE8 :FE;@:@cE ;<
K@GF �@E@ JL�:@<EK< G8I8 CFJ FG<I8;FI<J D<E:@FE8;FJ <J C8 ;8;8 <E ;@:?F K<FI<D8

�08: >?=,. 4I9 /0 7 &0: =08, �� �� 	 �� -<8C@Q8I<DFJ C8 ;<DFJKI8:@cE GFI @E;L::@cE . @ k = 0�
< C I<JLCK8;F M8C< <E M@IKL; ;<C /<FI<D8 �  �  � � P C8 *9J<IM8:@cE �  �  � �  .LGFE>8DFJ HL< <C
K<FI<D8 J< M<I@�:8 G8I8 KF;F 0 ≤ j ≤ k−1� M<I<DFJ HL< <J :@<IKF G8I8 k  . <8 ||b||BMO = 1
P f ∈ L∞

c (Rn) � FEJ@;<I<DFJ GI@D<IF <C :8JF <E HL< b ∈ L∞(Rn)

. @>L@<E;F CFJ C@E<8D@<EKFJ ;< C8 GIL<98 ;<C /<FI<D8 �  �  � :FII<JGFE;@<EK< 8C :FEDL�
K8;FI ;< FI;<E k ;< Iα � <J =\:@C M<I ;< C8J ?@GcK<J@J JF9I< f P ;< C8 :FE;@:@cE ∆2 <E B HL<
||T k

α,bf ||LB(Rn) < ∞ P HL< <C :FEALEKF ;< E@M<C {x ∈ Rn : |T k
α,bf(x)| > λ} K @<E< D<;@;8

�E@K8 G8I8 :8;8 λ > 0 'L<>F� GF;<DFJ 8GC@:8I CFJ '<D8J �  �  � � P �  �  � � P <C ?<:?F HL<
Bδ ∈ ∆2 G8I8 F9K<E<I HL<

||T k
α,bf ||LB(Rn) ≤ C?M ?

δ(|T k
α,bf |)?LB(Rn) ≤ C

k−1?

j=0

?M?(T
j
α,bf)?LB(Rn) + ?Mα,ηf?LB(Rn),



�  � �GC@:8:@FE<J 8 FG<I8;FI<J ;< K@GF @EK<>I8C P JLJ :FEDLK8;FI<J ��

;FE;< <E C8 eCK @D8 ;<J@>L8C;8; ?<DFJ LJ8;F <C /<FI<D8 �  �  ��  �< C8J ?@GcK<J@J JF9I<
A P B � < C eCK @DF JLD8E;F <JK\ 8:FK8;F GFI ||f ||LA(Rn)  +FI FKI8 G8IK< � :8;8 LEF ;< CFJ
;<D\J JLD8E;FJ <JK\E 8:FK8;FJ GFI ||T j

α,bf ||LB(Rn) I<JG<:K@M8D<EK< � <E M@IKL; ;<C ?<:?F

HL< ?B? ∈ ∆2 G8I8 KF;F 0 < ? < 1 P <C /<FI<D8 �  �  � 

�?FI8 9@<E� EFK<DFJ HL< G8I8 KF;F 0 ≤ j ≤ k − 1� ϕj(t) ≤ ϕk(t)� GFI CF HL<

η−1(t)Φ−1(t) ≤ ϕ−1
k (t) ≤ ϕ−1

j (t)

P K ∈ Sα ∩Hα,Φ,k ⊂ Sα ∩Hα,Φ,j <E M@IKL; ;<C '<D8 �  �  � �   J ;<:@I� G8I8 :8;8 0 ≤ j ≤
k − 1� GFI C8 ?@GcK<J@J @E;L:K@M8� J< K @<E< HL<

||T j
α,bf ||LB(Rn) ≤ C||f ||LA(Rn). 	 �  �  � � 


 EKFE:<J � ||T k
α,bf ||LB(Rn) ≤ C||f ||LA(Rn) G8I8 KF;F b ∈ L∞(Rn)� :FE C @E;<G<E;@<EK< ;<

||b||L∞(Rn) 

-<JK8 <OK<E;<I <JK< I<JLCK8;F 8 b ∈ BMO  +8I8 <CCF ;<�E@DFJ bN :FDF <E C8 GIL<98
;<C /<FI<D8 �  �  � P J<>L@DFJ CFJ 8I>LD<EKFJ ;8;FJ 8CCa� LJ8E;F C8 ?@GcK<J@J ;< 8:FK8:@cE
;< Tα ;< Lp0(Rn) <E Lq0(Rn) G8I8 DFJKI8I C8 :FEM<I><E:@8 T k

α,bN
f → T k

α,bf :L8E;F N →∞
<E :8J@ KF;F GLEKF '8 GIL<98 :FE:CLP< GIF:<;@<E;F ;< D8E<I8 J@D@C8I 8 	 �  �  � � 
 

�� � � � � ����	����� ������	��� ������	��� � ��� 
�����	�����

. @ 9@<E <C GIF9C<D8 ;< C8 8:FK8:@cE JF9I< <JG8:@FJ ;< *IC@:Q ;<C FG<I8;FI D8O@D8C
><E<I8C@Q8;F Mη =L< I<JL<CKF <E 6 � � 7 	 M<I /<FI<D8 �  �  � 
 � EF F:LII< CF D@JDF :FE <C
GIF9C<D8 ;< 8:FK8:@cE JF9I< ;@:?FJ <JG8:@FJ ;< FG<I8;FI<J @EK<>I8C<J J@E>LC8I<J ;< K@GF
:FEMFCL:@cE :LPFJ Ee:C<FJ J8K@J=8:<E :FE;@:@FE<J ;< K@GF #dID8E;<I 8JF:@8;8 8 C8 =LE:@cE
?η  � FE C8J K_:E@:8J ;< C8 J<::@cE 8EK<I@FI <J GFJ@9C< ;<I@M8I GIFG@<;8;<J ;< :FEK@EL@;8;
G8I8 K8C<J FG<I8;FI<J 8 G8IK@I ;<C :FEKIFC HL< <A<I:< Mη JF9I< <CCFJ  -<:FI;<DFJ HL< LE
FG<I8;FI T ;< <JK8J :8I8:K<IaJK @:8J <J LE FG<I8;FI 8:FK8;F JF9I< L2(Rn) ;< C8 =FID8

Tf(x) = v.p.

ˆ

Rn

K(x− y)f(y) dy, 	 �  �  � � 


;FE;< K <J LE8 =LE:@cE D<;@9C< ;<�E@;8 =L<I8 ;<C FI@><E HL< J8K@J=8:< LE8 :FE;@:@cE ;<
K@GF #dID8E;<I HΦ 8JF:@8;8 8 LE8 =LE:@cE ;< 4FLE> Φ (\J GI<:@J8D<EK< � K ∈ HΦ J@
<O@JK<E :FEJK8EK<J c ≥ 1 P CΦ > 0 K8C<J HL< G8I8 KF;F y ∈ Rn :FE R > c|y|�

∞?

m=1

(2mR)n? (K(· − y)−K(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ CΦ.

+8I8 D\J ;<K8CC<J � M<I R �  �  �  . @>L@<E;F <C <JGaI@KL ;<C /<FI<D8 �  �  � � � <J GFJ@9C< GIF98I
<C J@>L@<EK< I<JLCK8;F G8I8 CFJ FG<I8;FI<J D<E:@FE8;FJ � :FDF :FEJ<:L<E:@8 ;<C /<FI<�
D8 �  �  � � P <C :FII<JGFE;@<EK< I<JLCK8;F ;< 8:FK8:@cE G8I8 <C FG<I8;FI D8O@D8C Mη ;8;F
<E <C /<FI<D8 �  �  � 



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

�&-/&+" � � � � �� � %0, η @9, 1@9. 4I9 /0 *:@92 D >0, T @9 :;0=,/: = 49?02=,7 >492@7,=
.:8: 09 	 �  �  � � 
 .: 9 9J. 70: K ∈ H?η � %0,9 A D B .:8: 09 0 7 &0: =08, �� 	 � 
 /0 8,90=,
<@0 A0=4�<@09 7, /0 >42@,7/,/ 	 �  �  � 
 =0 >;0. ?: /0 η� .: 9 B @9, !�1@9. 4I9 <@0 >,?4>1,.0 7,
.: 9/4. 4I9 ∆2 � �9?: 9.0 >�

||Tf ||LB(Rn) ? ||f ||LA(Rn)

;,=, ?:/, 1@9. 4I9 f ∈ L∞
c (Rn)� >408;=0 <@0 0 7 7,/: 4E<@40 =/: >0, �94?: �

" - >0=A,. 4I9 �  �  � � �  C K<FI<D8 8EK<I@FI K8D9@_E M8C< J@ :8D9@8DFJ C8 :FE;@:@cE ;< #dI�
D8E;<I H?η GFI C8 :FE;@:@cE ;< K@GF '@GJ:?@KQ H∗

∞ F C8 :FE;@:@cE H∞ � P G<;@DFJ C8
:FE;@:@cE ;< K@GF �@E@ 	 �  �  � 
 G8I8 η(t) = t  JKF K@<E< HL< M<I :FE HL< CFJ FG<I8;FI<J
HL< GFJ<<E <J< K@GF ;< Ee:C<FJ <JK\E :FEKIFC8;FJ GFI C8 D8O@D8C ;< #8I;P�'@KK C<NFF;
:FDF J< DFJKIc <E <C /<FI<D8 �  �  � �  '8 GIL<98 ;< <JK< I<JLCK8;F <J 8E\CF>8 8 C8 HL<
;8DFJ 8 :FEK@EL8:@cE

�08: >?=,. 4I9 /0 7 &0: =08, �� �� 

� .<>L@I<DFJ CFJ C@E<8D@<EKFJ ;<C /<FI<D8 �  �  � �  �F�
DF B ∈ ∆2 � LE8 <JK @D8:@cE J@D@C8I 8 C8 ;8;8 <E 	 �  �  � � 
 G<ID@K< GIF98I HL< C8 D<;@;8
|{x ∈ Rn : |Tf(x)| > λ}| <J �E@K8 G8I8 KF;F λ > 0 P KF;8 f ∈ L∞

c (Rn) G8I8 C8 :L8C C8 :8E�
K @;8; ||Tf ||LB(Rn) < ∞ 'L<>F� G8I8 :8;8 0 < δ < 1� J @ Bδ <J :FDF <E <C /<FI<D8 �  �  � � �
GF;<DFJ 8GC@:8I <C '<D8 �  �  � P <C /<FI<D8 �  �  � � G8I8 F9K<E<I

||Tf ||LB(Rn) = |||Tf |δ||1/δ
LBδ (Rn)

= sup
||g||

L
?Bδ (Rn)

≤1

?
ˆ

Rn

|Tf |δ|g|dx
?1/δ

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?
ˆ

Rn

M ?(|Tf |δ)(x)Mg(x)dx

?1/δ

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?M ?(|Tf |δ)?1/δ
LBδ (Rn)

?Mg?1/δ
L

?Bδ (Rn)

≤ C sup
||g||

L
?Bδ (Rn)

≤1

?Mηf?LB(Rn)?g?1/δ
L

?Bδ (Rn)
≤ C?f?LA(Rn),

;FE;< ?<DFJ LJ8;F <C /<FI<D8 �  �  � GFI J<I Bδ ∈ ∆2 P C8 8:FK8:@cE ;< Mη ;8;8 <E <C
/<FI<D8 �  �  � 

0E I<JLCK8;F J@D@C8I J< F9K@<E< G8I8 CFJ :FEDLK8;FI<J ;< D8PFI FI;<E ;<C FG<I8;FI
T :FE JaD9FCF b ∈ BMO HL<� I<:FI;<DFJ� J< ;<�E<E =FID8CD<EK< � G8I8 k ∈ N∪{0}� GFI

T k
b f(x) =

ˆ

Rn

(b(x)− b(y))kK(x− y)f(y) dy,

;FE;< <C Ee:C<F K ∈ HΦ,k � <J ;<:@I� <O@JK<E :FEJK8EK<J c ≥ 1 P CΦ,k > 0 K8C<J HL< G8I8
KF;F y ∈ Rn :FE R > c|y|

∞?

m=1

(2mR)nmk? (K(· − y)−K(·))χ{|x|∼2mR}?Φ,B(0,2m+1R) ≤ CΦ,k.

�FE <JK8J GIFG@<;8;<J � <JKFJ :FEDLK8;FI<J <JK\E 8:FK8;FJ JF9I< <JG8:@FJ ;< *IC@:Q <E <C
J@>L@<EK< J<EK@;F



�  � �GC@:8:@FE<J 8 FG<I8;FI<J ;< K@GF @EK<>I8C P JLJ :FEDLK8;FI<J ��

�&-/&+" � � � � ��� %0, k ∈ N ∪ {0} D >0,9 η D Φ /: > 1@9. 4: 90 > /0 *:@92 ?, 70 > <@0
?η−1(t)Φ−1(t) ≤ ϕ−1

k (t) ;,=, t ≥ t0 > 0 >409/: ϕk(t) = t(1+ log+ t)k � %0,9 A D B .:8: 09
0 7 &0: =08, �� 	 � 
 /0 8,90=, <@0 A0=4�<@09 7, /0 >42@,7/,/ 	 �  �  � 
 =0 >;0. ?: /0 7, 1@9. 4I9
η� .: 9 B @9, !�1@9. 4I9 <@0 >,?4>1,.0 7, .: 9/4. 4I9 ∆2 >4 k = 0 D 7, .: 9/4. 4I9 ∆c

2 >4
k > 0� %0, T @9 :;0=,/: = 49?02=,7 >492@7,= .: 9 9J. 70: K ∈ HΦ ∩ Hη̃,k � �9?: 9.0 >� ;,=,
?:/: b ∈ BMO

||T k
b f ||LB(Rn) ? ||b||kBMO||f ||LA(Rn)

;,=, ?:/, 1@9. 4I9 f ∈ L∞
c (Rn) ?, 7 <@0 ||Tf ||LB(Rn) < ∞�

" - >0 =A,. 4I9 �  �  � � �  C K<FI<D8 8EK<I@FI K8D9@_E J< M<I@�:8 G8I8 CFJ :FEDLK8;FI<J T k
b

:L8E;F <C FG<I8;FI @EK<>I8C J@E>LC8I T K @<E< LE Ee:C<F K ∈ H∗
∞ F K ∈ H∞,k GL<J _JKFJ

<JK\E :FEKIFC8;FJ GFI C8 D8O@D8C ;< #8I;P�'@KK C<NFF; @K<I8;8 k + 1 M<:<J � F CF HL< <J
<HL@M8C<EK< � GFI <C FG<I8;FI D8O@D8C Mϕk

:FE ϕk(t) = t(1+log+ t)k 	 M<I /<FI<D8 �  �  � � 
 
'8 :FE;@:@cE ;< �@E@ JL�:@<EK< <J 8HL<CC8 HL< JLI>< ;< :FEJ@;<I8I ϕk <E CL>8I ;< η <E C8
:FE;@:@cE 	 �  �  � 
 

�08: >?=,. 4I9 /0 7 &0: =08, �� �� 
�� -<8C@Q8I<DFJ C8 ;<DFJKI8:@cE GFI @E;L::@cE . @ k = 0�
< C I<JLCK8;F M8C< <E M@IKL; ;<C /<FI<D8 �  �  � � P8 HL< L∞

c (Rn) ⊂ LA(Rn) . LGFE>8DFJ
HL< <C K<FI<D8 J< M<I@�:8 G8I8 KF;F 0 ≤ j ≤ k − 1� M<I<DFJ HL< <J :@<IKF G8I8 k 

. <8E ||b||BMO = 1 P f ∈ L∞
c (Rn) K8C HL< ||Tf ||LB(Rn) < ∞ � FEJ@;<I8I<DFJ GI@D<IF <C

:8JF <E HL< b ∈ L∞(Rn) +FI C8J GIFG@<;8;<J JF9I< f P B � GIF:<;@<E;F :FDF <E 	 �  �  � 
 P
	 �  �  � � 
 � G8I8 :8;8 λ > 0 J< K @<E< HL< ||T k

b f ||LB(Rn) < ∞ P |{x ∈ Rn : |T k
b f(x)| > λ}| < ∞

P <JK8DFJ <E :FE;@:@FE<J ;< 8GC@:8I CFJ '<D8J �  �  � � P �  �  � � LJ8E;F HL< Bδ ∈ ∆2 � G8I8
8Ja F9K<E<I HL<

||T k
b f ||LB(Rn) ≤ C?M ?

δ(|T k
b f |)?LB(Rn) ≤ C

k−1?

j=0

?M?(T
j
b f)?LB(Rn) + ?Mηf?LB(Rn), 	 �  �  � � 


:FDF :FEJ<:L<E:@8 ;<C /<FI<D8 �  �  � �  .89<DFJ HL< <C eCK @DF JLD8E;F <JK\ 8:FK8;F GFI
||f ||LA(Rn) >I8:@8J 8 C8 :FE;@:@cE ;< K@GF �@E@ HL< M<I@�:8E A� B P η P <C /<FI<D8 �  �  � 

+FI FKI8 G8IK< � <E M@IKL; ;< HL< ?B? ∈ ∆2 G8I8 KF;F 0 < ? < 1� :8;8 LEF ;< CFJ GI@D<IFJ
k JLD8E;FJ <JK\ 8:FK8;F GFI ||T j

b f ||LA(Rn) I<JG<:K@M8D<EK<  �;<D\J� F9J<IM<DFJ HL< ;<C
'<D8 �  �  � � � G8I8 KF;F 0 ≤ j ≤ k− 1� K ∈ HΦ∩H?η,k ⊂ HΦ∩H?η,j P� :FDF ϕj(t) ≤ ϕk(t)�

?η−1(t)Φ−1(t) ≤ ϕ−1
k (t) ≤ ϕ−1

j (t).

'L<>F� G8I8 :8;8 0 ≤ j ≤ k − 1 J< K @<E< HL<

||T j
b f ||LB(Rn) ≤ C||f ||LA(Rn). 	 �  �  � �


+8I8 <OK<E;<I <C I<JLCK8;F 8 b ∈ BMO � 98JK8 :FEJ@;<I8I C8 JL:<J@cE ;< =LE:@FE<J
{bN}N∈N ;<�E@;8 <E C8 ;<DFJKI8:@cE ;<C /<FI<D8 �  �  � P GIF98I HL< T k

bN
f → T k

b f :L8E;F
N → ∞ LJ8E;F� <E <JK< :8JF� C8 8:FK8:@cE ;< T JF9I< L2(Rn) ! @E8CD<EK< � J< GIF:<;<
:FDF <E 	 �  �  � � 
 P J< F9K@<E< <C I<JLCK8;F ;<J<8;F
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�
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 E <JK8 J<::@cE ?8I<DFJ LE8 :FDG8I8:@cE <EKI< C8J :FE;@:@FE<J E<:<J8I@8J P JL�:@<E�
K<J G8I8 C8 8:FK8:@cE ;< C8 D8O@D8C =I8::@FE8I@8 Mα ;8;8J GFI � � @8E:?@ <E 6 �� 7 P C8J
F9K<E@;8J <E <JK8 K<J@J <E <C /<FI<D8 �  �  �  �< <JK< I<JLCK8;F <J @ED<;@8KF HL< C8J :FE�
;@:@FE<J D<E:@FE8;8J JFE <HL@M8C<EK<J  . @E <D98I>F� M<I<DFJ 8 :FEK@EL8:@cE LE8 GIL<98
;@I<:K8 HL< @EMFCL:I8 8 8D98J :FE;@:@FE<J J@E LK@C@Q8I CFJ I<JLCK8;FJ D<E:@FE8;FJ  +8I8
<CCF � E<:<J@K8I<DFJ C8 J@>L@<EK< ;<�E@:@cE

�&�,)$):, � � �� � � .<8E Φ,Ψ : [0,∞) → [0,∞) ;FJ =LE:@FE<J  . < ;@:< HL< Φ 8,D: =,
27: -, 7809?0 8 Ψ J@ <O@JK< LE8 :FEJK8EK< GFJ@K @M8 C K8C HL< Ψ(t) ≤ CΦ(Ct) G8I8 KF;F
t ≥ 0

+8I8 ;<DFJKI8I C8 <HL@M8C<E:@8 <EKI< C8J :FE;@:@FE<J � :FEJ@;<I8I<DFJ =LE:@FE<J A P B
�E@K8J K8C<J HL<

A(t) =

ˆ t

0

a(s) ds P B(t) =
ˆ t

0

b(s) ds, 	 �  �  � 


;FE;< a, b : [0,∞) → [0,∞) JFE EF�;<:I<:@<EK<J P :FEK@EL8J GFI @QHL@<I;8 :FE a(0) =
b(0) = 0 P a GFJ@K @M8 JF9I< (0,∞)  JKF <J � A <J ;< 4FLE> GFI <C '<D8 �  �  � � 8LEHL< B
GF;Ia8 EF J<ICF 

� � @8E:?@ GIF9c <E 6 �� 7 <C J @>L@<EK< K<FI<D8 ;< 8:FK8:@cE ;< Mα :L8E;F C8 =LE:@cE
a EF <J E<:<J8I@8D<EK< GFJ@K @M8 JF9I< (0,∞)

�&-/&+" � � �� � 	 6 � � 7 
 � %0, 0 < α < n D >0,9 A D B 1@9. 4: 90 > �94?,> ?, 70 > <@0

A(t) =

ˆ t

0

a(s) ds P B(t) =
ˆ t

0

b(s) ds,

/:9/0 a D b >: 9 9: �/0.=0. 409?0 > D .: 9?49@,> ;: = 4E<@40 =/, .: 9 a(0) = b(0) = 0� �7 : ;0=,/: =
Mα 0 >?F ,.: ?,/: /0 LA(Rn) 09 LB(Rn) >4 D >I7: >4 7, 1@9. 4I9

Ψn/α(t) =

ˆ t

0

B(s)
s

n
n−α

+1
ds

0 > �94?, ;,=, ?:/: t > 0 D A 8,D: =, 27: -, 7809?0 , Bn/α � /: 9/0 Bn/α 0 > @9, 1@9. 4I9 /0
*:@92 <@0 >0 /0�90 , ?=,AG> /0 >@ 1@9. 4I9 .:8;70809?,=4, ;: =

?Bn/α(t) =

ˆ t

0

r
α

n−α

?
Ψ−1

n/α

?
r

n
n−α

?? n
n−α

dr,

09?09/409/: ,>H <@0 0 7 49?02=,9/: 0 > 7, 1@9. 4I9 (B?
n/α)

−1 �

" - >0 =A,. 4I9 �  �  � � �FDF M<DFJ� <C /<FI<D8 �  �  � G<ID@K< � <E GI@E:@G@F� HL< C8 =LE:@cE A
J<8 ELC8 <E 8C>eE @EK<IM8CF� 8 ;@=<I<E:@8 ;< EL<JKIF /<FI<D8 �  �  � ;FE;< Ja J< I<HL@<I< C8



�  � �C>LE8J F9J<IM8:@FE<J JF9I< C8 :FE;@:@cE ;< � � @8E:?@ ��

GFJ@K @M@;8; ;< C8 =LE:@cE A +8I8 I<8C@Q8I C8 :FDG8I8:@cE <EKI< CFJ ;FJ K@GFJ ;< :FE;@:@FE<J
;<9<DFJ ?8:<I EFK8I HL<� <E I<8C@;8;� C8 8:FK8:@cE ;<C FG<I8;FI D8O@D8C =I8::@FE8I@F Mα

;< LA(Rn) <E LB(Rn) <J KI@M@8C :L8E;F C8 =LE:@cE A EF <J GFJ@K @M8 JF9I< KF;F <C :FEALEKF
(0,∞)  E <=<:KF� J<8 A(t) = 0 JF9I< 8C>eE @EK<IM8CF ;< C8 =FID8 [0, t0] *9J<IM<DFJ
GI@D<IF HL< KF;8 =LE:@cE :FEJK8EK< EF ELC8 <JK\ <E LA(Rn) GL<J J@ f(x) = c ?= 0 G8I8
KF;F x ∈ Rn

ˆ

Rn

A
? |f(x)|
|c|t−1

0

?
dx =

ˆ

Rn

A(t0)dx = 0 ≤ 1

P 8Ja ||f ||LA(Rn) ≤ |c|/t0 < ∞ . @E <D98I>F�

Mαf(x) = |c| sup
B?x

|B|α/n−1 ≥ |c| sup
R>0

|B(x,R)|α/n−1 ≥ |c||B(0, 1)|α/n−1 sup
0<R≤1

Rα−n =∞

G8I8 :8;8 x ∈ Rn  +FI CF K8EKF� Mαf /∈ LB(Rn) 8 D<EFJ HL< B ≡ 0 P� <E K8C :8JF� C8
8:FK8:@cE <J KI@M@8C  +FI CF K8EKF� J< GL<;< I<=FIDLC8I <C K<FI<D8 8EK<I@FI G@;@<E;F HL<
A J<8 ;< 4FLE>� CF HL< G<ID@K@I\ I<8C@Q8I C8 :FDG8I8:@cE ;<J<8;8 <EKI< C8J :FE;@:@FE<J
;8;8J 8CCa P C8 ;< K@GF �@E@ ;8;8 <E <C /<FI<D8 �  �  � 

�/-.-0)$):, � � �� � � %0,9 0 < α < n� A D B .:8: 09 	 �  �  � 
 D Bn/α D Ψn/α .:8: 09 0 7
&0: =08, �� � � �� �9?: 9.0 > 0<@4A, 709�

�4� 0C4>?09 .: 9>?,9?0 > ;: >4?4A,> C1 D C2 ?, 70 > <@0

ˆ C1tA(t)−
α
n

0

b(λ)

λ
n

n−α

dλ ≤ C2

?A(t)

t

? n
n−α

	 �  �  � 


;,=, ?:/: t > 0�

�44� Ψn/α(t) < ∞ ;,=, ?:/: t > 0 D A 8,D: =, 27: -, 7809?0 , Bn/α �

+8I8 GIF98I C8 GIFGFJ@:@cE� LJ8I<DFJ <C J@>L@<EK< C<D8

�&+" � � �� 
 � %0,9 Φ D Ψ 1@9. 4: 90 > /0 *:@92 ?, 70 > <@0 Φ 8,D: =, 27: -, 7809?0 , Ψ�
�9?: 9.0 >� ?Ψ 8,D: =, 27: -, 7809?0 , ?Φ�

�08: >?=,. 4I9� .LGFE>8DFJ HL< Φ D8PFI8 >CF98CD<EK< 8 Ψ� <JKF <J � Ψ(t) ≤ CΦ(Ct)
G8I8 KF;F t ≥ 0 P G8I8 8C>LE8 :FEJK8EK< C > 0

. <8 s > 0 'L<>F� G8I8 :8;8 t ≥ 0� ;< C8 ;<�E@:@cE 	 �  �  � � 
 ;< ?Ψ

st− CΦ(Ct) ≤ st− Ψ(t) ≤ ?Ψ(s).

+F;<DFJ I<<J:I@9@I <C C8;F @QHL@<I;F :FDF

st− CΦ(Ct) = C
? s

C2
(Ct)− Φ(Ct)

?
.

+L<JKF HL< C > 0� KFD8E;F JLGI<DF <E t ≥ 0 J< F9K@<E< HL<

C?Φ(s/C2) ≤ ?Ψ(s), ∀ s ≥ 0,



�� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< *IC@:Q

;< ;FE;<

?Φ(s) ≤
?Ψ(C2s)

C
≤ K ?Ψ(Ks)

KFD8E;F K = máx{1/C, C2}

�08: >?=,. 4I9 /0 7, #=:;: >4. 4I9 �� � � � .LGFE>8DFJ HL< M8C< �44�  'L<>F� :FDF A P Bn/α

JFE ;< 4FLE>� ;<C '<D8 �  �  � � K<E<DFJ HL< ?Bn/α D8PFI8 >CF98CD<EK< 8 ?A � FDF Ψn/α <JK\
9@<E ;<�E@;8 P <J EF�;<:I<:@<EK< � K @<E< @EM<IJ8 ><E<I8C@Q8;8 EF�;<:I<:@<EK<  �;<D\J� :FDF
C8 =LE:@cE GFK<E:@8 rα/(n−α) <J <JKI@:K8D<EK< :I<:@<EK< � (B?

n/α)
−1 I<JLCK8 <JKI@:K8D<EK<

:I<:@<EK< � GFI CF HL< G8I8 :8;8 t ≥ 0�

?A(t) ≤ C ?Bn/α(Ct) = C

ˆ Ct

0

r
α

n−α

?
Ψ−1

n/α

?
r

n
n−α

?? n
n−α

dr

≤ C̃
?
Ψ−1

n/α

?
(Ct)

n
n−α

?? n
n−α

t
n

n−α .

 JKF <J �
?A(t)1−α/n

C̃1−α/nt
≤ Ψ−1

n/α

?
(Ct)

n
n−α

?
, ∀ t > 0.

�?FI8 9@<E� ;<C :I<:@D@<EKF ;< Ψn/α P ;<C '<D8 �  �  � � �44� � J< J@>L< HL<

Ψn/α

?
?A(t)1−α/n

C̃t

?
≤ (Ct)

n
n−α , ∀ t > 0.

�8;F s > 0 P KFD8E;F t = 2A(s)
s

HL< <J GFJ@K @MF GFI J<I A ;< 4FLE>� K<E<DFJ HL<

Ψn/α




s ?A
?

2A(s)
s

?1−α/n

2C̃A(s)


 ≤ C2

?A(s)

s

? n
n−α

. 	 �  �  � 


+FI FKI8 G8IK< � F9J<IM<DFJ HL< G8I8 :8;8 s > 0

?A
?
2A(s)

s

?
= sup

u≥0

?
u
2A(s)

s
−A(u)

?
≥ s

2A(s)

s
−A(s) = A(s). 	 �  �  � 


'L<>F�

s ?A
?

2A(s)
s

?1−α/n

A(s)
≥ sA(s)−α/n.

�C8I8D<EK< � ;< 	 �  �  � 
 J< J@>L< HL<

Ψn/α

?
C1sA(s)−α/n

?
=

ˆ C1sA(s)−α/n

0

B(u)
u

n
n−α

+1
du ≤ C2

?A(s)

s

? n
n−α

,



�  � �C>LE8J F9J<IM8:@FE<J JF9I< C8 :FE;@:@cE ;< � � @8E:?@ ��

:FE C1 = 1/(2C̃) 0J8E;F HL< 2B(u) ≥ ub(u/2) P ?8:@<E;F LE :8D9@F ;< M8I@89C<J J<
F9K@<E< C8 :FE;@:@cE �4� 

-<:aGIF:8D<EK< � JLGFE>8DFJ HL< J< K@<E< C8 :FE;@:@cE ;< K@GF �@E@ �4�  +FI LE C8;F�
:FDF

Ψn/α(t) ≤
ˆ t

0

b(λ)

λ
n

n−α

dλ,

C8 :FE;@:@cE ;< K@GF �@E@ @DGC@:8 HL< Ψn/α(t0) < ∞ G8I8 8C>eE t0 > 0 P G8I8 KF;F
0 ≤ t ≤ t0  �< C8 :FEK@EL@;8; ;< b(λ)/λn/(n−α) <E [t0, t] J< K @<E< C8 9L<E8 ;<�E@:@cE ;<
Ψn/α G8I8 KF;F t ≥ 0

+ IF9<DFJ 8?FI8 HL< A D8PFI8 >CF98CD<EK< 8 Bn/α  �< C8 :FE;@:@cE ;< �@E@ P ;<C
?<:?F HL< A(t) ≤ ta(t) K<E<DFJ HL<

Ψn/α(C1t
1−α/na(t)−α/n) ≤ C2a(t)

n
n−α , ∀ t > 0.

/FD8E;F t = a−1(s) :FE s > 0 I<JLCK8 HL<

Ψn/α(C1(a
−1(s))1−α/ns−α/n) ≤ C2s

n
n−α = (C

1−α/n
2 s)

n
n−α , ∀ s > 0,

LJ8E;F <C '<D8 �  �  � � �44� :FE a P a−1  +FE@<E;F u = C
1−α/n
2 s > 0 P 8GC@:8E;F Ψ−1

n/α � J<
J@>L< HL<

K(a−1(uC
α/n−1
2 ))1−α/nu−α/n ≤ Ψ−1

n/α(u
n

n−α ), ∀ u > 0,

F <HL@M8C<EK<D<EK< �

K(a−1(uC
α/n−1
2 )) ≤ u

α
n−αΨ−1

n/α(u
n

n−α )
n

n−α , ∀ u > 0.

$EK<>I8E;F <EKI< � P z > 0� P I<8C@Q8E;F LE :8D9@F ;< M8I@89C<J <E C8 @EK<>I8C ;<C C8;F
@QHL@<I;F ;< C8 ;<J@>L8C;8; J< F9K@<E< HL<

?A(z) ≤ (C
α/n−1
2 /K)?Bn/α(C

1−α/n
2 z), ∀ z > 0.

/FD8E;F C8 D8PFI ;< C8J :FEJK8EK<J <EKI< C
α/n−1
2 /K P C

1−α/n
2 � J< K @<E< HL< ?Bn/α D8PFI8

>CF98CD<EK< 8 ?A

1<8DFJ HL< A D8PFI8 >CF98CD<EK< 8 Bn/α  +8I8 <CCF � EFK<DFJ HL<

st−A(t) ≤ ?A(s) ≤ K ?Bn/α(Ks), ∀s, t ≥ 0.

 J ;<:@I�

K
??Bn/α(Kt) = sup

s≥0
K
? s

K2
Kt− ?Bn/α(Ks)

?
≤ A(t), ∀t ≥ 0.

!@E8CD<EK< � ;8;F HL< (B?
n/α)

−1 <J <JKI@:K8D<EK< :I<:@<EK< � K8D9@_E CF <J B?
n/α � GFI CF HL<

??Bn/α = Bn/α 	 M<I '<D8 �  �  � ��44�
 � P F9K<E<DFJ HL< A D8PFI8 >CF98CD<EK< 8 Bn/α 
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 C F9 A<K@MF ;< <JK< :8GaKLCF <J <OK<E;<I CFJ I<JLCK8;FJ ;< 8:FK8:@cE :FE G<JFJ HL< J<
:FEF:<E G8I8 M P Mα JF9I< <JG8:@FJ ;< '<9<J>L< :C\J@:FJ  +FI LE C8;F� :FEJ@;<I8E;F
CFJ FG<I8;FI<J D8O@D8C<J ><E<I8C@Q8;FJ Mα,η � J @<E;F η LE8 =LE:@cE ;< 4FLE>� P GFI
FKIF� 8LD<EK8E;F <C <JG<:KIF 8 <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< :FE G<JFJ 
 C <JKL;@F J< :<EKI8I\ <E F9K<E<I :C8J<J ;< G<JFJ 8;<:L8;8J � HL< I<JLCK8I\E J<I ;< K@GF
(L:B<E?FLGK � G8I8 >8I8EK@Q8I C8 8:FK8:@cE ;< CFJ FG<I8;FI<J D8O@D8C<J <E :L<JK@cE� G8I8
CL<>F ?8CC8I :FE;@:@FE<J JL�:@<EK<J JF9I< CFJ G<JFJ :L8E;F J< 8E8C@Q8E C8J GIFG@<;8;<J ;<
:FEK@EL@;8; ;< CFJ FG<I8;FI<J HL< JFE :FEKIFC8;FJ GFI <CCFJ � <E <C J<EK@;F <E <C HL< EFJ
?<DFJ I<=<I@;F <E <C �8GaKLCF �   J @DGFIK8EK< ;<JK8:8I HL< DL:?FJ ;< CFJ I<JLCK8;FJ
F9K<E@;FJ JFE 8eE EFM<;FJFJ <E <C :FEK<OKF ;< CFJ <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK<
:FEJK8EK< 

 JG<:a�:8D<EK< � <E C8 GI@D<I8 J<::@cE J< <JKL;@8I\ <C :8JF EF =I8::@FE8I@F� <J ;<:@I�
J< ;8I\E :FE;@:@FE<J <E CFJ G<JFJ HL< :8I8:K<I@:<E C8 8:FK8:@cE ;<C FG<I8;FI D8O@D8C ><�
E<I8C@Q8;F Mη JF9I< <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< G<J8;FJ   E C8 J<>LE;8
J<::@cE� J< 8E8C@Q8I\ <C :8JF ;<C FG<I8;FI Mα,η G8I8 0 < α < n� :FD<EQ8E;F :FE <C :8JF
G8IK@:LC8I ;< η(t) = t� C8 D8O@D8C =I8::@FE8I@8 :C\J@:8 +FJK<I@FID<EK< � J< F9K<E;I\E :FE�
;@:@FE<J JL�:@<EK<J G8I8 C8 8:FK8:@cE ;< LE8 8DGC@8 >8D8 ;< FG<I8;FI<J ;< K@GF @EK<>I8C
J@E>LC8I P =I8::@FE8I@8 	 M<I R �  �
 

 E <C D@JDF :FEK<OKF� 8E8C@Q8I<DFJ K8D9@_E C8 @EK<>I89@C@;8; CF:8C� :FE G<JFJ � ;< CFJ
FG<I8;FI<J D8O@D8C<J ><E<I8C@Q8;FJ � <OK<E;@<E;F C8 9@<E :FEF:@;8 ;<J@>L8C;8; ;< 2@<E<I
G8I8 M � P J@>L@<E;F <C <JGaI@KL ;< 6 � � 7 



� �� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C<

�� � � ��#%�$�� # �� �� $���+� � � ��� #

�FDF <J 8DGC@8D<EK< :FEF:@;F� ;8;F LE G<JF w� <E 6 �� 7 (L:B<E?FLGK GIF9c HL< <C
FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; <JK\ 8:FK8;F JF9I< Lp(wdx,Rn) G8I8 1 < p < ∞�
<JKF <J �

ˆ

Rn

Mf(x)pw(x)dx ≤ C

ˆ

Rn

|f(x)|pw(x)dx

J@ P JcCF J@ <C G<JF w <JK\ <E C8 :C8J< ;< (L:B<E?FLGK Ap ;<�E@;8 GFI

sup
B

?
 

B

w(x)dx

?1/p? 

B

w−p?/p(x)dx

?1/p?

< ∞,

;FE;< 1/p + 1/p? = 1 P <C JLGI<DF J< KFD8 JF9I< KF;8J C8J 9FC8J B ⊂ Rn 

+FI FKIF C8;F� :L8E;F J< :FEJ@;<I8 <C FG<I8;FI Mα :FE 0 < α < n� <E 6 �� 7 (L:B<E�
?FLGK P 2?<<;<E GIF98IFE HL< J@ 1 < p < n/α P 1/p− 1/q = α/n� <EKFE:<J

ˆ

Rn

Mαf(x)
qw(x)qdx ≤ C

ˆ

Rn

|f(x)|pw(x)pdx

J@ P JcCF J@ w ∈ Ap,q � <JKF <J �

sup
B

?
 

B

wq(x)dx

?1/q ? 

B

w−p?(x)dx

?1/p?

< ∞.

*9J<IM<DFJ HL<� J @ p = q � <J ;<:@I� J @ α = 0� <EKFE:<J w ∈ Ap,q <J <HL@M8C<EK< 8 wp ∈ Ap 

 JK8 =FID8 ;< M<I 8 CFJ G<JFJ <E <C :8JF =I8::@FE8I@F� :FDF DLCK@GC@:8;FI<J P EF
:FDF D<;@;8� I<JLCKc J<I LE8 :C8M< DLP @DGFIK8EK< G8I8 :FDGI<E;<I <C :FDGFIK8D@<EKF
;< CFJ G<JFJ <E <C :8JF ;< <JG8:@FJ ;< '<9<J>L< :FE <OGFE<EK<J M8I@89C<J � P :FEJ<>L@I
8Ja LE8 M<IJ@cE 8;<:L8;8 ;< C8 :C8J< ;< G<JFJ ;< (L:B<E?FLGK � P ;< (L:B<E?FLGK P
2?<<;<E� <E <JK< 8D9@<EK<  '8 ;<�E@:@cE ;< C8 :C8J< Ap :FE <OGFE<EK< p M8I@89C< =L<
;8;8� G8I8C<C8D<EK< � <E 6 � � 7 P 6 � � 7 P C8 ><E<I8C@Q8:@cE ;< Ap,q <J C8 HL< ?<DFJ @EKIF;L:@;F
<E C8 R �  �  �  � :FEK@EL8:@cE� <OGFE<DFJ <C I<JLCK8;F ;< 8:FK8:@cE ;< M JF9I< L

p(·)
w (Rn)

�&-/&+" �� � � � 	 6 � � 7 � 6 � � 7 
 � %0, p ∈ P log(Rn) .: 9 1 < p− ≤ p+ < ∞ D w @9 ;0>: �

�9?: 9.0 >� M 0 >?F ,.: ?,/, >: - =0 L
p(·)
w (Rn) >4 D >I7: >4 w >,?4>1,.0 7, .: 9/4. 4I9 Ap(·)�

sup
B
|B|−1||wχB||p(·)||w−1χB||p?(·) < ∞, 	 �  �  � 


/:9/0 1/p(x) + 1/p?(x) = 1 D 0 7 >@;=08: >0 ?:8, >: - =0 ?:/,> 7,> -: 7,> B /0 Rn �
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+FI FKIF C8;F� EFK<DFJ HL<� GFI J<I p− > 1� (p?)+ = (p−)? < ∞� GFI CF HL< GF;<DFJ 8GC@:8I
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ˆ

Rn

|Mα,?ηf(x)|ρdx,

>I8:@8J 8 C8J GIFG@<;8;<J JF9I< <C Ee:C<F Kα  �?FI8 9@<E� J @ ;<�E@DFJ τ = nρ/(n + αρ)
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ˆ
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|{x ∈ Rn : |Tαf(x)| > λ}| ≤ C

λρ

?
ˆ

Rn

|f(x)|τdx
?ρ/τ

< ∞
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k−mwT (bmf)

?????
p(·)

	 �  �  � 


≤
k?

m=0

Cm,k||b||k−m
L∞(Rn)||wT (bmf)||p(·)

≤
k?

m=0

Cm,k||b||kL∞(Rn)||wTf ||p(·) ? ||b||kL∞(Rn)||wTf ||p(·) < ∞.

�;<D\J� :FDF T <JK\ 8:FK8;F JF9I< L2(Rn)� |{x ∈ Rn : |Tg(x)| > λ}| < ∞ G8I8 KF;F
λ > 0 P KF;8 =LE:@cE g ∈ L∞

c (Rn)  E G8IK@:LC8I� M8C< G8I8 g(x) = b(x)mf(x) �Ja� <J
@ED<;@8KF ;< C8 =cIDLC8 	 � �  � 
 HL< |{x ∈ Rn : |T k

b f(x)| > λ}| < ∞ G8I8 KF;F λ > 0

. <8 0 < δ < 1 P r(·) = p(·)/δ   E M@IKL; ;< CF HL< ?<DFJ GIF98;F 8EK<J � GF;<DFJ
GIF:<;<I :FDF <E C8 ;<DFJKI8:@cE ;<C /<FI<D8 � �  � � 8GC@:8E;F CFJ '<D8J �  �  � � P �  �  �
<E :FEALEKF :FE <C /<FI<D8 � �  � <E M@IKL; ;< C8 GIFG@<;8; ;< HL< w−δ ∈ Ar?(·) G8I8
F9K<E<I HL<

?wT k
b f?p(·) ? sup

?w−δg?r?(·)≤1

?
ˆ

Rn

M ?(|T k
b f |δ)(x)Mg(x)dx

?1/δ



� � � �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C<

= sup
?w−δg?r?(·)≤1

?wM ?
δ(|T k

b f |)?p(·)?w−δg?1/δr?(·)

? ?wM ?
δ(|T k

b f |)?p(·).

'L<>F� LK@C@Q8E;F <C /<FI<D8 �  �  � � 8:<I:8 ;<C :FEKIFC ;< T k
b K<E<DFJ C8 <JK @D8:@cE

?wT k
b f?p(·) ?

k−1?

j=0

?wM?(T
j
b f)?p(·) + ?wM?ηf?p(·). 	 �  �  � 


�FDF ?η ∈ Bρ G8I8 KF;F ρ > β � < C eCK @DF JLD8E;F ;< 	 � �  � 
 J< 8:FK8 GFI ||wf ||p(·) >I8:@8J
8C /<FI<D8 � �  � 

+FI FKIF C8;F� EFK<DFJ HL< J@ η P Φ JFE :FDF <E C8J ?@GcK<J@J � G8I8 :8;8 0 ≤ j ≤ k−1
P G8I8 KF;F t ≥ t0 > 1� GFI J<I ϕk(t) ≥ ϕj(t)� J< K @<E< HL<

?η−1(t)Φ−1(t) ≤ ϕ−1
k (t) ≤ ϕ−1

j (t),

P� 8;<D\J� <C Ee:C<F K ∈ HΦ ∩ Hη,k ⊂ HΦ ∩ Hη,j <E M@IKL; ;<C '<D8 �  �  � �  0J8E;F
EL<M8D<EK< C8 :FE;@:@cE <E w� J89<DFJ GFI '<D8 �  �  � � �444� HL< w? ∈ A p(·)

?

G8I8 :L8CHL@<I

0 < ? < 1 +FI <CCF � :8;8 LEF ;< CFJ K_ID@EFJ ;< C8 JLD8KFI@8 8EK<I@FI J< <JK @D8E GFI

?wM?(T
j
b f)?p(·) ? ?wT j

b f?p(·) ? ||wf ||p(·), 0 ≤ j ≤ k − 1

>I8:@8J 8C /<FI<D8 � �  � P C8 ?@GcK<J@J @E;L:K@M8 �Ja� I<JLCK8 HL<

?wT k
b f?p(·) ? ?wf?p(·)

G8I8 KF;F b ∈ L∞(Rn)

�?FI8 <OK<E;8DFJ <C I<JLCK8;F 8 b ∈ BMO  �<�E@DFJ G8I8 :8;8 N ∈ N C8 =LE:@cE
bN :FDF

bN (x) =





b J@ −N ≤ b(x) < N,
N J@ b(x) > N,
−N J@ b(x) < −N,

C8 :L8C G<IK<E<:< 8 L∞(Rn) P J8K@J=8:< |bN (x) − bN (y)| ≤ |b(x) − b(y)|� ;< ;FE;< J<
J@>L< HL< ||bN ||BMO ≤ 2||b||BMO = 2 �;<D\J� :FDF f ∈ L∞

c � (bN )
mf → bmf :L8E;F

N →∞ JF9I< L2(Rn) � FDF T <JK\ 8:FK8;F K8D9@_E J< K@<E< HL< T ((bN )
mf)→ T (bmf)

:L8E;F N → ∞ JF9I< L2(Rn) 'L<>F� <O@JK< LE8 JL9JL:<J@cE {bNl
}l∈N G8I8 C8 :L8C

(bNl
)mf → bmf P T ((bNl

)mf)→ T (bmf) M8C<E <E :8J@ KF;F GLEKF 0K@C@Q8E;F EL<M8D<EK<
	 �  �  � 
 J< J@>L< HL< T k

bNl
f → T k

b f :L8E;F l → ∞ <E :8J@ KF;F GLEKF �< <JK8 =FID8�

8GC@:8E;F <C '<D8 ;< !8KFL P <C ?<:?F HL< ||wT k
bNl

f ||p(·) ≤ 2C||wf ||p(·) F9K<E<DFJ HL<

ˆ

Rn

? |T k
b f(x)|w(x)

2C||wf ||p(·)

?p(x)

dx =

ˆ

Rn

ĺım
l→∞

? |T k
bNl

f(x)|w(x)

2C||wf ||p(·)

?p(x)

dx 	 �  �  �




� � �<DFJKI8:@FE<J ;< CFJ I<JLCK8;FJ ;< C8 R � � � � �

≤ ĺım inf
l→∞

ˆ

Rn

? |T k
bNl

f(x)|w(x)

2C||wf ||p(·)

?p(x)

dx ≤ 1,

<JKF <J � ||wT k
b f ||p(·) ≤ 2C||wf ||p(·) < ∞ ! @E8CD<EK< � GFI C8 ?FDF><E<@;8; ;< C8 EFID8�

||wT k
b f ||p(·) ≤ 2||b||kBMO||wf ||p(·) 

�08: >?=,. 4I9 /0 7 &0: =08, �� � �� /FD<DFJ r(·) = q(·)/δ G8I8 0 < δ < 1 +FI C8J ?@GcK<�
J@J JF9I< f � Tα M<I@�:8 <C '<D8 �  �  � P GF;<DFJ LK@C@Q8I <C '<D8 �  �  � � P C8 ;<J@>L8C;8;
;< #dC;<I ><E<I8C@Q8;8 G8I8 F9K<E<I C8 J@>L@<EK< <JK @D8:@cE

?wTαf?q(·) ? sup
?w−δg?r?(·)≤1

?
ˆ

Rn

M ?(|Tαf |δ)(x)Mg(x)dx

?1/δ

? sup
?w−δg?r?(·)≤1

?wδM ?(|Tαf |δ)?1/δr(·)?w−δMg?1/δr?(·).

�8;F HL<� <E M@IKL; ;<C '<D8 �  �  � � �4� � wβ ∈ A p(·)
β

,
q(·)
β

<J <HL@M8C<EK< 8 wγ ∈ A q(·)
τ

G8I8

τ = βn
n−αβ

� P :FDF 8;<D\J C8J ?@GcK<J@J <E β 8J<>LI8E HL< 1 ≤ τ < q− � GFI <C aK<D �444�
;<C D@JDF '<D8� GF;<DFJ 8�ID8I HL< wδ ∈ A q(·)

δ

 +FI CF K8EKF� K8D9@_E w−δ ∈ Ar?(·) 

�Ja� GFI <C /<FI<D8 � �  � P <C '<D8 �  �  � � J< J@>L< HL<

?wTαf?q(·) ? sup
?w−δg?r?(·)≤1

?wM ?
δ(|Tαf |)?q(·)?w−δg?1/δr?(·) ≤ ?wMα,?ηf?q(·).

!@E8CD<EK< � :FDF ?η1+ ρα
n ∈ Bρ G8I8 KF;F ρ > nβ/(n−αβ)� ;< C8 I<C8:@cE <EKI< p(·) P q(·)

:FE:CL@DFJ ;<C /<FI<D8 � �  � HL<

?wTαf?q(·) ? ||wf ||p(·).

�08: >?=,. 4I9 /0 7 &0: =08, �� � �� +IF:<;<I<DFJ 8 ;<DFJKI8I C8 8:FK8:@cE ;< T k
α,b GFI @E�

;L::@cE <E k  � C8I8D<EK< � <E M@IKL; ;<C /<FI<D8 � �  � P ;< C8J *9J<IM8:@FE<J � �  � P
� �  � � � <C :8JF k = 0 J< M<I@�:8 .LGFE>8DFJ HL< M8C< G8I8 KF;F 0 ≤ j ≤ k − 1 P
GIF9_DFJCF G8I8 k 

. @E G_I;@;8 ;< ><E<I8C@;8;� J<8 ?b?BMO = 1 P :FEJ@;<I<DFJ GI@D<IF <C :8JF <E HL<
b ∈ L∞(Rn) /FD<DFJ f ∈ L∞

c (Rn) :FE ||wTαf ||q(·) < ∞ 'L<>F� GIF:<;@<E;F ;< D8E<I8
J@D@C8I 8 	 � �  � 
 � ;< C8 ;<J:FDGFJ@:@cE

T k
α,bf(x) =

k?

m=0

Cm,kb(x)
k−mTα(b

mf)(x),

J< K @<E< HL< K8D9@_E ||wT k
α,bf ||q(·) < ∞ �;<D\J� ;< C8 *9J<IM8:@cE � �  � � J89<DFJ HL<

|{x ∈ Rn : |T k
α,bf(x)| > λ}| < ∞ G8I8 KF;F λ > 0



� � � �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C<

'L<>F� J @ KFD8DFJ 0 < δ < 1 P r(·) = q(·)/δ � J< GL<;<E 8GC@:8I CFJ '<D8J �  �  � � P
�  �  � G8I8 K<E<I HL<

?wT k
α,bf?q(·) ? sup

?w−δg?r?(·)≤1

?
ˆ

Rn

M ?(|T k
α,bf |δ)(x)Mg(x)dx

?1/δ

= sup
?w−δg?r?(·)≤1

?wM ?
δ(|T k

α,bf |)?q(·)?M(w−δg)?1/δr?(·).

�FDF M@DFJ <E C8 GIL<98 ;<C :8JF k = 0� ;<C '<D8 �  �  � � J< K @<E< HL< wβ ∈ A p(·)
β

,
q(·)
β

<J <HL@M8C<EK< 8 wγ ∈ A q(·)
τ

G8I8 τ = βn
n−αβ

� P <CCF @DGC@:8 HL< wδ ∈ A q(·)
δ

 �Ja� ;<C

/<FI<D8 � �  � P LJ8E;F CL<>F <C /<FI<D8 �  �  �� K<E<DFJ HL<

?wT k
α,bf?q(·) ? sup

?w−δg?r?(·)≤1

?wM ?
δ(|T k

α,bf |)?q(·)?w−δg?1/δr?(·)

?
k−1?

j=0

?wM?(T
j
α,bf)?q(·) + ?wMα,?ηf?q(·).

�FDF ?η1+ ρα
n ∈ Bρ G8I8 KF;F ρ > nβ/(n− αβ)� < C eCK @DF JLD8E;F J< 8:FK8 GFI ||wf ||p(·)

>I8:@8J 8C /<FI<D8 � �  �  +FI FKIF C8;F� ;< C8 I<C8:@cE <EKI< η P Φ� G8I8 :8;8 0 ≤ j ≤ k−1�
K ∈ HΦ ∩Hη,k ⊂ HΦ ∩Hη,j <E M@IKL; ;<C '<D8 �  �  � �  0J8E;F EL<M8D<EK< C8 :FE;@:@cE
<E w� J89<DFJ GFI <C '<D8 �  �  � � �444� HL< w? ∈ A q(·)

?

G8I8 :L8CHL@<I 0 < ? < 1 +FI <CCF �

;<C /<FI<D8 � �  � :8;8 LEF ;< CFJ K_ID@EFJ ;< C8 JLD8KFI@8 8EK<I@FI J< <JK @D8E GFI

?wM?(T
j
α,bf)?q(·) ? ?wT j

α,bf?q(·) ? ||wf ||p(·), 0 ≤ j ≤ k − 1

;<9@;F 8 C8 ?@GcK<J@J @E;L:K@M8  E :FEJ<:L<E:@8�

?wT k
α,bf?q(·) ? ?wf?p(·)

G8I8 KF;F b ∈ L∞(Rn) ! @E8CD<EK< � J @ b ∈ BMO � 8GIFO@D8DFJ 8 b K8C P :FDF CF ?@:@DFJ
<E C8 GIL<98 ;<C /<FI<D8 � �  � LK@C@Q8E;F C8 8:FK8:@cE ;< Tα HL< K<E<DFJ GFI ?@GcK<J@J �
P <C K<FI<D8 HL<;8 GIF98;F G8I8 KF;F JaD9FCF b ∈ BMO 

�� �� ��#��%������# �� $�! �����"

 E <JK8 J<::@cE� KI8K8I<DFJ :FE LE <JG8:@F G8IK@:LC8I ;< =LE:@FE<J HL< ;<�E@I<DFJ 8
:FEK@EL8:@cE �8;F LE :FEALEKF E ⊂ Rn � G8I8 LE8 =LE:@cE Φ : E × [0,∞) → [0,∞) P
LE8 =LE:@cE EF E<>8K@M8 v ;<EFK8DFJ :FE

||f ||Φ(·,L)(E,v) = ı́nf

?
λ > 0 :

ˆ

E

Φ

?
x,
|f(x)|

λ

?
v(x)dx ≤ 1

?
,

P ;<:@DFJ HL< f ∈ Φ(·, L)(E, v)



� � �<J@>L8C;8;<J ;< K@GF 2@<E<I � � �

�L8E;F C8 =LE:@cE Φ <J ;< C8 =FID8

Φ(x, t) = tp(x)(1 + log+ t)q(x), x ∈ Rn, t > 0,

G8I8 :@<IKF <OGFE<EK< p ∈ P∗(Rn) P LE8 =LE:@cE EF E<>8K@M8 q � ;<EFK8I<DFJ 8C <JG8:@F
:FDF Lp(·)(logL)q(·)(Rn, v) +8IK@:LC8ID<EK< � :L8E;F q ≡ 0 P v LE G<JF� <C <JG8:@F 8EK<I@FI
:F@E:@;< :FE <C <JG8:@F ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< Lp(·)(Rn, v)

� :FEK@EL8:@cE� J< GIF:<;<I\ 8 ;<J:I@9@I CFJ 8EK<:<;<EK<J HL< DFK@M8IFE <C <JKL;@F
;< ;<J@>L8C;8;<J ;< K@GF 2@<E<I <E <C :FEK<OKF ;< <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK<
M8I@89C< � C8J :L8C<J ;8E FI@><E 8 CFJ <JG8:@FJ 8II@98 ;<�E@;FJ 

-<:FI;<DFJ HL<� :FDF <J 9@<E :FEF:@;F� ;8;8 LE8 =LE:@cE EF ELC8 f ∈ L1(Rn)�
< C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; ;< f � Mf � EF G<IK<E<:< 8 L1(Rn)� GFI CF
HL< I<JLCK8 @EK<I<J8EK< <JKL;@8I G8I8 HL_ =LE:@FE<J f J< GL<;< 8J<>LI8I 8C D<EFJ C8
@EK<>I89@C@;8; CF:8C ;< Mf  �C I<JG<:KF� 2@<E<I GIF9c <E 6 �� 7 C8 J@>L@<EK< ;<J@>L8C;8;
G8I8 M � ;FE;< J< M< HL< 98JK8 KFD8I =LE:@FE<J f G8I8 C8J :L8C<J |f | log(e+ |f |) ∈ L1(Rn)
J@ J< ;<J<8 F9K<E<I C8 D<E:@FE8;8 @EK<>I89@C@;8; CF:8C 

�&-/&+" �� 
 � � 	 6 �� 7 
 � %0, B @9, -: 7, 09 Rn � �9?: 9.0 >� 0C4>?0 @9, .: 9>?,9?0 ;: >4?4A, C
?, 7 <@0

ˆ

B

Mf(x)dx ≤ 2|B|+ C

ˆ

Rn

|f(x)| log(e + |f(x)|)dx.

'FJ 8LKFI<J <E 6 � � 7 ;@<IFE LE8 <OK<EJ@cE ;< C8 ;<J@>L8C;8; 8EK<I@FI 8C :FEK<OKF M8I@8�
9C<  (\J GI<:@J8D<EK< � DFJKI8IFE HL< J@ 8?FI8 J< :FEJ@;<I8E =LE:@FE<J f <E <C <JG8:@F
Lp(·)(logL)q(·)(Rn)� <EKFE:<J Mf K8D9@_E <J CF:8CD<EK< @EK<>I89C<   JKF <J CF HL< <JK8�
9C<:< <C J @>L@<EK< I<JLCK8;F

�&-/&+" �� 
 � � 	 6 � � 7 
 � %0, B @9, -: 7, 09 Rn D ? > 0� �9?: 9.0 >� 0C4>?0 @9, .: 9>?,9?0
;: >4?4A, C ?, 7 <@0 7, /0 >42@,7/,/

ˆ

B

Mf(x)dx ≤ 2|B|+ C

ˆ

Rn

|f(x)|p(x) log(e + |f(x)|)q(x)dx 	 �  �  � 


>0 A0=4�., ;,=, ?:/: 0C;:909?0 p ∈ P∗(Rn) >409/: q(x) = máx{?−1(? + 1− p(x)), 0}�
" - >0 =A,. 4I9 � �  � � . @ p(x) ≡ 1� <EKFE:<J q(x) ≡ 1 P <C 8EK<I@FI <J <C I<JLCK8;F ;< 2@<E<I

*9J<IM<DFJ HL< <JK8 ;<J@>L8C;8; M8C< G8I8 :L8CHL@<I <OGFE<EK< p ∈ P∗(Rn)� EF E<:<�
J8I@8D<EK< CF>�#dC;<I :FEK@ELF . @E <D98I>F� <E <C D@JDF 8IKa:LCF CFJ 8LKFI<J ;<DFJKI8�
IFE HL< 98 AF <J8 :FEK@EL@;8;� J< GL<;< K<E<I D8PFI @EK<>I89@C@;8; ;< M G8I8 <OGFE<EK<J
M8I@89C<J K8E :<I:8EFJ 8 1 :FDF J< ;<J<< 

�&-/&+" �� 
 � � 	 6 � � 7 
 � %0, p ∈ P log(Rn)� �,/: 0 < ? < 1� 0 C4>?09 1@9. 4: 90 > r, q ∈
P log(Rn) ?, 70 > <@0 �

�4� r(x) = p(x) >408;=0 <@0 p(·) ?:8, A,7: =0 > 1@0=, /0 7 49?0 =A,7: (1, 1+?)� D 1 < r(x) <
p(x) >4 p(·) ?:8, A,7: =0 > 09 (1, 1 + ?)�



� �� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C<

�44� 0 ≤ q(x) ≤ 1� q(x) = 1 >4 p(x) = 1 D q(x) = 0 >4 p(x) ≥ 1 + ?�

�444� �,/, @9, -: 7, B � 0 C4>?0 @9, .: 9>?,9?0 C = C(?, p, B) ?, 7 <@0

||Mf ||Lr(·)(B) ≤ C||f ||Lp(·)(logL)q(·)(Rn). 	 �  �  � 


"->0=A,. 4I9 � �  � �  E <C :8JF <E HL< p− > 1� J< GL<;< <C<>@I ? JL�:@<EK<D<EK< G<HL<bF
;< D8E<I8 HL< r(x) = p(x) P q(x) = 0 <E KF;F x ∈ Rn � F9K<E@_E;FJ< C8 8:FK8:@cE ;< M
;< Lp(·)(Rn) <E Lp(·)(B) HL< P8 J< :FEF:< GFI <C /<FI<D8 �  �  � � 

"->0=A,. 4I9 � �  � � �89< J<b8C8I HL<� J @ 9@<E <C <ELE:@8;F ;<C K<FI<D8 8EK<I@FI <JK89C<:<
LE8 ;<J@>L8C;8; <E EFID8� CFJ 8LKFI<J ;8E <E C8 GIL<98 LE8 ;<J@>L8C;8; GI<M@8 ;< K@GF
DF;LC8I� <J ;<:@I� LE8 ;<J@>L8C;8; ;< C8 =FID8

ˆ

B

Mf(x)r(x)dx ≤ C|B|+ C

ˆ

Rn

|f(x)|p(x) log(e + |f(x)|)q(x)dx.

�Ja� C8 ;<J@>L8C;8; 	 � �  � 
 ;<C /<FI<D8 � �  � GL<;< I<<DGC8Q8IJ< GFI <JK8 ;<J@>L8C;8;
DF;LC8I HL< C8 @DGC@:8

�?FI8 9@<E� GL<JKF HL< <C FG<I8;FI D8O@D8C ><E<I8C@Q8;F Mη D8PFI8 GLEKL8CD<EK< 8
M 	 J8CMF LE8 :FEJK8EK<
 � : C8I8D<EK< <JKF @DGC@:8 HL< EF <JK\ 8:FK8;F JF9I< Lp(·) :L8E;F
p− = 1 +FI <CCF � I<JLCK8 @EK<I<J8EK< <JKL;@8I C8 @EK<>I89@C@;8; CF:8C ;< ;@:?F FG<I8;FI
D8O@D8C � :FEK@EL8:@cE J< ;8E I<JLCK8;FJ <E <JK8 ;@I<::@cE

+I@D<IF� <OGFE;I<DFJ LE I<JLCK8;F G8I8 <OGFE<EK<J ><E<I8C<J P η :L8CHL@<I =LE:@cE
;< 4FLE> +FJK<I@FID<EK< � M<I<DFJ HL< <J GFJ@9C< F9K<E<I LE8 D<AFI @EK<>I89@C@;8; CF:8C
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;< <OGFE<EK< :FEJK8EK< P8 HL< <C K_ID@EF ;< <IIFI Sp−/γ <JK\ <E Lγ G8I8 KF;F γ ≥ 1 �
;@=<I<E:@8 ;<C :8JF <E HL< p(x) ≡ p� <E <C :L8C C8 ;<J@>L8C;8; 8EK<I@FI J< F9K@<E< :FDF
:FEJ<:L<E:@8 ;< C8 :C\J@:8 ;<J@>L8C;8; ;< %<EJ<E J@E <C K_ID@EF ;< <IIFI� C8 GIL<98 ;<
	 � �  �
 EF <J @ED<;@8K8 <E <C :FEK<OKF M8I@89C<   E <C <JGaI@KL ;< 6 � � 7 � M<I<DFJ <E <C
J@>L@<EK< C<D8 HL<� 98 AF :@<IK8J :FE;@:@FE<J JF9I< C8J =LE:@FE<J ;< 4FLE> η � < C FG<I8;FI
Mη K8D9@_E M<I@�:8 LE8 I<C8:@cE :FDF C8 ;< 	 � �  �
   E I<8C@;8;� :L8E;F p− > 1� GL<;<
D<AFI8IJ< C8 ;<J@>L8C;8; F9K<E@<E;F <C FG<I8;FI D8O@D8C ;< #8I;P�'@KK C<NFF; M <E <C
C8;F ;<I<:?F

�&+" �� � � � � %0, p ∈ P log(Rn) D η @9, 1@9. 4I9 /0 *:@92� %0, S : Rn → R 7, 1@9. 4I9
/0�94/, ;: = S(x) = (e + |x|)−n � �9?: 9.0 >�

�4� >4 p− > 1 D η ∈ Bp− � 0 9?: 9.0 > 7, /0 >42@,7/,/

(Mηf(x))
p(x) ? M

?
|f(·)|p(·)

?
(x) + S(x)p

−

A,70 ;,=, ?:/, 1@9. 4I9 f .: 9
´

{|f |≥1} |f(x)|p(x)dx ≤ 1�

�44� >4 p− = 1 D η ∈ Bs ;,=, ,72J9 s > 1� 0 9?: 9.0 > 7, /0 >42@,7/,/

(Mηf(x))
p(x) ? Mη

?
|f(·)|p(·)

?
(x) + S(x)

A,70 ;,=, ?:/, 1@9. 4I9 f .: 9
´

{|f |≥1} η(|f(x)|p(x))dx ≤ 1�

�?FI8 Ja <JK8DFJ <E :FE;@:@FE<J ;< ;<DFJKI8I <C /<FI<D8 � �  � �  +FJGFE;I<DFJ C8
;<DFJKI8:@cE ;< CFJ '<D8J � �  � � �  �  � P � �  � ?8JK8 <C �E8C ;< <JK8 J<::@cE

�08: >?=,. 4I9 /0 7 &0: =08, �� �� 	 	 � !@A<DFJ 0 < ? < 1 . <8 R(·) C8 =LE:@cE ;8;8 GFI

R(x) = p(x) + (p(x)− 1)(p(x)− (1 + ?)) = (p(x)− 1)(p(x)− ?) + 1.

 E M@IKL; ;<C '<D8 �  �  � � � :FDF p ∈ P log(Rn) P KF;8 =LE:@cE :FEJK8EK< K8D9@_E G<IK<E<:<
8 P log(Rn)� p(·) − 1 P p(·) − ? JFE CF>�#dC;<I :FEK@ELFJ  �;<D\J� :FDF p+ < ∞� < C
<OGFE<EK< (p(·)− 1)(p(·)− ?) ∈ P log(Rn) P� GFI K8EKF� R(·) ∈ P log(Rn)

�<�E@DFJ 8?FI8 r(x) = mı́n{p(x), R(x)}� < C :L8C K8D9@_E <J CF>�#dC;<I :FEK@ELF GFI
<C '<D8 �  �  � �   J =\:@C M<I HL<� :L8E;F p(x) = 1� R(x) = 1 P :L8E;F p(x) ≥ 1 + ?�
R(x) ≥ p(x) GFI CF HL<� <E 8D9FJ :8JFJ � J< K @<E< C8 @>L8C;8; r(x) = p(x) +FI FKI8 G8IK< �
G8I8 1 < p(x) < 1 + ? K<E<DFJ HL< 1 < R(x) < p(x) CF HL< @DGC@:8 HL< r(x) = R(x) P
8Ja 1 < r(x) < p(x)

+8I8 ;<�E@I q(·)� J<8 F = {x : p(x) ≤ 1 + ?/3} P

r∗ =

?
sup
x∈F

r(x) J@ F ?= ∅,
1 + ?/3 J@ F = ∅.



� � �<DFJKI8:@FE<J ;< CFJ I<JLCK8;FJ ;< C8 R � � � ��

HL< J8K@J=8:< C8 :FE;@:@cE 	 �  �  � �
  /FD8E;F ?r(x) = mı́n{r(x), r∗}� ;<�E@DFJ �E8CD<EK<

q(x) = máx

?
3

?

?
1 +

?

3
− p(x)

?r(x)

?
, 0

?
. 	 �  �  � 


�<C '<D8 �  �  � � J89<DFJ HL< ?r(·) ∈ P log(Rn) �;<D\J� :FDF p+ < ∞ P ?r+ ≤ r∗ < ∞�
p/?r ∈ P log(Rn) GFI ;@:?F C<D8� P J< J@>L< HL< K8D9@_E q(·) ∈ P log(Rn) +FI FKIF C8;F�

;8;F HL< ?r(x) ≤ r(x) ≤ p(x)� J< K @<E< HL< 3
?

?
1 + ?

3
− p(x)

?r(x)

?
≤ 1� <J ;<:@I� 0 ≤ q(x) ≤ 1

(\J 8eE� :L8E;F p(x) = 1� F9K<E<DFJ HL< ?r(x) = 1 P q(x) = 1 4� :L8E;F p(x) ≥ 1 + ?�
p(x)
?r(x) ≥ 1 + ?

3
CF HL< J@>E@�:8 HL< q(x) = 0

! @A<DFJ 8?FI8 LE G<JF w P LE8 =LE:@cE f :FDF <E C8J ?@GcK<J@J  + I@D<I8D<EK< � ;<J�
:FDGFE@<E;F f = f1+f2 :FE f1 = fχ{|f |>1} � LJ8E;F HL< r+ ≤ p+ < ∞ P HL< Mηf2(x) ≤ 1�
K<E<DFJ HL<

ˆ

B

Mηf(x)
r(x)w(x)dx ?

ˆ

B

Mηf1(x)
r(x)w(x)dx + w(B).

�Ja� 98JK8I\ M<I HL<
ˆ

B
Mηf1(x)

r(x)w(x)dx ? w(B) +

ˆ

Rn

|f(x)|p(x)−r(x)η
?
|f(x)|r(x)

?
log(e+ |f(x)|)q(x)Mw(x)dx.

�FEJ@;<I<DFJ GI@D<IF <C :8JF <E HL< p− > 1 P η ∈ Bp−  'L<>F� ;< C8 JL9DLCK@GC@�
:8K@M@;8; ;< η � <O@JK< 1 < τ < p− K8C HL< η ∈ B p−

τ

⊂ B p−
B
τ

GFI <C '<D8 �  �  ��   E

:FEJ<:L<E:@8� G8I8 :8;8 x ∈ B � ;<C '<D8 � �  ��4� J89<DFJ HL<

Mηf1(x)
p(x) ?

?
S(x)

p−
B
τ + M

?
|f1(·)|

p(·)
τ

?
(x)

?τ

? S(x)p
−
B +

?
M

?
|f1(·)|

p(·)
τ

?
(x)

?τ
,

+L<JKF HL< r(x) ≤ p(x) P Mηf1(x) ≥ 1� J< J@>L< HL<
ˆ

B

Mηf1(x)
r(x)w(x) dx ≤

ˆ

B

Mηf(x)
p(x)w(x) dx

?
ˆ

B

S(x)p
−
Bw(x) dx +

ˆ

B

?
M

?
|f1(·)|

p(·)
τ

?
(x)

?τ
w(x) dx

? w(B) +

ˆ

Rn

?
M

?
|f1(·)|

p(·)
τ

??τ
(x)w(x) dx.

�8;F HL< τ > 1� <J 9@<E :FEF:@;F 	 M<I� GFI <A<DGCF� 6 �� � /<FI<D8 �  � � 7 
 HL<
ˆ

Rn

?
M

?
|f1(·)|

p(·)
τ

??τ
(x)w(x) dx ?

ˆ

Rn

|f1(x)|p(x)Mw(x) dx.

+FI eCK @DF� ;<C '<D8 �  �  �� P ;<C ?<:?F HL< q(x) ≥ 0� F9K<E<DFJ HL<
ˆ

B
Mηf1(x)

r(x)w(x)dx ? w(B) +

ˆ

Rn

|f(x)|p(x)−r(x)η(|f(x)|r(x)) log(e+ |f(x)|)q(x)Mw(x) dx.



� �� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C<

+8I8 <C :8JF <E HL< p− = 1 P η ∈ Bs G8I8 KF;F s > 1� ;@M@;@DFJ C8 9FC8 B = B1∪B2 �
J @<E;F B1 = {x ∈ B : p(x) > 1 + ?/3} P B2 = B \ B1  � FDF p−B1

≥ 1 + ?/3� I<JLCK8 HL<
p−B1

/(1 + ?/6) > 1 P 8Ja η ∈ Bp−B1
/(1+?/6)  'L<>F� G8I8 x ∈ B1 GF;<DFJ GIF:<;<I :FDF

<E <C :8JF 8EK<I@FI LJ8E;F <C '<D8 � �  ��4� :FE p−B P τ I<<DGC8Q8;FJ GFI p−B1
P 1 + ?/6�

I<JG<:K@M8D<EK< 

�?FI8 9@<E� J @ x ∈ B2 � :FDF r(x) = r̃(x) 8CCa P η ∈ Bs G8I8 KF;F s > 1� GF;<DFJ
8GC@:8I <C '<D8 � �  ��44� :FE <OGFE<EK< r̃ GL<J _JK< J8K@J=8:< r̃− = 1 GFI J<I r̃(x) ≤ p(x)
 J ;<:@I� K<E<DFJ C8 J@>L@<EK< <JK @D8:@cE

ˆ

B2

Mηf1(x)
r(x)w(x) dx ?

ˆ

B2

S(x)w(x) +

ˆ

B2

Mη

?
|f1(·)|?r(·)

?
(x)w(x) dx

≤ w(B) +

ˆ

B2

Mη

?
|f1(·)|?r(·)

?
(x)w(x) dx.

'L<>F� LK@C@Q8E;F <C '<D8 � �  � :FE ?/3 P <OGFE<EK< p(·)/r̃(·) F9K<E<DFJ HL<
ˆ

B2

Mηf1(x)
r(x)w(x) dx ? w(B)

+

ˆ

B2

|f1(x)|p(x)−?r(x)η
?
|f(x)|?r(x)

?
log(e + |f(x)|?r(x))q(x)Mw(x) dx

≤ w(B)

+

ˆ

B

|f(x)|p(x)−r(x)η
?
|f(x)|r(x)

?
log(e + |f(x)|)q(x)Mw(x) dx.

�FD9@E8E;F KF;FJ CFJ :8JFJ J< F9K@<E< C8 ;<J@>L8C;8; ;<J<8;8 +FI eCK @DF� GIF:<;@<E�
;F :FDF <E C8 GIL<98 ;<C /<FI<D8 � �  � � <J =\:@C M<I HL< J@ w(B) ≤ 1� M8C< C8 ;<J@>L8C;8;
<E EFID8

�08: >?=,. 4I9 /0 7 &0: =08, �� �� 	 �� *9J<IM<DFJ GI@D<IF HL< ;<C /<FI<D8 � �  � P ;< C8J
:FE;@:@FE<J JF9I< f � M8C< C8 J@>L@<EK< ;<J@>L8C;8;

Mα,ηf(x)
n

n−α ≤ 2
?
Mξ

?
|f(·)|p(·)/q(·)

?
(x)

? n
n−α = 2Mξ̄g(x)

;FE;< ξ̄(t) = ξ(t1−α/n) P g(x) = |f(x)|
np(x)

(n−α)q(x) = |f(x)|
n−αp(x)
n−α 

 EKFE:<J � J @ sα(x) = máx{?−1(1 + ?− q(x)(1 − α/n)), 0}� 8GC@:8E;F <C /<FI<D8 � �  �
G8I8 ξ̄ � HL< <J ;< 4FLE> GFI ?@GcK<J@J � :FE <OGFE<EK< h(·) = q(·)(1− α/n) K<E<DFJ HL<

ˆ

B

Mα,ηf(x)
n

n−αw(x)dx ≤ 2

ˆ

B

Mξ̄g(x)w(x)dx

? w(B) +

ˆ

B

g(x)h(x)−1ξ̄(g(x)) log(e + g(x))sα(x)Mw(x)dx.



� � �<DFJKI8:@FE<J ;< CFJ I<JLCK8;FJ ;< C8 R � � � ��

. @ pα(x) =
n−αp(x)
n−α

� LJ8E;F HL< q(x) = np(x)
n−αp(x)

� K<E<DFJ HL<

np(x)

(n− α)q(x)
(h(x)− 1) = p(x)− np(x)

(n− α)q(x)
= p(x)− n− αp(x)

n− α
= p(x)− pα(x).

�FDF� 8;<D\J� pα(x) =
n−αp(x)
n−α

≤ n−αp−

n−α
≤ 1� K<E<DFJ HL<

ˆ

B

Mα,ηf(x)
n

n−αw(x)dx ? w(B)

+

ˆ

B

|f(x)|p(x)−pα(x)ξ̄
?
|f(x)|pα(x)

?
log(e + |f(x)|)sα(x)Mw(x)dx.

)FK8I HL<� J @ η(t) = t� <EKFE:<J ξ(t) = t
n

n−α P ξ̄(t) = t HL< <J ;< 4FLE> 'L<>F� ?<DFJ
;<DFJKI8;F K8D9@_E <C /<FI<D8 � �  � � G8I8 Mα � F9K<E@<E;F <E <J< :8JF C8 ;<J@>L8C;8;

ˆ

B

Mαf(x)
n

n−αw(x)dx ? w(B) +

ˆ

B

|f(x)|p(x) log(e + |f(x)|)sα(x)Mw(x)dx.

�?FI8 ;8I<DFJ C8J GIL<98J ;< CFJ C<D8J LK@C@Q8;FJ 

�08: >?=,. 4I9 /0 7 �08, �� �� �� .<8

λ = 2Ct||f s(·)χD||η,A + 2||St(z)
r−AχD||η,A > 0

:FE Ct > 0 8 ;<K<ID@E8I . @E G_I;@;8 ;< ><E<I8C@;8;� JLGFE;I<DFJ HL< CFJ :FEALEKFJ
D ∩ A P K = JFG(f) ∩ (D ∩ A) K @<E<E D<;@;8 GFJ@K @M8 P8 HL<� ;< CF :FEKI8I@F� EF ?8P
E8;8 HL< ;<DFJKI8I

�<�E8DFJ D1 = {x ∈ K : |f(x)| ≥ St(z(x))} )FK<DFJ GI@D<IF HL< ;< C8J ?@GcK<J@J
JF9I< s(·) P r(·) F9K<E<DFJ HL< G8I8 KF;F x ∈ D1 �

|f(x)|r(x) = |f(x)|s(x)|f(x)|r(x)−s(x) ≤ |f(x)|s(x)(St(z(x)))
r(x)−s(x)

≤ |f(x)|s(x)(e + |z(x)|)tnC/ log(e+|z(x)|) = etnC |f(x)|s(x) := Ct|f(x)|s(x). 	 �  �  � � 


+FI FKI8 G8IK< � G8I8 x ∈ K \D1 � ;8;F HL< St(z(x)) ≤ 1� J< K @<E< HL<

|f(x)|r(x) ≤ (St(z(x)))
r(x) ≤ (St(z(x)))

r−A . 	 �  �  � � 


'L<>F� LJ8E;F 8D98J ;<J@>L8C;8;<J 	 �  �  � � 
 P 	 �  �  � � 
 � P C8 :FEM<O@;8; ;< C8 =LE:@cE
η � ;<;L:@DFJ HL<

1

|A|

ˆ

A

η

? |f(x)|r(x)χD(x)

λ

?
dx

≤ 1

|A|

ˆ

D1

η

? |f(x)|r(x)
2Ct||f sχD||η,A

?
dx +

1

|A|

ˆ

K\D1

η

?
|f(x)|r(x)

2||St(z(·))r
−
AχD||η,A

?
dx



� �� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C<

≤ 1

|A|

ˆ

D1

η

? |f(x)|s(x)
2||f sχD||η,A

?
dx +

1

|A|

ˆ

K\D1

η

?
(St(z(x)))

r−A

2||St(z(·))r
−
AχD||η,A

?
dx

≤ 1

2

1

|A|

ˆ

A

η

? |f(x)|s(x)χD(x)

||f sχD||η,A

?
dx +

1

2

1

|A|

ˆ

A

η

?
(St(z(x)))

r−AχD(x)

||St(z(·))r
−
AχD||η,A

?
dx

≤ 1

2
+

1

2
= 1,

P� <E :FEJ<:L<E:@8� ;< C8 ;<�E@:@cE ;< || · ||η,A

|||f(·)|r(·)χD||η,A ≤ 2Ct|||f(·)|s(·)χD||η,A + 2||St(z(·))r
−
AχD||η,A.

�08: >?=,. 4I9 /0 7 �08, �� �� � � �FEJ@;<I<DFJ λ > 0 P CFJ :FEALEKFJ D1 P K :FDF <E
C8 GIL<98 ;<C C<D8 8EK<I@FI .LGFE>8DFJ� :FDF 8EK<J � HL< D ∩ A P K K @<E<E D<;@;8
GFJ@K @M8

. <8 x ∈ D1  . @ r(x) − s(x) ≤ 0� <EKFE:<J r(x) − s(x) = −|r(x) − s(x)| P GF;<DFJ
GIF:<;<I :FDF <E 	 � �  � � 
 � ;< ;FE;< F9K<E<DFJ |f(x)|r(x) ≤ Ct|f(x)|s(x) :FE Ct = etnC 
 E :8JF :FEKI8I@F� LJ8E;F HL< |f(x)| ≤ 1 JF9I< A P HL< St(x) ≤ 1� K<E<DFJ HL<

|f(x)|r(x) = |f(x)|s(x)|f(x)||r(x)−s(x)| ≤ |f(x)|s(x) ≤ |f(x)|s(x)St(x)
−|r(x)−s(x)|

P J< J@>L< C8 D@JD8 <JK@D8:@cE  J ;<:@I� <E :L8CHL@<I :8JF� |f(x)|r(x) ≤ Ct|f(x)|s(x) G8I8
KF;F x ∈ D1  . @ x ∈ K \D1 � J< K @<E< C8 D@JD8 ;<J@>L8C;8; HL< <E 	 � �  � � 
 

+8I8 �E8C@Q8I C8 ;<DFJKI8:@cE� 98JK8 J<>L@I C8 GIL<98 ;<C C<D8 8EK<I@FI

�08: >?=,. 4I9 /0 �08, �� �� �� +8I8 GIF98I �4� � J<8 p− > 1 P η ∈ Bp−  'L<>F� <J JL�:@<EK<

;<DFJKI8I HL< ?f?p(x)η,B ? M(|f(·)|p(·))(x) + S(x)p
−
G8I8 :8;8 9FC8 B = B(x0, R) K8C HL<

x ∈ B 

! @A<DFJ LE8 ;< K8C<J 9FC8J B P J<8E f1 = fχ{|f |>1} P f2 = f − f1   JK @D<DFJ GI@D<IF

?f1?p(x)η,B  0J8E;F <C '<D8 �  �  �� � GFI J<I η ∈ Bp− K<E<DFJ HL< η(t) ≤ Cp−tp
−
G8I8 KF;F

t ≥ c > 0 P� <E :FEJ<:L<E:@8� ||g||η,B ≤ C(p−, c)||g||p−,B G8I8 KF;8 g ∈ L1
loc(Rn) 'L<>F�

?f1?p(x)η,B ≤ Cp+
?

1

|B|

ˆ

B

|f1(y)|p
−
dy

? p(x)

p−

.

�?FI8 9@<E� :FDF p−B ≥ p− � GFI C8 ;<J@>L8C;8; ;< %<EJ<E :FE p−B/p− � P ;8;F HL<
|f1| ≥ P

´

Rn |f1(y)|p(y)dy ≤ 1 K<E<DFJ HL<

?f1?p(x)η,B ≤ Cp+
?

1

|B|

ˆ

B

|f1(y)|p
−
Bdy

? p(x)

p−
B

?
?

1

|B|

ˆ

B

|f1(y)|p(y)dy
? p(x)

p−
B



� � �<DFJKI8:@FE<J ;< CFJ I<JLCK8;FJ ;< C8 R � � � ��

=

?
1

|B|

ˆ

B

|f1(y)|p(y)dy
? p(x)

p−
B

−1?
1

|B|

ˆ

B

|f(y)|p(y)dy
?

≤ |B|
p−
B

−p(x)

p−
B M(|f(·)|p(·))(x).

. @ |B| > 1� :FDF <C <OGFE<EK< (p−B − p(x))/p−B ≤ 0� J< J@>L< HL< |B|(p−B−p(x))/p−B ≤ 1
 E :8JF :FEKI8I@F� <J ;<:@I� J @ |B| ≤ 1� ;< C8 :FE;@:@cE CF>�#dC;<I CF:8C JF9I< p P ;<C
'<D8 �  �  � � F9K<E<DFJ HL< |B|(p−B−p(x))/p−B ≤ |B|p−B−p+B ≤ C :FE C @E;<G<E;@<EK< ;< B 
 E :L8CHL@<I :8JF� ?f1?p(x)η,B ? M(|f(·)|p(·))(x)

 JK @D<DFJ 8?FI8 <C GIFD<;@F ?f2?p(x)η,B  � FEJ@;<I<DFJ CFJ :FEALEKFJ E = B ∩B(0, |x|)
P F = B \B(0, |x|) � @M@;8DFJ C8 =LE:@cE :FDF f2 = fE

2 + fF
2 = f2χE + f2χF   EKFE:<J �

?f2?p(x)η,B ? ?fE
2 ?p(x)η,B + ?fF

2 ?p(x)η,B 

+8I8 <JK @D8I ?fE
2 ?p(x)η,B � LJ8I<DFJ EL<M8D<EK< C8 ?@GcK<J@J <E η P C8 ;<J@>L8C;8; ;<

%<EJ<E :FE p(x)/p− G8I8 F9K<E<I

?fE
2 ?p(x)η,B ?

?
1

|B|

ˆ

B

|fE
2 (y)|p−dy

? p(x)

p−

≤ 1

|B|

ˆ

B

|fE
2 (y)|p(x)dy.

+FI FKI8 G8IK< � C8 :FE;@:@cE ;< ;<:8@D@<EKF CF>�#dC;<I <E <C @E�E@KF JF9I< p EFJ ;@:< HL<
J@ z1, z2 ∈ Rn :FE |z1| ≥ |z2|�

|p(z1)− p(z2)| ≤
C

log(e + |z2|)
.

�FDF G8I8 KF;F y ∈ E M8C< HL< |x| ≥ |y|� <EKFE:<J

|p(x)− p(y)| ≤ C

log(e + |y|) .

'L<>F� GF;<DFJ 8GC@:8I C8 ;<J@>L8C;8; 	 � �  � 
 :FE r(y) ≡ p(x)� s(y) = p(y)� z(y) = y P
t = 1 G8I8 F9K<E<I

?fE
2 ?p(x)η,B ? 1

|B|

ˆ

B

|fE
2 (y)|p(y)dy +

1

|B|

ˆ

E

(e + |y|)−np(x)dy

≤ 1

|B|

ˆ

B

|f(y)|p(y)dy +
1

|B|

ˆ

E

(e + |y|)−np−Bdy

≤ M(|f(·)|p(·))(x) + 1

|B|

ˆ

E

(e + |y|)−np−Bdy.

. @ R < |x|/4� <J =\:@C M<I HL< |x| < 2|y| G8I8 KF;F y ∈ E   E <=<:KF� J @ R < |x|/4 <
y ∈ E = B(x0, R) ∩ B(0, |x|)�

|x| ≤ |x− x0|+ |x0 − y|+ |y| ≤ 2R + |y| < |x|
2

+ |y|,



� �� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C<

;< ;FE;< J< F9K@<E< |x| < 2|y| �Ja� K<E<DFJ HL<
1

|B|

ˆ

E

(e + |y|)−np−Bdy ≤ 2−np− 1

|B|

ˆ

E

(e + |x|)−np−B ? (e + |x|)−np−B ≤ S(x)p
−
. 	 �  �  � � 


+FI FKIF C8;F� J @ R ≥ |x|/4 P |x| < 1� <EKFE:<J

e + |x| < e + 1 ≤ e + 1

e
(e + |y|)

P GIF:<;<DFJ :FDF <E 	 � �  � � 
 

! @E8CD<EK< � J @ R ≥ |x|/4 P |x| ≥ 1� <EKFE:<J |B(0, |x|)| ≤ |B(0, 4R)| = 4n|B(x0, R)| P
e + |x| ≤ (e + 1)|x| 'L<>F�

1

|B|

ˆ

E

(e + |y|)−np−Bdy ? 1

|B(0, |x|)|

ˆ

B(0,|x|)
(e + |y|)−np−Bdy 	 �  �  � � 


? |x|−n

ˆ

B(0,|x|)
(e + |y|)−np−Bdy

? (e + |x|)−n

ˆ

B(0,|x|)
(e + |y|)−np−Bdy.

+L<JKF HL<
ˆ

B(0,|x|)
(e + |y|)−np−Bdy ≤

ˆ

B(0,|x|)
|y|−np−Bdy = C|x|n−np−B ? (e + |x|)n−np−B

K<E<DFJ HL<
1

|B|

ˆ

E

(e + |y|)−np−Bdy ? (e + |x|)−np−B ≤ S(x)p
−
.

�FE:CL@DFJ � ;< <JK8 D8E<I8� :FE C8 <JK @D8:@cE G8I8 fE
2 

 JK @D<DFJ 8?FI8 ?fF
2 ?p(x)η,B  + I@D<I8D<EK< � LJ8E;F HL< η ∈ Bp− � C8 ;<J@>L8C;8; ;<

%<EJ<E :FE p−B/p− P HL< |fF
2 | ≤ 1 K<E<DFJ HL<

?fF
2 ?p(x)η,B ?

?
1

|B|

ˆ

B

|fF
2 (y)|p−dy

? p(x)

p−

≤
?

1

|B|

ˆ

B

|fF
2 (y)|p−Bdy

? p(x)

p−
B ≤ 1

|B|

ˆ

B

|fF
2 (y)|p−Bdy.

)FK<DFJ HL< G8I8 KF;F y ∈ F � K<E<DFJ� <E M@IKL; ;<C '<D8 �  �  � ��A444� � HL<

0 ≤ p(y)− p−B ≤ p(y)− p−F ≤
C

log(e + |x|) .

'L<>F� GF;<DFJ LK@C@Q8I C8 ;<J@>L8C;8; 	 � �  � 
 :FE r(y) ≡ p−B � s(y) = p(y)� z(y) = x P
t = 1� G8I8 K<E<I HL<

?fF
2 ?p(x)η,B ? 1

|B|

ˆ

F

|f2(y)|p(y)dy +
1

|B|

ˆ

F

(e + |x|)−np−Bdy



� � �<DFJKI8:@FE<J ;< CFJ I<JLCK8;FJ ;< C8 R � � � ��

≤ 1

|B|

ˆ

B

|f(y)|p(y)dy + (e + |x|)−np− |F |
|B| ≤ M(|f(·)|p(·))(x) + S(x)p

−
.

+FI CF K8EKF� :FD9@E8E;F KF;FJ CFJ :8JFJ � I<JLCK8 HL<

?f?p(x)η,B ? M(|f(·)|p(·))(x) + S(x)p
−

G8I8 :L8CHL@<I 9FC8 B ? x

� :FEK@EL8:@cE� ;<DFJKI8I<DFJ �44� � GFI CF HL< JLGFE;I<DFJ HL< p− = 1 P η ∈ Bs

G8I8 8C>eE s > 1 �8JK8I\ M<I <EKFE:<J HL< ?f?p(x)η,B ? Mη(|f(·)|p(·))(x) + S(x) G8I8 KF;8
9FC8 B = B(x0, R) HL< :FEK@<E< 8 x

 J:I@98DFJ f = f1 + f2 :FDF 8EK<J ;< ;FE;< ||f ||p(x)η,B ? ||f1||p(x)η,B + ||f2||p(x)η,B 

 E GI@D<I8 @EJK8E:@8� <JK @D8I<DFJ ||f1||p(x)η,B  . @ |B| > 1� ;< C8J ?@GcK<J@J JF9I< f
F9K<E<DFJ HL<

1

|B|

ˆ

B

η (|f1(y)|) dy ≤
ˆ

{|f |>1}
η
?
|f(y)|p(y)

?
dy ≤ 1.

'L<>F�
||f1||p(x)η,B ≤ ||f1||η,B ≤ ||f p(·)||η,B ≤ Mη(|f(·)|p(·))(x).

. @ |B| ≤ 1� EFK<DFJ HL<� GFI C8 :FEM<O@;8; ;< η

1

|B|

ˆ

B

η
?
|B||f1(y)|p(y)

?
dy ≤

ˆ

{|f |>1}
η
?
|f(y)|p(y)

?
dy ≤ 1

P 8Ja ||f p(·)
1 ||η,B ≤ 1/|B|  EKFE:<J � LJ8E;F C8 ;<J@>L8C;8; ;< %<EJ<E ><E<I8C@Q8;8 ;8;8

<E <C '<D8 �  �  � :FE <OGFE<EK< p−B ≥ 1 P <C ?<:?F HL< f1 ≥ 1� K<E<DFJ HL<

||f1||p(x)η,B ≤ 2p
+ ||f p−B

1 ||
p(x)

p−
B

η,B ≤ 2p
+ ||f p(·)

1 ||
p(x)

p−
B

η,B ≤ 2p
+ ||f p(·)

1 ||
p(x)

p−
B

−1

η,B ||f p(·)||η,B

≤ 2p
+ |B|

p−
B

−p(x)

p−
B Mη

?
|f(·)|p(·)

?
(x) ? Mη

?
|f(·)|p(·)

?
(x)

;FE;<� <E C8 eCK @D8 ;<J@>L8C;8;� J< LK@C@Qc <C '<D8 �  �  � � 

 JK@D<DFJ 8?FI8 ||f2||p(x)η,B � ;@M@;@<E;F 8 f2 :FDF 8EK<J <E fE
2 P fF

2  0J8E;F EL<M8D<EK<
C8 ;<J@>L8C;8; ;< %<EJ<E ><E<I8C@Q8;8 P HL< |fF

2 | ≤ 1� K<E<DFJ HL<

||fF
2 ||p(x)η,B ≤ 2p

+ ||(fF
2 )p

−
B ||

p(x)

p−
B

η,B ≤ 2p
+ ||(fF

2 )p
−
B ||η,B.

�?FI8 9@<E� :FDF G8I8 KF;F y ∈ F

0 ≤ p(y)− p−B ≤ p(y)− p−F ≤
C

log(e + |x|) ,



� �� �FEK@EL@;8; ;< FG<I8;FI<J <E <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C<

<E M@IKL; ;<C '<D8 �  �  � ��A444� � GF;<DFJ 8GC@:8I <C '<D8 � �  � :FE r(y) ≡ p−B � s(y) = p(y)�
z(y) = x P t = 1 G8I8 F9K<E<I

||fF
2 ||p(x)η,B ≤ 2p

++1C1||(fF
2 )p(·)||η,B + 2p

++1||S(x)χF ||η,B ? Mη(|f(·)|p(·)) + S(x).

 E <C :8JF ;< fE
2 � LK @C@Q8DFJ C8 ;<J@>L8C;8; ;< %<EJ<E ><E<I8C@Q8;8 :FE p(x)� ;< ;FE;<

J< J@>L< HL<
||fE

2 ||p(x)η,B ≤ 2p
+ ||(fE

2 )p(x)||η,B.

 E <JK< :8JF� <E M@IKL; ;< C8 :FE;@:@cE CF>�#dC;<I P ;<C ?<:?F HL< |fE
2 | ≤ 1� LJ8DFJ <C

'<D8 � �  � :FE r(y) ≡ p(x)� s(y) = p(y) P t = 1 ;< ;FE;<

||fE
2 ||p(x)η,B ≤ 2p

++1C1||(fE
2 )p(·)||η,B + 2p

++1||Sχ
p(x)
E ||η,B ? Mη

?
|f(·)|p(·)

?
+ ||SχE ||η,B.

. @ GIF98DFJ HL< ||SχE ||η,B ? S(x)� GF;I<DFJ :FE:CL@I :FE C8 <JK @D8:@cE  E <=<:KF�
I<:FI;<DFJ HL< J@ R < |x|/4� F J @ R ≥ |x|/4 P |x| ≤ 1� K<Ea8DFJ HL< S(y) ? S(x)
 EKFE:<J � <E K8C<J :8JFJ � ||SχE ||η,B ? ||S(x)χE ||η,B ≤ S(x)

. @ EF J< ;8 E@E>LEF ;< <JFJ :8JFJ � <JKF <J � J @ R ≥ |x|/4 P |x| > 1� J89<DFJ HL<
4n|B| ≥ |B(0, |x|)| P |x|−n ? S(x) < S(y) . <8 s > 1 K8C HL< η ∈ Bs <C :L8C <O@JK< GFI
?@GcK<J@J  'L<>F� η(t) ≤ Cst

s G8I8 KF;F t ≥ t0 ≥ 1 P :@<IK8 :FEJK8EK< Cs ≥ 1 P� GFI <C
�FIFC8I@F �  �  � � ||SχE ||η,B ≤ C(s, t0)||SχE ||s,B  'L<>F� GIF:<;@<E;F :FDF <E 	 � �  � � 
 :FE
s <E CL>8I ;< p−B J< K @<E< HL< ||SχE ||η,B ? S(x) :FDF HL<Ia8DFJ 



������������

 E <JK8 K<J@J J< ?8E F9K<E@;F ;@JK @EKFJ I<JLCK8;FJ ;< :FEK@EL@;8; G8I8 CFJ FG<I8;FI<J
D8O@D8C<J Mα,η :FE 0 ≤ α < n P η LE8 =LE:@cE ;< 4FLE>� :FDF 8Ja K8D9@_E G8I8 CFJ
FG<I8;FI<J @EK<>I8C<J J@E>LC8I<J P =I8::@FE8I@FJ � P JLJ :FEDLK8;FI<J � HL< <JKFJ FG<I8;FI<J
D8O@D8C<J :FEKIFC8E (L:?FJ ;< CFJ I<JLCK8;FJ JFE 8eE EL<MFJ :L8E;F J< G8IK@:LC8I@Q8 8
CFJ <JG8:@FJ ;< '<9<J>L< :C\J@:FJ Lp 

 E <C GI@D<I :8GaKLCF J< @EKIF;LA<IFE C8J =LE:@FE<J ;< 4FLE> HL< ;<�E<E 8 CFJ FG<I8�
;FI<J D8O@D8C<J P J< GIF98IFE LE8 8DGC@8 >8D8 ;< GIFG@<;8;<J HL< _JKFJ M<I@�:8E� C8J
HL< =L<IFE LK@C@Q8;8J 8 CF C8I>F ;< KF;8 C8 K<J@J  . < ;<�E@<IFE CFJ D<E:@FE8;FJ FG<I8;FI<J
D8O@D8C<J DFJKI8E;F� 8;<D\J� :cDF J< GF;a8E :FEKIFC8I FKIFJ FG<I8;FI<J ;< :FEMFCL:@cE
GFI D<;@F ;< _JKFJ ;< D8E<I8 GLEKL8C  JG<:a�:8D<EK< � J< ;<J:I@9@<IFE C8J :FE;@:@FE<J
;< K@GF #dID8E;<I JF9I< CFJ Ee:C<FJ ;< CFJ FG<I8;FI<J @EK<>I8C<J ;8;8J <E 6 � � 7 � 6 �� 7 P
6 ��7 � C8J :L8C<J ;<K<ID@E8E <C FG<I8;FI D8O@D8C ;< :FEKIFC � P J< 8E8C@Q8IFE C8J I<C8:@FE<J
<EKI< <CC8J 

 C :8GaKLCF � J< :<EKIc <E ;<�E@I P <JKL;@8I ;@=<I<EK<J GIFG@<;8;<J 8:<I:8 ;< CFJ <JG8�
:@FJ =LE:@FE8C<J ;FE;< J< 8E8C@Q8IFE CFJ ;@JK @EKFJ GIF9C<D8J ;< :FEK@EL@;8; . < :FEJ@;<Ic
GI@D<IF <C :8JF ;< CFJ <JG8:@FJ ;< *IC@:Q � ;8E;F C8J ;@JK @EK8J :C8J<J ;< =LE:@FE<J HL< CFJ
;<�E<E P :cDF J< I<C8:@FE8E <EKI< <CC8J  +FJK<I@FID<EK< � J< <OGLJ@<IFE C8J GIFG@<;8;<J ;<
CFJ <JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< � K8EKF C8J I<C8:@FE8;8J :FE C8J =LE:@FE<J
<OGFE<EK< � :FDF 8HL<CC8J HL< JLI><E 8C ><E<I8C@Q8I C8J :C8J<J ;< G<JFJ ;< K@GF (L:B<E�
?FLGK  -<JG<:KF ;< _JK8J eCK @D8J � J< <OK<E;@<IFE DL:?8J ;< C8J GIFG@<;8;<J ;< C8J :C8J<J
Ap,q ;< 6 �� 7 8 C8J :C8J<J Ap(·),q(·) HL< EF J< :FEF:<E <E C8 C@K<I8KLI8 ;@JGFE@9C< 

 C :8GaKLCF � <JKLMF ;<;@:8;F 8C <JKL;@F ;< C8J GIFG@<;8;<J ;< :FEK@EL@;8; ;< Mα,η

P ;< CFJ FG<I8;FI<J I<C8:@FE8;FJ JF9I< <JG8:@FJ ;< *IC@:Q  . < GIF9c HL<� 98 AF :@<IK8J
:FE;@:@FE<J JF9I< C8J =LE:@FE<J A P B � < C FG<I8;FI D8O@D8C =I8::@FE8I@F 8JF:@8;F 8 LE8
=LE:@cE ;< 4FLE> η <JK\ 8:FK8;F ;< LA(Ω) <E LB(Ω)� G8I8 Ω = Rn P Ω ;< D<;@;8 �E@K8�
J @ P JcCF J@ C8J =LE:@FE<J A� B P η J< I<C8:@FE8E GFI D<;@F ;< LE8 :FE;@:@cE ;< K@GF �@E@�
HL< ><E<I8C@Q8 8 8HL<CC8J ;8;8J <E 6 � � 7 G8I8 <C FG<I8;FI Mη � P 8 C8J @EKIF;L:@;8J <E 6 �� 7
P 6 � � 7 G8I8 <C FG<I8;FI D8O@D8C =I8::@FE8I@F :C\J@:F Mα  +8I8 F9K<E<I ;@:?F I<JLCK8;F�
J< LK@C@Qc LE8 ;<J@>L8C;8; ;< K@GF #<;9<I> HL< M@E:LC8 8C FG<I8;FI =I8::@FE8I@F Mα,η

:FE LE8 M<IJ@cE EF =I8::@FE8I@8 Mξ 98 AF :@<IK8 I<C8:@cE <EKI< C8J =LE:@FE<J ;< 4FLE>
η P ξ  +FI D<;@F ;< ;@:?8 ;<J@>L8C;8;� <C GIF9C<D8 ;< 8:FK8:@cE ;< Mα,η J< I<;LAF
8 :FEF:<I <C :FII<JGFE;@<EK< I<JLCK8;F G8I8 Mξ  � FDF :FEJ<:L<E:@8 ;<C I<JLCK8;F ;<



� �� �*)�'0.$*) .

8:FK8:@cE G8I8 <JKFJ FG<I8;FI<J D8O@D8C<J =I8::@FE8I@FJ � J< :8I8:K<I@Qc C8 :FEK@EL@;8;
JF9I< Rn ;< CFJ :FEDLK8;FI<J :FE JaD9FCF <E BMO ;< C8 @EK<>I8C =I8::@FE8I@8 Iα 8
KI8M_J ;< LE8 :FE;@:@cE ;< K@GF �@E@ +8I8 FG<I8;FI<J =I8::@FE8I@FJ D<EFJ I<>LC8I<J
HL< Iα :FE Ee:C<FJ <E LE8 ;<K<ID@E8;8 :C8J< ;< #dID8E;<I� P JLJ :FEDLK8;FI<J � J<
;@<IFE :FE;@:@FE<J JL�:@<EK<J JF9I< A P B G8I8 HL< CFJ D@JDFJ <JK_E 8:FK8;FJ ;< LA(Rn)
<E LB(Rn) +FI FKI8 G8IK< � LJ8E;F CFJ I<JLCK8;FJ P8 :FEF:@;FJ G8I8 Mη ;8;FJ <E 6 � � 7 �
J< F9KLM@<IFE GIFG@<;8;<J J@D@C8I<J G8I8 CFJ FG<I8;FI<J ;< K@GF @EK<>I8C J@E>LC8I P JLJ
:FEDLK8;FI<J :FEKIFC8;FJ GFI ;@:?8 D8O@D8C

!@E8CD<EK< � <E <C :8GaKLCF � J< <JKL;@c <C :FDGFIK8D@<EKF ;< Mα,η 8:KL8E;F JF9I<
<JG8:@FJ ;< '<9<J>L< ;< <OGFE<EK< M8I@89C< :L8E;F C8J =LE:@FE<J <OGFE<EK< JFE 8:FK8;8J
P CF>�#dC;<I :FEK@EL8J   E GI@D<I8 @EJK8E:@8� J< :8I8:K<I@Q8IFE CFJ G<JFJ HL< >8I8EK@Q8E
C8 8:FK8:@cE ;< Mη :L8E;F η <J LE8 =LE:@cE ;< 4FLE> ;< K@GF L logL� CFJ :L8C<J JFE
M8I@8EK<J ;< CFJ G<JFJ ;< C8 :C8J< Ap(·) ;<�E@;FJ <E 6 �� 7 P 6 � � 7  +8I8 =LE:@FE<J ;< 4FLE>
D\J ><E<I8C<J � HL< J8K@J=8:<E LE8 GIFG@<;8; ;< K@GF Bq � J< ?8CC8IFE :FE;@:@FE<J JL�:@<E�
K<J <E CFJ G<JFJ w G8I8 C8 :FEK@EL@;8; JF9I< Lp(·)(Rn) (\J 8eE� J @ η <J ;< K@GF @E=<I@FI�
C8J :FE;@:@FE<J I<JLCK8E K8D9@_E E<:<J8I@8J  �89< J<b8C8I HL< <JKFJ I<JLCK8;FJ JFE EL<�
MFJ 8eE :L8E;F <C <OGFE<EK< p <J LE8 =LE:@cE :FEJK8EK< P C8J :C8J<J ;< G<JFJ F9K<E@;8J
I<JLCK8E J<I DF;@�:8:@FE<J ;< C8J :C\J@:8J Ap ;< (L:B<E?FLGK  'L<>F� J< ;<�E@c C8 :C8J<
;< G<JFJ Ap(·),q(·) HL< ><E<I8C@Q8 8 Ap(·) P 8 Ap,q � P J< GIF9c HL< <J C8 :C8J< 8;<:L8;8 <E
<C :FEK<OKF M8I@89C< G8I8 C8 8:FK8:@cE ;< Mα ;< Lp(·)(Rn) <E Lq(·)(Rn) :L8E;F CFJ <OGF�
E<EK<J p P q M<I@�:8E C8 @;<EK@;8; ;< .F9FC<M 1/p(x)− 1/q(x) = α/n +8I8 GIF98ICF� LE8
;<J@>L8C;8; ;< K@GF #<;9<I> JF9I< <JG8:@FJ Lp(·)(Rn) HL< I<C8:@FE8 8 Mα :FE M I<JLCKc
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