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/ 8>9 8-/ =

ρ(x) ≤ Cρ(y)
:+<+ ?8+ -9 8=>+8>/ C ;?/ ./:/8./ ./ τ, n C 6+= -9 8=>+8>/ = ./ � � 	 �

�/79 =><+- 3I8� ,:6 Q = Q(xQ, ρ(xQ))
 6H > EDG � � 	 G:HJAI6

C−1
0 n

−N0
2 ρ(xQ)

?
1 +

d(x, xQ)

ρ(xQ)

?−N0

≤ ρ(x) ≤ C0n
N0

2(N0+1) ρ(xQ)

?
1 +

d(x, xQ)

ρ(xQ)

? N0
N0+1

.

%J:<D

C−1
0 n

−N0
2 (1 + τ )−N0 ρ(xQ) ≤ ρ(x) ≤ C0n

N0
2(N0+1) (1 + τ )

N0
N0+1 ρ(xQ)

E6G6 ID96 x ∈ τQ�
)DG AD I6CID
 E6G6 x, y ∈ τQ :H >CB:9>6ID FJ:

ρ(x) ≤ C0n
N0

2(N0+1) (1 + τ )
N0

N0+1 ρ(xQ) ≤ C2
0n

2N0+N2
0

2(N0+1) (1 + τ )
N0

N0+1
+N0 ρ(y).

� HJ K:O 
 :HI6 G:A68>YC :H :A EJCID 9: E6GI>96 E6G6 8J7G>G :A :HE68>D Rn 8DC 7DA6H FJ:
AA6B6G:BDH �8GWI >86H� N FJ: H:GK>GTC E6G6 6C6A>O6G 8DBEDGI6B>:CIDH AD86A:H �

�31214,&,>0 
 � )� �* �B3=>/ ?8+ =?-/ =3I8 ./ :?8>9 = {xj}∞j=1 /8 Rn � >+ 6 ;?/ 6+ 0+7363+ ./
,9 6+= - <H>3-+= Qj = Q(xj , ρ(xj)), j ≥ 1� =+>3=0+-/
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� �
?

j Qj = Rn �

	� !+<+ >9.9 β ≥ 1� / B3=>/8 -9 8=>+8>/ = C,N1� >+ 6/ = ;?/
?

j χβQj
≤ CβN1

�=DG6
 AA6B6C9D 8GWI >86H 6 7DA6H 9: A6 ;DGB6 Q(x, ρ(x))
 E6G6 x ∈ Rn 
 N JI>A>O6C9D
E6G6 :AA6H A6 CDI68>YC Qx 
 ED9:BDH EGD76G A6 H><J>:CI: G:A68>YC 9: EGDM>B>969�

�31214,&,>0 � � "/+ Qx ?8 -?,9 -<H>3-9 � �?/19 /B3=>/ β ≥ 1� ;?/ ./:/8./ =I69 ./ 6+=
-9 8=>+8>/ = /8 � � 	 >+ 6 ;?/

?

Qy

Qy
?
Qx ?=∅

Qy ⊂ βQx
.
= ?Qx.

�/79 =><+- 3I8� ,:6 Qy I6A FJ:
 Qy

?
Qx ?= ∅� , :6 w ∈ Qy

?
Qx �

, :6 z ∈ Qy � AJ:<D 969D FJ: y, w ∈ Qy � w, x ∈ Qx EDG )GDEDH>8>YC � G:HJAI6
ρ(y) ∼= ρ(w)
 N ρ(w) ∼= ρ(x)
 8DC 8DCHI6CI: C 9:E:C9>:CI: HYAD 9: A6H 8DCHI6CI:H :C � � 	 N
:C 8DCH:8J:C8>6

d(z, x) ≤ d(z, w) + d(w, x)
≤ 2ρ(y) + ρ(x)

≤ 2Cρ(w) + ρ(x)

≤ 2C2ρ(x) + ρ(x)

≤ (2C2 + 1)ρ(x).

�HW A6 EGDEDH>8>YC FJ:96 EGD7696 IDB6C9D β = 2C2 + 1.

/DAK>:C9D 6A I:B6 9: ADH DE:G69DG:H G:A68>DC69DH 8DC :A DE:G69DG 9: ,8=GZ9>C<:G
 :C
CJ:HIGD IG676 ?D CDH D8JE6G:BDH
 :C E6GI>8JA6G
 9: A6 >CI:<G6A ;G688>DC6G>6� �HI: DE:G69DG
EJ:9: H:G :MEG:H69D :C IVGB>CDH 9:A H:B><GJED 9:A 86ADG <:C:G69D EDG L :C A6 ;DGB6

Iαf(x) = L−α
2 f(x) =

ˆ ∞

0

e−tLf(x)t
α
2
dt

t
, 0 < α < n.

�FJW
 E6G6 8696 t > 0
 : A DE:G69DG e−tL :H JC DE:G69DG >CI:<G6A 8DC JC C[8A:D kt(x, y)
FJ: I>:C: JC B:?DG 8DBEDGI6B>:CID A:?DH 9: A6 9>6<DC6A FJ: :A C[8A:D 8ATH>8D 9:A 86ADG
� :A 6HD8>69D 6A DE:G69DG L 8DC V = 0
 :HID :H 
 :A %6EA68>6CD	 
 :C :A H:CI>9D 9: FJ: 9:86:
BJN GTE>9D � K:G 4 � � 5 	 � �9:BTH
 :HIT 68DI69D HJE:G>DGB:CI: EDG :A C[8A:D 9:A DE:G69DG
8ATH>8D 9:A 86ADG
 AD FJ: 6GGD ?6 8DBD 8DC8AJH>YC >CB:9>6I6
 EDG :?:BEAD
 FJ: :HI6 >CI:<G6A
;G688>DC6G>6 I6B7>VC :H JC DE:G69DG 68DI69D 9: Lp :C Lq 
 8DC 1

q
= 1

p
− α

n
� � DC :A B>HBD

G6ODC6B>:CID :H 8A6GD FJ: I6B7>VC K6A:C A6H B>HB6H 68DI68>DC:H :CIG: :HE68>DH 9: %:�
7:H<J: 8DC E:HDH FJ: E6G6 :A DE:G69DG 8ATH>8D� �C E6GI>8JA6G
 I:C:BDH FJ: H> ω

q
p :HIT :C

A6 8A6H: A1+ q
p?
9: &J8@:C=DJEI 
 AJ:<D Iα :H JC DE:G69DG 68DI69D 9: Lp(ω) :C Lq(ω

q
p )


8DC 1
q
= 1

p
− α

n

 � K:G 4 � � 5 	 � , >C :B76G<D
 8DBD B:C8>DC6BDH
 :A C[8A:D I>:C: �B:?DG� 8DB�

EDGI6B>:CID 8DC G:HE:8ID 6A 8ATH>8D N :HID H: EJ:9: K:G >CB:9>6I6B:CI: 6 IG6KVH 9: ADH
G:HJAI69DH 9: ADH A:B6H FJ: EG:H:CI6BDH 6 8DCI>CJ68>YC�
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�(/$ �� )	
* �+.9 N > 0� / B3=>/ CN � >+ 6 ;?/ :+<+ >9.+ x, y ∈ Rn�

kt(x, y) ≤ CN t
−n/2e−

|x−y|2
5t

?
1 +

√
t

ρ(x)
+

√
t

ρ(x)

?−N

.

�DBD 8DCH:8J:C8>6 9:A A:B6 6CI:G>DG H: I >:C:

Kα(x, y) ≤
C

|x− y|n−α

E6G6 ID96 x, y ∈ Rn 
 9DC9: Kα(x, y) =
´∞
0
kt(x, y)t

α
2
dt
t

 E6G6 0 < α < n
 :H :A C[8A:D 9:

Iα � �HW
 :H D7K>D FJ:
Iα(f)(x) ≤ CIα(f)(x)

9DC9: Iα 9:CDI6 A6 >CI:<G6A ;G688>DC6G>6 8ATH>86
 G:A68>YC 9: A6 FJ: N6 =67W6BDH =67A69D�

�A H:<JC9D A:B6 H: G:�:G: 6 A6 HJ6K>969 9:A C[8A:D�

�(/$ 
 � )	� * �+.9 N > 0� C 0 < δ < min(1, 2 − n
q0
)� / 8>9 8-/ = /B3=>/ ?8+ -9 8=>+8>/

C > 0 >+ 6 ;?/

|kt(x, y)− kt(x0, y)| ≤ C
? |x− x0|√

t

?δ

t−n/2e−
|x−y|2

5t

?
1 +

√
t

ρ(x)
+

√
t

ρ(y)

?−N

:+<+ >9.+ x, y ∈ Rn -9 8 |x− x0| <
√
t�

-:C>:C9D :C 8J:CI6 :HI: B:?DG 8DBEDGI6B>:CID
 867: EG:<JCI6GH: H> ADH G:HJAI69DH 9:
68DI68>YC CD EJ:9:C EGD76GH: E6G6 8A6H:H 9: E:HDH BTH 6BEA>6H � �;:8I>K6B:CI: 
 :C :HI:
H:CI>9D
 :C 4 � 5 H: >CIGD9J8:C 8A6H:H 9: E:HDH BTH <:C:G6A:H FJ: A6H 9: &J8@:C=DJEI FJ:
G:HJAI6C HJ�8>:CI:H E6G6 FJ: K6A<6 A6 8>I696 68DI68>YC 8DC JC E:HD� &TH 8DC8G:I6B:CI: 

:HI6H 8A6H:H 
 969D p ≥ 1
 :HITC ;DGB696H EDG ;JC8>DC:H CD C:<6I>K6H ω FJ: E6G6 6A<[C E6G
9: 8DCHI6CI:H C > 0 N θ ≥ 0 H6I>H;68:C

?
1

|Q|

ˆ

Q

ω(y)dy

??
1

|Q|

ˆ

Q

ω(y)−
1

p−1dy

?p−1

≤ C
?
1 +

r

ρ(x)

?θ

,

8DC A6H D7K>6H BD9>�868>DC:H 8J6C9D p = 1
 9DC9: ρ :H A6 ;JC8>YC 9: G69>D 8GWI >8D� %DH
E:HDH FJ: K:G>�86C A6 8DC9>8>YC 6CI:G>DG H: 9>8: FJ: :HITC :C A6 8A6H: Aρ,θ

p .

, ><J>:C9D 8DC AWC:6 9: :H6 >CK:HI><68>YC
 :C CJ:HIGD IG676 ?D CDH 9:9>86BDH
 :C JC
EG>B:G AJ<6G
 :C :A �6EWIJAD � 
 6 A6 9:I:GB>C68>YC 9: 8DC9>8>DC:H HJ�8>:CI:H HD7G: E6G:H
9: E:HDH (µ, ν) FJ: 6H:<JG:C A6 68DI68>YC 9V7>A N ;J:GI: 9: 8>:GI6H B6M>B6A:H ;G688>DC6G>6H
FJ: :HITC G:A68>DC696H 9: B6C:G6 C6IJG6A
 I6CID EJCIJ6A 8DBD :C CDGB6
 8DC A6 >CI:<G6A
;G688>DC6G>6 ,8=GZ9>C<:G N HJH 8DCBJI69DG:H � �A 86EWIJAD I>:C: HJH 6CI:8:9:CI:H :C 4 �
 5 N
4 ��5 E6G6 :A 86HD 8ATH>8D
 6HW 8DBD I6B7>VC :C 4 � 5 E6G6 A6 >CI:<G6A ;G688>DC6G>6 JHJ6A E:GD
:C :A TB7>ID 9: :HE68>DH 9: I>ED =DBD<VC:D�
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)DHI:G>DGB:CI: 
 :C :A �6EWIJAD � 
 CDH 9:9>86G:BDH 6 EGD76G JC6 9:H><J6A969 FJ:
G:A68>DC6 B6M>B6A:H 8DC B6M>B6A:H �H=6GE� 6HD8>696H 6A DE:G69DG 9: ,8=GZ9>C<:G
 :HID
:H 
 JC6 :MI:CH>YC 9: A6 8DCD8>96 9:H><J6A969 9: �:�:GB6C�, I:>C 6 A6 EG:H:CI: H>IJ68>YC�
%J:<D
 6EA>86G:BDH :HI6 9:H><J6A969 E6G6 D7I:C:G G:HJAI69DH 9: 68DI68>YC 8DC 9DH E:HDH
I6CID E6G6 A6 >CI:<G6A ;G688>DC6G>6 8DBD E6G6 HJH 8DCBJI69DG:H � �FJW =:BDH :MI:C9>9D
I6CID 6G<JB:CIDH 8DBD I:DG:B6H 9: 4 �
 5 � 'J:HIG6H 8DC8AJH>DC:H :HITC :C A6 AWC:6 9: 4 �� 5 

4 �� 5 
 4 �� 5 
 4 � �5 
 4 � 5 
 4 � � 5 
 4 � � 5 N 4 � �5 �

�C :A �6EWIJAD � EG:H:CI6BDH G:HJAI69DH 8DGG:HEDC9>:CI:H 6 8DCBJI69DG:H 9: DG9:C
HJE:G>DG 9: A6 >CI:<G6A ;G688>DC6G>6 ,8=GZ9>C<:G FJ: G:HJAI6C JC6 K:GH>YC 6A TB7>ID 9: :HI:
IG676 ?D 9: ADH 8DCI:C>9DH :C 4 � 5 E6G6 :A 86HD 8ATH>8D :C :HE68>DH 9: I>ED =DBD<VC:D�

)DG HJ E6GI: 
 :A �6EWIJAD � :HIT 9:9>869D 6 D;G:8:G JC6 6AI:GC6I>K6 6 ADH BVID9DH 9:
9:BDHIG68>YC H:<J>9DH :C :A � � �C E6GI>8JA6G
 H: 6EA>86C IV8C>86H 76H696H :C A6 9:H8DB�
EDH>8>YC 9: ADH DE:G69DG:H :C JC6 E6GI: AD86A N JC6 <AD76A FJ: N6 ;J:GDC 6EA>8696H :C 4 � 5
N 4 �5 �

)DG [AI >BD
 :C :A �6EWIJAD � :MEADG6BDH CJ:K6B:CI: JC6 9:H><J6A969 9: I>ED 9V7>A
E6G6 A6 >CI:<G6A ;G688>DC6G>6 E:GD 76 ?D 8DC9>8>DC:H 9>;:G:CI:H HD7G: ADH E6G:H 9: E:HDH � %6H
IV8C>86H FJ: JI>A>O6BDH :HITC >CHE>G696H :C A6H 6EA>8696H EDG # � & � &6GI:AA :C 4 ��5 
 :C :A
8DCI:MID 9: :HE68>DH 9: I>ED =DBD<VC:DH 8DC 6C>AADH CD K68WDH N 8DCHI>IJN:C
 8G::BDH
 JC
6EDGI: :C HW B>HBD EDGFJ: A6 696EI68>YC :H 6 JC :HE68>D 9: B:9>96 �C>I6 :C 9DC9: 9>8=6
EGDE>:969 CD H: 8JBEA: �
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� � � � � � � ���� Ap �� �!������!� �

.C E:HD ω :C Rn :H JC6 ;JC8>YC CD C:<6I>K6 AD86AB:CI: >CI:<G67A: FJ: IDB6 K6ADG:H :C
(0,∞) :C 86H> ID9D EJCID� %J:<D
 H > ω :H JC E:HD N 1

ω
:H AD86AB:CI: >CI:<G67A: 
 :CIDC8:H

1
ω
I6B7>VC :H JC E:HD�

�69D JC E:HD ω N JC 8DC?JCID B:9>7A: E ⊂ Rn 
 JH6G:BDH A6 CDI68>YC

ω(E) =

ˆ

E

ωdx

E6G6 9:CDI6G A6 ω�B:9>96 9:A 8DC?JCID E � �69D FJ: ADH E:HDH HDC ;JC8>DC:H AD86AB:CI:
>CI:<G67A:H 
 ω(E) < ∞ E6G6 ID9D 8DC?JCID B:9>7A: E 8DCI:C>9D :C 6A<JC6 7DA6� %DH
:HE68>DH Lp 8DC A6 B:9>96 ωdx H:GTC 9:CDI69DH EDG Lp(Rn, ω) D H>BEA:B:CI: Lp(ω)
 6HW

Lp(Rn, ω) =

?
f : Rn → R :

ˆ

Rn
|f(x)|pω(x)dx <∞

?
.

%6H 9:H><J6A969:H 8DC E:HDH HJG<:C C6IJG6AB:CI: :C :A 6CTA>H >H 9: �DJG>:G� )DG :?:B�
EAD
 A6 I:DGW6 9: E:HDH 9:H:BE:X6 JC E6E:A >BEDGI6CI: :C :A :HIJ9>D 9: EGD7A:B6H 8DC
K6ADG:H :C A6 ;GDCI:G6 9: A6 :8J68>YC 9: %6EA68: :C 9DB>C>DH 
 6HW 8DBD :C :HI>B68>DC:H
9: 8>:GI6H 8A6H:H 9: :8J68>DC:H 9>;:G:C8>6A:H E6G8>6A:H CD A>C:6A:H � %6H >9:6H G:A68>DC696H
8DC 9:H><J6A969:H 8DC E:HDH 6E6G:8>:GDC 86H> H>BJAITC:6B:CI: 8DC :A C68>B>:CID 9: A6H
>CI:<G6A:H H>C<JA6G:H N :C ADH 6XDH H:I:CI6 ;J:GDC :HI>BJA69DH EDG A6 86G68I:G>O68>YC 9:
&J8@:C=DJEI 9: ;JC8>DC:H EDH>I >K6H w AD86AB:CI: >CI:<G67A:H E6G6 A6H 8J6A:H :A DE:G69DG



� �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

&6M>B6A 9: !6G9N�%>II A:LDD9
 M 
 A A:K6 Lp(Rn, w(x)dx) :C HW B>HBD� �HI6 86G68I:G>O6�
8>YC 8DC9J?D 6 A6 >CIGD9J88>YC 9: A6 8A6H: 9: E:HDH Ap 8JN6 9:�C>8>YC H:GT EG:H:CI696 6
8DCI>CJ68>YC�

�(�0,&,>0 � � � � � � .C E:HD ω E:GI:C:8: 6 A6 8A6H: Ap 9: &J8@:C=DJEI 
 1 < p <∞ H>

sup
Q

?
1

|Q|

ˆ

Q

ω(x)dx

??
1

|Q|

ˆ

Q

ω− 1
p−1

?p−1

<∞,

9DC9: :A HJEG:BD H: IDB6 HD7G: ID96H A6H 7DA6H :C Rn � � >8=D HJEG:BDH :H AA6B69D -9 8=�
>+8>/ -+<+- >/ <H=>3-+ ./ �?-5/829 ?:> Ap E6G6 ω N H:GT 9:CDI69D EDG [ω]Ap �

.C E:HD ω E:GI:C:8: 6 A6 8A6H: A1 9: &J8@:C=DJEI H>

sup
Q

?
1

|Q|

ˆ

Q

ω(x)dx

?
? ω−1 ?L∞<∞,

N :HI: HJEG:BD H:GT AA6B69D -9 8=>+8>/ -+<+- >/ <H=>3-+ ./ �?-5/829 ?:> A1 E6G6 ω N H:GT
9:CDI69D EDG [ω]A1 �

� 8DCI>CJ68>YC EG:H:CI6G:BDH JCD 9: ADH EG>C8>E6A:H G:HJAI69DH 9: A6 I:DGW6 9: E:HDH 

A6 9:H><J6A969 9: !ZA9:G >CK:GH6 E6G6 E:HDH Ap 
 A6 8J6A 6H:<JG6 FJ: ID9D E:HD Ap FJ: H:
:C8J:CIG6 6 EG>DG> :C L1

loc(Rn)
 H: :C8J:CIG6 :C JC :HE68>D B:?DG L1+σ
loc (Rn)
 E6G6 6A<JCDH

σ > 0 9:E:C9>:C9D 9:A E:HD
 I6A 8DBD AD :CJC8>6 :A H><J>:CI: I:DG:B6�

!(13(/$ � � � � � � "/+ ω ?8 :/=9 /8 6+ - 6+=/ Ap� :+<+ 1 ≤ p < ∞� �B3=>/8 -9 8=>+8>/ =
C, γ > 0� ./:/8.3/8>/ ?83-+7/8>/ ./ 6+ .37/8=3I8 n, p C 6+ -9 8=>+8>/ -+<+- >/ <H=>3-+ [ω]Ap

>+ 6 ;?/ :+<+ >9.+ ,9 6+ Q ./ Rn =/ >3/8/

?
1

|Q|

ˆ

Q

ω1+γ(y)dy

? 1
1+γ

≤ C 1

|Q|

ˆ

Q

ω(y)dy.

�H ;T8>A EGD76G FJ: E6G6 1 ≤ p < q < ∞
 H: I >:C: FJ: Ap ⊂ Aq � &TH 6[C
 8DBD
8DCH:8J:C8>6 9: A6 9:H><J6A969 9: !ZA9:G >CK:GH6 G:HJAI6

�131.$3,1 � � � � � � "/+ ω ∈ Ap� 1 < p <∞� 6?/19 /B3=>/ ? > 0 >+ 6 ;?/ ω ∈ Ap−? �

�DBD H: B:C8>DCY 6CI:G>DGB:CI: 
 A6H 8A6H:H Ap 8G:8:C 8J6C9D p 6JB:CI6 N EDG AD
I6CID :H C6IJG6A 8DCH>9:G6G HJ AWB>I: 8J6C9D p→∞�

�(�0,&,>0 � � � � 	� ,: 9:�C: A6 8A6H: 9: E:HDH A∞ 9: &J8@:C=DJEI 8DBD

A∞ =
?

p≥1

Ap.

%6H H><J>:CI:H EGDEDH>8>DC:H 86G68I:G>O6C 6 ADH E:HDH :C A6 8A6H: A∞ �



� � � )G:A>B>C6G:H � �

�31214,&,>0 � � � � 
 � $8 :/=9 ω / =>+ /8 6+ - 6+=/ A∞ =3 C =I69 =3 � /B3=>/8 -9 8=>+8>/ = C, δ
>+ 6 ;?/ :+<+ >9.+= 6+= ,9 6+= Q ./ Rn C >9.9 = 69 = =?,-9 84?8>9 = 7/.3, 6/ = E ./ Q =/ @/<3�-+

ω(E)

ω(Q)
≤ C

? |E|
|Q|

?δ

. � � � � � � 	

"/ :?/./ :<9 ,+< ;?/ � � � � 
 / = /;?3@+ 6/8>/ + ?8+ ./=31?+6.+. =3736+< /8 .98./ 6+ 7/.3.+
./ �/,/ =1?/ +:+</-/ /8 6?1+< ./ ω C @3-/ @/<=+ �

�31214,&,>0 � � � � � � $8 :/=9 ω / =>+ /8 6+ - 6+=/ A∞ =3 C =I69 =3 � :+<+ -+.+ ? > 0� / B3=>/
δ > 0� >+ 6 ;?/ :+<+ >9.+= 6+= ,9 6+= Q ./ Rn C >9.9 = 69 = =?,-9 84?8>9 = 7/.3, 6/ = E ./ Q =/
@/<3�-+

|E| ≤ δ|Q| =⇒ ω(E) ≤ ?ω(Q).

%6H 9:BDHIG68>DC:H 9: :HIDH G:HJAI69DH EJ:9:C 8DCHJAI6GH: :C 4 �� 5 � 86EWIJAD �	 �

� � � � � � 
������� �� ���� �����&���� 	���������� # ���!� �����

�69D JC 8DC?JCID X 
 JC6 ;JC8>YC d : X × X → R+
0 :H AA6B696 86H>�BVIG>86 :C X H>

A6H H><J>:CI:H 8DC9>8>DC:H H: K:G>�86C


� � E6G6 ID96 x, y ∈ X, d(x, y) ≥ 0 N d(x, y) = 0 H> N HYAD H> x = y �

� � E6G6 ID96 x, y ∈ X, d(x, y) = d(y, x)

� � :M>HI: JC6 8DCHI6CI: K ≥ 1
 I6A FJ: �

d(x, y) ≤ K(d(x, z) + d(z, y))

E6G6 ID96 x, y, z ∈ X �

.C6 86H>�BVIG>86 d(., .) 9:�C: JC6 :HIGJ8IJG6 JC>;DGB: :C X �

, :6 µ JC6 B:9>96 EDH>I >K6 :C A6 σ�TA<:7G6 9: HJ78DC?JCIDH 9: X <:C:G696 EDG A6H
d − bolas� �HJB>BDH FJ: µ H6I>H;68: JC6 8DC9>8>YC 9: 9JEA>868>YC
 :HID :H 
 :M>HI: JC6
8DCHI6CI: A I6A FJ: �

0 < µ(B(x, 2r)) ≤ Aµ(B(x, r)) <∞
E6G6 ID96 x ∈ X N r > 0�

.C6 :HIGJ8IJG6 (X, d, µ)
 8DC d N µ 8DBD 6GG>76
 :H AA6B696 / =:+- 39 ./ >3:9 29791G8/9
� : � I � = � 	 � %6H 8DCHI6CI:H K N A HDC AA6B696H A6H 8DCHI6CI:H 9:A :HE68>D �



� �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

, :6 (X, d, µ) JC :HE68>D 9: I>ED =DBD<VC:D� )6G6 0 ≤ γ < 1
 9:CDI6G:BDH EDG Mγ 6A
DE:G69DG B6M>B6A ;G688>DC6G>D 9:�C>9D EDG


Mγf(x) = sup
x∈B

1

µ(B)1−γ

ˆ

B

|f(y)| dµ(y),

E6G6 ID96 f :C L1
loc(X, dµ)�

� DCH>9:G6C9D X :C AJ<6G Rn 
 A6 86H>�BVIG>86 d :C AJ<6G 9: A6 BVIG>86 JC>;DGB: N A6
B:9>96 9JEA>86CI: µ :C AJ<6G 9: A6 B:9>96 9: %:7:H<J:
 H: D7I>:C:C A6 8DGG:HEDC9>:CI:H
9:�C>8>DC:H 9: E:HDH :C :A e.t.h, (X, d, µ)
 8DBD 6HW I6B7>VC A6 9: E:HDH Ap 9: &J8@:C�
=DJEI 1 ≤ p < ∞
 A∞ N HJH 8DGG:HEDC9>:CI:H EGDE>:969:H B:C8>DC696H :C A6 H:88>YC
6CI:G>DG�

�:GC6G9>H N ,6A>C6H � 4 � 5 	 EGD76GDC :A H><J>:CI: I:DG:B6�

!(13(/$ � � � � 
 � )
* "/+8 (X, d, µ) / � > � 2� 0 ≤ γ < 1� 1 < p ≤ q < ∞ C (ω, ν) ?8 :+< ./

:/ =9 = -9 8 σ = ν−
1

p−1 /8 A∞ � �+= =31?3/8>/ = +�<7+- 39 8/ = =9 8 /;?3@+ 6/8>/ =�

Mγ : Lp(X, νdµ)→ Lq(X,ωdµ).� � � � � � 	

ω(Q)
p
q σ(Q)p−1

µ(Q)(1−γ)p
≤ C <∞ :+<+ >9.+ Q ⊂ X.� � � � � � 
 	

 ,=/<@+- 3I8 � � � � � � � �A -:DG:B6 6CI:G>DG ;J: EGD769D EDG �6GADH )VG:O :C 4 �
 5 :C :A
8DCI:MID �J8AW9:D�

�(�0,&,>0 � � � � � � � ,:6C 0 ≤ γ < 1
 1 < p ≤ q <∞� .C E6G 9: E:HDH (ω, ν)
 FJ: K:G>�86
A6 8DC9>8>YC � � � � � � 
 	 8DC σ = ν−

1
p−1 H: 9>8: FJ: :HIT :C A6 8A6H: Aγ

p,q � , > p = 1
 9:�C>BDH
A6 8A6H: Aγ

1,q 
 8DBD :A 8DC?JCID 9: E:HDH (ω, ν) FJ: K:G>�86C

µ(Q)
1
q

|Q|1−γ
sup
Q
ν−1 ≤ C <∞

E6G6 ID96H A6H 7DA6H Q ⊂ Rn �

 ,=/<@+- 3I8 � � � � � � � 'DI6G FJ: E6G6 γ = 0
 p = q N E:HDH ><J6A:H (ω = ν)
 (ω, ω) ∈ A0
p,p

HW N HYAD H> ω ∈ Ap.

�A H><J>:CI: I:DG:B6 :MEADG6 A6H 68DI68>DC:H 9: I>ED 9V7>A E6G6 Mγ.

!(13(/$ � � � � � 	� "/+8 (X, d, µ) / � > � 2� 0 ≤ γ < 1� 1 ≤ p ≤ q < ∞� �+= =31?3/8>/ =
+�<7+- 39 8/ = =9 8 /;?3@+ 6/8>/ =�

Mγ : Lp(X, νdµ)→ Lq,∞(X,ωdµ).� � � � � � � 	

(ω, ν) ∈ Aγ
p,q.� � � � � � � 	

)6G6 A6 9:BDHIG68>YC 9: :HI: -:DG:B6 JI>A>O6G:BDH :A H><J>:CI: A:B6 9: 8J7G>B>:CID
EGD769D EDG �D>;B6C N 0:>HH � 4 � 5 
 E6< �� -:DG:B6 � � � 	 �



� � � )G:A>B>C6G:H � �

�(/$ � � � � � � � "/+8 (X, d, µ) e.t.h� E ⊂ X � E +-9 >+.9 C {B(x, r(x))} ?8 -?, <373/8>9
./ E � �8>9 8-/ = /B3=>/ ?8+ =?-/ =3I8 ./ ,9 6+= .3=4?8>+= {B(xi, ri)}i >+ 6 ;?/ 6+ -9 6/-- 3I8 ./
,9 6+= .36+>+.+= {B(xi, kri)}i 09 <7+ ?8 -?, <373/8>9 ./ E � �+ -9 8=>+8>/ k ./:/8./ =I69 ./
6+= -9 8=>+8>/ = ./ 6 / =:+- 39 X �

�/79 =><+- 3I8 ./ 6 #/9 </7+ � � � � � � � ,JEDC<6BDH FJ: � � � � � � � 	 H: K:G>�86� /:6BDH FJ:
� � � � � � � 	 H: 8JBEA: � , :6 Q JC6 7DA6 :C (X, d, µ)� �: � � � � � � � 	 G:HJAI6
 :C E6GI>8JA6G
 E6G6

f = σχQ N λ = σ(Q)
2µ(Q)1−γ 9DC9: σ = ν−

1
p−1 FJ:

σ(Q)q

2µ(Q)(1−γ)q
ω

??
x ∈ X :Mγ(σχQ)(x) >

σ(Q)

2µ(Q)1−γ

??
≤ C

?
ˆ

X

ν−
p

p−1χQ ν

? q
p

.

�HID :H 


σ(Q)q

µ(Q)(1−γ)q
ω

??
x ∈ X :Mγ(σχQ)(x) >

σ(Q)

2µ(Q)1−γ

??
≤ Cσ(Q)

q
p .

�69D FJ: E6G6 ID96 x :C Q
 H: K:G>�86

Mα(σχQ)(x) ≥
σ(Q)

µ(Q)1−γ
>

σ(Q)

2µ(Q)1−γ
,

A6 9:H><J6A969 6CI:G>DG CDH 8DC9J8: 6

σ(Q)p

µ(Q)(1−γ)p
ω(Q)

p
q ≤ Cσ(Q),

9: 9DC9: :H >CB:9>6ID FJ: (ω, ν) :HIT :C A6 8A6H: Aγ
p,q 
 AD FJ: EGJ:76 � � � � � � � 	 �

"CK:GH6B:CI: 
 HJEDC<6BDH FJ: � � � � � � � 	 H: 8JBEA: � .H6C9D JC 6G<JB:CID 9: 9:CH>969

H:GT HJ�8>:CI: 8DC EGD76G � � � � � � � 	 E6G6 ;JC8>DC:H 68DI696H N 9: HDEDGI: 8DBE68ID :C X �
, :6 λ > 0
 9:�C>BDH

Eλ = {x ∈ X :Mγf(x) > λ}.
)6G6 8696 M ∈ N 9:�C>BDH Eλ,M = Eλ

?
B(x0,M)
 8DC x0 ∈ X �?D� %J:<D
 E6G6 8696

x ∈ Eλ,M :M>HI: JC6 7DA6 BM
x FJ: 8DCI>:C: 6 x I6A FJ:

1

µ(BM
x )1−γ

ˆ

BM
x

|f(y)|dµ(y) > λ. � � � � � � � 	

�HW
 Eλ,M :H JC HJ78DC?JCID 68DI69D 9:A :HE68>D 9: I>ED =DBD<VC:D (X, d, µ) N {BM
x } :H

JC 8J7G>B>:CID 9: Eλ,M � %J:<D EDG %:B6 � � � � � � 
 :M>HI: JC6 HJ8:H>YC 9: 7DA6H 9>H?JCI6H
{BM

i } I6A:H FJ: A6 ;6B>A>6 {kBM
i } ;DGB6 JC 8J7G>B>:CID 9: EM

λ 
 9DC9: k 9:E:C9: HYAD
9: A6H 8DCHI6CI:H 9: X �

%J:<D JH6C9D FJ: p ≤ q 
 � � � � � � N A6 EGDE>:969 9: 9JEA>868>YC 9: µ G:HJAI6


ω(EM
λ )

p
q ≤

?
ˆ

?
i kB

M
i

ω(x)dµ

? p
q



� �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

≤
? ∞?

i

ˆ

kBM
i

ω(x)dx

? p
q

≤
∞?

i

ω(kBi)
p
q

≤
∞?

i

?
ω(kBi)

1
q

µ(BM
i )1−γ

1

λ

ˆ

BM
i

|f(y)|dµ(y)
?p

≤ C
∞?

i

ω(kBi)
p
q

µ(kBM
i )(1−γ)p

1

λp

?
ˆ

BM
i

|f(y)|dµ(y)
?p

.

%J:<D
 H > p > 1
 6EA>86C9D A6 9:H><J6A969 9: !ZA9:G 8DC 1
p
+ 1

p? = 1
 : A =:8=D FJ: :A E6G
9: E:HDH (ω, ν) :HI6 :C A6 8A6H: Aγ

p,q N FJ: A6H 7DA6H {BM
i } HDC 9>H?JCI6H H: D7I>:C: 


ω(EM
λ )

p
q ≤ C

∞?

i

ω(kBi)
p
q

µ(kBM
i )

(1−γ)p

1

λp

?
ˆ

BM
i

|f(y)|ν 1
p (y)ν−

1
p (y)dµ(y)

?p

≤ C
∞?

i

ω(kBi)
p
q ν−

1
p−1 (kBM

i )
p−1

µ(kBM
i )

(1−γ)p

1

λp

?
ˆ

BM
i

|f(y)|pν(y)dµ(y)
?

≤ C
∞?

i

1

λp

?
ˆ

BM
i

|f(y)|pν(y)dµ(y)
?

≤ C 1

λp

ˆ

X

|f(y)|pν(y)dµ(y).

�A 86HD p = 1 H: D7I>:C: H><J>:C9D A6H B>HB6H AWC:6H 9: G6ODC6B>:CID 8DC D7K>6H BD9>��
868>DC:H �

%J:<D E6G6 ID9D M ∈ N


ω(EM
λ ) ≤ C 1

λq

?
ˆ

X

|f(y)|pν(y)dµ(y)
? q

p

.

�>C6AB:CI: 
 =68>:C9D M →∞ G:HJAI6


ω(Eλ) ≤ C
1

λq

?
ˆ

X

|f(y)|pν(y)dµ(y)
? q

p

AD FJ: 8DBEA:I6 A6 EGJ:76�

� � � � � � 
������� �� 
����$ � 	���������� # ����������� �%������

.C6 ;JC8>YC B : [0,∞)→ [0,∞) :H AA6B696 ;JC8>YC 9: 2DJC< H> :H 8DCI>CJ6
 8DCK:M6

8G:8>:CI: 
 B(0) = 0 N H> B(t)→∞ 8J6C9D t→∞�



� � � )G:A>B>C6G:H � �

�(�0,&,>0 � � � � � � � ,:6C A N B 9DH ;JC8>DC:H 9: 2DJC<


� � � >G:BDH FJ: A :H :FJ>K6A:CI: 6 B N 9:CDI6BDH :HID EDG A ≈ B 
 H > :M>HI:C 8DCHI6CI:H
t0, C1 N C2 I6A:H FJ:


C1A(t) ≤ B(t) ≤ C2A(t)

E6G6 ID96 t
 t ≥ t0 �

� � � >G:BDH FJ: B 9DB>C6 6 A N 9:CDI6BDH :HID EDG A ? B H> :M>HI: c > 0 I6A FJ:


A(t) ≤ B(ct)

E6G6 ID96 t
 t > 0� , > :HID :H 8>:GID E6G6 ID96 t ≥ t0 > 0
 9>G:BDH FJ: A ? B
6H>CIYI>86B:CI: �

� � B H: 9>8: 9JEA>86CI: H> :M>HI: JC6 8DCHI6CI: EDH>I >K6 C I6A FJ:


B(2t) ≤ CB(t)

E6G6 ID96 t
 t > 0�

� � � :H AA6B696 HJ7BJAI>EA>86I>K6 H> :M>HI: JC6 8DCHI6CI: EDH>I >K6 C I6A FJ:


B(st) ≤ CB(s)B(t)

E6G6 ID9D s, t > 0�

� A6G6B:CI: B(t) = tr 8DC r ≥ 1 :H HJ7BJAI>EA>86I>K6� � E6GI>G 9: JC 8TA8JAD H:C8>AAD
H: EJ:9: EGD76G FJ: B(t) = ta [log(e+ t)]b 
 8DC a ≥ 1, b > 0 :H I6B7>VC HJ7BJAI>EA>86I>K6�

�69D JC 8DC?JCID CD K68WD E :C Rn N JC6 ;JC8>YC 9: 2DJC< B 
 : A :HE68>D 9: (GA>8O

LB(E) :H :A :HE68>D 9: �6C68= 9: A6H ;JC8>DC:H f B:9>7A:H %:7:H<J: I6A FJ: B
?

|f |
λ

?
:H

>CI:<G67A: %:7:H<J: :C E 
 E6G6 6A<[C λ > 0� �HI: :HE68>D :H :FJ>E69D 8DC A6 CDGB6 9:
%JM:B7JG<D


?f?LB(E) = ı́nf

?
λ > 0 :

ˆ

E

B

? |f |
λ

?
dx ≤ 1

?
.

�J6C9D E I >:C: B:9>96 �C>I6 � EDG :?:BEAD
 JC 8J7D	 H: EJ:9: CDGB6A>O6G A6 B:9>96
G::BEA6OTC9DA6 EDG dx

|E| � �C E6GI>8JA6G
 9696 JC6 7DA6 Q 9: Rn N JC6 ;JC8>YC f 9:�C>96
:C Q
 H: 9:�C: A6 CDGB6 B:9>6 9: %JM:B7JG<D 9: f :C Q EDG

?f?B,Q = ı́nf

?
λ > 0 :

1

|Q|

ˆ

Q

B

? |f(x)|
λ

?
dx ≤ 1

?
.

�J6C9D B(t) = tr 8DC 1 ≤ r <∞


?f?B,Q =

?
1

|Q|

ˆ

Q

|f(x)|rdx
?1/r



� �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

A6 8J6A 8D>C8>9: 8DC A6 CDGB6 � CDGB6A>O696	 :C Lr(Q)�

�: A6 9:�C>8>YC 9: CDGB6 B:9>6 9: %JM:B7JG<D G:HJAI6 FJ: H> A ? B 6H>CIYI>86B:CI:
:CIDC8:H :M>HI: JC6 8DCHI6CI: � 
 9:E:C9>:CI: 9: A N B 
 I6A FJ: E6G6 ID9DH ADH 8J7DH Q
N ;JC8>DC:H f 


?f?A,Q ≤ C?f?B,Q

�(�0,&,>0 � � � � �� � �696 JC6 ;JC8>YC 9: 2DJC< B A6 ;JC8>YC 9: 2DJC< 8DBEA:B:CI6G>6

B 
 :H 9:�C>96 EDG

B = sup
s>0
{st− B(s)}, t > 0.

B N B K:G>�86C A6 H><J>:CI: 9:H><J6A969� t ≤ B−1(t)B
−1
(t) ≤ 2t�

� AD A6G<D 9: CJ:HIGD IG676 ?D C:8:H>I6G:BDH A6 H><J>:CI: K:GH>YC <:C:G6A>O696 9: A6
9:H><J6A969 9: !ZA9:G
 A6 8J6A ;J: EGD7696 EDG ( � ':>A 4 � � 5 �

�(/$ � � � � � � � �+.+ ?8+ 0?8- 3I8 ./ '9?81 B :+<+ >9.+= f C g C >9.9 = 69 = -?,9 = Q </ =?6>+

1

|Q|

ˆ

Q

|fg|dx ≤ 2?f?B,Q?g?B,Q

�E= 1/8/<+67/8>/ � =3 A,B C C =9 8 0?8- 39 8/ = ./ '9?81 >+ 6/ = ;?/ :+<+ >9.9 t > 0�

B−1(t)C−1(t) ≤ A−1(t),

/8>9 8-/ =

?fg?A,Q ≤ 2?f?B,Q?g?C,Q.

� � � � ��%)��!1$ �%$ �%( &�(%( &�'� %&�'��%'�(

��-!#�"�( �� '2�!$��'�

�:7:BDH G:8DG96G FJ: :C :A :HIJ9>D 9: A6 >CI:<G6A ;G688>DC6G>6 8ATH>86
 JC6 9: A6H
=:GG6B>:CI6H EG>C8>E6A:H A6 8DCHI>IJN: :A DE:G69DG B6M>B6A ;G688>DC6G>D
 N6 FJ: :H EDH>7A:
EGD76G FJ: <J6G96C JC6 :HIG:8=6 G:A68>YC FJ: =68: FJ: BJ8=6H 9: A6H EGDE>:969:H 9: A6
B6M>B6A H: IG6HA69:C 6 A6 >CI:<G6A ;G688>DC6G>6 D E:GB>I6C 9:9J8>G DIG6H 9: B6C:G6 GTE>96�
�C CJ:HIG6 >CK:HI><68>YC HD7G: A6 >CI:<G6A ;G688>DC6G>6 6HD8>696 6A DE:G69DG 9: ,8=GZ9>C<:G
ADH DE:G69DG:H B6M>B6A:H FJ: EG:H:CI6BDH 6 8DCI>CJ68>YC ?J:<6C :A B>HBD E6E:A�

�(�0,&,>0 � � � � � � ,:6C 0 ≤ η <∞
 0 ≤ α < n, f JC6 ;JC8>YC AD86AB:CI: >CI:<G67A: :C
Rn 
 : A 12(3$'13 /$8,/$. )3$&&,10$3,1  &+3?',0*(3 Mα,η H: 9:�C: EDG


Mα,η(f)(x)
.
= sup

x∈Q
ψ(Q)−η|Q|αn−1

ˆ

Q

|f(y)|dy;



� � � �8DI68>YC 8DC 9DH E:HDH E6G6 DE:G69DG:H
&6M>B6A:H , 8=GZ9>C<:G� �

9DC9: :A HJEG:BD H: IDB6 HD7G: ID9DH A6H 7DA6H Q FJ: 8DCI>:C:C 6 x N ψ(Q) =
?
1 + r

ρ(x0)

?



Q = Q(x0, r)�

)6G6 :A 86HD E6GI>8JA6G α = 0
 H: D7I>:C: :A 12(3$'13 /$8,/$.  &+3?',0*(3 M0,η 

: A 8J6A EDG H>BEA>8>969 H:GT 9:CDI69D EDG Mη :HID :H 


Mη(f)(x)
.
= sup

x∈Q

1

ψ(Q)η|Q|

ˆ

Q

|f(y)|dy

�A 12(3$'13 /$8,/$. 4+$32  &+3?',0*(3 
 M?
η 
 H: 9:�C: EDG�

M?
η(f)(x)

.
= sup

x∈Q(x0,r)
r<ρ(x0)

1

|Q|

ˆ

Q

|f(y)− fQ|dy + sup
x∈Q(x0,r)
r≥ρ(x0)

1

ψ(Q)η|Q|

ˆ

Q

|f(y)|dy,

9DC9: fQ = 1
|Q|
´

Q
f(y)dy �

 ,=/<@+- 3I8 � � � � � � �A ><J6A FJ: :C :A 86HD 8ATH>8D
 H: EJ:9: EGD76G A6 H><J>:CI: :FJ>K6A:C8>6

sup
x∈Q(x0,r)
r<ρ(x0)

1

|Q|

ˆ

Q

|f(y)− fQ|dy ∼= sup
x∈Q(x0,r)
r<ρ(x0)

ı́nf
C

1

|Q|

ˆ

Q

|f(y)− C|dy. � � � � � � 	

)6G6 BTH 9:I6AA:H K:G 4 � � 5 �

 ,=/<@+- 3I8 � � � � � � )6G6 :A 86HD 8ATH>8D I:C:BDH V = 0 N A6 9:�C>8>YC 9: ρ AA:K6 6 ρ =∞
N EDG AD I6CID
 8DC CJ:HIG6 9:�C>8>YC 9: A6 B6M>B6A
 ψ(Q) ≡ 1
 :C 8DCH:8J:C8>6 Mα,η 

Mη N M?

η N 8D>C8>9:C 8DC HJH G:HE:8I>K6H K:GH>DC:H 8ATH>86H Mα 
 M N M ? �

 ,=/<@+- 3I8 � � � � � � )6G6 f ∈ L∞
c (Rn)
 Mα,ηf(x) < ∞ 8 � I � E x ∈ Rn � �C :;:8ID
 H:6 Q0

JC6 7DA6 I6A FJ: sopf ⊂ Q0 
 AJ:<D
 E6G6 8J6AFJ>:G 7DA6 Q ⊂ Rn 9: G69>D r I:C:BDH

ψ(Q)−η|Q|αn−1

ˆ

Q

|f(y)|dy ≤ 1

(2r)n−α
?f?L1(Q0) → 0, si r →∞,

ψ(Q)−η|Q|αn−1

ˆ

Q

|f(y)|dy ≤ |Q|αn ?f?∞ ≤ δ
α
n ?f?∞, si r ≤ δ.

�(�0,&,>0 � � � � � � ,:6 B : [0,∞)→ [0,∞) JC6 ;JC8>YC 9: 2DJC<
 0 ≤ α < n
 0 ≤ η <∞
N f ∈ L1

loc(Rn)� � A 12(3$'13 /$8,/$. )3$&&,10$3,1 �3.,&9�  &+3?',0*(3 
 MB,α,η 
 H:
9:�C: EDG

MB,α,η(f)(x) = sup
x∈Q

ψ(Q)−η|Q|αn ?f?B,Q.

 ,=/<@+- 3I8 � � � � � � )6G6 :A 86HD 8ATH>8D I:C:BDH V = 0 N MB,α,η 8D>C8>9: 8DC HJ K:GH>YC
8ATH>86 MB,α � , > B(t) = t H: D7I>:C: :A DE:G69DG &6M>B6A �G688>DC6G>D , 8=GZ9>C<:G Mα,η �

)6G6 A6H 6EA>868>DC:H EDHI:G>DG:H :HI6G:BDH >CI:G:H69DH :C A6 ;JC8>YC 9: 2DJC< B(t) =
t log(e+ t) N 9:CDI6G:BDH EDG ML logL,α,η 6 HJ 8DGG:HEDC9>:CI: ;JC8>YC &6M>B6A �G688>D�
C6G>6 (G8A>8O�, 8=GZ9>C<:G�



� 
 �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

 ,=/<@+- 3I8 � � � � � � )6G6 f ∈ L∞
c (Rn)
 MB,α,ηf(x) <∞ 8 � I � E x ∈ Rn � �C :;:8ID
 969D FJ:

B :H 9JEA>86CI: 
 H: I >:C: FJ: :M>HI: p0 I6A FJ: E6G6 ID9D θ ≥ 1 N ID9D r
 B(θr) ≤ Cθp0B(r)

:C E6GI>8JA6G

B(t) ≤ Ctp0 , para t ≥ 1

AD FJ: 9:BJ:HIG6 FJ: B(t) ? tp0 :C :A >C�C>ID
 AJ:<D

ψ(Q)−η|Q|αn ?f?B,Q

ψ(Q)−η|Q|αn ?f?p0,Q

ψ(Q)−η|Q|αn ?f?∞
? |Q ∩ sopf |

|Q|

? 1
p0

= I,

N I:C:BDH

I → 0
 8J6C9D |Q| → ∞
 H > η :H HJ�8>:CI:B:CI: <G6C9: D p0 < n
α
� E6G6 B(t) =

t log(e+ t) p0 = 1 + ? E6G6 8J6AFJ>:G ? > 0	 �

I ≤ C?f?∞ 
 H > |Q| ≤ 1�

.CD 9: CJ:HIGDH D7 ?:I>KDH :H 86G68I:G>O6G ADH E6G:H 9: E:HDH (µ, ν) E6G6 ADH 8J6A:H
Mα,η :H JC DE:G69DG 68DI69D 9: Lp(Rn, ν) 6 Lq(Rn, µ)
 E6G6 1 < p ≤ q < ∞� )VG:O :C
4 �
 5 9:BJ:HIG6 FJ: H> ν−

1
p−1 :H JC E:HD :C A6 8A6H: A∞ 
 : A DE:G69DG &6M>B6A ;G688>DC6G>D

8ATH>8D
 Mα 
 :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ) E6G6 1 < p ≤ q < ∞
 H > N HYAD
H> :A E6G (µ, ν) ∈ Aα

p,q � -:C>:C9D :C 8J:CI6 :HI: G:HJAI69D N :A =:8=D FJ: Mα,ηf(x) ≤
Mαf(x) E6G6 ID96 x ∈ Rn 
 G:HJAI6 FJ: A6H B>HB6H =>EYI:H>H 6H:<JG6C FJ: Mα,η :H JC
DE:G69DG 68DI69D 9: Lp(Rn, ν) 6 Lq(Rn, µ)� �=DG6 7>:C
 H > I:C:BDH :C 8J:CI6 FJ: :C :A
DE:G69DG Mα,η 
 :H EG:8>H6B:CI: 
 JC DE:G69DG BTH E:FJ:XD FJ: Mα 
 CDH E6G:8: C6IJG6A
EG:<JCI6GCDH H> ED9:BDH IDB6G ADH E:HDH :C JC6 8A6H: BTH 6BEA>6 FJ: A6H 8DCH>9:G696H �
�DC<>D6CC>
 !6G7DJG: N ,6A>C6H :C 4 � 5 
 8DC :A D7 ?:ID 9: D7I:C:G 9:H><J6A969:H 8DC E:HDH
E6G6 DE:G69DG:H G:A68>DC69DH 6A DE:G69DG 9: ,8=GZ9>C<:G
 9:�C:C JC6 8A6H: 9: E:HDH :C
IVGB>CDH 9: A6 ;JC8>YC 9: G69>D 8GWI >8D ρ N FJ: 8DCI>:C: 6 A6 8A6H: Ap 9: &J8@:C=DJEI �
�DC8G:I6B:CI: 


�(�0,&,>0 � � � � � � ,:6 θ ≥ 0� .C E:HD ω :HI6 :C A6 8A6H: Aρ,θ
p 
 H > :M>HI: JC6 8DCHI6CI:

C > 0 I6A FJ: E6G6 ID96 7DA6 Q(x, r) H: I >:C: 

?

1

|Q|

ˆ

Q

w

??
1

|Q|

ˆ

Q

w− 1
p−1

?p−1

≤ Cψ(Q)θ; 1 < p <∞ � � � � � � 
 	

.
1

|Q|

ˆ

Q

w ≤ Cψ(Q)θ ı́nf
Q
w; p = 1. � � � � � � � 	

9DC9: 8DBD 6CI:H ψ(Q) =
?
1 + r

ρ(x)

?
�

 ,=/<@+- 3I8 � � � � � � � )6G6 :A 86HD 8ATH>8D V = 0
 G:HJAI6 ρ ≡ ∞ N H: D7I>:C: A6 8DC9>8>YC
Ap 9: &J8@:C=DJEI �



� � � �8DI68>YC 8DC 9DH E:HDH E6G6 DE:G69DG:H
&6M>B6A:H , 8=GZ9>C<:G� � �

� A6G6B:CI: A6H 8A6H:H Aρ,θ
p HDC 8G:8>:CI:H 8DC θ N E6G6 θ = 0 H: D7I>:C: A6 8A6H: Ap 9:

&J8@:C=DJEI � , : 9:�C: A6 8A6H: 9: E:HDH Aρ,∞
p 8DBD

Aρ,∞
p =

?

θ≥0

Aρ,θ
p

-DB6C9D ρ ≡ 1 N ω(x) = 1+|x|γ 
 8DC γ > n(p−1) EJ:9: K:GH: FJ: A6 >C8AJH>YC Ap ⊂ Aρ,∞
p

:H EGDE>6�

)DG DIGD A69D
 A6 8A6H: Aρ,loc
p H: 9:�C: 8DBD A6 9: ADH E:HDH ω FJ: H6I>H;68:C � � � � � � 
 	

D � � � � � � � 	 E6G6 7DA6H Q = Q(x, r) HJ78GWI >86H 
 :H 9:8>G 8DC r ≤ ρ(x)� �C 4 � 5 H: EGJ:76 :A
H><J>:CI: G:HJAI69D


�31214,&,>0 � � � � � � � "/+ 1 ≤ p <∞� �?/19 Aρ,loc
p = Aβρ,loc

p :+<+ -+.+ β > 1.

)GDE>:969:H 6CTAD<6H 6 A6H 9: ADH E:HDH Ap 9: &J8@:C=DJEI HDC H6I>H;:8=6H I6B7>VC
EDG ADH E:HDH :C A6H 8A6H:H Aρ,∞

p � %6H IG6HA68>DC:H 
 9>A6I68>DC:H N B[AI>EADH :H86A6G:H 9:
E:HDH Aρ,∞

p (Aρ,loc
p ) HDC I6B7>VC E:HDH Aρ,∞

p (Aρ,loc
p )
 I6A 8DBD AD :CJC8>6 A6 H><J>:CI: EGD�

EDH>8>YC �

�31214,&,>0 � � � � � 	� "/+ ω ∈ Aρ,∞
p (Aρ,loc

p )� :+<+ >9.9 1 ≤ p <∞� / 8>9 8-/ =

ω(λx) ∈ Aρ,∞
p (Aρ,loc

p ), ∀λ ∈ R.� � � � � � � 	

ω(x− z) ∈ Aρ,∞
p (Aρ,loc

p ), ∀z ∈ Rn.� � � � � � � 	

λω ∈ Aρ,∞
p (Aρ,loc

p ), ∀λ > 0.� � � � � � �	

�HIDH G:HJAI69DH H: D7I>:C:C B:9>6CI: JC H:C8>AAD 86B7>D 9: K6G>67A:H �

� 8DCI>CJ68>YC
 9:�C>G:BDH 6 ADH E:HDH 9JEA>86CI:H :C :A 8DCI:MID ,8=GZ9>C<:G� � >G:�
BDH FJ: JC E:HD ω :H ρ− duplicante
 H > :M>HI:C 8DCHI6CI:H C, η > 0 I6A:H FJ:

ω(Q(x, 2r)) ≤ Cω(Q(x, r))
?
1 +

r

ρ(x)

?η

, � � � � � � � 	

E6G6 ID96 7DA6 Q(x, r) :C Rn.

%6 H><J>:CI: EGDEDH>8>YC :HI67A:8: FJ: ID9D E:HD :C Aρ,∞
p :H ρ − duplicante N H:

9:BJ:HIG6 H><J>:C9D A6H AWC:6H 9:A 86HD 8ATH>8D � K:G )GDEDH>8>YC � � � � � :C 4 � � 5 	 �

�31214,&,>0 � � � � � � � "/+ 1 ≤ p < ∞ C w ∈ Aρ,∞
p /8>9 8-/ = /B3=>/8 -9 8=>+8>/ = :9 =3>3@+=

C C η >+ 6/ = ;?/

ω(Q(x, 2r)) ≤ Cω(Q(x, r))
?
1 +

r

ρ(x)

?η

,

:+<+ >9.+ ,9 6+ Q(x, r) /8 Rn.

(IG6 EGDE>:969 9: ADH E:HDH :C Aρ,∞
p 
 :H A6 9:H><J6A969 9: !ZA9:G >CK:GH6
 A6 8J6A ;J:

EGD7696 EDG �DC<>D6CC>
 !6G7DJG: N ,6A>C6H :C 4 � 5 �



� � �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

�(/$ � � � � �� � "/+ 1 ≤ p < ∞ C w ∈ Aρ,∞
p /8>9 8-/ = /B3=>/8 -9 8=>+8>/ = :9 =3>3@+= δ, η, C

>+ 6 ;?/ ?
1

|Q|

ˆ

Q

w1+δ

? 1
1+δ

≤ C
?

1

|Q|

ˆ

Q

w

??
1 +

r

ρ(x)

?η

,

:+<+ >9.+ ,9 6+ Q /8 Rn.

�DBD :C A6 I:DGW6 8ATH>86 9: E:HDH 
 9:A G:HJAI69D 6CI:G>DG H: 9:HEG:C9: A6 H><J>:CI:
EGDEDH>8>YC�

�31214,&,>0 � � � � � � � "3 w ∈ Aρ,∞
p , 1 < p <∞� / 8>9 8-/ = /B3=>/ ? > 0 >+ 6 ;?/ w ∈ Aρ,∞

p−? .

%6H 8A6H:H Aρ,∞
p (Aρ,loc

p ) HDC 8G:8>:CI:H :C p N EDG AD I6CID I>:C: H:CI>9D 8DCH>9:G6G A6
JC>YC 9: ID96H :HI6H 8A6H:H D7I:C>:C9D JC6 CJ:K6 8A6H: 9: E:HDH �

�(�0,&,>0 � � � � �� �

Aρ,∞
∞ =

?

p≥1

Aρ,∞
p

Aρ,loc
∞ =

?

p≥1

Aρ,loc
p .

 ,=/<@+- 3I8 � � � � � � � �A6G6B:CI: Aρ,loc
∞ ⊃ Aρ,∞

∞ 
 H >C :B76G<D :HI6 8DCI:C8>YC :H :HIG>8I6 N
H: EGJ:76 8DC :A H><J>:CI: :?:BEAD�

�DCH>9:G:BDH ρ ≡ 1
 FJ: 8DGG:HEDC9: 6A 86HD V = cte > 0 N :A E:HD µ(x) = e|x| �

�C EG>B:G AJ<6G EGD76G:BDH FJ: µ :HIT :C Aρ,loc
p E6G6 ID9D 1 < p <∞ N EDG AD I6CID

:C Aρ,loc
∞ � )6G6 :AAD 76HI6 EGD76G FJ: E6G6 ID96 7DA6 HJ78GWI >86
 :HID :H B = B(x0, r), r ≤

ρ(x0) ≡ 1
 H: I >:C:

µ(B)
?
µ−

1
p−1 (B)

?p−1

≤ C|B|p.

,:6 B = B(x0, r) 8DC r ≤ 1. �DCH>9:G6G:BDH 9DH 86HDH

|x0| ≥ 2r � )6G6 :HI: 86HD
 I:C>:C9D :C 8J:CI6 FJ: B(x0, r) ⊂ B(0, |x0|+r)\B(0, |x0|−
r)
 I:C:BDH

?
ˆ

B

e|x|dx

??
ˆ

B

e−
|x|
p−1dx

?p−1

≤ Ce|x0|+rrn
?
ˆ

B(x0,r)

e−
|x0|+r
p−1 dx

?p−1

≤ Ce|x0|+re−|x0|+r

≤ C.

|x0| < 2r �

?
ˆ

B

e|x|dx

??
ˆ

B

e−
|x|
p−1dx

?p−1

≤ Ce|x0|+rrn(rn)p−1



� � � �8DI68>YC 8DC 9DH E:HDH E6G6 DE:G69DG:H
&6M>B6A:H , 8=GZ9>C<:G� � �

≤ Ce3r
≤ C

�: 6B7DH 86HDH G:HJAI6 FJ: µ ∈ Aρ,loc
∞ �

) GD76G:BDH FJ: µ /∈ Aρ,∞
∞ N E6G6 :AAD H:GT HJ�8>:CI: 8DC BDHIG6G FJ: µ CD :H ρ−duplicante

� )GDEDH>8>YC � � � � � � 	 � %D EGD76G:BDH E6G6 :A 86HD E6GI>8JA6G n = 3
 : A 86HD <:C:G6A G:HJAI6
H><J>:C9D A6H B>HB6H AWC:6H �

,JEDC<6BDH FJ: µ :H ρ 9JEA>86CI: 
 6H> EDG � � � � � � � 	 :M>HI:C 8DCHI6CI:H C, η > 0 I6A:H
FJ:

µ(B(x0, 2r)) ≤ Cµ(B(x0, r))
?
1 +

r

ρ(x0)

?η

, � � � � � � �	

E6G6 ID96 7DA6 B = B(x0, r) ∈ R3 � -DB:BDH :C E6GI>8JA6G A6H 7DA6H 9: R3 8DC 8:CIGD :C
:A DG><:C 9: 8DDG9:C696H 
 :HID :H B = B(0, r)� %J:<D

µ(B(0, 2r)) =

ˆ

B(0,2r)

e|x|dx

= S2

ˆ 2r

0

ett2dt

= S2
?
4r2e2r − 4re2r + 2e2r − 2

?
.

�: B6C:G6 6CTAD<6 H: D7I>:C:

µ(B(0, r)) =

ˆ

B(0,2r)

e|x|dx

= S2
?
r2er − 2er + 2er − 2

?
.

%J:<D
 969D FJ: HJEDC:BDH µ ρ− duplicante
 :C K>GIJ9 9: � � � � � � �	 H: 9:7:GW6 K:G>�86G

S2
?
4r2e2r − 4re2r + 2e2r − 2

?
≤ CS2

?
r2er − 2er + 2er − 2

?
(1 + r)η

E6G6 ID9D r � �C E6GI>8JA6G
 E6G6 r <G6C9: H: I:C9GW6

4e2rr2 ≤ Cerr2 (1 + r)η .
er

(1 + r)η
≤ C,

AD FJ: :H 67HJG9D� %J:<D µ CD :H ρ− duplicante N EDG AD I6CID CD :H JC E:HD :C Aρ,∞
∞ �

�CTAD<6B:CI: 
 H: EGJ:76 FJ: µ(x) = e−|x| :HIT :C Aρ,loc
∞ N CD :HIT :C Aρ,∞

∞ �

%J:<D
 9: A6 )GDEDH>8>YC � � � � � � � � � � � � � 	 
 G:HJAI6 FJ: E6G6 8J6AFJ>:G β ∈ R − {0}

µ(x) = eβ|x| ∈ Aρ,loc

∞ N CD :HIT :C Aρ,∞
∞ �

%6 H><J>:CI: EGDEDH>8>YC :H A6 K:GH>YC E6G6 E:HDH AD86A:H 9: A6 )GDEDH>8>YC � � � � � � %6
9:BDHIG68>YC H><J: A6H B>HB6H AWC:6H �



� � �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

�31214,&,>0 � � � � �
 � "3 w ∈ Aρ,∞
∞ � / 8>9 8-/ = /B3=>/8 -9 8=>+8>/ = C, δ > 0 >+ 6/ = ;?/ :+<+

>9.+ ,9 6+ Q = Q(x0, r) ⊂ Rn -9 8 r < ρ(x0) C >9.9 -9 84?8>9 7/.3, 6/ E,E ⊂ Q� =/ >3/8/
w(E)

w(Q)
≤ C

? |E|
|Q|

?δ1

. � � � � � � � 	

"/ :?/./ :<9 ,+< ;?/ � � 	� 	
 / = /;?3@+ 6/8>/ + ?8+ ./=31?+6.+. =3736+< /8 .98./ 6+ 7/.3.+
./ �/,/ =1?/ +:+</-/ /8 6?1+< ./ ω C @3-/ @/<=+ �

� E6GI>G 9: A6H 8A6H:H 9: E:HDH :C IVGB>CDH 9: A6 ;JC8>YC 9: G69>D 8GWI >8D ρ B:C8>DC696H
6CI:G>DGB:CI: 
 9:�C>BDH JC6 8A6H: 9: E6G:H 9: E:HDH 6HD8>696 6 ρ FJ: 8DCI>:C: 6 A6 8A6H:
Aα

p,q N6 8DCD8>96�

�(�0,&,>0 � � � � �� � ,:6C 0 ≤ α < n N θ ≥ 0� � >G:BDH FJ: :A E6G 9: E:HDH (µ, ν) E:GI:C:8:
6 Aα,ρ,θ

p,q H> :M>HI: JC6 8DCHI6CI: C > 0 I6A FJ: E6G6 ID96 7DA6 Q(x, r) H: I >:C:
?

1

|Q|1−α
n

?p

µ(Q)
p
q ν

−1
p−1 (Q)p−1 ≤ Cψ(Q)θ, 1 < p ≤ q <∞.

µ(Q)
1
q

|Q|1−α
n

sup
Q
ν−1 ≤ Cψ(Q)θ, p = 1.

9DC9:
 8DBD 6CI:H 
 ψ(Q) =
?
1 + r

ρ(x)

?
�

-6B7>VC
 8DBD 6CI:H 
 8DCH>9:G6BDH A6 JC>YC HD7G: θ ≥ 0 9: A6H 8A6H:H 
 Aα,ρ,∞
p,q =?

θ≥0A
α,ρ,θ
p,q �

� 8DCI>CJ68>YC 8DCHIGJ>G:BDH JC :?:BEAD 9: E6G:H 9: E:HDH :C :HI6 CJ:K6 8A6H: �

, :6C 1 ≤ p ≤ q <∞
 0 < α < n N ρ ≡ 1� � DCH>9:G:BDH ADH E:HDH

µ(x) = |x|β, β > −n
ν(x) = |x|γ + 1, γ > −n.

�:I:GB>C6G:BDH β N γ 
 E6G6 FJ: (µ, ν) ∈ Aα,ρ,∞
p,q �

+:HJAI6 H:C8>AAD EGD76G FJ: µ, ν ∈ L1
loc(Rn) E6G6 β, γ > −n�

�C EG>B:G AJ<6G
 8DCH>9:G:BDH 1 < p ≤ q < ∞� �:7:BDH EGD76G FJ: :M>HI:C 8DCHI6CI:H
C, θ > 0
 I6A:H FJ:

µ(B)
p
q ν−

1
p
−1(B)p−1

|B|(1−α
n)p

≤ C (1 + r)θ � � � � � � � 	

E6G6 ID96 7DA6 B(x0, r) ⊂ Rn �

, :6 B = B(x0, r) JC6 7DA6 :C Rn � , : K:G>�86 � 4 � � 5 
 :?:BEAD � � � � � 	 

ˆ

B(x0,r)

|x|βdx ∼=
?
rβ+n; |x0| < 2r
rn|x0|β; |x0 ≥ 2r

�DCH>9:G:BDH 9DH 86HDH 




� � � �8DI68>YC 8DC 9DH E:HDH E6G6 DE:G69DG:H
&6M>B6A:H , 8=GZ9>C<:G� � �

|x0| < 2r

?
´

B(x0,r)
|x|βdx

? p
q
?
´

B(x0,r)
(1 + |x|γ)− 1

p−1 dx
?p−1

|B(x0, r)|(1−
α
n)p

≤ C r
(β+n) p

q rn(p−1)

rnp−αp

≤ Cr(β+n) p
q
−n+αp.

)6G6 FJ: � � � � � � H: K:G>�FJ:
 76HI6 I:C:G 0 ≤ (β + n) p
q
− n + αp ≤ θ �

|x0| ≥ 2r

?
´

B(x0,r)
|x|βdx

? p
q
?
´

B(x0,r)
(1 + |x|γ)− 1

p−1 dx
?p−1

|B(x0, r)|(1−
α
n)p

≤ C
?
rn|x0|β

? p
q rn(p−1)r−np+αp

≤ Crn
p
q
−n+αp|x0|β

p
q .

%J:<D
 H > β ≤ 0
 H: D7I>:C:
?
´

B(x0,r)
|x|βdx

? p
q
?
´

B(x0,r)
(1 + |x|γ)− 1

p−1 dx
?p−1

|B(x0, r)|(1−
α
n)p

≤ Cr(β+n) p
q
−n+αp

≤ C (1 + r)θ .

�HID [AI >BD
 :A><>:C9D
 8DBD :C :A 86HD 6CI:G>DG
 0 ≤ (β + n) p
q
− n + αp ≤ θ �

%J:<D

µ(x) = |x|β, −n < β < 0

ν(x) = 1 + |x|γ , −n < γ
0 ≤ (β + n)

p

q
− n + αp,

K:G>�86C (µ, ν) ∈ Aα,ρ,θ
p,q 
 E6G6 ρ ≡ 1
 θ ≥ (β + n) p

q
−n+αp N EDG AD I6CID (µ, ν) ∈ Aα,ρ,∞

p,q �

/:6BDH H> :M>HI: β FJ: K:G>�FJ: A6H 8DC9>8>DC:H 9696H �

�: A6 8DC9>8>DC:H 
 0 ≤ (β + n) p
q
− n+ αp N β < 0
 G:HJAI6

?
n− αp− np

q

?
q
p
≤ β < 0


EDG AD I6CID :M>HI >GTC β ?s H>:BEG: N 8J6C9D
?
n− αp− np

q

?
q
p
< 0 N :HID [AI >BD H: 8JBEA:

HW N HYAD H> 1
q
> 1

p
− α

n
�

� 8DCI>CJ68>YC K:G:BDH :A 86HD p = 1
 :HID :H A6 :M>HI:C8>6 9: β N γ 
 I6A FJ:

µ(B)
1
q

|B|1−α
n

≤ C ı́nf
B
ν (1 + r)θ ,
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E6G6 ID96 7DA6 B(x0, r) ⊂ Rn 
 9DC9: C, θ HDC 8DCHI6CI:H EDH>I >K6H �

, :6 B = B(x0, r) JC6 7DA6 :C Rn 
 6CTAD<6B:CI: 6A 86HD p > 1
 8DCH>9:G:BDH 9DH 86HDH

|x0| < 2r

?´
B
|x|βdx

?1/q

|B|1−α
n

≤ C r
(β+n) 1

q

rn−α

≤ Cr
β
q
+n

q
−n+α.

%J:<D
 H > I:C:BDH β
q
+ n

q
− n + α ≥ 0
 I:C>:C9D :C 8J:CI6
 69:BTH
 FJ: ı́nf

B
ν ≥ 1

E6G6 ID96 7DA6 B ⊂ Rn 
 H: D7I>:C:

?´
B
|x|βdx

?1/q

|B|1−α
n

≤ C (1 + r)
β
q
+n

q
−n+α ı́nf

B
ν

≤ C (1 + r)θ ı́nf
B
ν,

E6G6 θ ≥ β
q
+ n

q
− n + α�

|x0| ≥ 2r �

?´
B
|x|βdx

?1/q

|B|1−α
n

≤ C |x0|
β
q r

n
q

rn−α

≤ C|x0|
β
q r

n
q
−n+α.

, > IDB6BDH β < 0
 I:C>:C9D β
q
+ n

q
− n+ α ≥ 0
 A6 9:H><J6A969 6CI:G>DG CDH AA:K6 6

?´
B
|x|βdx

?1/q

|B|1−α
n

≤ C ı́nf
B
ν (1 + r)θ

E6G6 θ ≥ β
q
+ n

q
− n + α�

%J:<D


µ(x) = |x|β, −n < β < 0

ν(x) = 1 + |x|γ , −n < γ

0 ≤ (β + n)
1

q
− n + α

K:G>�86 (µ, ν) ∈ Aα,ρ,θ
1,q E6G6 ρ ≡ 1
 θ ≥ (β + n) 1

q
− n + α N EDG AD I6CID (µ, ν) ∈ Aα,ρ,∞

1,q �
� DBD :C :A 86HD p > 1
 CDI:BDH FJ: E6G6 6H:<JG6G A6 :M>HI:C8>6 9: β ?s FJ: 8JBEA6C A6H
8DC9>8>DC:H B:C8>DC696H 
 H: 9:7:GT I:C:G 1

q
> 1− α

n
.



� � � �8DI68>YC 8DC 9DH E:HDH E6G6 DE:G69DG:H
&6M>B6A:H , 8=GZ9>C<:G� � �

%J:<D
 G:HJB>:C9D
 E6G6 1 ≤ p ≤ q <∞
 0 < α < n 8DC 1
q
> 1

p
− α

n

 ρ ≡ 1

µ(x) = |x|β, −n < β < 0

ν(x) = 1 + |x|γ , −n < γ
0 ≤ (β + n)

p

q
− n + αp, � � � � � � � 	

HDC I6A:H (µ, ν) ∈ Aα,ρ,∞
p,q �

)DG DIG6 E6GI: 
 µ ∈ Aρ,∞
∞ 
 N6 FJ: µ(x) = |x|β 8DC −n < β < 0 :HIT :C Aρ,∞

p E6G6
8J6AFJ>:G p ≥ 1 � :C 4 � � 5 
 H: EGJ:76 FJ: |x|a :H JC E:HD Ap 
 1 < p < ∞ H> N HYAD H>
−n < a < n(p − 1) N |x|a :H JC E:HD A1 H> N HYAD H> 
 −n < a ≤ 0	 � , ><J>:C9D JC
G6ODC6B>:CID H>B>A6G
 6 E6GI>G 9:A =:8=D FJ: ν ∈ Aρ,∞

p E6G6 ID9D p > 1
 G:HJAI6 FJ:

σ = ν−
1

p−1 ∈ Aρ,∞
∞ E6G6 8J6AFJ>:G γ > −n�

�C A6 I:DGW6 8ATH>86 9: E:HDH 
 FJ: :A E6G (µ, ν) :HIV :C Aα
p,q CD <6G6CI>O6 C:8:H6G>6B:CI:

FJ: σ = ν−
1

p−1 ∈ A∞ � �H EDG :AAD FJ: 6B76H 8DC9>8>DC:H 9:7:C HJEDC:GH: E6G6 9:BDHIG6G
FJ: :A DE:G69DG B6M>B6A Mα :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ) E6G6 1 < p ≤ q <∞
� � � )VG:O 
 4 �
 5 	 � %D B>HBD HJ8:9: E6G6 E:HDH :C Aα,ρ,∞

p,q � ):H: 6 FJ: :C � � � � � � � 	 =:BDH
8DCHIGJ>9D E:HDH (µ, ν) :C Aα,ρ,∞

p,q 8DC 6B7DH µ, σ :C Aρ,∞
∞ 
 CD :H JC6 G:<A6 <:C:G6A � )6G6

K>HJ6A>O6G :HI: =:8=D
 8DCH>9:G:BDH E6G6 1 ≤ p ≤ q <∞
 ρ ≡ 1
 ADH E:HDH

µ(x) = e−|x|

ν(x) = eβ|x|, β > 0

n
p

q
− n + αp ≥ 0 � � � � � �
 	

)DG (7H:GK68>YC � � � � � � 
 G:HJAI6 FJ: µ, σ ∈ Aρ,loc
∞ 
 BTH 6[C µ, σ /∈ Aρ,∞

∞ � +:HI6 EGD76G FJ:
(µ, ν) ∈ Aα,ρ,∞

p,q � %D =6G:BDH E6G6 p > 1
 : A 86HD p = 1 H: D7I>:C: 9: B6C:G6 H>B>A6G�

, :6 B = B(x0, r) JC6 7DA6 :C Rn 
 969D FJ: β > 0 G:HJAI6

?´
B
e−|x|dx

? p
q

?
´

B
e−

β|x|
p−1dx

?p−1

|B|(1−α
n
)p

≤ C r
n p
q rn(p−1)

rnp−αp

≤ Crn
p
q
−n+αp

8DBD 69:BTH np
q
− n + αp ≥ 0
 H: D7I>:C:

?´
B
e−|x|dx

? p
q

?
´

B
e−

β|x|
p−1dx

?p−1

|B|(1−α
n
)p

≤ C(1 + r)θ

E6G6 θ ≥ np
q
− n+ αp� 'DI:BDH FJ: A6 8DC9>8>YC np

q
− n+ αp ≥ 0 :H :FJ>K6A:CI: 6 E:9>G

1
q
≥ 1

p
− α

n
� �HID BJ:HIG6 FJ: :M>HI:C K6ADG:H 9: α, p N q FJ: K:G>�86C A6 8DC9>8>YC E:9>96�

� 8DCI>CJ68>YC
 EG:H:CI6G:BDH JC6 EGDE>:969 9: ADH E:HDH :C Aα,ρ,∞
p,q �



� � �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

�31214,&,>0 � � � � � � � "/+8 1 ≤ p ≤ q <∞� 6?/19 Aα,ρ,loc
p,q = Aα,βρ,loc

p,q :+<+ -+.+ β > 1�

%6 9:BDHIG68>YC 9: A6 EGDEDH>8>YC 6CI:G>DG H: D7I>:C: 9: B6C:G6 H>B>A6G 6 A6 9: A6
)GDEDH>8>YC � � � � � � � E6G6 BTH 9:I6AA:H K:G �DGDA6G>D 1 :C 4 � 5 	 �

�C :A H><J>:CI: I:DG:B6
 76 ?D 8>:GI6H 8DC9>8>DC:H >C>8>6A:H 
 86G68I:G>O6BDH ADH E6G:H 9:
E:HDH E6G6 ADH 8J6A:H Mα,η :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ)�

!(13(/$ � � � � �� � "?:981+79 = ;?/ 0 ≤ α < n� 1 < p ≤ q < ∞� "/+ (µ, ν) ?8 :+< ./

:/ =9 = -9 8 σ = ν−
1

p−1 ∈ Aρ,loc
∞ � �+= =31?3/8>/ = +�<7+- 39 8/ = =9 8 /;?3@+ 6/8>/ =

∃C > 0, η0 ≥ 0, ?Mα,η(f)?Lq(µ) ≤ C?f?Lp(ν), η ≥ η0.� � � � � �� 	

(µ, ν) ∈ Aα,ρ,∞
p,q .� � � � � ��	

 ,=/<@+- 3I8 � � � � �� � �A G:HJAI69D 6CI:G>DG :MI>:C9: :A D7I:C>9D EDG %>C -6C< E6G6 JC E:HD�
)6G6 BTH 9:I6AA:H 
 K:G -:DG:B6 � � � :C 4 �
 5 �

�/79 =><+- 3I8� ,JEDC<6BDH FJ: A6 9:H><J6A969 � � � � �� H: K:G>�86� /:6BDH FJ: � � � � �� H:
8JBEA: � , :6 Q = Q(y, r) JC6 7DA6 :C Rn � )DG 9:�C>8>YC 9: Mα,η H: I >:C: FJ: E6G6 ID9D
x ∈ Q

ψ(Q)−η|Q|αn−1

ˆ

Q

ν−
1

p−1 (y)dy ≤Mα,η(ν
− 1

p−1χQ)(x).

�C 8DCH:8J:C8>6

ψ(Q)−η|Q|αn−1σ(Q)µ(Q)
1
q ≤

?
ˆ

Q

|Mα,η(ν
− 1

p−1χQ)(x)|qµ(x)dx
? 1

q

%J:<D
 9: � � � � �� 8DC f(x) = ν−
1

p−1χQ(x)
 A6 9:H><J6A969 6CI:G>DG CDH 8DC9J8: 6

ψ(Q)−η|Q|αn−1σ(Q)µ(Q)
1
q ≤ σ(Q) 1

p ,

µ(Q)
p
q σ(Q)p−1

|Q|(1−α
n
)p

≤ CΨ(Q)ηp.

�HW (µ, ν) ∈ Aα,ρ,θ
p,q 
 E6G6 θ ≥ ηp N EDG AD I6CID
 (µ, ν) ∈ Aα,ρ,∞

p,q �

"CK:GH6B:CI: 
 HJEDC<6BDH FJ: � � � � � ��	 H: 8JBEA: � .H6C9D JC 6G<JB:CID 9: 9:CH>969
76HI6GT 8DC EGD76G � � � � �� E6G6 ;JC8>DC:H 68DI696H N 9: HDEDGI: 8DBE68ID :C Rn �

�:H8DBEDC:BDH :A DE:G69DG Mα,η 8DBD HJB6 9: ADH DE:G69DG:H

(Mα,η)loc(f)(x) = Mα,η(fχQ(x,ρ(x)))(x),

(Mα,η)glob(f)(x) = Mα,η(fχQc(x,ρ(x)))(x).

)GD76G:BDH

(Mα,η)loc : L
p(ν)→ Lq(µ) � � � � � �� 	



� � � �8DI68>YC 8DC 9DH E:HDH E6G6 DE:G69DG:H
&6M>B6A:H , 8=GZ9>C<:G� � �

(Mα,η)glob : L
p(ν)→ Lq(µ) � � � � � ��	

/:6BDH � � � � �� � , :6 {Qj} :A 8J7G>B>:CID 9: Rn 969D :C A6 )GDEDH>8>YC � � %6 )GDEDH>8>YC
� 6H:<JG6 A6 :M>HI:C8>6 9: β ≥ 1
 >C9:E:C9>:CI: 9: ?
 I6A FJ: H> 9:CDI6BDH ?Qj

.
= βQj 


G:HJAI6 ?

x∈Qj

Q(x, ρ(x)) ⊆ ?Qj

N
 :C 8DCH:8J:C8>6


(Mα,η)loc(f)(x) ≤
?

j

χQj
(x)Mα,η(fχQ(x,ρ(x)))(x) ≤

?

j

χQj
(x)Mα(fχ ?Qj

)(x). � � � � � �� 	

�9:BTH

Mα(fχ ?Qj

)(x) ? Mα,j(f)(x), ∀x ∈ Qj � � � � � �� 	

9DC9:
 E6G6 8696 j 
 Mα,j 9:CDI6 6 A6 B6M>B6A ;G688>DC6G>6 :C :A :HE68>D 9: I>ED =DBD<VC:D
?Qj 8DC A6 BVIG>86 JC>;DGB: N A6 B:9>96 9: %:7:HFJ: G:HIG>C<>96 :C ?Qj � /:6BDH � � � � ��

Mα(fχ ?Qj
)(x) = sup

x∈Q
|Q|αn−1

ˆ

Q

|fχ ?Qj
(y)|dy

,:6 x ∈ Qj N Q = Q(xQ, r) JC6 7DA6 :C Rn I6A FJ: x ∈ Q
 AJ:<D
 H > xQ ∈ ?Qj 
 Q
? ?Qj :H

JC6 7DA6 :C :A :HE68>D 9: I>ED =DBD<VC:D ?Qj N EDG AD I6CID�

1

|Q|1−α
n

ˆ

Q

|fχ ?Qj
(y)| dy ≤ 1

|Q? ?Qj |1−
α
n

ˆ

Q
? ?Qj

|fχ ?Qj
(y)| dy

≤ Mα,j(fχ ?Qj
)(x).

)DG DIG6 E6GI: 
 H > xQ ?∈ ?Qj 
 969D FJ: d(x, ∂ ?Qj) ≥ (β − 1)ρ(xj)
 9DC9: ∂ ?Qj 9:CDI6 A6
;GDCI:G6 9: ?Qj 
 :M>HI: JC 8J7D Q∗ ⊂ Q? ?Qj I6A FJ: x ∈ Q∗ N |Q∗| ∼= | ?Qj |� %J:<D�

1

|Q|1−α
n

ˆ

Q

|fχ ?Qj
(y)|dy ≤ 1

|Q∗|1−α
n

ˆ

?Qj

|fχ ?Qj
(y)|dy

≤ C

| ?Qj |1−
α
n

ˆ

?Qj

|fχ ?Qj
(y)| dy

≤ CMα,j(fχ ?Qj
)(x).

%J:<D
 HJHI >IJN:C9D � � � � � �� 	 :C � � � � � �� 	 
 D7I:C:BDH

(Mα,η)loc(f)(x) ?
?

j

χ ?Qj
(x)Mα,j(fχ ?Qj

)(x). � � � � � �
 	

%J:<D
 JH6C9D A6 EGDE>:969 9: HDA6E6B>:CID 8DCIGDA69D 9: {Qj}j � K:G )GDEDH>8>YC � 	 
 9:A
=:8=D FJ: q > 1
 H: I >:C:

?(Mα,η)locf?Lq(µ)q ≤
ˆ

Rn
(Mα,η)locf(x)

qµ(x) dx
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≤ C
?

j

ˆ

Qj

??

k

χ ?Qk
(x)Mα,k(fχ ?Qk

)(x)

?q

µ(x) dx

≤ C
?

j

ˆ

Qj

?

k

χ ?Qk
(x)Mα,k(fχ ?Qk

)(x)qµ(x) dx

≤ C
?

j

?

k

ˆ

Qj
? ?Qk

|Mα,k(fχ ?Qk
)(x)|qµ(x) dx

≤ C
?

k

?

j

ˆ

?Qk

χQj
(x)Mα,k(fχ ?Qk

)(x)qµ(x) dx

≤ C
?

k

ˆ

?Qk

??

j

χQj
(x)

?
Mα,k(fχ ?Qk

)(x)qµ(x) dx

≤ C
?

k

ˆ

?Qk

Mα,k(fχ ?Qk
)(x)qµ(x) dx. � � � � � �� 	

)DG AD I6CID 76HI6GT 8DC EGD76G FJ: E6G6 8696 k 
 Mα,k : Lp( ?Qk, ν dx)→ Lq( ?Qk, µ dx)

8DC 8DCHI6CI: >C9:E:C9>:CI: 9: k � �69D FJ: Mα,k 9:CDI6 A6 &6M>B6A �G688>DC6G>6 :C :A
:HE68>D 9: I>ED =DBD<VC:D ( ?Qk, d, dx/ ?Qk)
 K:6BDH FJ: :HI6BDH :C 8DC9>8>DC:H 9: 6EA>86G
:A -:DG:B6 � � � � � �

� � σ ∈ A∞( ?Qk)� �C :;:8ID
 9:7:BDH EGD76G FJ: :M>HI:C C, δ > 0 I6A:H FJ: E6G6 ID96
7DA6 Q = Q(xQ, r) :C ?Qk 
 N ID9D 8DC?JCID B:9>7A: E,E ⊂ Q

|E|
|Q| ≤ C

?
σ(E)

σ(Q)

?δ

.

,:6C Q = Q(xQ, r) JC6 7DA6 :C :A :HE68>D ?Qk N E JC 8DC?JCID B:9>7A: E ⊂ Q�
%J:<D xQ ∈ ?Qk � �H 8A6GD FJ: 76HI6 8DC 8DCH>9:G6G r ≤ 2r( ?Qk) = 2βρ(xk)� � DBD
xQ ∈ ?Qk :H >CB:9>6ID FJ: :M>HI: JC6 7DA6 Q?(xQ, r) :C Rn I6A FJ: Q = Q? ? ?Qk

N
 69:BTH
 |Q| > |Q?|
2n
� �=DG6 7>:C
 8DBD xQ ∈ ?Qk 
 :C K>GIJ9 9: A6 )GDEDH>8>YC �


G:HJAI6 ρ(xk) ∼= ρ(xQ) 8DC 8DCHI6CI: 9:E:C9>:CI: 9: n, C0, N0 N 9: A6 9>A6I68>YC β �
�HW r ≤ C(β, n, C0, N0)ρ(xQ) = τρ(xQ)� %J:<D
 EDG )GDEDH>8>YC � � � � � � 
 G:HJAI6 FJ:
σ ∈ Aτρ,loc

∞ N
 :C 8DCH:8J:C8>6


|E|
|Q| ≤ 2n

|E|
|Q?| ≤ 2nC

?
σ(E)

σ(Q?)

?δ

≤ C
?
σ(E)

σ(Q)

?δ

. � � � � � �� 	

� � (µ, ν) ∈ Aα
p,q( ?Qk)� )6G6 :AAD 9:7:BDH EGD76G

µ(Q)
p
q σ(Q)p−1

|Q|(1−α
n
)p

≤ C, E6G6 ID96 7DA6 Q :C ?Qk.

,:6 Q = Q(xQ, r) JC6 7DA6 :C :A :HE68>D ?Qk N Q? 8DBD :C 1�
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)DG )GDEDH>8>YC � � � � �� Aα,ρ,loc
p,q = Aα,τρ,loc

p,q , ∀τ > 1
 8DC 8DCHI6CI: 9:E:C9>:CI: 9: τ 

AJ:<D

µ(Q)
p
q σ(Q)p−1

|Q|(1−α
n
)p

≤ 2(n−α)pµ(Q?)
p
q σ(Q?)p−1

|Q?|(1−α
n
)p

≤ C. � � � � � �� 	

9DC9: :C A6 [AI >B6 9:H><J6A969
 =:BDH JH69D FJ: (µ, ν) ∈ Aα,τρ,loc
p,q 
 E6G6 Q? =

Q?(xQ, r) 8DC r ≤ τρ(xQ)
 9DC9: τ :H A6 8DCHI6CI: 9696 :C � �

%J:<D :HI6BDH :C 8DC9>8>DC:H 9: 6EA>86G :A -:DG:B6 � � � � � 
 9: 9DC9: H: H><J: FJ:
 E6G6
ID9D k 
 Mα,k : Lp( ?Qk, νdx) → Lq( ?Qk, µdx)
 8DC 8DCHI6CI: >C9:E:C9>:CI: 9: k � �9:BTH

JH6C9D :A =:8=D FJ: q ≥ p N CJ:K6B:C:I: A6 EGDE>:969 9: HDA6E6B>:CID 8DCIGDA69D 9:
{Qk}k 9696 :C A6 )GDEDH>8>YC � 
 A6 9:H><J6A969 � � � � � �� 8DC9J8: 6

ˆ

Rn
|(Mα,η)locf(x)|qµ(x) dx ≤ C

?

k

?
ˆ

?Qk

|fχ ?Qk
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ˆ
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ˆ
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 EDG A6
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= C sup
x∈Q
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=
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ˆ
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ˆ
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ˆ
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
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 ?Qk
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?
1 +
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ρ(xj)
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p
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(n−α)q ? (2k)
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9DC9: θ, C ≥ 0�

�HW
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
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
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%J:<D IDB6C9D η I6A FJ: η ≥ (N1 +
θ
p
)(N0 + 1) = η0 G:HJAI6


? (Mα,η)glob(f) ?Lq(µ)?? f ?Lp(ν) .
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 A: =:BDH E:9>9D 6A E:HD σ = ν−
1

p−1

FJ: :HIV :C Aρ,loc
∞ :C AJ<6G 9: Aρ,∞

∞ 
 AD 8J6A EDG (7H:GK68>YC � � � � � � G:HJAI6 H:G JC6 8DC9>8>YC
B:CDH :M><:CI: � �9:BTH
 IDB6BDH E:HDH (µ, ν) ∈ Aα,ρ,∞

p,q � �C � � � � � �
 	 =:BDH 969D JC
:?:BEAD 9: E:HDH :C Aα,ρ,∞

p,q 8DC µ, σ /∈ Aρ,∞
∞ 
 E :GD HW σ ∈ Aρ,loc

∞ � , >C :B76G<D :HI: =:8=D
CD :H JC6 G:<A6 <:C:G6A
 :H EDG :AAD FJ: 6B76H 8DC9>8>DC:H H: >C8AJN:C :C A6H =>EYI:H>H
9:A -:DG:B6 � � � � �� � � 8DCI>CJ68>YC 96G:BDH JC :?:BEAD 9: E:HDH (µ, ν) ∈ Aα,ρ,∞

p,q 
 8DC
σ /∈ Aρ,loc

∞ �

� DCH>9:G:BDH E6G6 1 < p = q <∞
 α = 0
 ρ ≡ 1
 ADH E:HDH

µ(x) = 1

ν(x) = e(p−1)e
1
|x|
.

)GD76G:BDH
 :C EG>B:G AJ<6G
 FJ: (µ, ν) ∈ Aα,ρ,∞
p,q � , :6 B JC6 7DA6 :C Rn 


?´
B
1 dx

??´
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e−e

1
|x|
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nrn(p−1)

rnp
≤ C.

� 8DCI>CJ68>YC
 EGD76G:BDH FJ: σ(x) = e−e
1
|x|
/∈ Aρ,loc

∞ N E6G6 :AAD H:GT HJ�8>:CI: 8DC
BDHIG6G FJ: σ CD :H AD86AB:CI: 9JEA>86CI: � ,JEDC<6BDH FJ: σ :H AD86AB:CI: 9JEA>86CI: �
, :6 B = B(x, r) JC6 7DA6 :C Rn 8DC r << 1 N 8DCH>9:G:BDH A6H 7DA6H B1(x1,

r
4
)
 B2(x2,

r
4
)

8DC x1 = ( r
4
, 0, . . . , 0) N x2 = (3

4
r, 0, . . . , 0) 8DCI:C>96H :C B � %J:<D
 969D FJ: HJEDC:BDH

σ AD86AB:CI: 9JEA>86CI: I:C:BDH

σ(B1(x1,
r

4
)) ∼= σ(B2(x2,

r

4
)). � � � � � ��	

%J:<D
 H:6 ?B1(?x1, r8) 8DC ?x1 = ( r
8
, 0, . . . , 0)� 'J:K6B:CI: 
 JH6C9D A6 8DC9>8>YC 9: 9JEA>86�

8>YC 9: σ N :A =:8=D FJ: σ :H JC6 ;JC8>YC 8G:8>:CI: G:HJAI6
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4
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r

8
)) ≤ Crne−e

4
r . � � � � � �� 	

�9:BTH
 I:C>:C9D :C 8J:CI6 CJ:K6B:CI: FJ: σ :H 8G:8>:CI: H: I >:C:
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)) ≥ Crne−e

2
r . � � � � � �� 	
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 � � � � � �� 	 N � � � � � �� 	 D7I:C:BDH

e−e
2
r ≤ Ce−e

4
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N
 :C 8DCH:8J:C8>6

ee
2
r (e

2
r−1) ≤ C,

E6G6 ID9D r << 1� !68>:C9D r → 0 H: D7I>:C: JC6 8DCIG69>88>YC� �HW
 σ CD :H AD86AB:CI:
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�A ><J6A FJ: E6G6 Mα � -:DG:B6 � � � � � �	 
 : A DE:G69DG Mα,η K:G>�86 JC6 9:H><J6A969
I>ED 9V7>A (p, q) 8DC 9DH E:HDH FJ: >C8AJN: :A 86HD AWB>I: p = 1
 G:HJAI69D FJ: :CJC8>6BDH
6 8DCI>CJ68>YC�

!(13(/$ � � � � 
� � "?:981+79 = ;?/ 0 ≤ α < n� 1 ≤ p ≤ q < ∞� �+= =31?3/8>/ = +�<7+�
- 39 8/ = =9 8 /;?3@+ 6/8>/ =

∃C > 0, η0 ≥ 0, ?Mα,η(f)?Lq,∞(µ) ≤ C?f?Lp(ν), η ≥ η0.� � � � � � � 	

(µ, ν) ∈ Aα,ρ,∞
p,q .� � � � � � � 	

�/79 =><+- 3I8� ,JEDC<6BDH FJ: � � � � � � � 	 H: K:G>�86� , :6 Q JC6 7DA6 :C Rn � �: � � � � � � � 	

G:HJAI6
 :C E6GI>8JA6G E6G6 f = σχQ N λ = σ(Q)

2ψ(Q)η |Q|1−α
n
9DC9: σ = ν−

1
p−1 
 FJ:

σ(Q)q

ψ(Q)ηq|Q|(1−α
n
)q
µ

??
x ∈ Rn :Mα,η(σχQ)(x) >

σ(Q)

2ψ(Q)η|Q|1−α
n

??
≤ Cσ(Q)

q
p ,

E:GD
 969D FJ: E6G6 ID96 x :C Q


Mα,η(σχQ)(x) ≥
σ(Q)

ψ(Q)η|Q|1−α
n

>
σ(Q)

2ψ(Q)η|Q|1−α
n

,

A6 9:H><J6A969 6CI:G>DG CDH AA:K6 6

σ(Q)q

ψ(Q)ηq|Q|(1−α
n
)q
µ(Q) ≤ Cσ(Q)

q
p

D
 AD FJ: :H AD B>HBD

µ(Q)
p
q σ(Q)p−1

|Q|(1−α
n
)p

≤ Cψ(Q)ηp.

�HW (µ, ν) :HI6 :C A6 8A6H: Aα,ρ,θ
p,q E6G6 θ ≥ ηp
 AD FJ: 9:BJ:HIG6 � � � � � � � 	 �

"CK:GH6B:CI: 
 HJEDC<6BDH FJ: � � � � � � � 	 H: K:G>�86� )DG JC 6G<JB:CID 9: 9:CH>969 :H
HJ�8>:CI: EGD76G � � � � � � � 	 E6G6 ;JC8>DC:H 68DI696H N 9: HDEDGI: 8DBE68ID :C Rn � ) GD8:�
9:G:BDH 9: B6C:G6 H>B>A6G 6 AD =:8=D :C A6 9:BDHIG68>YC 9:A -:DG:B6 � � � � �� 
 :HID :H
9:H8DBEDC:BDH :A DE:G69DG Mα,η 8DBD HJB6 9: DE:G69DG:H AD86A N <AD76A
 9DC9:

(Mα,η)loc(f)(x) =Mα,η(fχQ(x,ρ(x)))(x) y

(Mα,η)glob(f)(x) =Mα,η(fχQc(x,ρ(x)))(x)

N EGD76G:BDH FJ: 8696 JCD :H 68DI69D 9: Lp(ν) 6 Lq,∞(µ)� �: A6 (7H:GK68>YC � � � � ��
G:HJAI6 FJ: :M>HI: η0 ≥ 0 I6A FJ: (Mα,η)glob :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ) E6G6
η ≥ η0 N EDG AD I6CID H: K:G>�86 A6 8DGG:HEDC9>:CI: 9:H><J6A969 I>ED 9V7>A �
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)GDEDH>8>YC � � )6G6 8696 j 
 8DCH>9:G6BDH Ij = {k : Qk

?
Qj ?= ∅}�
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j
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6H:<JG69D 6 E6GI>G 9:A -:DG:B6 � � � � � � � �HW
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ˆ
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 CJ:HIGD EGDEYH>ID :H D7I:C:GADH E6G6
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 Mα,ηf ≤ML logL,α,ηf
N EDG AD I6CID CD ED9:BDH 6H:<JG6G FJ: A6H 8DC9>8>DC:H :M><>96H 6 ADH E:HDH µ, ν :C :A
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B6M>B6A:H ;G688>DC6G>DH , 8=GZ9>C<:GMα?,η? 
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.
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ˆ
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 5 	 D7I>:C: 
 H ><J>:C9D A6H >9:6H 9: � � � GJO .G>7: N �� �>DG:CO6

A6 H><J>:CI: 9:H><J6A969 BD9JA6G EJCID AWB>I: 8DC JC E:HD E6G6 :A DE:G69DG B6M>B6A
;G688>DC6G>D (GA>8O � , 8=GZ9>C<:G�

!(13(/$ � � � � �	� )��* �+.9 α� 0 ≤ α < n� B(t) = t log(e+ t) C ω ∈ Aρ,∞
1 � 6?/19 /B3=>/8

-9 8=>+8>/ = C > 0 C η0 ≥ 0 >+ 6 ;?/ :+<+ >9.9 t > 0

Φ (ω ({x ∈ Rn :ML logL,α,ηf(x) > t})) ≤ C
ˆ

Rn
B

?
f(x)

t

?
hΦ(ω(x))dx

:+<+ >9.9 η ≥ η0� .9 8./ Φ(t) = t1−
α
n

log(e+t
α
n )
�

'J:HIGD D7 ?:I>KD :H :MI:C9:G :A G:HJAI69D 9: %>C -6C< 6 9DH E:HDH � �C E6GI>8JA6G
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!(13(/$ � � � � �
 � "?:981+79 = ;?/ α� 0 ≤ α < n� 1 ≤ q < ∞ C B(t) = t log(e + t)� "/+
(µ, ν) ?8 :+< ./ :/ =9 = /8 Aα,ρ,∞

1,q � / 8>9 8-/ = /B3=>/8 -9 8=>+8>/ = C > 0 C η0 ≥ 0 >+ 6 ;?/ :+<+
>9.9 t > 0

Φ0

?
(µ ({x ∈ Rn :ML logL,α,ηf(x) > t}))

1
q

?
≤ C
ˆ

Rn
B

?
f(x)

t

?
hΦ0(ν(x))dx.

:+<+ >9.9 η ≥ η0� .9 8./ Φ0(t) =
t

log(e+t)
�

)6G6 EGD76G CJ:HIGD G:HJAI69D
 C:8:H>I6BDH :A H><J>:CI: %:B6 :A 8J6A 9:BDHIG6BDH
JH6C9D JC6 696EI68>YC 9: A6H IV8C>86H 6EA>8696H E6G6 EGD76G :A %:B6 � � � � :C 4 � 
 5 �

�(/$ � � � � �� � �+.+ ?8+ 0?8- 3I8 f 89 8/1+>3@+ 69-+ 67/8>/ 38>/1<+, 6/ C α� 0 ≤ α < n�
=?:981+79 = ;?/ :+<+ +61?8+ 0?8- 3I8 ./ '9?81 B � ?8+ ,9 6+ Q = Q(x, r) C t > 0 =/ @/<3�-+

ψ(Q)−η|Q|αn ?f?B,Q > t,

.98./ ψ(Q) =
?
1 + r

ρ(x)

?
� �8>9 8-/ = /B3=>/ ?8 -?,9 .3E.3-9 P >+ 6 ;?/ Q ⊂ 3P C ?8+

-9 8=>+8>/ :9 =3>3@+ C >+ 6 ;?/ �

ψ(P )
− η

N0+1 |P |αn ?f?B,P > Ct.

�/79 =><+- 3I8� ,:6 Q = Q(x, r) JC6 7DA6 :C Rn N k ∈ Z I6A FJ: 2k−1 < 2r ≤ 2k � �H 8A6GD
FJ: :M>HI:C 8J7DH 9>T9>8DH P1, P2, ....., PN 
 1 ≤ N ≤ 2n 
 9: A69D 2k 
 FJ: 8DGI6C 6A >CI:G>DG
9: Q� �69D FJ:
 E6G6 ID9D j 
 |Q| ≤ |Pj | N Pj 8DGI6 6A >CI:G>DG 9: Q G:HJAI6 Q ⊂ 3Pj � &TH
6[C |Q| ∼= |Pj |�

�C K>GIJ9 9: A6 =>EYI:H>H �
????
ψ(Q)−η|Q|αn f

t

????
B,Q

> 1.

%J:<D EDG 9:�C>8>YC 9: CDGB6 B:9>6 9: %JM:B7JG<D G:HJAI6

1 <
1

|Q|

ˆ

Q

B

?
ψ(Q)−η|Q|αn |f(x)|

t

?
dx ≤

N?

j=1

1

|Q|

ˆ

Pj

B

?
ψ(Q)−η|Q|αn |f(x)|

t

?
dx.

�C 8DCH:8J:C8>6
 :M>HI: JC 8J7D 9>T9>8D P = P (xP , rP )
 P = Pj E6G6 6A<[C j 
 j = 1, ..., N
I6A FJ:

1

|Q|

ˆ

P

B

?
ψ(Q)−η|Q|αn |f(x)|

t

?
dx >

1

N
>

1

2n
,

N EDG AD I6CID
 I:C>:C9D :C 8J:CI6 FJ: |Q| > |P |
2n

 G:HJAI6


1 <
22n

|P |

ˆ

P

B

?
ψ(Q)−η|Q|αn |f(x)|

t

?
dx. � � � � � ��	
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 : A =:8=D FJ: r > rP
2
N

Q ⊂ 3P H: D7I>:C:

ψ(Q) = 1 +
r

ρ(x)
≥ 1 +

1

2
rP C

−1
0

√
n
− N0

N0+1
1

ρ(xP )

?
1 +

d(x, xP )

ρ(xP )

?− N0
N0+1

≥ 1 + C
rP
ρ(xP )

?
1 +

3rP
ρ(xP )

?− N0
N0+1

≥ 1 + C
rP
ρ(xP )

?
1 +

rP
ρ(xP )

?− N0
N0+1

≥
?
1 +

rP
ρ(xP )

?− N0
N0+1

+ C
rP
ρ(xP )

?
1 +

rP
ρ(xP )

?− N0
N0+1

≥
?
1 +

rP
ρ(xP )

?− N0
N0+1

?
1 + C

rP
ρ(xP )

?

≥ C
?
1 +

rP
ρ(xP )

? 1
N0+1

≥ Cψ(P )
1

N0+1

�=DG6
 JH6C9D :HI6 [AI >B6 9:H><J6A969
 :A =:8=D FJ: B :H 8G:8>:CI: N 8DCK:M6 N G:8DG�
96C9D FJ: |Q| ≤ |P |
 A6 9:H><J6A969 � � � � �� CDH 8DC9J8: 6

1 <
22n

|P |

ˆ

P

B

?
ψ(Q)−η|Q|αn |f(x)|

t

?
dx

≤ 1

|P |

ˆ

P

B

?
C22nψ(P )

− η
N0+1 |P |αn |f(x)|
t

?
dx.

�HID :H 

?????
C ψ(P )

− η
N0+1 |P |αn f
t

?????
B,P

> 1,

D :FJ>K6A:CI:B:CI: 


ψ(P )
− η

N0+1 |P |αn ?f?B,P >
t

C
,

9DC9: C :H JC6 8DCHI6CI: C = C(C0, N0, n)
 FJ: :H AD FJ: FJ:GW6BDH EGD76G�

�/79 =><+- 3I8 ./ 6 #/9 </7+ � � 	� ��� )GD76G:BDH :A -:DG:B6 E6G6 f ≥ 0 68DI696 N 9: HD�
EDGI: 8DBE68ID :C Rn � � A 86HD <:C:G6A H: H><J: 6IG6KVH 9: JC 6G<JB:CID 9: 9:CH>969�
)6G6 t > 0 9:�C>BDH

Et = {x ∈ Rn :ML logL,α,ηf(x) > t} .



� � � �8DI68>YC 8DC 9DH E:HDH E6G6 DE:G69DG:H
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, > t :H I6A FJ: Et :H K68WD
 CD =6N C696 FJ: EGD76G� �C DIGD 86HD E6G6 8696 x :C Et :M>HI:
JC6 7DA6 Qx FJ: 8DCI>:C: 6 x I6A FJ:

ψ(Qx)
−η|Qx|

α
n ?f?B,Qx > t.

%J:<D
 EDG %:B6 � � � � �� 
 :M>HI: JC 8J7D 9>T9>8D Px I6A FJ: Qx ⊂ 3Px N JC6 8DCHI6CI: C
I6A FJ:

ψ(Px)
− η

N0+1 |Px|
α
n ?f?B,Px > Ct . � � � � � �� 	

�HW D7I:C:BDH JC 8J7G>B>:CID CJB:G67A: 9: Et 
 {3Px}x∈Et 
 9:A FJ: ED9:BDH :MIG6:G JC6
HJ78J7G>B>:CID {3Pj}j I6A FJ: ADH {Pj}j HDC 9>H?JCIDH � �C :;:8ID
 969D FJ: 9DH 8J7DH
9>T9>8DH HDC 9>H?JCIDH D 7>:C JCD :HI6 8DCI:C>9D 9:CIGD 9:A DIGD
 6<GJE6BDH 6 ADH 8J7DH
9>T9>8DH {Px} :C 869:C6H 9: >C8AJH>YC N EGD76G:BDH FJ: 8696 869:C6 I>:C: JC :A:B:CID
B6M>B6A� �HIDH B6M>B6A:H CDH 96GTC :A HJ78J7G>B>:CID 7JH869D�

�69D FJ: f :H 68DI696 N 9: HDEDGI: 8DBE68ID :C Rn H: I >:C:

?f?B,Px ≤ ?f?L∞
1

B−1
?

|Px|
|Px

?
sopf |

? . � � � � � �� 	

�C :;:8ID


1

|Px|

ˆ

Px

B

? |f(y)|
λ

?
dy ≤ 1

|Px|

ˆ

Px
?
sopf

B

??f?∞
λ

?
dy

≤ 1

|Px|

ˆ

Px

B

?
χPx

?
sopf (y)
λ

?f?∞

?
dy,

AD FJ: EGJ:76
?f?B,Px ≤ ?f?L∞?χPx?

sopf?B,Px .

E:GD
 969D FJ: ?χPx ?
sopf?B,Px = 1

B−1( |Px|
|Px

?
sopf |)


 H: D7I>:C: A6 9:H><J6A969 � � � � � �� 	 � �C�

IDC8:H 
 9: � � � � � �� 	 N � � � � � �� 	 
 G:HJAI6

Ct < ψ(Px)
− η

N0+1 |Px|
α
n ?f?B,Px

≤ ψ(Px)−
η

N0+1 |Px|
α
n ?f?L∞

1

B−1
?

|Px|
|Px∩sopf |

?

≤ ?f?L∞

?
|Px|

|Px∩sopf |

?α
n

B−1
?

|Px|
|Px∩sopf |

? |Px ∩ sopf |
α
n .

)DG AD I6CID
 H > ADH 8J7DH 9>T9>8DH Px CD I>:C:C I6B6XD 68DI69D
 I:C>:C9D :C 8J:CI6 FJ:
lim
t→∞

B(t)

t
n
α

= 0
 =68>:C9D |Px| → ∞ :C A6 9:H><J6A969 6CI:G>DG AA:<6BDH 6 JC6 8DCIG69>88>YC�

�HID 9:BJ:HIG6 FJ: 8696 869:C6 I>:C: JC :A:B:CID B6M>B6A� , :6 {Pj}j A6 HJ78DA:88>YC
9>H?JCI6 B6M>B6A� �696 Pj K:G>�86 � � � � � �� 	 
 :HID :H 


?????
ψ(Pj)

− η
N0+1 |Pj |

α
n f
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?????
B,Pj

> 1.
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1

|Pj |

ˆ

Pj

B

?
ψ(Pj)

− η
N0+1 |Pj |

α
n f(y)

Ct

?
dy

≤ 3n

|3Pj |
hB

? |Pj |
α
n

C

?
ˆ

Pj

B

?
ψ(Pj)

− η
N0+1 f(y)

t

?
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|3Pj |
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? |Pj |
α
n

C

?
B
?
ψ(Pj)

− η
N0+1

? ˆ

Pj

B

?
f(y)

t

?
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−1) hB

?
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α
n

?

|3Pj |ψ(3Pj)
η

N0+1

ˆ

Pj

B

?
f(y)

t

?
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≤ C
hB

??
|3Pj |ψ(3Pj)

η
N0+1

?α
n

?

|3Pj |ψ(3Pj)
η

N0+1

ˆ

Pj

B

?
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t

?
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≤ C 1

Φ0

??
|3Pj |ψ(3Pj)

η
N0+1

?1−α
n

?
ˆ
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B

?
f(y)

t

?
dy, � � � � � �
 	

9DC9:
 :C A6 [AI >B6 9:H><J6A969
 H: =6 JH69D FJ: hB(t
α
n )

t
∼= 1

Φ0(t
1−α

n )
� �HI6 :HI >B68>YC
 H:

H><J: 9:A =:8=D FJ: E6G6 8696 p > 0
 log(e+ tp) ∼= 1 + log+ t
 :C :;:8ID

hB(t
α
n )

t
∼= t

α
n log(e+ t

α
n )

t

∼= log(e+ t
α
n )

t1−
α
n
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α
n )

t1−
α
n

∼= 1

Φ0(t
1−α

n )
. � � � � � �� 	

�=DG6 7>:C
 969D FJ: Et ⊂
?
j
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1
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
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j
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?

j

Φ0

?
µ(3Pj)

1
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?
.
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ˆ
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
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1
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
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)DG [AI >BD
 I:C>:C9D :C 8J:CI6 FJ: :A E6G 9: E:HDH (µ, ν) :HIT :C Aα,ρ,θ
1,q 
 E6G6 6A<[C θ ≥ 0

N hΦ0 :H 8G:8>:CI: N 9JEA>86CI: � K:G %:B6 � � � � �� N (7H:GK68>YC � � � � �� 	 IDB6C9D η I6A FJ:
η ≥ θ(N0 + 1) n

n−α
= η0 
 G:HJAI6

Φ0(µ(Et)
1
q ) ≤ C

?

j

hΦ0

?
C ı́nf

3Pj
ν

?
ˆ

Pj

B

?
f(y)

t

?
dy

≤ C
?

j

ˆ

Pj

B

?
f(y)

t

?
hΦ0

?
ı́nf
3Pj
ν

?
dy

≤ C
?

j

ˆ
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B

?
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t

?
hΦ0 (ν(y)) dy
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ˆ
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B

?
f(y)

t

?
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FJ: :H :A G:HJAI69D FJ: 7JH8T76BDH�

 ,=/<@+- 3I8 � � � � �� � 'J:HIGD G:HJAI69D � -:DG:B6 � � � � �� 	 :MI>:C9: :A G:HJAI69D 9: %>C -6C<
� -:DG:B6 � � � � ��	 6 9DH E:HDH 
 :C :;:8ID
 H:6C 0 ≤ α < n N ω ∈ Aρ,∞

1 
 6HW :M>HI: θ1 ≥ 0 I6A
FJ: ω ∈ Aρ,θ1

1 � %J:<D
 E6G6 ID96 7DA6 Q 9: Rn H: K:G>�86

?
ω(Q)

|Q|

?1−α
n

C ≤ ψ(Q)θ1(1−α
n
) ı́nf
Q
ω1−α

n .

%D FJ: 9:BJ:HIG6 FJ: :A E6G 9: E:HDH (ω, ω1−α
n ) E:GI:C:8: 6 Aα,ρ,θ

1, n
n−α

E6G6 θ ≥ θ1(1− α
n
) N


EDG AD I6CID
 :C Aα,ρ,∞
1, n

n−α
� �C 8DCH:8J:C8>6
 :HI6BDH :C 8DC9>8>DC:H 9: 6EA>86G :A -:DG:B6

� � � � �� E6G6 q = n
n−α

� �HW
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?
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?
hΦ0(ω
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E6G6 η ≥ η0 � ):GD Φ0(t
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α
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= Φ(t),
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n ) = sup
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8>DC6G>6 ,8=GZ9>C<:G Mα,η � )6G6 EG:H:CI6G CJ:HIGD G:HJAI69D
 >CIGD9J8>BDH A6 H><J>:CI:
8A6H: 9: E6G:H 9: E:HDH �

�(�0,&,>0 � � � � � � ,:6C 1 < p ≤ q <∞
 0 ≤ α < n N τ ≥ 0� � >G:BDH FJ: :A E6G 9: E:HDH
(µ, ν) :HI6 :C A6 8A6H: Mα,ρ,τ

p,q 
 H > :M>HI: JC6 8DCHI6CI: C ≥ 0 I6A FJ: E6G6 ID96 7DA6 Q 9:
Rn H: I >:C: � ?

ˆ

Q

Mα,τ (σχQ)
qµdx

? 1
q

≤ C
?
ˆ

Q

σdx

? 1
p

<∞,

9DC9: σ = ν1−p? �
�9:BTH 9:�C>BDH A6 8A6H: Mα,ρ,∞

p,q 8DBD A6 JC>YC HD7G: τ ≥ 0 9: A6H 8A6H:H Mα,ρ,τ
p,q 
 :HID :H

Mα,ρ,∞
p,q =

?
τ≥0M

α,ρ,τ
p,q �

�=DG6 ED9:BDH :CJC8>6G CJ:HIGD I:DG:B6�

!(13(/$ � � � � � � "/+8 1 < p ≤ q <∞� 0 ≤ α < n C (µ, ν) ?8 :+< ./ :/ =9 =� �+= =31?3/8>/ =
+�<7+- 39 8/ = =9 8 /;?3@+ 6/8>/ =

(µ, ν) ∈ Mα,ρ,∞
p,q .� � � � � �	

∃C > 0, η0 ≥ 0,

?
ˆ

Rn
(Mα,ηf)

qµdx

? 1
q

≤ C
?
ˆ

Rn
|f |pνdx

? 1
p

, ∀η ≥ η0.� � � � � � 	

 ,=/<@+- 3I8 � � � � � � 'DI6G FJ: � � � � � �	 >BEA>86 FJ: :A E6G 9: E:HDH (µ, ν) :HI6 :C A6 8A6H:
Aα,ρ,∞

p,q � �C :;:8ID
 H:6C (µ, ν) JC E6G 9: E:HDH :C A6 8A6H: Mα,ρ,∞
p,q 
 AJ:<D :M>HI:C τ, C ≥ 0

I6A FJ: E6G6 ID96 7DA6 Q 9: Rn

?
ˆ

Q

Mα,τ (σχQ)
qµdx

? 1
q

≤ C
?
ˆ

Q

σdx

? 1
p

.

�: 6FJW ;T8>AB:CI: H: H><J: FJ:

?
ψ(Q)−τq|Q|(αn−1)qσ(Q)qµ(Q)

? 1
q ≤ C

?
ˆ

Q

σdx

? 1
p

,

FJ: :H :FJ>K6A:CI: 6

|Q|(αn−1)pσ(Q)p−1µ(Q)
p
q ≤ Cψ(Q)τp.

�HW (µ, ν) :HIT :C Aα,ρ,θ
p,q 
 E6G6 θ ≥ τp N
 EDG AD I6CID
 :C Aα,ρ,∞

p,q �

�/79 =><+- 3I8� �A6G6B:CI: � � � � � � 	 >BEA>86 � � � � � �	 
 76HI6 8DC HJHI>IJ>G :C � � � � � � 	 f EDG
σχQ 
 9DC9: Q :H JC6 7DA6 9: Rn �

"CK:GH6B:CI: 
 HJEDC<6BDH FJ: � � � � � �	 H: 8JBEA: � )GD76G:BDH � � � � � � 	 E6G6 f ≥ 0
68DI696 N 9: HDEDGI: 8DBE68ID :C Rn � � A 86HD <:C:G6A H: H><J: 6IG6KVH 9: JC 6G<JB:CID



�
 �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

9: 9:CH>969� �DBD :C A6 9:BDHIG68>YC 9:A -:DG:B6 � � � � �� 
 9:H8DBEDC:BDH :A DE:G69DG
Mα,η 8DBD HJB6 9:A DE:G69DG <AD76A N AD86A 9:�C>9DH EDG

(Mα,η)loc(f)(x) =Mα,η(fχQx)(x)

(Mα,η)glob(f)(x) =Mα,η(fχQc
x
)(x),

9DC9: Qx = Q(x, ρ(x)) 9:CDI6 A6 7DA6 8GWI >86 8:CIG696 :C x� ) GD76G:BDH FJ: 8696 JCD
9: :AADH :H JC DE:G69DG 68DI69D 9: Lp(µ) 6 Lq(ν).

�: A6 (7H:GK68>YC � � � � � G:HJAI6 FJ: � � � � � �	 >BEA>86 FJ: :A E6G 9: E:HDH (µ, ν) :H�
IT :C A6 8A6H: Aα,ρ,∞

p,q N
 :C 8DCH:8J:C8>6 :M>HI:C 8DCHI6CI:H C1 > 0 N η1 ≥ 0 I6A FJ:
?(Mα,η)glob?Lq(µ) ≤ C1?f?Lp(ν) E6G6 η ≥ η1 � K:G (7H:GK68>YC � � � � �� 	 � )6G6 :A 86HD 9:A
DE:G69DG AD86A
 CDI:BDH FJ:

(Mα,η)locf(x) =Mα,η(fχQx)(x)

= sup
x∈Q(x0,r)

ψ(Q)−η 1

|Q|1−α
n

ˆ

Q

|fχQx(y)|dy

≤ sup
x∈Q(x0,r)

1

|Q|1−α
n

ˆ

Q
?
Qx

|f(y)|dy.

�CIDC8:H 
 E6G6 :A 8TA8JAD 9: A6 B6M>B6A AD86A H:GT HJ�8>:CI: 8DC IDB6G 8J7DH 9: G69>D
ρ(x) 8DBD BTM>BD� �C :;:8ID
 H > x ∈ Q = Q(x0, r) 8DC r > ρ(x) AJ:<D


1

|Q|1−α
n

ˆ

Q
?
Qx

|f(y)|dy < 1

|Qx|1−
α
n

ˆ

Qx

|f(y)|dy.

�HW I:C:BDH

(Mα,η)locf(x) ≤ sup
x∈Q(x0,r)
r≤ρ(x)

1

|Q|1−α
n

ˆ

Q
?
Qx

|f(y)|dy .= Mα,ρf(x). � � � � � �	

�=DG6
 E6G6 k ∈ Z
 9:�C>BDH

Ωk =
?
x ∈ Rn : 2k < Mα,ρf(x) ≤ 2k+1

?
.

�CIDC8:H 
 E6G6 8696 x ∈ Ωk 
 :M>HI: JC 8J7D Qx,k 9: G69>D r ≤ ρ(x)
 FJ: 8DCI>:C: 6 x

E6G6 :A 8J6A H: K:G>�86

1

|Qx,k|1−α
n

ˆ

Qx,k
?
Qx

|f(y)|dy > 2k.

%J:<D
 EDG :A %:B6 � � � � �� 
 H67:BDH FJ: :M>HI: JC 8J7D 9>T9>8D P x,k I6A FJ: Qx,k ⊂ 3P x,k

N |P x,k| ∼= |Qx,k| E6G6 :A 8J6A H: K:G>�86

1

|P x,k|1−α
n

ˆ

Px,k

|f(y)|dy > C 2k, � � � � � � 	

E6G6 6A<JC6 8DCHI6CI: C � �HW D7I:C:BDH JC 8J7G>B>:CID CJB:G67A: 9: Ωk 
 {3P x,k}x∈Ωk



9:A FJ: 
 H ><J>:C9D JC G6ODC6B>:CID H>B>A6G 6A 9: A6 EGJ:76 9:A -:DG:B6 � � � � �� 
 ED9:BDH



� � � �DC9>8>DC:H 9: I>ED ,6LN:G HD7G: ADH E:HDH ��

:MIG6:G JC6 HJ78J7G>B>:CID {3P k
j } I6A FJ: ADH {P k

j } HDC 9>H?JCIDH � %J:<D
 Ωk ⊂
?

j 3P
k
j

N 8696 P k
j K:G>�86 A6 9:H><J6A969 � � � � � �

�:�C>BDH A6 H><J>:CI: E6GI>8>YC 9: Ωk

Ek
1 = 3P k

1

?
Ωk

Ek
2 =

?
3P k

2 \3P k
1

??
Ωk

. . .

Ek
j =

?
3P k

j \
j−1?

i=1

3P k
i

??
Ωk

%J:<D
 E6G6 ID9D k ∈ Z Ωk =
?̇∞

j=1
Ek
j � �HW
 9: A6 9:H><J6A969 � � � � � �	 
 9: A6 9:�C>8>YC 9:

ADH Ω?
ks N A6 9:H><J6A969 � � � � � � 	 
 G:HJAI6
ˆ

Rn
(Mα,η)locf(x)

q µ(x)dx

≤
?

k

ˆ

Ωk

(Mα,ρ)f(x)
q µ(x)dx

≤ 2q
?

j,k

µ(Ek
j )2

kq

≤ 2qC−q
α,n

?

j, k

µ(Ek
j )

?
1

|P k
j |1−

α
n

ˆ

P k
j

|f(y)|dy
?q

≤ 2qC−q
α,n3

(n−α)q
?

j, k

µ(Ek
j )

?
1

|3P k
j |1−

α
n

ˆ

3P k
j

σ(y)dy

?q


´

P k
j
| f
σ
(y)|σ(y)dy

´

3P k
j
σ(y)dy




q

= C(α, n, q)

ˆ

X

T

?
f

σ

?q

dω.

9DC9: X :H :A :HE68>D NX Z
 8DC A6 B:9>96 ω 9696 EDG

ω(j, k) = µ(Ek
j )

?
1

|3P k
j |1−

α
n

ˆ

3P k
j

σ(y)dy

?q

.

N
 E6G6 ID96 ;JC8>YC CD C:<6I>K6
 B:9>7A: h
 : A DE:GI69DG T :HIT 9:�C>9D EDG

Th(j, k) =

´

P k
j
hσdx

´

3P k
j
σdx

.

�H 8A6GD FJ: H> T :H JC DE:G69DG 68DI69D 9: Lp(Rn, σ) 6 Lq(X,ω)
 :CIDC8:H

ˆ

Rn
(Mα,η)locf

qµ ≤ C
ˆ

X

T

?
f

σ

?q

ω



�� �8DI68>YC 8DC 9DH E:HDH E6G6 (E:G69DG:H &6M>B6A:H�, 8=GZ9>C<:G

≤ C
?
ˆ

Rn

?
f

σ

?p

σ

? q
p

= C

?
ˆ

Rn
f p ν

? q
p

,

AD 8J6A >BEA>86 A6 9:H><J6A969 � � � � � � 	 � /:6BDH FJ:
 :;:8I>K6B:CI: 
 AD :H � �C EG>B:G AJ<6G

T :H JC DE:G69DG 68DI69D :C L∞ :C :;:8ID
 EJ:H H> h ∈ L∞(σ) G:HJAI6

|Th(j, k)| ≤
´

P k
j
|h|σdx

´

3P k
j
σdx

≤ ?h?L∞(σ)

σ(P k
j )

σ(3P k
j )

≤ ?h?L∞(σ).

E6G6 ID96 (j, k) :C X � %J:<D

?Th?L∞(ω) ≤ ?h?L∞(σ).

%J:<D
 EDG :A -:DG:B6 9: "CI:GEDA68>YC 9: &6G8>C@>:L>8O H:GT HJ�8>:CI: EGD76G FJ: T :H
9: I>ED 9V7>A (1, q

p
)� )6G6 :AAD 8DCH>9:G6BDH h 68DI696 N 9: HDEDGI: 8DBE68ID�

)6G6 λ > 0 N N ∈ N
 H:6C

Fλ = {(j, k) ∈ X : Th(j, k) > λ} y,

FN
λ = {(j, k) ∈ Fλ : 1 ≤ j ≤ N ∧ −N ≤ k ≤ N} .

�A6G6B:CI: FN
λ ? Fλ 
 E6G6 N → ∞� �69D FJ:
 EDG � � � � � �	 
 : A E6G 9: E:HDH (µ, ν) :HIT

:C A6 8A6H: Mα,ρ,∞
p,q 
 :M>HI: τ ≥ 0 I6A FJ: (µ, ν) ∈ Mα,ρ,τ

p,q 
 AJ:<D

ω(FN
λ ) =

?

(j,k)∈FN
λ

ω(j, k)

=
?

(j,k)∈FN
λ

µ(Ek
j )

?
1

|3P k
j |1−

α
n

ˆ

3P k
j

σ

?q

=
?

(j,k)∈FN
λ

ˆ

Ek
j

?
1

|3P k
j |1−

α
n

ˆ

3P k
j

σ

?q

µ(x) dx

=
?

(j,k)∈FN
λ

ψ(3P k
j )

τq

ˆ

Ek
j

?
ψ(3P k

j )
−τ

|3P k
j |1−

α
n

ˆ

3P k
j

σχ3P k
j

?q

µ(x) dx

≤ C
?

(j,k)∈FN
λ

ˆ

Ek
j

Mα,τ (σχ3P k
j
)qµ dx,

9DC9:
 :C A6 [AI >B6 9:H><J6A969
 H: =6 JH69D FJ: ψ(3P k
j )
∼= C 9DC9: C :H JC6 8DCHI6CI:

>C9:E:C9>:CI: 9: j N k � �HID K6A: EDGFJ: H>:C9D P k
j = Q(xkj , r

k
j ) JC 8J7D 9>T9>8D I6A



� � � �DC9>8>DC:H 9: I>ED ,6LN:G HD7G: ADH E:HDH ��

FJ: 3P k
j 8DCI>:C: 6A B:CDH JC 8J7D 8GWI >8D Qx 8DC x ∈ Ωk N FJ:
 EDG 8DCHIGJ88>YC H:

K:G>�86 FJ: rkj ≤ 2ρ(x)
 G:HJAI6 FJ: :A 8J7D 8GWI >8D 9>A6I69D 6Qx 8DCI>:C: 6 3P k
j � �C

8DCH:8J:C8>6
 9: A6 )GDEDH>8>YC �
 ρ(xkj ) ∼= ρ(x) 8DC 8DCHI6CI:H >C9:E:C9>:CI:H 9: j N k 

AD FJ: 9:BJ:HIG6 CJ:HIG6 6�GB68>YC�

�69D FJ: FN
λ I >:C: JC6 86CI>969 �C>I6 9: :A:B:CIDH 
 :M>HI: JC6 HJ78DA:88>YC 9>H?JCI6

B6M>B6A {Pi} 9: {P k
j : (j, k) ∈ FN

λ }� �9:BTH
 I:C>:C9D :C 8J:CI6 FJ: ADH 8DC?JCIDH Ek
j

HDC 9>H?JCIDH 9DH 6 9DH N Ek
j ⊂ 3P k

j E6G6 ID9D j, k N EDG AD I6CID
?

(j,k)∈FN
λ

P k
j ⊂Pi

Ej,k ⊂ 3Pi 


G:HJAI6

ω(FN
λ ) ≤ C

?

i

?

(j,k)∈FN
λ

P k
j ⊂Pi

ˆ

Ek
j

Mα,τ (σχ3P k
j
)qµ dx ≤ C

?

i

ˆ

3Pi

Mα,τ (σχ3Pi)
qµ dx.

�69D FJ: :A E6G 9: E:HDH (µ, ν) :HI6 :C A6 8A6H: Mα,ρ,τ
p,q G:HJAI6

ω(FN
λ ) ≤ C

?

i

?
ˆ

3Pi

σ dx

? q
p

.

)6G6 8696 i
 Pi = P k
j E6G6 6A<[C (j, k) ∈ FN

λ � )DG AD I6CID
 EDG 9:�C>8>YC 9: F
N
λ 
 I:C>:C9D

:C 8J:CI6 FJ: ADH P ?
is HDC 9>H?JCIDH N

q
p
≥ 1 G:HJAI6

ω(FN
λ ) ≤ C

?

i

?
1

λ

ˆ

Pi

h σ

? q
p

≤ C
??

i

1

λ

ˆ

Pi

h σ

? q
p

≤ C
?
1

λ

ˆ

Rn
h σ

? q
p

.

�>C6AB:CI: 
 =68>:C9D N →∞
 H: D7I>:C: FJ: T :H 9V7>A (1, q
p
) N
 :C 8DCH:8J:C8>6 (Mα,η)loc

:H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ)�
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�C :A 86EWIJAD 6CI:G>DG =:BDH 9:�C>9D A6 B6M>B6A , 8=GZ9>C<:GMη N A6 B6M>B6A H=6GE
,8=GZ9>C<:G M?

η � �FJW K6BDH 6 EGD76G 8DC:M>DC:H :CIG: :AA6H 6 IG6KVH 9: 9:H><J6A969:H
9: I>ED �:�:GB6C�, I:>C 
 :HID :H G:A68>DC:H 6 IG6KVH 9: CDGB6H ;J:GI:H N 9V7>A:H � QHI6H
?J:<6C JC >BEDGI6CI: E6E:A E6G6 EGD76G G:HJAI69DH 9: 68DI68>YC 8DC 9DH E:HDH E6G6 A6
>CI:<G6A ;G688>DC6G>6 ,8=GZ9>C<:G N HJ 8DCBJI69DG�

'J:HIG6H 9:H><J6A969:H 
 :C G:6A>969
 BJ:HIG6C JC6 G:A68>YC :CIG: K:GH>DC:H A><:G6B:CI:
BTH <:C:G6A:H 9: A6H B6M>B6A:H 8>I696H � &TH EG:8>H6B:CI: :CIG: ADH DE:G69DG:H

Mδ,ηf(x) =Mη(|f |δ)
1
δ (x)

M?
δ,ηf(x) =M?

η(|f |δ)
1
δ (x),

8DC δ, η > 0 N f ∈ L1
loc(Rn)� �;:8I>K6B:CI: 
 8DC :HI6 CDI68>YC I:C:BDH

!(13(/$ � � � � � � �/=31?+6.+. 0?/<>/ ./ �/�/<7+8�">/ 38�
"/+8 0 < q, δ, η <∞� δ < q� µ ?8 :/=9 /8 Aρ,loc

∞ /8>9 8-/ = /B3=>/ ?8+ -9 8=>+8>/ C > 0 >+ 6
;?/ � :+<+ >9.+ g /8 L1

loc(Rn)

ˆ

Rn
Mδ,η g(x)

qµ(x)dx ≤ C
ˆ

Rn
M?

δ,ηg(x)
qµ(x)dx.

!(13(/$ � � � � � � �/=31?+6.+. .G, 36 ./ �/�/<7+8�">/ 38�
"/+8 η ≥ 0� 0 < δ ≤ 1� "3 µ / = ?8 :/=9 /8 Aρ,loc

∞ C φ : (0,∞) → (0,∞) ?8+ 0?8- 3I8
-</- 3/8>/ C .?:63-+8>/ � /8>9 8-/ = /B3=>/ ?8+ -9 8=>+8>/ :9 =3>3@+ C >+ 6 ;?/

sup
λ>0
φ(λ)µ ({x ∈ Rn :Mη,δf(x) > λ}) ≤ Csup

λ>0
φ(λ)µ

??
x ∈ Rn :M?

η,δf(x) > λ
??

:+<+ >9.+ f ∈ L1
loc(Rn)�



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

 ,=/<@+- 3I8 � � � � � � %6 9:H><J6A969 ;J:GI: 9: �:�:GB6C�, I:>C 
 ;J: EGD7696 9: 6A<JC6 B6�
C:G6 EDG �DC<>D6CC>
 !6G7DJG: N �67G6A � -:DG:B6 �
 4 �5 	 
 6JCFJ: 8DC JC BVID9D 9>HI >CID�
)DG DIGD A69D
 % >C -6C< D7I>:C: A6H 8DGG:HEDC9>:CI:H K:GH>DC:H 9>T9>86H 9: :HI6H 9:H><J6A�
969:H 
 8DC 8DC9>8>DC:H BTH :M><:CI:H HD7G: :A E:HD µ
 BTH EG:8>H6B:CI: 8DCH>9:G6 6
µ ∈ Aρ,∞

∞ � �DGDA6G>D � � � 
 4 �
 5 	 �

)6G6 EGD76G :A -:DG:B6 � � � � � 
 :H C:8:H6G>D >CIGD9J8>G 6A<JCDH DE:G69DG:H B6M>B6A:H
6JM>A>6G:H � %DH B>HBDH N6 ;J:GDC 8DCH>9:G69DH :C 4 � 5 �

�(�0,&,>0 � � � � 	� ,:6 β > 0
 H: 9:�C:C A6H H><J>:CI:H B6M>B6A:H E6G6 g AD86AB:CI:
>CI:<G67A: :C Rn N x :C Rn

Mρ,βg(x) = sup
x∈Q(y,r)
r≤βρ(y)

1

|Q|

ˆ

Q

|g|.

M ?
ρ,βg(x) = sup

x∈Q(y,r)
r≤βρ(y)

1

|Q|

ˆ

Q

|g − gQ|.

�69D JC 8J7D �?D Q0 ⊂ Rn 
 x ∈ Q0

MQ0g(x) = sup
x∈Q(y,r)
y∈Q0

1

|Q?
Q0|

ˆ

Q
?
Q0

|g|.

M ?
Q0
g(x) = sup

x∈Q(y,r)
y∈Q0

1

|Q?
Q0|

ˆ

Q
?
Q0

|g − gQ?
Q0 |.

'DI6G FJ: H> 8DCH>9:G6BDH g G:HIG>C<>96 6A 8J7D Q0 MQ0g N M
?
Q0
g 8D>C8>9:C 8DC A6H

9:�C>8>DC:H :HITC96G 9: A6 ;JC8>YC B6M>B6A 9: !6G9N�%>II A:LDD9 N A6 ;JC8>YC B6M>B6A
H=6GE :C Q0 
 8DCH>9:G6C9D 6 Q0 8DBD JC :HE68>D 9: I>ED =DBD<VC:D 8DC A6 BVIG>86
JC>;DGB: N A6 B:9>96 9: %:7:H<J: G:HIG>C<>96 6 Q0 �

)6G6 ADH DE:G69DG:H G:8>VC 9:�C>9DH ED9:BDH EGD76G�

�(/$ � � � � 
 � "/+8 1 < p <∞ C µ ?8 :/=9 /8 6+ - 6+=/ Aρ,loc
∞ � / 8>9 8-/ = /B3=>/8 -9 8=>+8>/ =

C > 0� β < 1 C γ > 1 >+ 6 ;?/ =3 {Qk}∞k=1 / = ?8+ -9 6/-- 3I8 ./ ,9 6+= - <H>3-+= ;?/ -?7:6/8
6+= -9 8.3- 39 8/ = ./ 6+ !<9:9 =3- 3I8 � /8>9 8-/ =�

ˆ

Rn
Mρ,βg(x)

pµ(x)dx ≤ C
ˆ

Rn
M ?

ρ,γg(x)
pµ(x)dx + C

?

k

µ(Qk)

?
1

|Qk|

ˆ

2Qk

|g(x)|dx
?p

:+<+ >9.+ g ∈ L1
loc(Rn)�



� � � �:H><J6A969:H 9: I>ED �:�:GB6C�, I:>C � ��

 ,=/<@+- 3I8 � � � � � � �DC<>D6CC>
 !6G7DJG: N ,6A>C6H :C 4 � 5 EGD76GDC :HI: A:B6 :C Rn H>C
E:HDH � %6 9:BDHIG68>YC 9: :HI6 K:GH>YC 8DC E:HDH :H H>B>A6G
 8DC D7K>6H BD9>�868>DC:H 
 6
A6 9696 EDG :AADH �

�=DG6 :HI6BDH :C 8DC9>8>DC:H 9: EGD8:9:G 8DC A6 9:BDHIG68>YC 9: CJ:HIGD EG>B:G
I:DG:B6�

�/79 =><+- 3I8 ./ 6 #/9 </7+ 	� � � � � ,:6C β < 1, γ > 1 A6H 8DCHI6CI:H B:C8>DC696H :C :A
%:B6 � � � � � � %J:<D


ˆ

Rn
Mδ,ηg(x)

qµ(x)dx

=

ˆ

Rn
Mη(|g|δ)(x)

q
δµ(x)dx

=

ˆ

Rn

?
sup

x∈Q(y,r)

1

ψ(Q)η|Q|

ˆ

Q

|g(z)|δdz
? q

δ

µ(x)dx

≤
ˆ

Rn


 sup

x∈Q(y,r)
r≤βρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|g(z)|δ



q
δ

µ(x)dx +

ˆ

Rn


 sup

x∈Q(y,r)
r>βρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|g(z)|δ



q
δ

µ(x)dx

≤
ˆ

Rn
Mρ,β(|g|δ)(x)

q
δµ(x)dx +

ˆ

Rn


 sup

x∈Q(y,r)
r>βρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|g(z)|δ



q
δ

µ(x)dx

.
= I1 + I2.

�CIDC8:H 
 969D FJ:
 EDG =>EYI:H>H 
 µ ∈ Aρ,loc
∞ N δ < q 
 EDG %:B6 � � � � � G:HJAI6

I1 =

ˆ

Rn
Mρ,β(|g|δ)(x)

q
δµ(x)dx

≤ C
?
ˆ

Rn
M ?

ρ,γ(|g|δ)(x)
q
δµ(x)dx +

?

k

µ(Qk)

?
1

|Qk|

ˆ

2Qk

|g(z)|δdz
? q

δ

?

? I1,1 + I1,2.

�=DG6 7>:C


M ?
ρ,γ(|g|δ)(x)

= sup
x∈Q(y,r)
r≤γρ(y)

1

|Q|

ˆ

Q

???|g|δ −
?
|g|δ

?
Q

???



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

≤ sup
x∈Q(y,r)
r<ρ(y)

1

|Q|

ˆ

Q

???|g|δ −
?
|g|δ

?
Q

???+ sup
x∈Q(y,r)

ρ(y)≤r<γρ(y)

1

|Q|

ˆ

Q

???|g|δ −
?
|g|δ

?
Q

???

≤M?
η(|g|δ)(x) + sup

x∈Q(y,r)
ρ(y)≤r<γρ(y)

2

|Q|

ˆ

Q

|g|δ

≤M?
η(|g|δ)(x) + sup

x∈Q(y,r)
ρ(y)≤r<γρ(y)

2ψ(Q)η
1

ψ(Q)η|Q|

ˆ

Q

|g|δ

≤ CM?
η(|g|δ)(x).

%J:<D


I1,1 ≤ C
ˆ

Rn
M?

η(|g|δ)(x)
q
δ µ(x)dx

≤ C
ˆ

Rn
M?

δ,ηg(x)
qµ(x)dx.

)6G6 :HI>B6G I1,2 I:C>:C9D :C 8J:CI6 FJ: A6H 7DA6H Qk I >:C:C HDA6E6B>:CID 8DCIGDA69D N

ψ(2Qk) :H JC6 8DCHI6CI: E6G6 ID9D k 
 G:HJAI6

I1,2 ≤ C
?

k

µ(Qk)

?
1

|2Qk|ψ(2Qk)η

ˆ

2Qk

|g(z)|δdz
? q

δ

≤ C
?

k

ˆ

Qk

?
1

|2Qk|ψ(2Qk)η

ˆ

2Qk

|g(z)|δdz
? q

δ

µ(x)dx

≤ C
?

k

ˆ

Qk

M?
η(|g|δ)(x)

q
δµ(x)dx

≤ C
?

k

ˆ

Rn
χQk

(x)M?
δ,ηg(x)

qµ(x)dx

≤ C
ˆ

Rn

??

k

χQk
(x)

?
M?

δ,ηg(x)
qµ(x)dx

≤ C
ˆ

Rn
M?

δ,ηg(x)
qµ(x)dx.

�HW
 9: A6H :HI >B68>DC:H 9: I1,1 N I1,2 
 H: H><J: �

I1 ≤ C
ˆ

Rn
M?

δ,ηg(x)
qµ(x)dx

�

/:6BDH I2 � �:CDI6C9D EDG Qy 6A 8J7D 8GWI >8D 8DC 8:CIGD :C N
 I:C:BDH

sup
x∈Q(y,r)
r>βρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|g|δ



� � � �:H><J6A969:H 9: I>ED �:�:GB6C�, I:>C � ��

≤ sup
x∈Q(y,r)

βρ(y)<r<ρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|g|δ + sup
x∈Q(y,r)
r≥ρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|g|δ

≤ sup
x∈Q(y,r)

βρ(y)<r<ρ(y)

|Qy|
|Q|

?
ψ(Qy)

ψ(Q)

?η
1

ψ(Qy)η|Qy|

ˆ

Qy

|g|δ +M?
η(|g|δ)(x)

≤ 1

βn+η
sup

x∈Q(y,ρ(y)

1

ψ(Qy)η|Qy|

ˆ

Qy

|g|δ +M?
η(|g|δ)(x)

≤ CM?
η(|g|δ)(x),

9DC9: =:BDH JH69D FJ: ψ(Q) ≥ βψ(Qy)�

%J:<D


I2 ≤ C
ˆ

Rn
M?

η(|g|δ)(x)
q
δµ(x)dx

= C

ˆ

Rn
M?

δ,η(g)(x)
qµ(x)dx.

�>C6AB:CI: A6H :HI >B68>DC:H 9: I1 : I2 CDH E:GB>I:C D7I:C:G A6 8DC8AJH>YC 9:A -:DG:B6�

�/79 =><+- 3I8 ./ 6 #/9 </7+ 	� � � 	� �6HI6GT 8DC EGD76G :A I:DG:B6 E6G6 δ = 1� �C :;:8ID

EJ:H 
 E6G6 0 < δ < 1
 9:CDI6C9D ?(λ) = λ

1
δ 
 8 A6G6B:CI: ? :H 8G:8>:CI: N 9JEA>86CI:

:C (0,∞) N
 EDG AD I6CID
 AD :H A6 ;JC8>YC 8DBEJ:HI6 φ ◦ ?� %J:<D
 H > HJEDC:BDH FJ: :A
I:DG:B6 H: K:G>�86 E6G6 δ = 1
 G:HJAI6

sup
λ>0
φ(λ)µ ({x ∈ Rn :Mη,δf(x) > λ}) = sup

λ>0
φ ◦ ?(λδ)µ

??
x ∈ Rn :Mη(|f |δ)(x) > λδ

??

≤ Csup
λ>0
φ ◦ ?(λδ)µ

??
x ∈ Rn :M?

η(|f |δ)(x) > λδ
??

= Csup
λ>0
φ(λ)µ

??
x ∈ Rn :M?

η,δ(|f |)(x) > λ
??

/:6BDH :A 86HD δ = 1� �: A6 9:�C>8>YC 9: Mη H: H><J: 


Mηf(x) ≤ sup
x∈Q(y,r)
r<ρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|f(z)|dz + sup
x∈Q(y,r)
r≥ρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|f(z)|dz

.
= Msub

η f(x) + Msup
η f(x).

'DI:BDH
 :C EG>B:G AJ<6G
 FJ: IG>K>6AB:CI: 
 9: A6 9:�C>8>YC 9: M?
η 
 H: H><J: FJ:

Msup
η f(x) ≤ M?

ηf(x)� )DG DIG6 E6GI: 
 E6G6 N ∈ N
 8DCH>9:G:BDH A6 7DA6 B = B(0, N) N
IDB:BDH {Qj}j JC6 8DA:88>YC 9: 7DA6H 8GWI >86H FJ: 8JBEA:C A6H 8DC9>8>DC:H 9: A6 )GDED�
H>8>YC � � �69D FJ: B(0, N) :H 8DBE68ID
 :M>HI: JC6 HJ7;6B>A>6 �C>I6 9: {Qj}jNj1 
 I6A FJ:
B(0, N) ⊆ ?jN

j=j1
Qj � �HW


φ(λ)µ ({x ∈ B(0, N) :Mηf(x) > λ})



�
 �:H><J6A969:H 9: �:�:GB6C�, I:>C

≤ φ(λ)µ
??
x ∈ B(0, N) :Msub

η f(x) >
λ

2

??
+

φ(λ)µ

??
x ∈ B(0, N) :Msup

η f(x) >
λ

2

??

≤ φ(λ)
?

j

µ

??
x ∈ B(0, N)

?
Qj :Msub

η f(x) >
λ

2

??
+

φ(λ)µ

??
x ∈ Rn :M?

ηf(x) >
λ

2

??

≤ φ(λ)
jN?

j1

µ

??
x ∈ Qj :Msub

η f(x) >
λ

2

??
+ φ(λ)µ

??
x ∈ Rn :M?

ηf(x) >
λ

2

??

%J:<D


φ(λ)µ ({x ∈ B(0, N) :Mηf(x) > λ})

≤ φ(λ)
jN?

j=j1

µ

??
x ∈ Qj :Msub

η f(x) >
λ

2

??
+ φ(λ)µ

??
x ∈ Rn :M?

ηf(x) >
λ

2

??
.

� � � � � �	

� 8DCI>CJ68>YC
 :HI >B6G:BDH µ
??
x ∈ Qj :Msub

η f(x) >
λ
2

??
� �C EG>B:G AJ<6G CDI:BDH

FJ:
 H:6 x ∈ Qj �

Msub
η f(x) = sup

x∈Q(y,r)
r<ρ(y)

1

ψ(Q)η|Q|

ˆ

Q

|f(z)|dz

≤ sup
x∈Q(y,r)
r<ρ(y)

1

|Q|

ˆ

Q

|f(z)|dz.

�HW
 969D FJ: EDG )GDEDH>8>YC � 
 :M>HI: β ≥ 1 >C9:E:C9>:CI: 9: j I6A FJ:

?

Qy

Qy
?
Qj ?=∅

Qy ⊂ βQj
.
= ?Qj

G:HJAI6


Msub
η f(x) ≤ sup

x∈Q(y,r)
r<ρ(y)

1

|Q? ?Qj |

ˆ

Q
? ?Qj

|fχ ?Qj
(z)|dz

≤ Mj(fχ ?Qj
)(x)

E6G6 ID96 x :C Qj 9DC9:
 E6G6 8696 j 
 Mj 9:CDI6 6A DE:G69DG B6M>B6A 8ATH>8D :C :A :HE68>D
9: I>ED =DBD<VC:D ?Qj 8DC A6 BVIG>86 JC>;DGB: N A6 B:9>96 9: %:7:H<J: G:HIG>C<>96 :C



� � � �:H><J6A969:H 9: I>ED �:�:GB6C�, I:>C � � �

?Qj � %J:<D
 E6G6 ID9D λ > 0, j = j1, j2, ....., jN 
 I:C:BDH

φ(λ)µ

??
x ∈ Qj :Msub

η f(x) >
λ

2

??

≤ φ(λ)µ
??
x ∈ Qj :Mj(fχ ?Qj

)(x) >
λ

2

??

≤ φ(λ)µ
??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

2

??
. � � � � � � 	

�=DG6 7>:C
 H > 0 < λ < 4f ?Qj

 969D FJ: ψ( ?Qj) = (1 + β) ED9:BDH :H8G>7>G

1

ψ( ?Qj)η| ?Qj |

ˆ

?Qj

|f(y)|dy > λ

4(1 + β)η
.

�HW
 E6G6 8696 x ∈ ?Qj 
 M?
ηf(x) >

λ
4(1+β)η

N EDG AD I6CID

µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

2

??
≤ µ

??
x ∈ ?Qj :M?

ηf(x) >
λ

4(1 + β)η

??
, � � � � � � 	

E6G6 ID96 λ < 4f ?Qj
�

)DG DIG6 E6GI: H> λ ≥ 4f ?Qj

 969D FJ:
 EDG =>EYI:H>H µ ∈ Aρ,loc

∞ 
 AD 8J6A >BEA>86 FJ:

µ ∈ A∞( ?Qj) 8DC 8DCHI6CI: >C9:E:C9>:CI: 9: j � EGD769D :C :A -:DG:B6 � � � � �� 	 
 6EA>86C9D
JC G6ODC6B>:CID 6CTAD<D 6A B:C8>DC69D :C A6 )GDEDH>8>YC � � � :C 4 ��5 � E � �� 	 H: D7I>:C: 


µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

2

??
� � � � � � 
 	

≤ Cµ
??
x ∈ ?Qj :M

?
j (fχ ?Qj

)(x) >
λ

2A

??
+
C

Aδ1
µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

4

??

� � � � � � � 	

9DC9: δ1 :H A6 8DCHI6CI: 9: A6 8DC9>8>YC Aρ,loc
∞ E6G6 :A E:HD µ N A6 8DCHI6CI: A > 1 :H

6G7>IG6G>6 N H:GT :A:<>96 8DCK:C>:CI:B:CI: �

+:8DG9:BDH FJ:
 :C :A :HE68>D 9: I>ED =DBD<VC:D ?Qj :H HJ�8>:CI: IDB6G 7DA6H 9:
I6B6XD A>B>I69D
 6 H67:G r ≤ 2βρ(xj)� �HW
 E6G6 x ∈ ?Qj 


M ?
j (fχ ?Qj

)(x) = sup
x∈Q(y,r)

y∈ ?Qj

1

|Q ∩ ?Qj |

ˆ

Q∩ ?Qj

????fχ ?Qj
−

?
fχ ?Qj

?
Q∩ ?Qj

????

≤ sup
x∈Q(y,r)

y∈ ?Qj , r<ρ(y)

1

|Q ∩ ?Qj |

ˆ

Q∩ ?Qj

????fχ ?Qj
−

?
fχ ?Qj

?
Q∩ ?Qj

????+

sup
x∈Q(y,r)

y∈ ?Qj , ρ(y)≤r≤2βρ(y)

1

|Q ∩ ?Qj |

ˆ

Q∩ ?Qj

????fχ ?Qj
−

?
fχ ?Qj

?
Q∩ ?Qj

????
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= I + II

�=DG6 7>:C


I = sup
x∈Q(y,r)

y∈ ?Qj , r<ρ(y)

1

|Q? ?Qj |

ˆ

Q
? ?Qj

???fχ ?Qj
− fQ

???+
????
?
fχ ?Qj

?
Q

? ?Qj

− fQ
????

≤ sup
x∈Q(y,r)

y∈ ?Qj , r<ρ(y)

1

|Q? ?Qj |

ˆ

Q
? ?Qj

|f − fQ|+
?????

1

|Q? ?Qj |

ˆ

Q
? ?Qj

fχ ?Qj
− fQ

?????

≤ sup
x∈Q(y,r)

y∈ ?Qj , r<ρ(y)

2n

|Q|

ˆ

Q

|f − fQ|+
2n

|Q|

ˆ

Q

|f − fQ|

≤ sup
x∈Q(y,r)

y∈ ?Qj , r<ρ(y)

2n+1

|Q|

ˆ

Q

|f − fQ|

≤ 2n+1M?
ηf(x).

�9:BTH


II ≤ sup
x∈Q(y,r)

y∈ ?Qj ρ(y)≤r≤βρ(y)

2

|Q? ?Qj |

ˆ

Q
? ?Qj

???fχ ?Qj

???

≤ sup
x∈Q(y,r)

y∈ ?Qj , ρ(y)≤r≤βρ(y)

2n+1

|Q|

ˆ

Q

|f |

≤ (1 + 2β)η 2n+1 sup
x∈Q(y,r)

y∈ ?Qj , ρ(y)≤r≤βρ(y)

1

|Q|ψ(Q)η
ˆ

Q

|f |

≤ 2η+n+1 (1 + β)ηM?
ηf(x).

�: A6H :HI >B68>DC:H 9: I N II H: H><J:

M ?
j (fχ ?Qj

)(x) ≤ 2η+n+2 (1 + β)ηM?
ηf(x), ∀x ∈ ?Qj .

�C 8DCH:8J:C8>6
 � � � � � � � 	 CDH AA:K6 6

µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

2

??
� � � � � � � 	

≤ Cµ
??
x ∈ ?Qj :M?

η(fχ ?Qj
)(x) >

λ

2η+n+3A(1 + β)η

??
+ � � � � � � � 	

C

Aδ
µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

4

??
, � � � � � � �	

E6G6 ID9D λ ≥ 4f ?Qj
�



� � � �:H><J6A969:H 9: I>ED �:�:GB6C�, I:>C � � �

%J:<D
 9: � � � � � � 	 N � � � � � � �	 
 H: I >:C: FJ: E6G6 j = j1, j2, ..., jN N E6G6 8696 λ > 0 H:
K:G>�86

φ(λ)µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

2

??

≤ φ(λ)µ
??
x ∈ ?Qj :M?

ηf(x) >
λ

4(1 + β)η

??
+

Cφ(λ)µ

??
x ∈ ?Qj :M?

η(fχ ?Qj
)(x) >

λ

2η+n+3(1 + β)ηA

??
+

C

Aδ
φ(λ)µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

4

??
.

�=DG6
 HJB6C9D :C j 
 G:HJAI6

jN?

j=j1

φ(λ)µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

2

??

≤
jN?

j=j1

φ(λ)µ

??
x ∈ ?Qj :M?

ηf(x) >
λ

B1

??
+

C

jN?

j=j1

φ(λ)µ

??
x ∈ ?Qj :M?

η(fχ ?Qj
)(x) >

λ

B2A

??
+

C

Aδ1

jN?

j=j1

φ(λ)µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

4

??
.

9DC9: B1 = 4(1 + β)η N B2 = 2η+n+3(1 + β)η �

�CIDC8:H 
 JH6C9D A6 EGDE>:969 9: HDA6E6B>:CID 8DCIGDA69D 9: ADH 8J7DH {Qj}
 H: I >:C:
jN?

j=j1

φ(λ)µ

??
x ∈ ?Qj :M?

ηf(x) >
λ

B1

??

≤ φ(λ)
?

j

ˆ

{x∈Rn:M?
ηf(x)>

λ
B1

}
χ ?Qj

(x)µ(x)dx

≤ φ(λ)
ˆ

{x∈Rn:M?
ηf(x)>

λ
B1

}

??

j

χ ?Qj
(x)

?
µ(x)dx

≤ CβN1φ(λ)

ˆ

{x∈Rn:M?
ηf(x)>

λ
B1

}
µ(x)dx

= Cφ(λ)µ

??
x ∈ Rn :M ?

ηf(x) >
λ

B1

??
,

N 6C6AD<6B:CI: E6G6 A6 H:<JC96 HJB6

jN?

j=j1

φ(λ)µ

??
x ∈ ?Qj :M?

η(fχ ?Qj
)(x) >

λ

B2A

??
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≤ Cφ(λ)µ
??
x ∈ Rn :M?

ηf(x) >
λ

B2A

??
.

%J:<D


jN?

j=j1

φ(λ)µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

2

??

≤ Cφ(λ)µ
??
x ∈ Rn :M?

ηf(x) >
λ

B2A

??
+

C

Aδ1

jN?

j=j1

φ(λ)µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

4

??
.

9DC9: H: =6 JH69D FJ: B1 < B2A� , :6 t > 0� -DB6C9D :A HJEG:BD E6G6 λ 9: 0 6 t 6
6B7DH A69DH 9: A6 9:H><J6A969 6CI:G>DG G:HJAI6


sup
0<λ<t

φ(λ)

jN?

j=j1

µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

2

??

≤ C sup
0<λ<t

φ(λ)µ

??
x ∈ Rn :M?

ηf(x) >
λ

B2A

??
+

sup
0<λ<t

C

Aδ1
φ(λ)

jN?

j=j1

µ

??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) >
λ

4

??
.

�69D FJ: A6 ;JC8>YC φ :H 8G:8>:CI: N 9JEA>86CI: 
 G:HJAI6 φ(B2Aλ) ≤ C(B2A)
rφ(λ)
 E6G6

6A<[C r 9:E:C9>:CI: 9: A6 9JEA>868>YC� %J:<D
 =68>:C9D JC 86B7>D 9: K6G>67A:H H: I >:C: 


sup
0<λ< t

2

φ(λ)

jN?

j=j1

µ
??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) > λ
??

≤ CAr sup
0<λ<t

φ(λ)µ
??
x ∈ Rn :M?

ηf(x) > λ
??

+

C

Aδ1
sup

0<λ< t
2

φ(λ)

jN?

j=j1

µ
??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) > λ
??
.

-:C>:C9D :C 8J:CI6 FJ:


sup
0<λ< t

2

φ(λ)

jN?

j=j1

µ
??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) > λ
??
≤ φ

?
t

2

? jN?

j=j1

µ( ?Qj) <∞,

H: H><J: FJ:

?
1− C

Aδ1

?
sup

0<λ< t
2

φ(λ)

jN?

j=j1

µ
??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) > λ
??



� � � �:H><J6A969:H 9: I>ED �:�:GB6C�, I:>C � � �

≤ CAr sup
0<λ<t

φ(λ)µ
??
x ∈ Rn :M?

ηf(x) > λ
??
.

�CIDC8:H 
 :A><>:C9D A I6A FJ: 1− C
Aδ1
> 0
 ED9:BDH :H8G>7>G

sup
0<λ< t

2

φ(λ)

jN?

j=j1

µ
??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) > λ
??

≤ C sup
0<λ<t

φ(λ)µ
??
x ∈ Rn :M?

ηf(x) > λ
??
.

�DC :HI6 :HI >B68>YC ED9:BDH
 6=DG6
 HJB6G :C � � � � � � 	 :C j 9: j = j1 6 j = jN � %J:<D

IDB6C9D :A HJEG:BD E6G6 λ 9: 0 6 t
 =68>:C9D 86B7>D 9: K6G>67A:H N JH6C9D A6 :HI >B68>YC
6CI:G>DG G:HJAI6


sup
0<λ<t

φ(λ)

jN?

j=j1

µ

??
x ∈ Qj :Msub

η f(x) >
λ

2

??

≤ C sup
0<λ< t

2

φ(λ)

jN?

j=j1

µ
??
x ∈ ?Qj :Mj(fχ ?Qj

)(x) > λ
??

≤ C sup
0<λ<t

φ(λ)µ
??
x ∈ Rn :M?

ηf(x) > λ
??
.

� HJ K:O 
 8DC :HI6 9:H><J6A969
 IDB6C9D :C � � � � � �	 :A HJEG:BD E6G6 λ 9: 0 6 t H: D7I>:C: 


sup
0<λ<t

φ(λ)µ ({x ∈ B(0, N) :Mηf(x) > λ})

≤ sup
0<λ<t

φ(λ)

jN?

j=j1

µ

??
x ∈ Qj :Msub

η f(x) >
λ

2

??
+

+ sup
0<λ<t

φ(λ)µ

??
x ∈ Rn :M?

ηf(x) >
λ

2

??
.

≤ C sup
0<λ<t

φ(λ)µ
??
x ∈ Rn :M ?

ηf(x) > λ
??
.

�C 8DCH:8J:C8>6 E6G6 8696 λ :C (0, t) N N :C N I:C:BDH

φ(λ)µ ({x ∈ B(0, N) :Mηf(x) > λ}) ≤ C sup
0<λ<t

φ(λ)µ
??
x ∈ Rn :M?

ηf(x) > λ
??

�HW
 8DC N →∞ N IDB6C9D AJ:<D :A HJEG:BD E6G6 λ :C (0, t) G:HJAI6


sup
0<λ<t

φ(λ)µ ({x ∈ Rn :Mηf(x) > λ}) ≤ C sup
0<λ<t

φ(λ)µ
??
x ∈ Rn :M?

ηf(x) > λ
??
,

9DC9: t > 0 :H 6G7>IG6G>D � �>C6AB:CI: 
 =68>:C9D t→∞ H: D7I>:C: AD 9:H:69D�



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

� � � � �&"!���!%$�(�

� � � � � � 	����!������� ��� ��� ����� ���� Iα

+:8DG9:BDH FJ: A6 >CI:<G6A ;G688>DC6G>6 9: ,8=GZ9>C<:G 9: DG9:C α
 0 < α < n
 EJ:9:
:H8G>7>GH: 8DBD

Iαf(x) =
ˆ

Rn
Kα(x, y)f(y) dy

9DC9: Kα(x, y) =
´∞
0
kt(x, y)t

α
2
dt
t

 H >:C9D kt :A C[8A:D 9:A DE:G69DG 9: H:B><GJED e−tL 


E6G6 :A 8J6A
 :C A6 >CIGD9J88>YC
 =:BDH EG:H:CI69D 6A<JC6H :HI >B68>DC:H FJ: CDH H:GTC
[I>A:H 6FJW� +:8DG9:BDH FJ:
 6 E6GI>G 9:A %:B6 �
 H: D7I>:C: A6 H><J>:CI: :HI >B68>YC 9:
Kα 


Kα(x, y) ≤
C

|x− y|n−α
� � � � � � 	

E6G6 ID96 x, y ∈ Rn 
 9: 9DC9: G:HJAI6

Iαf(x) ≤ CIαf(x), � � � � � � 	

9DC9: Iα :H :A DE:G69DG >CI:<G6A ;G688>DC6G>D 8ATH>8D � /�
	 � �: :HI6 [AI >B6 :HI>B68>YC
I:C:BDH FJ: E6G6 f 68DI696 N 9: HDEDGI: 8DBE68ID :C Rn 
 Iαf(x) <∞�

'J:HIGD D7 ?:I>KD :H D7I:C:G 9:H><J6A969:H 8DC 9DH E:HDH E6G6 Iα � )6G6 A6 K:GH>YC
8ATH>86
 Iα 
 &J8@:C=DJEI N 0=::9:C :C 4 �� 5 86G68I:G>O6C ADH E:HDH ω E6G6 ADH 8J6A:H
Iα : Lp(ωp) → Lq(ωq) E6G6 1 < p < n

α

 1

q
= 1

p
− α

n
: Iα : Lp(ωp) → Lq,∞(ωq)
 E6G6

1 ≤ p < n
α

 1

q
= 1

p
− α

n
� )6G6 A6 D7I:C8>YC 9: :HIDH G:HJAI69DH 
 ADH 6JIDG:H 8DBE6G6C A6

>CI:<G6A ;G688>DC6G>6 8DC A6 B6M>B6A ;G688>DC6G>6� &TH EG:8>H6B:CI: 
 EGJ:76C FJ: E6G6
E:HDH ω ∈ A∞ 
 0 < p <∞
 H: K:G>�86C A6H H><J>:CI:H 9:H><J6A969:H

ˆ

Rn
|Iαf(x)|qω(x)dx ≤ C

ˆ

Rn
|Mαf(x)|qω(x)dx � � � � � � 	

sup
a>0
aqω ({x ∈ Rn : |Iαf(x)| > a}) ≤ Csup

a>0
aqω ({x ∈ Rn : |Mαf(x)| > a}) . � � � � � �	

%J:<D
 ADH G:HJAI69DH 9:H:69DH H: D7I>:C:C 6 E6GI>G 9: 9:BDHIG6G ADH B>HBDH E6G6 Mα �
)DHI:G>DGB:CI: 
 � � )VG:O 
 :C 4 �
 5 
 I:C>:C9D I6B7>VC :C 8J:CI6 � � � � � � 	 N � � � � � �	 
 EGJ:76
A6 H><J>:CI: K:GH>YC E6G6 9DH E:HDH 9: &J8@:C=DJI N 0=::9:C�

!(13(/$ � � � � 
 � "/+8 0 < α < n� 1 < p ≤ q < ∞ C (µ, ν) ?8 :+< ./ :/ =9 = -9 8

µ, ν−
1

p−1 ∈ A∞ � �+= =31?3/8>/ = +�<7+- 39 8/ = =9 8 /;?3@+ 6/8>/ =�

(µ, ν) ∈ Aα
p,q� � � � � � 	

Iα : Lp(ν)→ Lq(µ).� � � � � �	

)DG AD B:C8>DC69D :C � � � � � � 	 


Iαf(x) ≤ CIαf(x),



� � � �EA>868>DC:H � � �

AJ:<D
 :H >CB:9>6ID FJ: A6H 8DC9>8>DC:H HD7G: ADH E:HDH 9696H EDG � � )VG:O 
 6H:<JG6C
FJ: Iα :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ)
 E6G6 1 < p ≤ q < ∞� �=DG6 7>:C :A
%:B6 �
 CDH EGDEDG8>DC6 B:?DG >C;DGB68>YC� �C :;:8ID
 9: :A H: 9:9J8: FJ: :A C[8A:D 9:
A6 >CI:<G6A ;G688>DC6G>6 9: ,8=GZ9>C<:G I>:C: JC B6NDG 9:86>B>:CID :C :A >C�C>ID FJ: :A
8DGG:HEDC9>:CI: 6 A6 K:GH>YC 8ATH>86 N EDG AD I6CID ED9GW6 :HE:G6GH: FJ: A6 68DI68>YC H:
K:G>�FJ: E6G6 E:HDH 8DC 8DC9>8>DC:H B:CDH :M><:CI:H � �C :;:8ID
 EGD76G:BDH 6FJW FJ:
K6A: :A H ><J>:CI: G:HJAI69D

!(13(/$ � � � � 
 � "/+8 0 < α < n� 1 ≤ p ≤ q < ∞� (µ, ν) ?8 :+< ./ :/ =9 = >+ 6 ;?/
µ ∈ Aρ,loc

∞ C (µ, ν) ∈ Aα,ρ,θ
p,q :+<+ +61K8 θ ≥ 0� 6?/19

Si 1 < p ≤ q <∞, σ = ν−
1

p−1 ∈ Aρ,loc
∞ , entonces Iα : Lp(ν)→ Lq(µ).� � � � � � 	

Si 1 ≤ p ≤ q <∞, entonces Iα : Lp(ν)→ Lq,∞(µ).� � � � � � 
 	

 ,=/<@+- 3I8 � � � � � � � �C :A �6EWIJAD � 
 � � � � � �
 	 
 EGDEDG8>DC6BDH JC :?:BEAD 9: E6G 9:
E:HDH (µ, ν) FJ: 8JBEA:C A6H 8DC9>8>DC:H 9:A I:DG:B6 6CI:G>DG�

'J:HIG6H IV8C>86H I6B7>VC H: 76H6C :C 8DBE6G6G A6 >CI:<G6A ;G688>DC6G>6 8DC JC6 69:�
8J696 B6M>B6A ;G688>DC6G>6
 BTH :HE:8>�86B:CI: 8DC Mα,η 
 : A DE:G69DG 8DCH>9:G69D :C
:A �6EWIJAD � � �C E6GI>8JA6G CJ:HIGDH G:HJAI69DH 9: 8DBE6G68>YC :HITC :CJC8>69DH :C :A
H><J>:CI: I:DG:B6�

!(13(/$ � � � � � � � "/+8 0 < q, η <∞ C µ ?8 :/=9 /8 Aρ,loc
∞ � �B3=>/8 -9 8=>+8>/ = C1, C2 > 0

>+ 6 ;?/

ˆ

Rn
|Iαf(x)|qµ(x)dx ≤ C1

ˆ

Rn
Mα,ηf(x)

qµ(x)dx� � � � � � � 	

sup
λ>0
λq µ ({x ∈ Rn : |Iαf(x)| > λ}) ≤ C2sup

λ>0
λq µ ({x ∈ Rn :Mα,ηf(x) > λ}) ,

� � � � � � �	

:+<+ >9.+ f +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9 /8 Rn �

)6G6 A6 EGJ:76 9: :HI: I:DG:B6 :BEA:6G:BDH A6 9:H><J6A969 ;J:GI: 9: �:�:GB6C�, I:>C
N JC6 :HI>B68>YC EJCIJ6A FJ: G:A68>DC6 Iα N Mα,η �

�31214,&,>0 � � � � � 
 � "/+8 0 < η <∞ C 0 < δ < 1� / 8>9 8-/ = /B3=>/ ?8+ -9 8=>+8>/ C >+ 6
;?/

M?
δ,η(Iαf)(x) ≤ CMα,ηf(x), :+<+ -+=3 >9.+ x ∈ Rn

:+<+ >9.+ f 69-+ 67/8>/ 38>/1<+, 6/ /8 Rn �

 , =/ <@+- 3I8 � � � � � � � �96BH
 � � + :C 4 � 5 EGJ:76 :A G:HJAI69D 6CI:G>DG E6G6 :A 86HD 8ATH>8D
(V = 0)�

)6G6 A6 9:BDHIG68>YC 9: :HI6 [AI >B6 EGDEDH>8>YC
 JI>A>O6G:BDH A6 9:H><J6A969 9: $DA�
BD<DGDK N JC A:B6 IV8C>8D EGD769D EDG �G:H8>B7:C>
 !6GIOHI:>C N ,6A>C6H �



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

�(/$ � � � � � � � �/=31?+6.+. ./ �9 67919 <9 @ )		*
"/+ 0 < r < l <∞� �/�8379 =�

Nl,r(f) = sup
E

?fχE?r
?χE?s

,
1

s
=

1

r
− 1

l

.98./ / 6 =?:</79 /= >97+.9 =9 , </ >9.9 = 69 = -9 84?8>9 = 7/.3, 6/ = E -9 8 0 < |E| <∞ C χE

./89 >+ 6+ 0?8- 3I8 -+<+- >/ <H=>3-+ ./ E � �?/19

?f?Ll,∞ ≤ Nl,r(f) ≤
?
l

l − r

? 1
r

?f?Ll,∞ .

�(/$ � � � � � 
 � �+.9 = s, ρ C β </+6/ = :9 =3>3@9 = C N ≥ 0� / B3=>/ ?8+ -9 8=>+8>/ C >+ 6 ;?/ �

ˆ ∞

0

t−
β
2

(1 +
√
t
ρ
)N
e−

s2

t
dt

t
≤ C 1

sβ(1 + s
ρ
)N
.� � � � � � � 	

�+.9 = s > σ� N ≥ 0� ρ > 0 C β ∈ R 6?/19 :+<+ -+.+ M > β + N /B3=>/ ?8+ -9 8=>+8>/
CM >+ 6 ;?/ �

ˆ σ2

0

t−
β
2

(1 +
√
t
ρ
)N
e−

s2

t
dt

t
≤ CM

?σ
s

?M−N 1

σβ(1 + s
ρ
)N
.� � � � � � 
 	

�/79 =><+- 3I8� /:6BDH � � � � � � � 	 � !68>:C9D :A 86B7>D 9: K6G>67A:H u = s2

t
I:C:BDH


ˆ ∞

0

t−
β
2

(1 +
√
t
ρ
)N
e−

s2

t
dt

t
=

1

sβ

ˆ ∞

0

u
β
2

(1 + s
ρ
√
u
)N
e−udu

u
.

, > s
ρ
≤ 1 :CIDC8:H 1 + s

ρ
≤ 2 N
 EDG AD I6CID u

β
2

(1+ s
ρ
√
u
)N
≤ u β

2 ≤ 2 u
β
2

(1+ s
ρ
)N
� )DG DIGD A69D
 H >

s
ρ
> 1 :CIDC8:H 1 + s

ρ
≤ 2 s

ρ
N
 EDG AD I6CID
 u

β
2

(1+ s
ρ
√
u
)N
≤ u

β+N
2

( s
ρ
)N
≤ 2N u

β+N
2

(1+ s
ρ
)N
� %J:<D


ˆ ∞

0

t−
β
2

(1 +
√
t
ρ
)N
e−

s2

t
dt

t
≤ 1

sβ(1 + s
ρ
)N

ˆ ∞

0

(u
β
2 + u

β+N
2 )e−udu

u
≤ C 1

sβ(1 + s
ρ
)N
.

/:6BDH � � � � � � 
 	 � !68>:C9D :A B>HBD 86B7>D 9: K6G>67A:H FJ: E6G6 EGD76G � � � � � � � 	 
 : A
=:8=D FJ: supt>1 t

Me−t ≤ CM E6G6 ID96 M > 0 N E6G6 6A<JC6 8DCHI6CI: CM 
 N H><J>:C9D
ADH B>HBDH E6HDH FJ: :C A6 EGJ:76 9: � � � � � � � 	 
 H: H><J:

ˆ σ2

0

t−
β
2

(1 +
√
t
ρ
)N
e−

s2

t
dt

t
=

1

sβ

ˆ ∞

( s
ρ
)2

u
β
2

(1 + s
ρ
√
u
)N
e−udu

u

≤ C 1

sβ(1 + s
ρ
)N

ˆ ∞

( s
ρ
)2
(u

β−M
2 + u

β+N−M
2 )

du

u



� � � �EA>868>DC:H � � �

≤ C 1

sβ(1 + s
ρ
)N

?
(
s

σ
)β−M + (

s

σ
)β+N−M

?

≤ C 1

sβ(1 + s
ρ
)N

(
s

σ
)β+N−M

≤ C σM−N−β

sM−N (1 + s
ρ
)N
.

� E6GI>G 9: :HIDH G:HJAI69DH 
 ED9:BDH EGD8:9:G 8DC CJ:HIG6 9:BDHIG68>YC�

�/79 =><+- 3I8 ./ 6+ !<9:9 =3- 3I8 	� 	� � �� �>?:BDH x ∈ Rn N H:6 Q = Q(x0, r) JC6 7DA6 FJ:
8DCI>:C: 6 x� �:H8DBEDC:BDH f = f1 + f2 
 9DC9: f1 = fχ ?Q 


?Q = 2Q = Q(x0, 2r)� �:
� � � � � � 	 
 G:HJAI6

M?
δ,η(Iαf)(x)

=M?
η(|Iαf |δ)

1
δ (x)

≤ sup
x∈Q(x0,r)
r<ρ(x0)

ı́nf
C

?
1

|Q|

ˆ

Q

||Iαf(y)|δ − Cδ|dy
? 1

δ

+ sup
x∈Q(x0,r)
r≥ρ(x0)

?
ψ(Q)−η 1

|Q|

ˆ

Q

|Iα(f)(y)|δdy
? 1

δ

�DCH>9:G6G:BDH 9DH 86HDH G:HE:8ID 9: r
 r < ρ(x0) N r ≥ ρ(x0)�

� 6HD � � r < ρ(x0)� � >?:BDH C = | (Iαf2)Q |
 AJ:<D 969D FJ: 0 < δ < 1 H: D7I>:C:

?
1

|Q|

ˆ

Q

||Iαf(y)|δ − | (Iαf2)Q |δ|dy
? 1

δ

≤
?

1

|Q|

ˆ

Q

||Iαf(y)| − | (Iαf2)Q ||δdy
? 1

δ

≤
?

1

|Q|

ˆ

Q

|Iαf(y)− (Iαf2)Q |δdy
? 1

δ

≤
?

1

|Q|

ˆ

Q

|Iαf1(y)|δdy
? 1

δ

+

?
1

|Q|

ˆ

Q

|Iαf2(y)− (Iαf2)Q |δdy
? 1

δ

.

= I + II.

)6G6 :HI>B6G I 
 6EA>86C9D A6 9:H><J6A969 9: $DABD<DGDK � %:B6 � � � � � �	 
 I:C>:C9D :C
8J:CI6 FJ: Iα :H 9: I>ED 9V7>A (1, n

n−α
) N FJ: ψ( ?Q) ∼= 1 G:HJAI6

I ≤ C

|Q|1−α
n

?Iαf?L n
n−α ,∞

≤ C

|Q|1−α
n

ˆ

?Q
|f(y)|dy



�
 �:H><J6A969:H 9: �:�:GB6C�, I:>C

≤ C| ?Q|αn−1ψ( ?Q)−η

ˆ

?Q
|f(y)|dy

≤ CMα,ηf(x).

/:6BDH II � �69D FJ: 0 < δ < 1 G:HJAI6

II ≤ C

|Q|2
ˆ

Q

ˆ

Q

ˆ

?Qc

|Kα(y, w)−Kα(z, w)| |f(w)| dwdz dy,

9DC9:
 Kα 9:CDI6 6A C[8A:D 9: A6 >CI:<G6A ;G688>DC6G>6 9: ,8=GZ9>C<:G� �=DG6 7>:C
 E6G6
y, z ∈ Q,w ∈ ?Qc 


|Kα(y, w)−Kα(z, w)| =
????
ˆ ∞

0

kt(y, w)t
α
2
dt

t
−
ˆ ∞

0

kt(z, w)t
α
2
dt

t

????

≤
ˆ 4nr2

0

|kt(y, w)− kt(z, w)|t
α
2
dt

t
+

ˆ ∞

4nr2
|kt(y, w)− kt(z, w)|t

α
2
dt

t

= K1 + K2

)6G6 K2 
 I:C>:C9D :C 8J:CI6 FJ: t ≥ 4nr2 N EDG AD I6CID |y − z| <
√
t E6G6 8J6A:HFJ>:G6

y, z :C Q
 G:HJAI6 :C K>GIJ9 9:A %:B6 � FJ: E6G6 8J6AFJ>:G N > 0
 0 < ν < min(1, 2− n
q0
)

N w :C Rn 
 :M>HI: JC6 8DCHI6CI: C I6A FJ:

K2 =

ˆ ∞

4nr2
|kt(y, w)− kt(z, w)|t

α
2
dt

t

≤ C
ˆ ∞

4nr2

? |y − z|√
t

?ν

t−
n
2 e−

|y−w|2
Ct

?
1 +

√
t

ρ(y)

?−N

t
α
2
dt

t

≤ Crν
ˆ ∞

4nr2

t−
n+ν−α

2

?
1 +

√
t

ρ(y)

?N
e−

|y−w|2
Ct
dt

t

%J:<D
 JH6C9D :A %:B6 � � � � � � � � � � � � � 	 8DC JC 86B7>D 9: K6G>67A:H H: H><J: 


K2 ≤ Crν
1

|y − w|n+ν−α

?
1 +
|y − w|
ρ(y)

?−N

.

'DI:BDH FJ:
 969D FJ: y :HIT :C Q(x0, r) N w :C ?Q(x0, 2r)c G:HJAI6 |y − w| ∼= |x0 − w|�
)DG DIGD A69D
 EDG H:G Q HJ78GWI >8D
 ρ(y) ∼= ρ(x0)
 6HW

K2 ≤ Crν
1

|x0 − w|n+ν−α

?
1 +
|x0 − w|
ρ(x0)

?−N

. � � � � � � � 	

)6G6 K1 JH6C9D :A %:B6 �
 G:HJAI6 FJ:
 E6G6 8J6AFJ>:G N > 0
 :M>HI: JC6 8DCHI6CI: CN

I6A FJ: E6G6 8J6A:HFJ>:G6 y, w, z :C Rn H: 8JBEA:

K1 ≤
ˆ 4nr2

0

kt(y, w)t
α
2
dt

t
+

ˆ 4nr2

0

kt(z, w)t
α
2
dt

t



� � � �EA>868>DC:H � ��

≤
ˆ 4nr2

0

t−
n−α
2 e−

|y−w|2
Ct

?
1 +

√
t

ρ(y)

?−N
dt

t
+

ˆ 4nr2

0

t−
n−α
2 e−

|z−w|2
Ct

?
1 +

√
t

ρ(z)

?−N
dt

t
.

%J:<D
 969D FJ: E6G6 8J6A:HFJ>:G6 y :C Q N w :C ?Qc I:C:BDH |y − w| ∼= |x0 − w| > 2r
� 6CTAD<6B:CI: E6G6 z :C AJ<6G 9: y	 
 6EA>86C9D :C A6 :MEG:H>YC 6CI:G>DG :A %:B6 � � � � � �
� � � � � � 
 	 
 H: D7I>:C: FJ:
 E6G6 8696 M > n− α +N 
 :M>HI: JC6 8DCHI6CI: CM I6A FJ:

K1 ≤ CM

?
r

|y − w|

?M−N
1

rn−α
?
1 + |y−w|

ρ(y)

?N
+ CM

?
r

|z − w|

?M−N
1

rn−α
?
1 + |z−w|

ρ(z)

?N
.

�A ><J6A FJ: :C A6 :HI >B68>YC 9: K2 
 |y − w| ∼= |x0 − w| N ρ(y) ∼= ρ(x0) E6G6 ID9D y :C Q
N w :C ?Qc � %J:<D
 IDB6C9D M = n− α+N + ν 
 H: D7I>:C: A6 H><J>:CI: :HI >B68>YC E6G6
K1

K1 ≤ Crν
1

|x0 − w|n+ν−α

?
1 +
|x0 − w|
ρ(x0)

?−N

. � � � � � � � 	

�=DG6
 9: � � � � � � N � � � � � � 
 G:HJAI6

|Kα(y, w)−Kα(z, w)| ≤ Crν
1

|x0 − w|n+ν−α

?
1 +
|x0 − w|
ρ(x0)

?−N

, ∀y, z ∈ Q,w ∈ ?Qc.

� � � � � � � 	

�:CDI6C9D EDG Qk = Q(x0, 2
kr) N 6EA>86C9D A6 :HI >B68>YC 9: ADH C[8A:DH G:8>VC D7I:C>96


II H: EJ:9:
 6 HJ K:O 
 :HI >B6G 9: A6 H><J>:CI: B6C:G6

II ≤ Crν
ˆ

?Qc

1

|w − x0|n+ν−α
|f(w)|

?
1 +
|w − x0|
ρ(x0)

?−N

dw

≤ Crν
∞?

k=1

1

(2kr)n+ν−α
?
1 + 2kr

ρ(x0)

?N

ˆ

Qk+1−Qk

|f(w)|dw

≤ C
∞?

k=1

2−kν |Qk|
α
n
−1ψ(Qk)

−N

ˆ

Qk+1

|f(w)|dw

≤ C
∞?

k=1

2−kνψ(Qk)
−N+ηψ(Qk)

−η|Qk|
α
n
−1

ˆ

Qk

|f(w)|dw

≤ C
∞?

k=1

2−kνψ(Qk)
−N+ηMα,ηf(x).

+:8DG9:BDH FJ: N > 0 :H 6G7>IG6G>D � �HW
 : A><>:C9D N > η 
 H: D7I>:C:

II ≤ CMα,ηf(x).

AD FJ: 8DBEA:I6 A6 EGJ:76 :C :A 86HD � �



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

�6HD � � r ≥ ρ(x0)� � DC A6 9>K>H>YC EA6CI:696 E6G6 f I:C:BDH
?

1

ψ(Q)η
1

|Q|

ˆ

Q

|Iαf(y)|δdy
? 1

δ

=
1

ψ(Q)
η
δ

?
1

|Q|

ˆ

Q

|Iαf(y)|δdy
? 1

δ

=
1

ψ(Q)
η
δ

?
1

|Q|

ˆ

Q

|Iαf1(y)|δdy
? 1

δ

+
1

ψ(Q)
η
δ

?
1

|Q|

ˆ

Q

|Iαf2(y)|δdy
? 1

δ

.
= I + II.

)6G6 I 
 H ><J>:C9D JC G6ODC6B>:CID 6CTAD<D 6A 8DCH>9:G69D :C :A 86HD � 
 H: D7I>:C:

I ≤ C

ψ(Q)
η
δ

|Q|αn−1

ˆ

?Q
|f(y)|dy

≤ C

ψ( ?Q) ηδ−η
ψ( ?Q)−η| ?Q|αn−1

ˆ

?Q
|f(y)|dy

≤ CMα,ηf(x),

9DC9:
 :C A6 [AI >B6 9:H><J6A969
 H: =6 JH69D FJ: 0 < δ < 1 N EDG AD I6CID η
δ
− η > 0�

)6G6 II 
 I:C>:C9D :C 8J:CI6 DIG6 K:O FJ: 0 < δ < 1 D7I:C:BDH

II ≤ 1

|Q|

ˆ

Q

|Iαf2(y)|dy

≤ 1

|Q|

ˆ

Q

ˆ

?Qc

|f(w)| |Kα(y, w)| dw dy

� E6GI>G 9:A %:B6 �
 G:HJAI6 FJ: E6G6 8696 N > 0
 :M>HI: JC6 8DCHI6CI: CN I6A FJ:

Kα(y, w) ≤ CN

ˆ ∞

0

t−
n−α
2 e−

|y−w|2
Ct

?
1 +

√
t

ρ(y)

?−N
dt

t

≤ C 1

|w − x0|n−α
?
1 + |w−x0|

ρ(y)

?N
,

9DC9: A6 [AI >B6 9:H><J6A969 H: D7I>:C: 9:A %:B6 � � � � � � � � � � � � � 	 N 9:A =:8=D FJ: |y−w| ∼=
|w − x0| E6G6 ID9D y :C Q = Q(x0, r) N w :C ?Qc � %J:<D
 9:CDI6C9D Qk = Q(x0, 2

kr)
 II
H: 8DCK>:GI: :C

II ≤ C

|Q|

ˆ

Q

ˆ

?Qc

|f(w)| 1

|w − x0|n−α
?
1 + |w−x0|

ρ(y)

?N
dw dy

≤ C

|Q|

ˆ

Q

∞?

k=1

ˆ

Qk+1−Qk

|f(w)| 1

|w − x0|n−α
?
1 + |w−x0|

ρ(y)

?N
dw dy



� � � �EA>868>DC:H � ��

≤ C

|Q|

ˆ

Q

∞?

k=1

ˆ

Qk+1−Qk

|f(w)| 1

(2kr)n−α
?
1 + 2kr

ρ(y)

?N
dw dy. � � � � � � �	

�EA>86C9D A6 EGDE>:969 9: A6 ;JC8>YC 9: G69>D 8GWI >8D 8>I696 :C � � 	 
 969D FJ: y :HIT :C
Q(x0, r) N r ≥ ρ(x0)
 G:HJAI6�

C
1

ρ(x0)

?
r

ρ(x0)

?− N0
N0+1

≤ 1

ρ(y)
≤ C 1

ρ(x0)

?
r

ρ(x0)

?N0

.

�CIDC8:H 
 E6G6 ID9D y :C Q


1 +
2kr

ρ(y)
≥ 1 + C

2kr

ρ(x0)

?
r

ρ(x0)

?− N0
N0+1

≥ C

?
r

ρ(x0)

? N0
N0+1

+ 2kr
ρ(x0)

?
r

ρ(x0)

? N0
N0+1

≥ C
1 + 2kr

ρ(x0)

?
1 + 2kr

ρ(x0)

? N0
N0+1

= C

?
1 +

2kr

ρ(x0)

? 1
N0+1

,

N
 EDG AD I6CID
 � � � � � � �	 H: IG6CH;DGB6 :C

II ≤ C
∞?

k=1

|Qk|
α
n
−1

?
1 +

2kr

ρ(x0)

?− N
N0+1
ˆ

Qk

|f(w) dw

≤ C
∞?

k=1

ψ(Qk)
η− N

N0+1ψ(Qk)
−η|Qk|

α
n
−1

ˆ

Qk

|f(w) dw

≤ C
∞?

k=1

ψ(Qk)
η− N

N0+1Mα,ηf(x),

9DC9: N > 0 :H 6G7>IG6G>D � %J:<D
 969D FJ: r ≥ ρ(x0) G:HJAI6 FJ: ψ(Qk) = 1+ 2kr
ρ(x0)

≥ 2k 


N
 :C 8DCH:8J:C8>6
 :A><>:C9D N I6A FJ: η − N
N0+1

< 0
 H: D7I>:C:

II ≤ CMα,ηf(x).

AD FJ: 8DBEA:I6 A6 EGJ:76 9:A 86HD 2 N EDG AD I6CID 8DC8AJN: A6 EGJ:76 9: A6 )GDEDH>8>YC�



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

'DI:BDH FJ: :C A6 9:BDHIG68>YC 9: A6 )GDEDH>8>YC � � � � � � � K:G � � � � � � � 	 	 
 =:BDH D7I:�
C>9D A6 H><J>:CI: :HI >B68>YC G:A6I>K6 6 Kα �

�(/$ � � � � �
 � �+.9 N > 0� C 0 < ν < min(1, 2 − n
q0
)� / B3=>/ ?8+ -9 8=>+8>/ C > 0 >+ 6

;?/

|Kα(y, w)−Kα(z, w)| ≤ Crν
1

|x0 − w|n+ν−α

?
1 +
|x0 − w|
ρ(x0)

?−N

,

:+<+ >9.9 y, z /8 Q(x0, r) C w /8 ?Q(x0, 2r)c� .9 8./ r ≤ ρ(x0).

'J:HIG6 >CI:C8>YC E6G6 EGD76G :A -:DG:B6 � � � � � � 
 :H 6EA>86G A6 9:H><J6A969 ;J:GI: 9:
�:�:GB6C�, I:>C � -:DG:B6 � � � � � 	 6 A6 ;JC8>YC Iαf 
 9DC9: f :H JC6 ;JC8>YC 68DI696 N
9: HDEDGI: 8DBE68ID :C Rn E6G6 :AAD 
 :C EG>B:G AJ<6G
 9:7:BDH K:G>�86G FJ: Iαf :H
AD86AB:CI: >CI:<G67A: :C Rn �

�31214,&,>0 � � � � �� � "/+ q ≥ 1 /8>9 8-/ = Iαf ∈ Lqloc(Rn) :+<+ >9.+ f +-9 >+.+ C ./
=9 :9 <>/ -97:+- >9 /8 Rn

�/79 =><+- 3I8� ,:GT HJ�8>:CI: 9:BDHIG6G FJ: E6G6 f 68DI696 N 9: HDEDGI: 8DBE68ID :C
Rn 
 Iαf :H 68DI696� �C :;:8ID
 H:6 Q0(x0, r0) JC6 7DA6 :C Rn I6A FJ: HDEf ⊂ Q0 
 AJ:<D
9: A6 :HI >B68>YC � � � � � � 	 9: Kα D7I:C:BDH

|Iαf(x)| ≤
ˆ

Rn
|f(y)|Kα(x, y)dy ≤ ?f?∞

ˆ

Q0(x0,r0)

1

|x− y|n−α
dy. � � � � � � �	

�DCH>9:G6G:BDH 9DH 86HDH � , > x /∈ 2Q0 
 969D FJ: y ∈ Q0 
 G:HJAI6 |x− y| ∼= |x−x0| N 969D
FJ: 69:BTH |x− x0| ≥ 2r0 
 � � � � � � �	 H: 8DCK>:GI: :C

|Iαf(x)| ? ?f?∞rα−n
0 rn0

∼= ?f?∞rα0 . � � � � � � � 	

, > x ∈ 2Q0 
 969D FJ: 69:BTH y ∈ Q0 
 :CIDC8:H d(x − y, 0) ≤ |x − y| ≤ 4
√
nr0 
 AJ:<D

=68>:C9D JC 86B7>D 9: K6G>67A:H N E6H6C9D 6 8DDG9:C696H EDA6G:H 
 � � � � � � �	 IDB6 A6 ;DGB6

|Iαf(x)| ≤ ?f?∞
ˆ

Q(0,4
√
nr0)

1

|z|n−α
dz = C?f?∞

ˆ 4
√
nr0

0

ρα−nρn−1dρ ∼= ?f?∞rα0 � � � � � � � 	

�: A6H 9:H><J6A969:H � � � � � � � 	 
 � � � � � � � 	 N � � � � � � �	 D7I:C:BDH

|Iαf(x)| ? ?f?∞rα0 , ∀x ∈ Rn,

D7I:C>:C9D 9: :HI6 B6C:G6 FJ: Iαf :H 68DI696
 N EDG AD I6CID :HIT :C Lqloc(Rn) E6G6 ID9D
q ≥ 1�

� DC A6H =:GG6B>:CI6H >CIGD9J8>96H :HI6BDH :C 8DC9>8>DC:H 9: EGD76G ;T8>AB:CI: :A
-:DG:B6 � � � � � � �



� � � �EA>868>DC:H � ��

�/79 =><+- 3I8 ./ 6 #/9 </7+ 	� 	� � 	� ,:6 δ < q � -:C>:C9D :C 8J:CI6 FJ: w ∈ Aρ,loc
∞ N FJ:

Iαf :H AD86AB:CI: >CI:<G67A: :C Rn � K:G )GDEDH>8>YC � � � � � � 	 
 A6 >CB:9>6I6 :HI >B68>YC
Iαf ≤Mη(|Iαf |δ)

1
δ =Mδ,η(Iαf)
 CDH E:GB>I: D7I:C:G
 6 E6GI>G 9:A -:DG:B6 � � � � � 

ˆ

Rn
|Iαf(x)|qµ(x)dx ≤

ˆ

Rn
Mδ,η(Iαf)(x)qµ(x)dx

≤ C
ˆ

Rn
M?

δ,η(Iαf)(x)qµ(x)dx

≤ C
ˆ

Rn
Mα,ηf(x)

qµ(x)dx.

9DC9: :C A6 [AI >B6 9:H><J6A969 H: =6 6EA>869D A6 )GDEDH>8>YC � � � � � � � �CTAD<6B:CI: 

6EA>86C9D :A -:DG:B6 � � � � � G:HJAI6

sup
λ>0
λq µ ({x ∈ Rn : |Iαf(x)| > λ}) ≤ Csup

λ>0
λq µ ({x ∈ Rn :Mδ,η(Iαf)(x) > λ})

≤ Csup
λ>0
λq µ

??
x ∈ Rn :M?

δ,η(Iαf)(x) > λ
??

≤ Csup
λ>0
λq µ ({x ∈ Rn :Mα,η(f)(x) > λ}) .

9DC9: 8DBD 6CI:H 
 :C A6 [AI >B6 9:H><J6A969 H: =6 6EA>869D A6 )GDEDH>8>YC � � � � � � �

� HJ K:O 
 :A I:DG:B6 6CI:G>DG 6GGD ?6 8DBD GTE>96 8DCH:8J:C8>6 :A -:DG:B6 � � � � � �

�/79 =><+- 3I8 ./ 6 #/9 </7+ 	� 	� �� �A -:DG:B6 � � � � � � 
 CDH E:GB>I: IG6HA696G :A EGD7A:B6
9: 68DI68>YC 9: Iα 6A DE:G69DG B6M>B6AMα,η � �HW
 : A -:DG:B6 � � � � � :H >CB:9>6ID 6 E6GI>G
9:A I:DG:B6 6CI:G>DG N ADH -:DG:B6H � � � � �� N � � � � � 
 EGD769DH :C :A �6EWIJAD � �

� � � � � � 	����!������� ��� ��� ����� ���� Iα,b

)6G6 6A<JC6 ;JC8>YC b 8DCH>9:G:BDH :A 8DCBJI69DG 9: EG>B:G DG9:C 9:A DE:G69DG Iα 

Iα,b 
 9:�C>9D EDG

Iα,bf(x) = b(x)Iαf(x)− Iα(bf)(x)

=

ˆ

Rn
(b(x)− b(y)) Kα(x, y) f(y)dy,

9DC9: Kα(x, y) 9:CDI6 :A C[8A:D 9: Iα �

+:8DG9:BDH A6 9:�C>8>YC 9:A :HE68>D BMO �

�(�0,&,>0 � � � � �� � ,:6 b JC6 ;JC8>YC AD86AB:CI: >CI:<G67A: :C Rn � , : 9:�C:

?b?BMO = sup
Q

1

|Q|

ˆ

Q

|b(x)− bQ| dx,



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

9DC9: :A HJEG:BD :H IDB69D HD7G: ID96H A6H 7DA6H Q 9: Rn � %6 ;JC8>YC b :H AA6B696
9: DH8>A68>YC B:9>6 68DI696 H> ?b?BMO < ∞ N BMO(Rn) :H :A 8DC?JCID 9: ID96H A6H
;JC8>DC:H AD86AB:CI: >CI:<G67A:H :C Rn 8DC ?b?BMO <∞�

�H 8DCD8>9D FJ: ??BMO CD :H JC6 CDGB6� �A EGD7A:B6 :H FJ: H> ?b?BMO = 0
 CD
>BEA>86 FJ: b = 0
 E :GD HW >BEA>86 FJ: b :H JC6 8DCHI6CI: � %J:<D H> >9:CI>�86BDH ADH
:A:B:CIDH :C BMO FJ: 9>�:G:C :C JC6 8DCHI6CI: 
 ??BMO G:HJAI6 JC6 CDGB6�

%DH 8DCBJI69DG:H Iα,b ;J:GDC >CIGD9J8>9DH EDG EG>B:G6 K:O EDG �=6C>AAD 4 � 5 
 FJ>:C
EGJ:76 FJ:
 E6G6 1 < p < n

α

 1

q
= 1

p
− α

n
N b ∈ BMO 
 K6A: A6 68DI68>YC Iα,b : Lp(Rn) →

Lq(Rn)� �HID H: 8DGG:HEDC9: 8DC A6H 9:H><J6A969:H :C CDGB6 H6I>H;:8=6H EDG Iα � �=DG6
7>:C
 E6G6 :A 86HD AWB>I: 
 p = 1
 Iα K:G>�86 A6 H><J>:CI: 9:H><J6A969 I>ED 9V7>A (1, n

n−α
)


|{x ∈ Rn : |Iαf(x) > t|}| ≤ C
?
1

t

ˆ

Rn
|f(x)|dx

? n
n−α

, ∀t > 0.

, >C :B76G<D
 JC 8TA8JAD H:C8>AAD 8DC f(x) = χ[0,1](x) N b(x) = log(1+x)χ(1,∞)(x)
 BJ:HIG6
FJ: Iα,b CD :H 9V7>A (1, n

n−α
)� � � � GJO .G>7: N �� �>DG:CO6
 :C 4 � � 5 
 EGJ:76C FJ: Iα,b K:G>�86

JC6 9:H><J6A969 I>ED 9V7>A L logL� &TH EG:8>H6B:CI:

!(13(/$ � � � � � � � "/+8 0 < α < n� b ∈ BMO(Rn) C 6+= 0?8- 39 8/ = B(t) = t log(e + t)�

ψ(t) =
?
t log(e+ t

α
n )
? n
n−α � �?/19 � /B3=>/ ?8+ -9 8=>+8>/ :9 =3>3@+ C >+ 6 ;?/ :+<+ >9.+ t > 0�

|{x ∈ Rn : |Iα,bf(x)| > t}| ≤ Cψ
?
ˆ

Rn
B

?
?b?BMO

|f(x)|
t

?
dx

?
.

�HI: G:HJAI69D 9: 68DI68>YC H: D7I>:C: 6 IG6KVH 9: JC6 8DBE6G68>YC 8DC :A DE:G69DG
B6M>B6A ;G688>DC6G>D (GA>8O ML logL,α E6G6 :A FJ:
 :HIDH 6JIDG:H 
 EGJ:76C FJ: 8JBEA: JC6
9:H><J6A969 6CTAD<6 6 A6 :MEJ:HI6� �9:BTH
 :C :H: B>HBD IG676 ?D
 EGJ:76C A6 H><J>:CI:
9:H><J6A969 ;J:GI: (p, q) 8DC JC E:HD E6G6 Iα,b 
 A6 8J6A <:C:G6A>O6 :A G:HJAI69D DG><>C6A 9:
�=6C>AAD �

!(13(/$ � � � � �� � "/+8 0 < α < n� 1 < p < n
α
C q -9 8 1

q
= 1

p
− α

n
� "/+ ω ?8 :/=9 ;?/

=+>3=0+-/ 6+ -9 8.3- 3I8 Ap,q � / =>9 / = :+<+ >9.+ ,9 6+ Q ⊂ Rn �

?
1

|Q|

ˆ

Q

ωq
? 1

q
?

1

|Q|

ˆ

Q

ω−p?
? 1

p?

≤ C <∞.

�?/19 � .+.+ ?8+ 0?8- 3I8 b ∈ BMO� Iα,b =+>3=0+-/ 6+ =31?3/8>/ ./ =31?+6.+. >3:9 0?/<>/
(p, q)�

?
ˆ

Rn
|Iα,bf |qωqdx

? 1
q

≤ C?b?BMO

?
ˆ

Rn
|f |pωp

? 1
p

.

 ,=/<@+- 3I8 � � � � �� � 'DI:BDH FJ: ω ∈ Ap,q H> N HYAD H> ωq ∈ A1+ q
p?
�



� � � �EA>868>DC:H � ��

%6 8DC9>8>YC Ap,q :H :FJ>K6A:CI: 6 A6 68DI68>YC ;J:GI: (p, q) 8DC JC E:HD E6G6 Iα 

G:HJAI69D EGD769D EDG &J8@:C=DJEI N 0=::9:C :C 4 �� 5 � �69D :HID
 � � � GJO .G>7: N ��
�>DG:CO6
 8DC?:IJG6GDC FJ:
 E6G6 :A 86HD AWB>I: p = 1
 q = n

n−α

 A6 8DC9>8>YC FJ: 6H:<JG6

:A I >ED 9V7>A (1, n
n−α

) E6G6 Iα 
 :HID :H ωq ∈ A1 � I6B7>VC EGD769D EDG &J8@:C=DJEI N
0=::9:C	 ED9GW6 H:G HJ�8>:CI: E6G6 FJ: K6A<6 JC6 K:GH>YC 8DC JC E:HD 9:A -:DG:B6
� � � � �� � , >C :B76G<D
 :C 4 � � 5 8DCHIGJN:C JC :?:BEAD FJ: BJ:HIG6 FJ: :HI6 8DC?:IJG6 CD :H
8>:GI6� �>C6AB:CI: 
 :C 4 � � 5 
 EGJ:76C :A H><J>:CI: G:HJAI69D�

!(13(/$ � � � � �	� )� 
* "/+8 0 < α < n� b ∈ BMO(Rn) C 6+= 0?8- 39 8/ = B(t) = t log(e+t)�

Ψ(t) =
?
t log(e+ t

α
n )
? n
n−α C θ(t) = t1−

α
n log(e + t−

α
n )� "3 ω ∈ A1� / 8>9 8-/ = /B3=>/ ?8+

-9 8=>+8>/ :9 =3>3@+ C >+ 6 ;?/ :+<+ >9.+ t > 0�

ω ({x ∈ Rn : |Iα,bf(x)| > t}) ≤ CΨ
?
ˆ

Rn
B

?
?b?BMO

|f(x)|
t

?
θ(ω(x))dx

?
.

)DG %:B6 �
 :A C[8A:D 9: A6 >CI:<G6A ;G688>DC6G>6 9: ,8=GZ9>C<:G I>:C: JC B6NDG 9:86>�
B>:CID :C :A >C�C>ID FJ: :A 8DGG:HEDC9>:CI: 6 A6 K:GH>YC 8ATH>86 N EDG AD I6CID :H C6IJG6A
EG:<JCI6GH: H> E6G6 D7I:C:G G:HJAI69DH 9: 68DI68>YC E6G6 Iα,b A6H ;JC8>DC:H HWB7DAD b ED�
9GW6C IDB6GH: :C JC :HE68>D 9: ;JC8>DC:H BTH 6BEA>D FJ: :A BMO 
 8DBD 6HW I6B7>VC ADH
E:HDH 8DCH>9:G69DH � � :HI: G:HE:8ID
 �DC<>D6CC>
 !6G7DJG: N ,6A>C6H 
 :C 4 � 5 
 9:�C:C :A
H><J>:CI: :HE68>D 9: ;JC8>DC:H �

�(�0,&,>0 � � � � �
 � ,:6 θ ≥ 0
 : A :HE68>D BMOθ(ρ) :HI6 9696 EDG :A 8DC?JCID 9: ;JC8>DC:H
b AD86AB:CI: >CI:<G67A:H FJ: K:G>�86C


1

|Q(x, r)|

ˆ

Q(x,r)

|b(y)− bQ|dy ≤ C
?
1 +

r

ρ(x)

?θ

� � � � � �� 	

E6G6 ID96 x ∈ Rn N r > 0
 9DC9: bQ = 1
|Q|
´

Q
b� .C6 CDGB6 E6G6 b ∈ BMOθ(ρ)
 9:CDI696

EDG ?b?BMOθ(ρ) 
 :HIT 9696 EDG :A WC�BD 9: A6H 8DCHI6CI:H :C � � � � � �� 	 
 AJ:<D 9: >9:CI>�86G
A6H ;JC8>DC:H FJ: 9>�:G:C :C JC6 8DCHI6CI: �

�:�C>BDH BMO∞(ρ) =
?
θ≥0

BMOθ(ρ)�

 ,=/<@+- 3I8 � � � � �� � �A6G6B:CI: BMO ⊂ BMOθ(ρ) ⊂ BMOθ?(ρ) E6G6 0 < θ ≤ θ? N
EDG AD I6CID BMO ⊂ BMO∞(ρ)� , >C :B76G<D
 :H JC6 8A6H: BTH 6BEA>6� �DBD :?:BEAD

8J6C9D ρ :H 8DCHI6CI: � :A 8J6A 8DGG:HEDC9: 6A 86HD :C FJ: V :H JC6 8DCHI6CI: EDH>I >K6	
A6H ;JC8>DC:H bj(x) = |xj |, 1 ≤ j ≤ n
 :HITC :C BMO∞(ρ)
 E :GD CD :C BMO � K:G 4 � 5 	 �

-6B7>VC :C 4 � 5 
 H: EGJ:76C 6A<JC6H EGDE>:969:H 9: :HI: :HE68>D �

�31214,&,>0 � � � � �
 � "/+8 θ > 0 C 1 ≤ s <∞� "3 b ∈ BMOθ(ρ) /8>9 8-/ =�

?
1

|Q| |b− bQ|
s

? 1
s

? ?b?BMOθ(ρ)

?
1 +

r

ρ(x)

?θ?

:+<+ >9.+ ,9 6+ Q = Q(x, r) -9 8 x ∈ Rn � r > 0� .9 8./ θ? = (N0 +1)θ C N0 / = 6+ -9 8=>+8>/
;?/ +:+</-/ /8 � � 	 �



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

�C 4 �
 5 
 % >C -6C< EGJ:76 :A H><J>:CI: 6CTAD<D 9: A6 9:H><J6A969 9: #D=C�'>G:B7:G<
:C :A :HE68>D BMOθ(ρ)
 θ ≥ 0� �CI:H 9: :CJC8>6GAD 
 G:8DG9:BDH FJ: E6G6 Q(x, r) 7DA6 9:
Rn 
 ψ(Q) = (1 + r

ρ(x)
)�

�31214,&,>0 � � � � �� � "3 b ∈ BMOθ(ρ)� θ ≥ 0� / 8>9 8-/ = /B3=>/8 -9 8=>+8>/ = :9 =3>3@+=
C1, C2� ./:/8.3/8>/ = ?83-+7/8>/ ./ 6+ .37/8=3I8 n� >+ 6 ;?/ .+.9 -?+6;?3/ < ,9 6+ Q /8 Rn

C λ > 0� =/ >3/8/

|{x ∈ Q : |b(x)− bQ| > λ}| ≤ C1|Q|e
− C2λ

?b?BMOθ(ρ)
ψ(Q)θ

?
.

.98./ � -979 /8 6+ !<9:9 =3- 3I8 	� 	� 
�� θ? = (N0 + 1)θ �

�131.$3,1 � � � � 	� � "3 b ∈ BMOθ(ρ)� θ ≥ 0� / 8>9 8-/ = /B3=>/8 -9 8=>+8>/ = :9 =3>3@+= C C β
>+ 6 ;?/

sup
Q

1

|Q|

ˆ

Q

e
β

?b?
BMOθ(ρ)ψ(Q)θ

? |b(x)−bQ|
dx ≤ C.

, ><J>:C9D A6H >9:6H 9: � � � GJO .G>7: N �� �>DG:CO6 :C 4 � � 5 N 4 � � 5 
 % >C -6C< � K:G 4 �
 5 	
D7I>:C: 9:H><J6A969:H 8DC JC E:HD E6G6 Iα,b � )6G6 :MEADI6G A6 EGDE>:969 9: 9:86>B>:CID
9: Kα 
 % >C -6C< 8DCH>9:G6 A6H ;JC8>DC:H HWB7DAD b :C :A :HE68>D BMOθ(ρ) E6G6 6A<[C
θ ≥ 0
 N 6 ADH E:HDH :C JC6 8A6H: BTH 6BEA>6 FJ: A6 Ap,q � -:DG:B6 � � � � �� 	 N :C IVGB>CD
9: A6 ;JC8>YC 9: G69>D 8GWI >8D ρ
 BTH EG:8>H6B:CI: 
 H:6 θ ≥ 0� .C E:HD ω E:GI:C:8: 6 6
8A6H: Aρ,θ

p,q H> :M>HI: JC6 8DCHI6CI: EDH>I >K6 C I6A FJ: E6G6 ID96 7DA6 Q(x, r) H: I >:C:

?
1

|Q|

ˆ

Q

ωqdx

? 1
q
?

1

|Q|

ˆ

Q

ω−p?
? 1

p?

≤ C
?
1 +

r

ρ(x)

?θ

1 < p ≤ q <∞.
?

1

|Q|

ˆ

Q

ωqdx

? 1
q

?ω−1?L∞ ≤ C
?
1 +

r

ρ(x)

?θ

, 1 ≤ q <∞.

�9:BTH
 Aρ,∞
p,q =

?
θ≥0A

ρ,θ
p,q �

� DC :HI6H 9:�C>8>DC:H :HI6BDH :C 8DC9>8>DC:H 9: >CIGD9J8>G ADH G:HJAI69DH 9: %>C -6C<�

!(13(/$ � � � � 	� � "/+8 0 < α < n� 1 < p < α
n
C 1

q
= 1

p
− α

n
� "3 b ∈ BMOθ(ρ)� :+<+ +61K8

θ ≥ 0 C ω / = ?8 :/=9 /8 6+ - 6+=/ Aρ,∞
p,q /8>9 8-/ =

?
ˆ

Rn
|Iα,bf(x)|qω(x)qdx

? 1
q

≤ C?b?BMOθ(ρ)

?
ˆ

Rn
|f(x)|pω(x)pdx

? 1
p

.

!(13(/$ � � � � 	� � "/+8 0 < α < n� b ∈ BMOθ(ρ) C 6+= 0?8- 39 8/ = B(t) = t log(e + t)�

Ψ(t) =
?
t log(e+ t

α
n )
? n
n−α C θ(t) = t1−

α
n log(e + t−

α
n )� "3 ω ∈ Aρ,∞

1 � / 8>9 8-/ = /B3=>/ ?8+
-9 8=>+8>/ :9 =3>3@+ C >+ 6 ;?/ :+<+ >9.+ t > 0�

ω ({x ∈ Rn : |Iα,bf(x)| > t}) ≤ CB(B(?b?BMOθ(ρ)))Ψ

?
ˆ

Rn
B

? |f(x)|
t

?
θ(ω(x))dx

?
.



� � � �EA>868>DC:H � ��

'J:HIGD D7 ?:I>KD :H D7I:C:G :MI:CH>DC:H E6G6 :A 86HD 9: 9DH E:HDH 9: ADH I:DG:B6H
6CI:G>DG:H � )6G6 :AAD 
 696EI6G:BDH A6H IV8C>86H 9: � � � GJO .G>7: 
 �� �>DG:CO6 N %>C -6C<�
�C EG>B:G AJ<6G EGD76BDH :A H><J>:CI: G:HJAI69D FJ: :HI67A:8: JC6 8DBE6G68>YC :C CDGB6
Lq(µ) :CIG: ADH DE:G69DG:H Iα,b N ML logL,α,η �

!(13(/$ � � � � 	� � "/+8 0 < α < n� q > 0 C b ∈ BMOθ(ρ) :+<+ +61K8 θ ≥ 0� "3 µ / =>E /8
6+ - 6+=/ Aρ,loc

∞ � / B3=>/ ?8+ -9 8=>+8>/ :9 =3>3@+ C � >+ 6 ;?/ :+<+ >9.9 η ≥ 0 =?�- 3/8>/7/8>/
1<+8./ � C >9.+ f +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9 /8 Rn � =/ -?7:6/

ˆ

Rn
|Iα,bf(x)|q µ(x) dx ≤ C?b?BMOθ(ρ)

ˆ

Rn
ML logL,α,ηf(x)

q µ(x) dx.

 ,=/<@+- 3I8 � � � � �� � �: A6 )GDEDH>8>YC � � � � �� G:HJAI6 FJ: H> b ∈ BMOθ(ρ) :CIDC8:H b ∈
Ls(K)
 E6G6 ID9D s > 1 N ID9D 8DBE68ID K � �HID <6G6CI>O6 A6 7J:C6 9:�C>8>YC 9:A
8DCBJI69DG Iα,bf E6G6 f 68DI696 N 9: HDEDGI: 8DBE68ID�

)6G6 9:BDHIG6G :A G:HJAI69D 6CI:G>DG H:GTC 8A6K:H A6 9:H><J6A969 ;J:GI: 9: �:�:GB6C�
, I:>C N JC6 8DBE6G68>YC EJCIJ6A G:A6I>K6 6 Iα,b 
 Iα N ML logL,α,η FJ: :CJC8>6BDH 6
8DCI>CJ68>YC�

�31214,&,>0 � � � � 	
 � "/+8 0 < α < n� δ, ? >+ 6/ = ;?/ 0 < 2δ < ? < 1 C b ∈ BMOθ(ρ)
:+<+ +61K8 θ ≥ 0� �8>9 8-/ = /B3=>/ ?8+ -9 8=>+8>/ :9 =3>3@+ C >+ 6 ;?/ :+<+ >9.9 η ≥ 0
=?�- 3/8>/7/8>/ 1<+8./ C >9.+ 0?8- 3I8 f +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9 /8 Rn =/ >3/8/

M?
δ,η(Iα,bf)(x) ≤ C?b?BMOθ(ρ) (M?,η(Iαf)(x) +ML logL,α,ηf(x)) , p.c.t x ∈ Rn.

 ,=/<@+- 3I8 � � � � �� � +:HJAI69DH E6G6 :A 86HD 8ATH>8D (V = 0) ;J:GDC D7I:C>9DH :C 4 � � 5 EDG
� � � GJO .G>7: N �� �>DG:CO6 N :C 4 � � 5 EDG � >C< 2DC<
 %J ,=6CO=:C N 3=6C< )J�

�/79 =><+- 3I8� )6G6 8J6AFJ>:G 8DCHI6CI: λ
 969D FJ: |Iαf(x)| < ∞ : Iα :H JC DE:G69DG
A>C:6A
 G:HJAI6


Iα,bf(x) = b(x)Iαf(x)− Iα(bf)(x)
= (b(x)− λ) Iαf(x)− Iα(bf − λf)(x)
= (b(x)− λ) Iαf(x)− Iα((b− λ)f)(x). � � � � � ��	

, :6 x ∈ Rn N Q = Q(x0, r) JC6 7DA6 :C Rn FJ: 8DCI>:C: 6 x� -DB:BDH A6 9:H8DBEDH>8>YC
f = f1+ f2 
 9DC9: f1 = fχ ?Q 


?Q = 2Q� )6G6 EGD76G :A I:DG:B6
 8DCH>9:G6G:BDH 9DH 86HDH
G:HE:8ID 9: r
 :HID :H r < ρ(x0) N r ≥ ρ(x0)�

� 6HD � � r < ρ(x0)� �69D FJ: 0 < δ < 1
 E6G6 λ N CQ 6 9:I:GB>C6G H: I>:C:

?
1

|Q|

ˆ

Q

??|Iα,bf(y)|δ − |CQ|δ
?? dy

? 1
δ

≤
?

1

|Q|

ˆ

Q

|Iα,bf(y)− CQ|δ dy
? 1

δ



�
 �:H><J6A969:H 9: �:�:GB6C�, I:>C

≤
?

1

|Q|

ˆ

Q

|(b(y)− λ) Iαf(y)− Iα((b− λ)f)(y)− CQ|δ dy
? 1

δ

≤ C
?

1

|Q|

ˆ

Q

|(b(y)− λ) Iαf(y)|δ dy
? 1

δ

+ C

?
1

|Q|

ˆ

Q

|Iα((b− λ)f1)(y)|δ dy
? 1

δ

+ C

?
1

|Q|

ˆ

Q

|Iα((b− λ)f2)(y)− CQ|δ dy
? 1

δ

.
= I + II + III.

)6G6 :HI>B6G I �?6BDH λ = b ?Q :A EGDB:9>D 9: b HD7G: ?Q� %J:<D
 E6G6 ID9D γ I6A FJ:
1 < γ < ?

δ

 6EA>86C9D A6 9:H><J6A969 9: !ZA9:G 8DC 1

γ
+ 1

γ? = 1
 JI >A>O6C9D A6 )GDEDH>8>YC

� � � � �� N :A =:8=D FJ: ψ( ?Q) ∼= 1 G:HJAI6


I ≤ C
?

1

|Q|

ˆ

Q

???b(y)− b ?Q
???
δγ?

dy

? 1
δγ?

?
1

|Q|

ˆ

Q

|Iαf(y)|γδdy
? 1

δγ

? ?b?BMOθ(ρ)ψ(
?Q)(N0+1)θ

?
ψ(Q)−η

|Q|

ˆ

Q

|Iαf(y)|?dy
? 1

?

? ?b?BMOθ(ρ)M?,η(Iαf)(x).

)6G6 :HI>B6G II 
 6EA>86C9D A6 9:H><J6A969 9: $DABD<DGDK � %:B6 � � � � � �	 N :A =:8=D FJ:
Iα :H 9: I>ED 9V7>A (1, n

n−α
) G:HJAI6

II ≤ C

|Q|1−α
n

?Iα(b− b ?Q)f1?L n
n−α ,∞

≤ C

|Q|1−α
n

ˆ

?Q
|(b− bQ)f(y)|dy.

%J:<D
 6EA>86C9D A6 9:H><J6A969 9: !ZA9:G <:C:G6A>O696 � %:B6 � � � � � � 	 E6G6 A6 ;JC8>YC 9:
2DJC< B(t) = t log(e+ t) N HJ 8DBEA:B:CI6G>6 B 8DC B(t) ∼= et − 1
 H: D7I>:C:

II ≤ C| ?Q|αn ?b− b ?Q?B, ?Q?f?B, ?Q.

)DG �DGDA6G>D � � � � �
 
 :M>HI:C 8DCHI6CI:H EDH>I >K6H β N C � :C E6GI>8JA6G H: EJ:9: IDB6G
C ≥ 2	 I6A FJ:

1

| ?Q|

ˆ

?Q
e

β

?b?BMOθ(ρ)
ψ( ?Q)(N0+1)θ

|b(x)−b ?Q|
dx ≤ C.

�HW :H >CB:9>6ID FJ:

1

| ?Q|

ˆ

?Q

1

C

?
e

β

?b?BMOθ(ρ)
ψ( ?Q)(N0+1)θ

|b(x)−b ?Q|
− 1

?
dx ≤ 1,



� � � �EA>868>DC:H � ��

AD FJ:
 JI>A>O6C9D A6 8DCK:M>969 9:A >CI:<G6C9D
 CDH AA:K6 6

1

| ?Q|

ˆ

?Q
e

β

C?b?BMOθ(ρ)
ψ( ?Q)(N0+1)θ

|b(x)−b ?Q|
− 1 dx ≤ 1.

%J:<D
 969D FJ: B(t) ∼= et − 1
 EDG 9:�C>8>YC 9: CDGB6 B:9>6 9: %JM:B7JG<D


?b− b ?Q?B, ?Q ≤
C ?b?BMOθ(ρ)ψ(

?Q)(N0+1)θ

β
,

8DC AD FJ: I:C:BDH A6 H><J>:CI: :HI >B68>YC E6G6 II 


II ≤ C| ?Q|αn ?b?BMOθ(ρ)ψ(
?Q)(N0+1)θ+ηψ( ?Q)−η?f?B, ?Q

? ?b?BMOθ(ρ)ML logL,α,ηf(x),

9DC9: :C A6 [AI >B6 9:H><J6A969 =:BDH JH69D FJ: ψ( ?Q) ∼= 1�

� >C6AB:CI: 
 E6G6 :HI >B6G III 
 : A:<>BDH CQ = (Iα(b− b ?Q)f2)Q 
 :HID :H :A EGDB:9>D 9:
Iα(b− b ?Q)f2 :C Q� �69D FJ: 0 < δ < 1 G:HJAI6


III =

?
1

|Q|

ˆ

Q

???Iα((b− b ?Q)f2)(y)− (Iα(b− b ?Q)f2)Q
???
δ

dy

? 1
δ

≤ C 1

|Q|

ˆ

Q

???Iα((b− b ?Q)f2)(y)− (Iα(b− b ?Q)f2)Q
??? dy

= C
1

|Q|

ˆ

Q

????
1

|Q|

ˆ

Q

ˆ

Rn− ?Q
(b(w)− b ?Q)f(w)Kα(y, w)dw dz

− 1

|Q|

ˆ

Q

ˆ

Rn− ?Q
(b(w)− b ?Q)f(w)Kα(z, w)dw dz

???? dy

≤ C

|Q|2
ˆ

Q

ˆ

Q

ˆ

Rn− ?Q
|b(w)− b ?Q| |f(w)||Kα(y, w)−Kα(z, w)| dw dz dy,

9DC9: Kα :H :A C[8A:D 9: A6 >CI:<G6A ;G688>DC6G>6 ,8=GZ9>C<:G
 :HID :H

Kα(y, w) =

ˆ ∞

0

kt(y, w) t
α
2
dt

t
.

%J:<D
 :C K>GIJ9 9:A %:B6 � � � � � � N I:C>:C9D :C 8J:CI6 FJ: ?Qc =
?

k=1Qk+1−Qk 
 9DC9:
Qk = Q(x0, 2

kr) H: D7I>:C: A6 H><J>:CI: :HI >B68>YC E6G6 III 


III ≤ Crν
ˆ

?Qc

|b(w)− b ?Q|
|w − x0|n+ν−α

|f(w)|
?
1 +
|w − x0|
ρ(x0)

?−N

dw

≤ Crν
∞?

k=1

ˆ

Qk+1−Qk

|b(w)− b ?Q|
|w − x0|n+ν−α

|f(w)|
?
1 +
|w − x0|
ρ(x0)

?−N

dw

≤ Crν
∞?

k=1

1

(2kr)n+ν−α
?
1 + 2kr

ρ(x0)

?N

ˆ

Qk+1

|b(w)− b ?Q|f(w)|dw



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

≤ Crν
∞?

k=1

|Qk|
α
n
−1

(2kr)νψ(Qk)N

ˆ

Qk

|b(w)− b ?Q|f(w)|dw

≤ C
∞?

k=1

2−kν

ψ(Qk)N
|Qk|

α
n

1

|Qk|

ˆ

Qk

|b(w)− bQk
|f(w)dw

+ C
∞?

k=1

2−kν

ψ(Qk)N
|Qk|

α
n
−1b ?Q − |bQk

|
ˆ

Qk

|f(w)|dw

= III1 + III2,

9DC9: 0 < ν < min(1, 2− n
q0
)� �C III1 
 6EA>86C9D A6 9:H><J6A969 9: !ZA9:G <:C:G6A>O696

E6G6 A6 ;JC8>YC 9: 2DJC< B(t) = t log(e+ t) N HJ 8DBEA:B:CI6G>6 B(t) ∼= et− 1 N JH6C9D
CJ:K6B:CI: :A �DGDA6G>D � � � � �
 H: D7I>:C:

III1 ≤ C
∞?

k=1

2−kν

ψ(Qk)N
|Qk|

α
n ?b− bQk

?B,Qk
?f?L logL,Qk

≤ C?b?BMOθ(ρ)

∞?

k=1

2−kν

ψ(Qk)N−θ(N0+1)−η
|Qk|

α
nψ(Qk)

−η?f?L logL,Qk

≤ C?b?BMOθ(ρ)ML logL,α,ηf(x)
∞?

k=1

2−kν

ψ(Qk)N−θ(N0+1)−η
.

�CIDC8:H 
 :A><>:C9D N AD HJ�8>:CI:B:CI: <G6C9: 8DBD E6G6 FJ: N − θ(N0 + 1) − η > 0

G:HJAI6

III1 ≤ C?b?BMOθ(ρ)ML logL,α,ηf(x).

)6G6 :HI>B6G III2 
 JH6BDH FJ:
 E6G6 ID96 k 
 |b ?Q−bQk
| ≤ Ckψ(Qk)

θ?b?BMOθ(ρ) 
 :C :;:8ID


G:8DG96C9D FJ:
 Qk = Q(x0, 2
kr) N ?Q = Q1 
 G:HJAI6

|b ?Q − bQk
| ≤

k?

j=2

|bQj−1
− bQj

|

≤
k?

j=2

2n

|Qj |

ˆ

Qj

|b− bQj
|

≤ C?b?BMOθ(ρ)

k?

j=2

?
1 +

2jr

ρ(x0)

?θ

≤ Ckψ(Qk)
θ?b?BMOθ(ρ). � � � � � �� 	

�HW


III2 ≤ C?b?BMOθ(ρ)

∞?

k=1

2−kνk

ψ(Qk)N−θ−η
ψ(Qk)

−η|Qk|
α
n
−1

ˆ

Qk

|f(w)|dw

≤ C?b?BMOθ(ρ)Mα,ηf(x)
∞?

k=1

2−kνk

ψ(Qk)N−θ−η
.



� � � �EA>868>DC:H � ��

'DI6C9D FJ: Mα,ηf(x) ≤ML logL,α,ηf(x) N G:8DG96C9D CJ:HIG6 :A:88>YC 9: N I:C:BDH

III2 ≤ C?b?BMOθ(ρ)ML logL,α,ηf(x).

�DB7>C6C9D A6H :HI >B68>DC:H 9: III1 : III2 
 ED9:BDH :H8G>7>G

III ≤ C?b?BMOθ(ρ)ML logL,α,ηf(x),

AD FJ: 8DC8AJN: :A -:DG:B6 E6G6 :A 86HD � �

�6HD � � r ≥ ρ(x0)� � DBD 6CI:H
?

1

ψ(Q)η|Q|

ˆ

Q

|Iα,bf(y)|δ dy
? 1

δ

≤ 1

ψ(Q)
η
δ

?
1

|Q|

ˆ

Q

|(b(y)− λ)Iαf(y)− Iα((b− λ)f)(y)|δ dy
? 1

δ

≤ C

ψ(Q)
η
δ

?
1

|Q|

ˆ

Q

|b(y)− λ|δ|Iαf(y)|δdy
? 1

δ

+
C

ψ(Q)
η
δ

?
1

|Q|

ˆ

Q

|Iα((b− λ)f1)(y)|δdy
? 1

δ

+
C

ψ(Q)
η
δ

?
1

|Q|

ˆ

Q

|Iα((b− λ)f2)(y)|δdy
? 1

δ

= I + II + III.

)6G6 :HI>B6G I 
 H ><J>:C9D JC G6ODC6B>:CID 6CTAD<D 6A 8DCH>9:G69D :C :A 86HD � H: D7I>:C: 


I ≤ C

ψ(Q)
η
δ

?
1

|Q|

ˆ

Q

???b(y)− b ?Q
???
δγ?

dy

? 1
δγ?

?
1

|Q|

ˆ

Q

|Iαf(y)|γδdy
? 1

δγ

≤ Cψ(Q) η?− η
δ ?b?BMOθ(ρ)ψ(

?Q)(N0+1)θ

?
ψ(Q)−η

|Q|

ˆ

Q

|Iαf(y)|?dy
? 1

?

≤ Cψ(Q) η?− η
δ
+θ(N0+1)?b?BMOθ(ρ)M?,η(Iαf)(x).

�HW
 IDB6C9D η ≥ θ(N0+1)
1
δ
− 1

?

G:HJAI6

I ≤ C?b?BMOθ(ρ)M?,η(Iαf)(x).

)6G6 :HI>B6G II 
 CJ:K6B:CI: H><J>:C9D JC G6ODC6B>:CID 6CTAD<D 6A 8DCH>9:G69D :C :A
86HD � 
 H: D7I>:C:

II ≤ C

ψ(Q)
η
δ

| ?Q|αn ?b?BMOθ(ρ)ψ(
?Q)(N0+1)θ?f?B, ?Q

≤ Cψ( ?Q)θ(N0+1)− η
δ
+η?b?BMOθ(ρ)| ?Q|

α
nψ( ?Q)−η?f?B, ?Q



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

≤ C?b?BMOθ(ρ)ML logL,α,ηf(x),

9DC9: :C A6 [AI >B6 9:H><J6A969
 H: =6 JH69D A6 :A:88>YC 9: η 8DCH>9:G696 :C I N EDG AD
I6CID θ(N0 + 1)− η

δ
+ η ≤ 0�

)DG [AI >BD
 E6G6 :HI >B6G III 
 I:C>:C9D :C 8J:CI6 FJ: 0 < δ < 1 N ψ(Q) ≥ 1
 G:HJAI6

III ≤ C

|Q|

ˆ

Q

|Iα((b− λ)f2)(y)|dy

≤ C

|Q|

ˆ

Q

ˆ

Rn− ?Q
Kα(y, w) |b(w)− b ?Q| |f(w)| dw dy

� E6GI>G 9:A %:B6 �
 G:HJAI6 FJ: E6G6 8696 N > 0 :M>HI: JC6 8DCHI6CI: CN I6A FJ:

Kα(y, w) ≤ CN

ˆ ∞

0

t−
n−α
2 e−

|y−w|2
Ct

?
1 +

√
t

ρ(y)

?−N
dt

t

≤ C 1

|w − x0|n−α
?
1 + |w−x0|

ρ(y)

?N
, . � � � � � �� 	

9DC9: A6 [AI >B6 9:H><J6A969 H: D7I>:C: 9:A %:B6 � � � � � � � � � � � � � 	 N 9:A =:8=D FJ: |y−w| ∼=
|w − x0|
 E6G6 ID9D y :C Q = Q(x0, r) N w :C ?Qc � %J:<D
 9:CDI6C9D Qk = Q(x0, 2

kr)
 H:
D7I>:C: A6 H><J>:CI: :HI >B68>YC E6G6 III

III ≤ C

|Q|

ˆ

Q

∞?

k=1

ˆ

Qk+1−Qk

1

|w − x0|n−α
?
1 + |w−x0|

ρ(y)

?N
|b(w)− b ?Q| |f(w)| dw dy

≤ C

|Q|

ˆ

Q

∞?

k=1

ˆ

Qk+1−Qk

1

(2kr)n−α
?
1 + 2kr

ρ(y)

?N
|b(w)− b ?Q| |f(w)| dw dy.

�EA>86C9D A6 EGDE>:969 9: A6 ;JC8>YC 9: G69>D 8GWI >8D 8>I696 :C � � 	 
 I:C>:C9D :C 8J:CI6
FJ: y :HIT :C Q(x0, r) N r ≥ ρ(x0)
 G:HJAI6

C
1

ρ(x0)

?
r

ρ(x0)

?− N0
N0+1

≤ 1

ρ(y)
≤ C 1

ρ(x0)

?
r

ρ(x0)

?N0

,

:CIDC8:H 
 E6G6 ID9D y :C Q

1 +
2kr

ρ(y)
≥ 1 + C

2kr

ρ(x0)

?
r

ρ(x0)

?− N0
N0+1

≥ C

?
r

ρ(x0)

? N0
N0+1

+ 2kr
ρ(x0)

?
r

ρ(x0)

? N0
N0+1



� � � �EA>868>DC:H � ��

≥ C
1 + 2kr

ρ(x0)

?
1 + 2kr

ρ(x0)

? N0
N0+1

= C

?
1 +

2kr

ρ(x0)

? 1
N0+1

. � � � � � � 
 	

)DG AD I6CID


III ≤ C
∞?

k=1

ˆ

Qk+1

|Qk|
α
n
−1

?
1 + 2kr

ρ(x0)

? N
N0+1

|b(w)− b ?Q| |f(w)| dw

≤ C
∞?

k=1

|Qk|
α
n

ψ(Qk)
N

N0+1

1

|Qk|

ˆ

Qk

|b(w)− bQk
| |f(w)|dw

+ C
∞?

k=1

|Qk|
α
n
−1

ψ(Qk)
N

N0+1

|bQk
− b ?Q|

ˆ

Qk

|f(w)|dw

= III1 + III2.

)6G6 :HI>B6G III1 G6ODC6BDH EG>B:GD 8DBD :C III1 9:A 86HD r ≤ ρ(x0) E6G6 D7I:C:G

III1 ≤ C
∞?

k=1

|Qk|
α
n

ψ(Qk)
N

N0+1

?b− bQk
?B,Qk

?f?L logL,Qk

≤ C?b?BMOθ(ρ)

∞?

k=1

ψ(Qk)
− N

N0+1
+η+θ(N0+1)

ψ(Qk)
−η|Qk|

α
n ?f?L logL,Qk

≤ C?b?BMOθ(ρ)ML logL,α,ηf(x)
∞?

k=1

ψ(Qk)
− N

N0+1
+η+θ(N0+1)

�=DG6
 :A><>:C9D N > 0 I6A FJ: − N
N0+1

+ η + θ(N0 + 1) < 0 N G:8DG96C9D FJ: r
ρ(x0)

≥ 1


9: 9DC9: G:HJAI6 ψ(Qk) ≥ 2k 
 H: D7I>:C:

III1 ≤ C?b?BMOθ(ρ)ML logL,α,ηf(x)
∞?

k=1

2
k(− N

N0+1
+η+θ(N0+1))

≤ C?b?BMOθ(ρ)ML logL,α,ηf(x).

)6G6 :HI>B6G III2 
 DIG6 K:O 8DBD :C III2 9:A 86HD r ≤ ρ(x0)
 ED9:BDH EGD76G FJ:

III2 ≤ C
∞?

k=1

k ψ(Qk)
N

N0+1
+η+θ|Qk|

α
n
−1|ψ(Qk)

−η

ˆ

Qk

|f(w)|dw

≤ C?b?BMOθ(ρ)Mα,ηf(x)
∞?

k=1

k ψ(Qk)
− N

N0+1
+η+θ

≤ C?b?BMO∞(ρ)ML logL,α,ηf(x)
∞?

k=1

k ψ(Qk)
− N

N0+1
+η+θ

.



�� �:H><J6A969:H 9: �:�:GB6C�, I:>C

�=DG6 7>:C
 9: A6 :A:88>YC 9: N G:6A>O696 :C A6 :HI >B68>YC 9: III1 
 G:HJAI6 FJ: − N
N0+1

+
θ + η < 0
 6HW

III2 ≤ C?b?BMOθ(ρ)ML logL,α,ηf(x)
∞?

k=1

k 2
−k( N

N0+1
−η−θ)

≤ C?b?BMOθ(ρ)ML logL,α,ηf(x).

�>C6AB:CI: 
 9: ADH 86HDH � N � 
 A6 9:BDHIG68>YC FJ:96 8DBEA:I6�

)6G6 EGD76G :A -:DG:B6 � � � � �� 
 6EA>86G:BDH A6 9:H><J6A969 ;J:GI: 9: �:�:GB6C�, I:>C
� -:DG:B6 � � � � � 	 6 A6 ;JC8>YC Iα,bf 
 9DC9: f :H 68DI696 N 9: HDEDGI: 8DBE68ID :C Rn �
)6G6 :AAD 
 :C EG>B:G AJ<6G
 9:7:BDH K:G>�86G FJ: Iα,bf :H AD86AB:CI: >CI:<G67A: :C Rn 

G:HJAI69D FJ: :MEDC:BDH 6 8DCI>CJ68>YC�

�31214,&,>0 � � � � 
 � � "/+ q ≥ 1� b ∈ BMOθ(ρ) :+<+ +61K8 θ ≥ 0� 6?/19 Iα,bf ∈ Lqloc(Rn)
:+<+ >9.+ f +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9 /8 Rn �

�/79 =><+- 3I8� �DBD :C A6 9:BDHIG68>YC 9: A6 )GDEDH>8>YC � � � � � � 
 76HI6GT 8DC EGD76G FJ:
E6G6 f 68DI696 N 9: HDEDGI: 8DBE68ID :C Rn 
 b ∈ BMOθ 
 Iα,bf :H 68DI69D� �C :;:8ID

H:6 Q0(x0, r0) JC6 7DA6 :C Rn I6A FJ: HDEf ⊂ Q0 
 AJ:<D I:C>:C9D :C 8J:CI6 A6 ><J6A969
� � � � � ��	 
 Iα,bf(x) = (b(x) − bQ0)Iαf(x) − Iα((b − bQ0)f)(x)
 A6 )GDEDH>8>YC � � � � � � N A6
:HI >B68>YC � � � � � � 	 9: Kα D7I:C:BDH

|Iα,bf(x)| ≤ |b(x)− bQ0 | ?Iαf?∞ +

ˆ

Q0

|f(y)||b(y)− bQ0 |Kα(x, y)dy

≤ |b(x)− bQ0 | ?Iαf?∞ + ?f?∞
ˆ

Q0

|b(y)− bQ0 |
1

|x− y|n−α
dy. � � � � � � � 	

+:HI6 EDG EGD76G FJ: :A H:<JC9D IVGB>CD 9: � � � � � � � 	 :HI6 68DI69D� , :6 s I6A FJ: 1 < s <
n

n−α

 6EA>86C9D A6 9:H><J6A969 9: !ZA9:G 8DC 1

s
+ 1

s? = 1 G:HJAI6

|Iα,bf(x)| ≤
?
ˆ

Q0

|b(y)− bQ0 |s
?
dy

? 1
s?
?
ˆ

Q0

1

|x− y|(n−α)s
dy

? 1
s

�69D FJ: EDG =>EYI:H>H b ∈ BMOθ(ρ)
 H: D7I>:C: 9: A6 )GDEDH>8>YC � � � � ��

?
ˆ

Q0

|b(y)− bQ0 |s
?
dy

? 1
s?

? ?b?BMOθ(ρ)|Q0|
1
s?

?
1 +

r0
ρ(x0)

?θ?

<∞,

8DC θ? = (N0 + 1)θ �

)DG [AI >BD
 H><J>:C9D JC G6ODC6B>:CID 6CTAD<D 6A 9: A6 9:BDHIG68>YC 9: A6 )GDEDH>8>YC
� � � � � � 
 G:HJAI6 FJ: E6G6 1 < s < n

n−α



?
ˆ

Q0

1

|x− y|(n−α)s
dy

? 1
s

? rα−n+n
s

0 <∞

%J:<D
 Iα,bf :H 68DI69D
 N EDG AD I6CID :HIT :C Lqloc(Rn) E6G6 ID9D q ≥ 1�



� � � �EA>868>DC:H � ��

�DC :A G:HJAI69D 6CI:G>DG
 :HI6BDH :C 8DC9>8>DC:H 9: 9:BDHIG6G :A -:DG:B6 � � � � �� �

�/79 =><+- 3I8 ./ 6 #/9 </7+ 	� 	� �
� ,:6C δ, ? I6A:H FJ: 0 < 2δ < ? < 1 N η AD HJ�8>:CI:�
B:CI: <G6C9: E6G6 ED9:G 6EA>86G A6H )GDEDH>8>DC:H � � � � � � N � � � � �� �

�69D FJ: µ ∈ Aρ,loc
∞ 
 Iαf, Iα,bf HDC AD86AB:CI: >CI:<G67A:H :C Rn � )GDEDH>8>DC:H � � � � � �

N � � � � � � 	 
 6EA>86C9D A6 9:H><J6A969 ;J:GI: 9: �:�:GB6C�, I:>C � -:DG:B6 � � � � � 	 
 G:HJAI6
IDB6C9D δ < q

ˆ

Rn
|Iα,bf(x)|q µ(x)dx

≤
ˆ

Rn
Mδ,η(Iα,bf)(x)qµ(x)dx

≤ C
ˆ

Rn
M?

δ,η(Iα,bf)(x)qµ(x)dx.

%J:<D 9: A6H )GDEDH>8>DC:H � � � � �� N � � � � � � 
 N =68>:C9D JHD CJ:K6B:CI: 9: A6 9:H><J6A969
;J:GI: 9: �:�:GB6C�, I:>C 
 D7I:C:BDH

≤ C?b?qBMOθ(ρ)

?
ˆ

Rn
M?,η(Iαf)(x)qµ(x)dx +

ˆ

Rn
ML logL,α,η(f)(x)

qµ(x)dx

?

≤ C?b?qBMOθ(ρ)

?
ˆ

Rn
M?

?,η(Iαf)(x)qµ(x)dx +
ˆ

Rn
ML logL,α,η(f)(x)

qµ(x)dx

?

≤ C?b?qBMOθ(ρ)

?
ˆ

Rn
Mα,ηf(x)

qµ(x)dx +

ˆ

Rn
ML logL,α,η(f)(x)

qµ(x)dx

?

≤ C?b?qBMOθ(ρ)

ˆ

Rn
ML logL,α,η(f)(x)

qµ(x)dx.

� E6GI>G 9:A -:DG:B6 � � � � �� N ADH G:HJAI69DH 9: 68DI68>YC 8DC 9DH E:HDH E6G6 :A DE:�
G69DG B6M>B6A ML logL,α,η D7I:C>9DH :C :A �6EWIJAD 1
 -:DG:B6 � � � � � � 
 G:HJAI6 >CB:9>6I6
A6 68DI68>YC ;J:GI: 8DC 9DH E:HDH E6G6 :A 8DCBJI69DG Iα,b I6A 8DBD AD :CJC8>6 :A H><J>:CI:
I:DG:B6�

!(13(/$ � � � � 
� � "/+8 0 < α < n� 1 < p ≤ q < ∞ C b ∈ BMOθ(ρ)� :+<+ +61K8 θ ≥ 0�

"3 (µ, ν) / =>E /8 Aα,ρ,∞
p,q � µ ∈ Aρ,loc

∞ C σ = ν−
1

p−1 ∈ Aρ,∞
∞ /8>9 8-/ =

?
ˆ

Rn
|Iα,bf(x)|qµ(x)

? 1
q

≤ ?b?BMOθ(ρ)

?
ˆ

Rn
|f(x)|pν(x)

? 1
p

,

:+<+ >9.+ f /8 Lp(Rn, ν)�

 , =/ <@+- 3I8 � � � � � � � �C A6 68DI68>YC 8DC JC E:HD E6G6 Iα,b :CJC8>696 :C :A -:DG:B6 � � � � ��
� % >C -6C<
 4 �
 5 	 HYAD H: HJEDC: FJ: :A E:HD ω :HIT :C Aρ,∞

p,q 
 9:7>9D 6 FJ: :HI6 8DC9>8>YC
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>BEA>86 ωq ∈ Aρ,∞
∞ N
 9: :HI6 B6C:G6
 :H EDH>7A: 6EA>86G A6 9:H><J6A969 9: �:�:GB6C�

, I:>C 8DC :A E:HD ωq � �C 8DCIG6HI: 
 :C CJ:HIGD G:HJAI69D
 A6 =>EYI:H>H (µ, ν) ∈ Aα,ρ,∞
p,q CD

>BEA>86 C:8:H6G>6B:CI: FJ: µ ∈ Aρ,loc
∞ N σ ∈ Aρ,∞

∞ � K:G � � � � � �
 	 
 86EWIJAD � 	 � �HW
 E6G6
ED9:G 6EA>86G JC BVID9D H>B>A6G :C CJ:HIGD 86HD
 G:;DGO6BDH A6H =>EYI:H>H E>9>:C9D FJ:
:A E:HD 9: AA:<696 :HIV :C A6 8A6H: Aρ,loc

∞ � �: :HI6 B6C:G6
 ED9:BDH 6EA>86G :A -:DG:B6
� � � � � N IG6HA696G :A EGD7A:B6 9: 68DI68>YC 6A DE:G69DG B6M>B6A ML logL,α,η � )DG DIG6
E6GI: 
 I6B7>VC G:;DGO6BDH A6 =>EYI:H>H 8DC A6 8DC9>8>YC σ ∈ Aρ,∞

∞ E6G6 ED9:G 6H:<JG6G
FJ: :A DE:G69DG B6M>B6A ML logL,α,η :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ) � -:DG:B6
� � � � � � 	 � � 8DCI>CJ68>YC 9:H6GGDAA6BDH JC :?:BEAD 9: E:HDH FJ: 8JBEA:C :M68I6B:CI: A6H
8DC9>8>DC:H 9:A -:DG:B6 � � � � � � �

, :6 1 ≤ p ≤ q <∞
 ρ ≡ 1

µ(x) = e−|x|

ν(x) = 1 + |x|γ , −n < γ
n
p

q
− n + αp ≥ 0.

)DG (7H:GK68>YC � � � � � � 
 H: H><J: FJ: µ ∈ Aρ,loc
∞ 
 BTH 6[C µ /∈ Aρ,∞

∞ � � DBD N6 H: K>D :C
� � � � � �
 	 σ ∈ Aρ,∞

∞ � +:HI6 EGD76G FJ: (µ, ν) ∈ Aα,ρ,∞
p,q � %D =6G:BDH E6G6 p > 1
 : A 86HD

p = 1 H: D7I>:C: 9: B6C:G6 H>B>A6G�

, :6 B = B(x0, r) JC6 7DA6 :C Rn 


?´
B
e−|x|dx

? p
q

?
´

B
(1 + |x|γ)− 1

p−1 dx
?p−1

|B|(1−α
n)p

≤ C r
n p
q rn (p−1)

rn(1−
α
n
)p

≤ rn
p
q
−n+αp.

%J:<D
 H > θ ≥ np
q
− n + αp I:C:BDH

µ(B)
p
q σ(B)p−1

|B|(1−α
n
)p

≤ C(1 + r)θ

�HW (µ, ν) ∈ Aα,ρ,∞
p,q . 'DI:BDH FJ: A6 8DC9>8>YC np

q
− n + αp ≥ 0 :H :FJ>K6A:CI: 6 E:9>G

1
q
≥ 1

p
− α

n
� �HID BJ:HIG6 FJ: :M>HI:C K6ADG:H 9: α, p N q FJ: K:G>�86C A6 8DC9>8>YC E:9>96�

)6G6 :A 86HD AWB>I: 
 p = 1
 D7I:C:BDH FJ: Iα,b K:G>�86 A6 H><J>:CI: 9:H><J6A969 BD9JA6G
L logL
 A6 8J6A H><J>:C9D ADH 6G<JB:CIDH B:C8>DC69DH :C :C A6 (7H:GK68>YC � � � � �� 
 G:HJAI6
FJ: :MI>:C9: :A G:HJAI69D 9: %>C -6C< 6 9DH E:HDH � -:DG:B6 � � � � �� 	 � �CI:H 9: :CJC8>6G
CJ:HIGD G:HJAI69D
 G:8DG9:BDH FJ: :C :A �6EWIJAD � 
 H:88>YC � � � 
 =:BDH 9:�C>9D
 E6G6 JC6
;JC8>YC 9: 2DJC< 6G7>IG6G>6 Φ
 A6 ;JC8>YC hΦ 9696 EDG

hΦ(s) = sup
t>0

Φ(st)

Φ(t)
, 0 ≤ s <∞.

�C :H: B>HBD 86EWIJAD I6B7>VC H: B:C8>DC6C 8>:GI6H EGDE>:969:H FJ: K:G>�86 A6 ;JC8>YC
hΦ �



� � � �EA>868>DC:H � ��

!(13(/$ � � � � 

 � "/+8 0 < α < n� 1 ≤ q < ∞� b ∈ BMOθ(ρ) :+<+ +61K8 θ ≥ 0�
B(t) = t log(e + t) C Φ0(t) =

t
log(e+t)

� "3 / 6 :+< ./ :/ =9 = (µ, ν) / =>E /8 6+ - 6+=/ Aα,ρ,∞
1,q C

µ ∈ Aρ,loc
∞ � / B3=>/ ?8+ -9 8=>+8>/ C >+ 6 ;?/ :+<+ >9.9 t > 0�

µ ({x ∈ Rn : |Iα,bf(x)| > t})
1
q ≤ CB(B(?b?BMOθ(ρ)))B

?
ˆ

Rn
B

? |f(x)|
t

?
hΦ0(ν(x))dx

?
.

�/79 =><+- 3I8� �6HI6GT 8DC EGD76G :A I:DG:B6 E6G6 f 68DI696 N 9: HDEDGI: 8DBE68ID :C
Rn 
 EJ:H :A G:HJAI69D <:C:G6A H: H><J: JI>A>O6C9D JC 8DCD8>9D 6G<JB:CID 9: 9:CH>969�
-6B7>VC H:GT HJ�8>:CI: 8DC EGD76G A6 9:H><J6A969 E6G6 ?b?BMOθ(ρ) = 1
 :HID :H

µ ({x ∈ Rn : |Iα,bf(x)| > t})
1
q ≤ CB

?
ˆ

Rn
B

? |f(x)|
t

?
hΦ0(ν(x))dx

?
, � � � � � � � 	

N6 FJ: H> ?b?BMOθ(ρ) = 0
 AJ:<D b :H 8DCHI6CI: N :A G:HJAI69D :H IG>K>6A 
 B>:CIG6H FJ: H>

?b?BMOθ(ρ) ?= 0
 6EA>86C9D � � � � � � � 	 E6G6 ?b = b
?b?BMOθ(ρ)

N g = ?b?BMOθ(ρ)f 
 N G:8DG96C9D

FJ: B :H HJ7BJAI>EA>86I>K6 G:HJAI6

µ ({x ∈ Rn : |Iα,bf(x)| > t})
1
q

= µ
??
x ∈ Rn : |Iα,?b g(x)| > t

?? 1
q

≤ CB
?
ˆ

Rn
B

? |g(x)|
t

?
hΦ0(ν(x))dx

?

≤ CB
?
ˆ

Rn
B

?
?b?BMOθ(ρ)

|f(x)|
t

?
hΦ0(ν(x))dx

?

≤ CB(B(?b?BMOθ(ρ)))B

?
ˆ

Rn
B

? |f(x)|
t

?
hΦ0(ν(x))dx

?
.

/:6BDH � � � � � � � 	 � )DG =DBD<:C:>969 H:GT HJ�8>:CI: EGD76G :A G:HJAI69D E6G6 t = 1�
)6G6 :AAD CDI:BDH FJ:

µ ({x ∈ Rn : |Iα,bf(x)| > 1}) 1
q

= B(B(1))
1

B(B(1))
µ ({x ∈ Rn : |Iα,bf(x)| > 1}) 1

q

≤ C sup
t>0

1

B(B(1
t
))
µ ({x ∈ Rn : |Iα,bf(x)| > t})

1
q

≤ C sup
t>0

1

B(B(1
t
))
µ ({x ∈ Rn :Mδ,η(Iα,bf)(x) > t})

1
q .

�CIDC8:H 
 969D FJ: µ ∈ Aρ,loc
∞ 
 φ(t) = 1

B(B( 1
t
))
:H 8G:8>:CI: N 9JEA>86CI: N FJ: Iα,bf ∈

L1
loc(Rn) � )GDEDH>8>YC � � � � � � 	 
 :H EDH>7A: 6EA>86G A6 9:H><J6A969 9V7>A 9: �:�:GB6C�, I:>C

� -:DG:B6 � � � � � 	 E6G6 D7I:C:G


µ ({x ∈ Rn : |Iα,bf(x)| > 1}) 1
q



�
 �:H><J6A969:H 9: �:�:GB6C�, I:>C

≤ C sup
t>0
φ(t)µ

??
x ∈ Rn :M?

δ,η(Iα,bf)(x) > t
?? 1

q

≤ C sup
t>0
φ(t)µ

??
x ∈ Rn :M?,η(Iαf)(x) +ML logL,α,ηf(x) >

t

C

?? 1
q

,

9DC9:
 :C A6 [AI >B6 9:H><J6A969
 H: =6 6EA>869D A6 )GDEDH>8>YC � � � � �� IDB6C9D δ, ? 6G7>�
IG6G>DH 8DC 0 < 2δ < ? < 1 N η HJ�8>:CI:B:CI: <G6C9:� %J:<D
 JH6C9D A6 EGDE>:969 9:
9JEA>868>YC 9: A6 ;JC8>YC φ
 JC H:C8>AAD 86B7>D 9: K6G>67A:H N CJ:K6B:CI: A6 9:H><J6A969
9V7>A 9: �:�:GB6C�, I:>C 
 G:HJAI6

µ ({x ∈ Rn : |Iα,bf(x)| > 1}) 1
q

≤ C sup
t>0
φ(t)µ

??
x ∈ Rn :M?,η(Iαf)(x) >

t

C

?? 1
q

+ C sup
t>0
φ(t)µ

??
x ∈ Rn :ML logL,α,ηf(x) >

t

C

?? 1
q

≤ C sup
t>0
φ

?
t

C

?
µ

??
x ∈ Rn :M?,η(Iαf)(x) >

t

C

?? 1
q

+ C sup
t>0
φ

?
t

C

?
µ

??
x ∈ Rn :ML logL,α,ηf(x) >

t

C

?? 1
q

≤ C sup
t>0
φ(t)µ

??
x ∈ Rn :M?

?,η(Iαf)(x) > t
?? 1

q

+ C sup
t>0
φ(t)µ ({x ∈ Rn :ML logL,α,ηf(x) > t})

1
q .

�HW
 JH6C9D )GDEDH>8>YC � � � � � � 
 D7I:C:BDH

µ ({x ∈ Rn : |Iα,bf(x)| > 1}) 1
q

≤ C sup
t>0
φ(t)µ

??
x ∈ Rn :ML logL,α,ηf(x) >

t

C

?? 1
q

+ C sup
t>0
φ(t)µ

??
x ∈ Rn :ML logL,α,ηf(x) >

t

C

?? 1
q

≤ C sup
t>0
φ(t)µ ({x ∈ Rn :ML logL,α,ηf(x) > t})

1
q .

�C 8DCH:8J:C8>6
 E6G6 EGD76G :A -:DG:B6 H:GT HJ�8>:CI: 8DC EGD76G A6 9:H><J6A969 6CTAD<6
E6G6 :A DE:G69DG B6M>B6A (GA>8O , 8=GZ9>C<:G L logL� �: :HI6 B6C:G6
 G:8DG96C9D FJ:
φ(t) = 1

B(B(t))

 I:C>:C9D :C 8J:CI6 :A -:DG:B6 � � � � �� N :A =:8=D FJ: B :H HJ7BJAI>EA>86I>K6


ED9:BDH EGD76G

µ ({x ∈ Rn : |Iα,bf(x)| > 1}) 1
q

≤ C sup
t>0
φ(t)B(C)B

?
ˆ

Rn
B

? |f(x)|
t

?
hΦ0(ν(x))dx

?



� � � �EA>868>DC:H � ��

≤ Csup
t>0

1

B(B(1
t
))
B(B(

1

t
))B

?
ˆ

Rn
B (|f(x)|) hΦ0(ν(x))dx

?

≤ CB
?
ˆ

Rn
B (|f(x)|) hΦ0(ν(x))dx

?
,

AD FJ: 8DC8AJN: CJ:HIG6 9:BDHIG68>YC�
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����#"��� �! �� � ��� !#�� �� 

� � � � �$)'%�*��!1$

,:6C 0 < α < n
 b ∈ BMOθ(ρ) N f JC6 ;JC8>YC 68DI696 N 9: HDEDGI: 8DBE68ID :C
Rn � �:�C>BDH :A 8DCBJI69DG 9: DG9:C m ∈ N0 9: A6 >CI:<G6A ;G688>DC6G>6 9: ,8=GZ9>C<:G
8DBD

Imα,bf(x) =
ˆ

Rn
(b(x)− b(y))mKα(x, y)f(y)dy.

+:8DG9:BDH FJ: :A C[8A:D 9: A6 >CI:<G6A ;G688>DC6G>6 9: ,8=GZ9>C<:G
 Kα(x, y)
 :H CD
C:<6I>KD� , > 8DAD86BDH K6ADG 67HDAJID 6 A6 9>;:G:C8>6 b(x) − b(y) D7I:C:BDH JC CJ:KD
DE:G69DG
 :A 8J6A 9:CDI6G:BDH EDG Im,+

α,b :HID :H

Im,+
α,b f(x) =

ˆ

Rn
|b(x)− b(y)|mKα(x, y)f(y)dy.

�A6G6B:CI: E6G6 ID96 f ≥ 0


|Imα,bf(x)| ≤ Im,+
α,b f(x).

�C :A -:DG:B6 � � � � � � =:BDH D7I:C>9D 9:H><J6A969:H ;J:GI:H 8DC 9DH E:HDH E6G6 :A 8DCBJ�
I69DG 9: DG9:C � 9: A6 "CI:<G6A �G688>DC6G>6 9: ,8=GZ9>C<:G
 Iα,b 
 E6G6 1 < p ≤ q < ∞�
�HI: G:HJAI69D ;J: D7I:C>9D EDG 8DBE6G68>YC :C CDGB6 Lq(µ) 9:A 8DCBJI69DG Iα,b 8DC :A
DE:G69DG B6M>B6A ;G688>DC6G>D (GA>8O�, 8=GZ9>C<:G L logL
 ML logL,α,η � -:DG:B6 � � � � �� 	 

IG6HA696C9D 9: :HI6 B6C:G6 :A EGD7A:B6 6 :HI: DE:G69DG B6M>B6A E6G6 :A 8J6A N6 H: =6�
7W6C D7I:C>9D G:HJAI69DH 9: 68DI68>YC � -:DG:B6 � � � � � � 	 � )6G6 D7I:C:G A6 8DBE6G68>YC :C
CDGB6 Lq(µ) :CIG: :HIDH DE:G69DG:H 
 G:HJAI6C 8A6K:H A6 9:H><J6969 ;J:GI: 9: �:�:GB6C�
, I:>C � -:DG:B6 � � � � � 	 N JC6 :HI>B68>YC EJCIJ6A G:A6I>K6 6 Iα,b 
 Iα NML logL,α,η � -:DG:B6
� � � � �� 	 �



�� �:H><J6A969:H 8DC 9DH E:HDH E6G6 8DCBJI69DG:H 9: DG9:C HJE:G>DG

�C :HI: 86EWIJAD 9:BDHIG6G:BDH 9DH I>EDH 9: 9:H><J6A969:H 8DC E:HDH :C Lp(Rn) E6G6
Imα,b � %6 EG>B:G6 :HI67A:8: FJ:
 E6G6 E:HDH :C Aρ,loc

∞ 
 : A DE:G69DG Imα,b :H 8DCIGDA69D :C
CDGB6 Lq 8DC E:HDH EDG :A DE:G69DG B6M>B6A ;G688>DC6G>D (GA>8O�, 8=GZ9>C<:G MBm,α,η 

9DC9: Bm :H A6 ;JC8>YC 9: 2DJC< 9696 EDG Bm(t) = t(log(e+ t))

m � %6 H:<JC96 9:H><J6A�
969 :H JC6 8DCH:8J:C8>6 9: A6 EG>B:G6 N BJ:HIG6 FJ: :A DE:G69DG Imα,b :H 68DI69D 9:
Lp(Mαs,η(M

[(m+1)p]ω)ρα(p−s)) 6 Lp(ω) E6G6 s ≤ p 8DC αs < n
 9DC9: Mαs,η :H :A DE:�
G69DG B6M>B6A ;G688>DC6G>D , 8=GZ9>C<:G N M [(m+1)p] :H :A DE:G69DG B6M>B6A 9: !6G9N�
%>II A:LDD9 >I:G69D [(m+1)p] K:8:H 
 9DC9: [(m+1)p] :H A6 E6GI: :CI:G6 9: (m+1)p N ω :H
JC6 ;JC8>YC CD C:<6I>K6 AD86AB:CI: >CI:<G67A: :C Rn � �: A6 EG>B:G6 9:H><J6A969 I6B7>VC
H: D7I>:C:C 9:H><J6A969:H 8DC 9DH E:HDH 9: Lp 6 Lq E6G6 Imα,b <:C:G6A>O6C9D ADH G:HJAI69DH
D7I:C>9DH EG:K>6B:CI: E6G6 Iα : Iα,b � �6EWIJAD � 	 �

� � � � �(&��!%( �� �'"!�/ . "� �*$�!1$ #�-!#�" �(%�!���


���$!�!%$�( . '�(*")��%( &'�"!#!$�'�(

�C :A �6EWIJAD � 
 H:88>YC � � � 
 =:BDH 9:�C>9D ;JC8>DC:H 9: 2DJC< N :HE68>DH 9: (GA>8O
N B:C8>DC6BDH 6A<JC6H 9: A6H EGDE>:969:H G:A68>DC69DH 8DC :AADH � � 8DCI>CJ68>YC 9:�C>�
G:BDH JC6 8A6H: 9: ;JC8>DC:H 9: 2DJC< FJ: 9:H:BE:X6C JC E6E:A 8A6K: :C ADH G:HJAI69DH
FJ: :MEDC9G:BDH :C :HI: 86EWIJAD�

�(�0,&,>0 � � � � � � ,:6 1 < p < ∞� � >G:BDH FJ: JC6 ;JC8>YC 9: 2DJC< 9JEA>86CI: φ
H6I>H;68: JC6 8DC9>8>YC Bp H> :M>HI: JC6 8DCHI6CI: c > 0 I6A FJ:

ˆ ∞

c

φ(t)

tp
dt

t
∼=
ˆ ∞

c

?
tp

?

φ(t)

?p−1
dt

t
<∞.

9DC9: φ 9:CDI6 A6 ;JC8>YC 9: 2DJC< 8DBEA:B:CI6G>6 6HD8>696 6 φ � �:�C>8>YC � � � � � 
 	 �

�?:BEADH H>BEA:H 9: ;JC8>DC:H 9: 2DJC< FJ: K:G>�86C A6 8DC9>8>YC Bp HDC tp−β N
tp (log(1 + t))−1−β 8DC β > 0�

%6 G::A:K6C8>6 9: A6 8DC9>8>YC Bp 9:G>K6 9: HJ G:A68>YC 8DC A6 68DI68>YC 9: A6 H><J>:CI:
;JC8>YC B6M>B6A
 9:�C>96 :C IVGB>CDH 9: φ


Mφf(x) = sup
x∈Q
?f?φ,Q

9DC9: ?f?φ,Q 9:CDI6 A6 CDGB6 B:9>6 9: %JM:B7JG<D :C :A :HE68>D 9: (GA>8O Lφ(Q)
 A6
8J6A N6 ;J: >CIGD9J8>96 8DBD 86HD E6GI>8JA6G :C :A �6EWIJAD � �

)G69DA>C> N ,6A>C6H :C 4 �� 5 EGD76GDC :A H><J>:CI: I:DG:B6 E6G6 Mφ :C :A 8DCI:MID
9: :HE68>DH 9: I>ED =DBD<VC:D (X, d, µ)� � 67: B:C8>DC6G FJ: :A B>HBD G:HJAI69D ;J:
EGD769D EDG +� 0=::9:C N � � )VG:O :C 4 �� 5 
 E:GD 76 ?D A6 =>EYI:H>H 69>8>DC6A 9: FJ: ID9D
6C>AAD :C (X, d, µ) :H CD K68WD�



� � � �:H><J6A969:H 8DC 9DH E:HDH E6G6 MBm,α,η ��

!(13(/$ � � � � � � "/+8 (X, d, µ) ?8 /=:+- 39 ./ >3:9 29791G8/9 -9 8 µ(X) =∞� 1 < p <∞
C φ ?8+ 0?8- 3I8 ./ '9?81 .?:63-+8>/ � �+= =31?3/8>/ = +�<7+- 39 8/ = =9 8 /;?3@+ 6/8>/ =

φ ∈ Bp.� � � � � � 	

�B3=>/ ?8+ -9 8=>+8>/ :9 =3>3@+ C >+ 6 ;?/
ˆ

X

(Mφf(x))
p dµ(x) ≤ C

ˆ

X

|f(x)|pdµ(x),� � � � � �	

:+<+ >9.+= 6+= 0?8- 39 8/ = 7/.3, 6/ = f �

� � � � 
�(!�*�"����( �%$ �%( &�(%( &�'� MBm,α,η

�C :A 86EWIJAD � H:88>YC � � � 
 H: =6 9:�C>9D :A DE:G69DG B6M>B6A ;G688>DC6G>D (GA>8O�
, 8=GZ9>C<:G MB,α,η 
 9DC9: B :H JC6 ;JC8>YC 9: 2DJC< 6G7>IG6G>6
 0 ≤ α < n N η ≥ 0�
� DBD =:BDH B:C8>DC69D 6A 8DB>:COD 9:A 86EWIJAD
 E6G6 8696 m ∈ N0 
 9:CDI6G:BDH
EDG Bm 6 8696 JC6 9: A6H ;JC8>DC:H 9: 2DJC< Bm(t) = t (log(e+ t))m � �C E6GI>8JA6G

JI>A>O6G:BDH MB0,α,η =Mα,η N MB1,α,η =ML logL,α,η �

�C :A -:DG:B6 � � � � � � H: =6 EGD769D :A H><J>:CI: G:HJAI69D E6G6 m = 1� %6 B>HB6
9:BDHIG68>YC
 8DC 696EI68>DC:H B:CDG:H 
 H: EJ:9: 6EA>86G 6A 86HD <:C:G6A E6G6 m ∈ N�

!(13(/$ � � � � � � "?:981+79 = ;?/ 0 ≤ α < n� 1 < p ≤ q < ∞� "/+8 (µ, ν) ?8 :+< ./

:/ =9 = -9 8 σ = ν−
1

p−1 ∈ Aρ,∞
∞ � �+= =31?3/8>/ = +�<7+- 39 8/ = =9 8 /;?3@+ 6/8>/ =

∃C > 0, η0 ≥ 0, ?MBm,α,η(f)?Lq(µ) ≤ C?f?Lp(ν), η ≥ η0.� � � � � � 	

(µ, ν) ∈ Aα,ρ,∞
p,q .� � � � � � 	

� � �� 
�(!�*�"����( �%$ �%( &�(%( &�'� Imα,b

� 8DCI>CJ68>YC
 EG:H:CI6BDH JCDH 9: ADH EG>C8>E6A:H G:HJAI69DH 9:A 86EWIJAD�

!(13(/$ � � 	� � � "/+8 0 < α < n� m ∈ N0� 1 < p ≤ q < ∞ C b ∈ BMOθ(ρ) :+<+ +61K8

θ ≥ 0� "3 (µ, ν) / =>E /8 Aα,ρ,∞
p,q � µ ∈ Aρ,loc

∞ C σ = ν−
1

p−1 ∈ Aρ,∞
∞ � / 8>9 8-/ =

?
ˆ

Rn
|Imα,bf(x)|qµ(x)dx

? 1
q

≤ C?b?BMOθ(ρ)

?
ˆ

Rn
|f(x)|pν(x)dx

? 1
p

.

�DBD N6 H: B:C8>DCY 6A 8DB>:COD 9:A 86EWIJAD
 E6G6 EGD76G :A G:HJAI69D 6CI:G>DG H:GT
HJ�8>:CI: 9:BDHIG6G :A H ><J>:CI: I:DG:B6
 FJ: :HI67A:8: JC6 8DBE6G68>YC :C CDGB6 Lq(µ)
9: Imα,b 8DC MBm,α,η �



�� �:H><J6A969:H 8DC 9DH E:HDH E6G6 8DCBJI69DG:H 9: DG9:C HJE:G>DG

!(13(/$ � � 	� � � "/+8 0 < α < n� Bm(t) = t (t log(e+ t))m -9 8 m ∈ N0� q > 0 C
b ∈ BMOθ(ρ) :+<+ +61K8 θ ≥ 0� "3 µ / =>E /8 Aρ,loc

∞ � / B3=>/ ?8+ -9 8=>+8>/ :9 =3>3@+ C >+ 6
;?/ :+<+ >9.9 η ≥ 0 =?�- 3/8>/7/8>/ 1<+8./ C >9.+ f +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9 /8
Rn </ =?6>+

ˆ

Rn
|Imα,bf(x)|qµ(x)dx ≤ C?b?mq

BMOθ(ρ)

ˆ

Rn
MBm,α,ηf(x)

qµ(x)dx.

�DBD :C A6 9:BDHIG68>YC 9:A -:DG:B6 � � � � �� 
 JC EJCID 8A6K: E6G6 A6 EGJ:76 9: :HI:
G:HJAI69D :H JC6 9:H><J6A969 EJCIJ6A FJ: 8DBE6G6 JC 8DCBJI69DG 8DC DIGDH 9: B:CDG
DG9:C�

�(/$ � � 	� � � "/+8 0 < α < n� δ, ? >+ 6/ = ;?/ 0 < 2δ < ? < 1� Bm(t) = t (log(e+ t))
m -9 8

m ∈ N C b ∈ BMOθ(ρ) :+<+ +61K8 θ ≥ 0� �8>9 8-/ = /B3=>/ ?8+ -9 8=>+8>/ :9 =3>3@+ C >+ 6
;?/ :+<+ >9.9 η ≥ 0 =?�- 3/8>/7/8>/ 1<+8./ C >9.+ 0?8- 3I8 f ≥ 0 +-9 >+.+ C ./ =9 :9 <>/
-97:+- >9 /8 Rn =/ >3/8/

M?
δ,η(Im,+

α,b f)(x) ≤ C
?

m−1?

k=0

?b?m−k
BMOθ(ρ)

M?,η(Ik,+α,b f)(x) + ?b?mBMOθ(ρ)
MBm,α,ηf(x)

?
,

:+<+ -+=3 >9.9 x ∈ Rn �

 , =/ <@+- 3I8 � � � � � � �A 86HD E6GI>8JA6G m = 1 9: :HI: A:B6 AD =:BDH EGD769D :C :A �6EWIJAD
� H:88>YC � � � � )GDEDH>8>YC � � � � �� 	 � +:HJAI69DH 6CTAD<DH E6G6 :A 86HD 8ATH>8D (V = 0) ;J:GDC
D7I:C>9DH :C 4 � � 5 EDG � >C< 2DC<
 %. ,=6CO=:C N 3=6C< )J :C Rn N :C 4 � 5 EDG �:GC6G9>H 

) G69DA>C> N !6GIOHI:>C :C :A 8DCI:MID 9: :HE68>DH 9: I>ED =DBD<VC:D �

)6G6 EGD76G :A %:B6 � � � � � C:8:H>I6G:BDH :A H><J>:CI: A:B6 IV8C>8D�

�(/$ � � 	� 
 � "/+8 0 < α < n� m ∈ N� b ∈ BMOθ(ρ) :+<+ +61K8 θ ≥ 0 C c, λ ∈ R� �?/19
/B3=>/ ?8+ -9 8=>+8>/ C = C(m) >+ 6 ;?/

??Im,+
α,b f(x)− c

?? ≤ C
m−1?

k=0

|b(x)− λ|m−kIk,+α,b f(x) + |Iα(|b− λ|mf)(x)− c| � � � � � � 	

:+<+ >9.+ f ≥ 0 +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9 /8 Rn C >9.+ y ∈ Rn �

%6 9:BDHIG68>YC 9: :HI: G:HJAI69D H><J: A6H AWC:6H 9: G6ODC6B>:CID 9: �:GC69>H 
 )G6�
9DA>C> N !6GIOHI:>C � %:B6 � � � :C 4 � 5 	 
 :C :A FJ: EGJ:76C CJ:HIGD G:HJAI69D E6G6 :A 86HD
8ATH>8D
 EDG AD I6CID HYAD :MEDC9G:BDH JC :HFJ:B6 9: A6 9:BDHIG68>YC�

�/79 =><+- 3I8� , > λ :H JC6 8DCHI6CI: 6G7>IG6G>6
 ED9:BDH :H8G>7>G � K:G 4 �� 5 	

Imα,bf(x) =
m−1?

k=0

Ck,m(b(x)− λ)m−kIkα,bf(x) + Iα((λ− b)mf)(x), � � � � � �	



� � � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Imα,b ��

9DC9: Ck,m HDC A6H 8DCHI6CI:H FJ: 6E6G:8:C :C A6 ;YGBJA6 9: ':LIDC� � A6G6B:CI: H> m
:H E6G Im,+

α,b f(x) = Imα,bf(x)
 N EDG AD I6CID � � � � � � 	 H: H><J: 9: � � � � � �	 � �=DG6
 6HJB6BDH
FJ: m :H >BE6G� �H8G>7>:C9D b(x)− b(y) = (b(x)− λ) + (λ− b(y))
 :H ;T8>A BDHIG6G FJ:

Im,+
α,b f(x) ≤ |b(x)− λ|Im−1,+

α,b f(x) + Im−1,+
α,b (|b− λ|f)(x), y � � � � � � 	

Im,+
α,b f(x) ≥ Im−1,+

α,b (|b− λ|f)(x)− |b(x)− λ|Im−1,+
α,b f(x). � � � � � � 	

)DG DIGD A69D
 G:HJAI6 H:C8>AAD K:G FJ:

Ik,+α,b f(x) ≤ Ik+1,+
α,b f(x) + |b(x)− λ|Ikα,bf(x). � � � � � � 
 	

%J:<D
 8DBD m− 1 :H E6G
 JH6C9D � � � � � �	 
 � � � � � � 	 N �C6AB:CI: � � � � � � 
 	 D7I:C:BDH

Im,+
α,b f(x) ≤

m−1?

k=0

?Ck,m|b(x)− λ|m−kIk,+α,b f(x) + Iα(|b− λ|mf)(x), � � � � � � � 	

9DC9: ?Ck,m = |Ck,m|�

�CTAD<6B:CI: 
 9: � � � � � �	 
 � � � � � � 	 N � � � � � � 
 	 H: D7I>:C:

Im,+
α,b f(x) ≥ −

m−1?

k=0

?Ck,m|b(x)− λ|m−kIk,+α,b f(x) + Iα(|b− λ|mf)(x). � � � � � � � 	

%J:<D
 � � � � � � 	 H: H><J: E6G6 m >BE6G 9: � � � � � � � 	 H > Im,+
α,b f(x) − c > 0 N 9: � � � � � � � 	 H >

Im,+
α,b f(x)− c < 0�

)6G6 A6 EGJ:76 9:A %:B6 � � � � � 
 H:<J>G:BDH ADH 6G<JB:CIDH JI>A>O69DH E6G6 8DC8AJ>G A6
)GDEDH>8>YC � � � � �� 
 :H EDG :AAD FJ: HDAD 9:H6GGDAA6G:BDH JC :HFJ:B6 9: A6 9:BDHIG68>YC�

�/79 =><+- 3I8 ./ 6 �/7+ 
� � � 
� ,:6 x ∈ Rn N Q = Q(x0, r) JC6 7DA6 :C Rn FJ: 8DCI>:C:
6 x� -DB:BDH A6 9:H8DBEDH>8>YC f = f1 + f2 
 9DC9: f1 = fχ ?Q 


?Q = 2Q� )6G6 EGD76G :A
I:DG:B6
 8DCH>9:G6G:BDH 9DH 86HDH G:HE:8ID 9: r
 :HID :H r < ρ(x0) N r ≥ ρ(x0)�

� 6HD � � r < ρ(x0)� �69D FJ: 0 < δ < 1
 6EA>86C9D :A %:B6 � � � � � E6G6 λ = b ?Q N
C = CQ = (Iα,b(|b− b ?Q|mf2))Q H: I >:C:

?
1

|Q|

ˆ

Q

??|Im,+
α,b f(y)|δ − |CQ|δ

?? dy
? 1

δ

≤
?

1

|Q|

ˆ

Q

??Im,+
α,b f(y)− CQ

??δ dy
? 1

δ

?
?

1

|Q|

ˆ

Q

?
m−1?

k=0

|b(y)− b ?Q|m−kIk,+α,b f(y) + |Iα(|b− b ?Q|mf)(y)

− (Iα,b(|b− b ?Q|mf2))Q|
?δ

dy

? 1
δ



�� �:H><J6A969:H 8DC 9DH E:HDH E6G6 8DCBJI69DG:H 9: DG9:C HJE:G>DG

?
m−1?

k=0

?
1

|Q|

ˆ

Q

|b(y)− b ?Q|(m−k)δ|Ik,+α,b f(y)|δ
? 1

δ

+ C

?
1

|Q|

ˆ

Q

|Iα(|b− b ?Q|mf1)(y)|δdy
? 1

δ

+ C

?
1

|Q|

ˆ

Q

|Iα(|b− b ?Q|mf2)(y)− (Iα,b(|b− b ?Q|mf2))Q|δ
? 1

δ

.
= I + II + III.

)6G6 :HI>B6G I, II N III 
 H:<J>BDH ADH 6G<JB:CIDH 9:I6AA69DH :C :A 86HD G:HE:8I>KD � r ≤
ρ(x0)	 9: A6 )GDEDH>8>YC � � � � �� 
 :HID :H 
 E6G6 :HI >B6G I 6EA>86BDH A6 9:H><J6A969 9: !ZA9:G
8DC 1

γ
+ 1

γ? = 1
 9DC9: 1 < γ < ?
δ

 AJ:<D A6 )GDEDH>8>YC � � � � �� N �C6AB:CI: :A =:8=D FJ:

ψ( ?Q) ∼= 1
 D7I:C>:C9D 9: :HI6 B6C:G6

I ?
m−1?

k=0

?b?BMOθ(ρ)m−kM?,η(Ik,+α,b f)(x).

)6G6 :HI>B6G II 
 6EA>86C9D A6 9:H><J6A969 9: $DABD<DGDK � %:B6 � � � � � �	 
 : A =:8=D FJ: Iα
:H 9: I>ED 9V7>A (1, n

n−α
)
 A6 9:H><J6A969 9: !ZA9:G <:C:G6A>O696 E6G6 A6 ;JC8>YC 9: 2DJC<

Bm(t) = t(log(e + t))m N HJ 8DBEA:B:CI6G>6 Bm 8DC Bm(t) ∼= et
1
m 
 A6 EGDE>:969 9: A6H

;JC8>DC:H :C BMOθ(ρ) 9696 EDG :A �DGDA6G>D � � � � �
 N :A =:8=D FJ: ψ( ?Q) ∼= 1
 H: D7I>:C:

II ? ?b?mBMOθ(ρ)
MBm,α,ηf(x).

�>C6AB:CI: 
 E6G6 :HI >B6G III 
 I:C>:C9D :C 8J:CI6 FJ: 0 < δ < 1
 D7I:C:BDH

III ≤ C

|Q|2
ˆ

Q

ˆ

Q

ˆ

Rn− ?Q
|b(w)− b ?Q|m |f(w)||Kα(y, w)−Kα(z, w)| dw dz dy,

9DC9: Kα :H :A C[8A:D 9: A6 >CI:<G6A ;G688>DC6G>6 ,8=GZ9>C<:G� %J:<D
 :C K>GIJ9 9:A %:B6
� � � � � � N I:C>:C9D :C 8J:CI6 FJ: ?Qc =

?
k=1Qk+1−Qk 
 9DC9: Qk = Q(x0, 2

kr) H: D7I>:C:
A6 H><J>:CI: :HI >B68>YC E6G6 III 


III ≤ C
∞?

k=1

2−kν

ψ(Qk)N
|Qk|

α
n

1

|Qk|

ˆ

Qk

|b(w)− bQk
|m|f(w)dw

+ C
∞?

k=1

2−kν

ψ(Qk)N
|Qk|

α
n
−1|bQk

− b ?Q|m
ˆ

Qk

|f(w)|dw

= III1 + III2,

9DC9: 0 < ν < min(1, 2− n
q0
) N N > 0 :H 6G7>IG6G>D N H:GT :A:<>9D 8DCK:C>:CI:B:CI: � �C

III1 
 6EA>86C9D A6 9:H><J6A969 9: !ZA9:G <:C:G6A>O696 E6G6 A6 ;JC8>YC 9: 2DJC< Bm N HJ
8DBEA:B:CI6G>6 Bm N JH6C9D CJ:K6B:CI: :A �DGDA6G>D � � � � �
 H: D7I>:C:

III1 ≤ C?b?mBMOθ(ρ)
MBm,α,ηf(x)

∞?

k=1

2−kν

ψ(Qk)N−mθ(N0+1)−η
.



� � � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Imα,b ��

�CIDC8:H 
 :A><>:C9D N AD HJ�8>:CI:B:CI: <G6C9: 8DBD E6G6 FJ: N −mθ(N0+1)− η > 0

G:HJAI6

III1 ≤ C?b?mBMOθ(ρ)
MBm,α,ηf(x).

)6G6 :HI>B6G III2 
 I:C:BDH :C 8J:CI6 FJ:
 E6G6 ID96 k 
 |bQk
−b ?Q| ≤ Ckψ(Qk)

θ?b?BMOθ(ρ)

� K:G � � � � � �� 	 	 � �HW


III2 ≤ C?b?mBMOθ(ρ)
MBm,α,ηf(x).

�6HD � � r ≥ ρ(x0)� -:C>:C9D :C 8J:CI6 FJ: 0 < δ < 1 N 6EA>86C9D CJ:K6B:CI: :A %:B6
� � � � � 
 I:C:BDH

?
1

ψ(Q)η|Q|

ˆ

Q

|Im,+
α,b f(y)|δ dy

? 1
δ

? ψ(Q)− η
δ

m−1?

k=0

?
1

|Q|

ˆ

Q

|b(y)− λ|(m−k)δIk,+α,b f(y)
δdy

? 1
δ

+ ψ(Q)−
η
δ

?
1

|Q|

ˆ

Q

|Iα(|b− λ|mf)(y)|δdy
? 1

δ

? ψ(Q)− η
δ

m−1?

k=0

?
1

|Q|

ˆ

Q

|b(y)− λ|(m−k)δIk,+α,b f(y)
δdy

? 1
δ

+ ψ(Q)−
η
δ

?
1

|Q|

ˆ

Q

|Iα(|b− λ|mf1)(y)|δdy
? 1

δ

+ ψ(Q)−
η
δ

?
1

|Q|

ˆ

Q

|Iα(|b− λ|mf2)(y)|δdy
? 1

δ

= I + II + III.

�>?:BDH λ = b ?Q � )6G6 :HI >B6G I 
 H ><J>:C9D JC G6ODC6B>:CID 6CTAD<D 6A 8DCH>9:G69D :C :A
86HD � H: D7I>:C: 


I ? ψ( ?Q)−
η
δ
+θ(N0+1)m+ η

δγ

m−1?

k=0

?b?m−k
BMOθ(ρ)

M?,η(Ik,+α,b f)(x),

9DC9: γ :H I6A FJ: 1 < γ < ?
δ
� � A><>:C9D η I6A FJ: − η

δ
+θ(N0+1)m+ η

δγ
< 0
 A6 :HI >B68>YC

6CI:G>DG H: 8DCK>:GI: :C

I ?
m−1?

k=0

?b?m−k
BMOθ(ρ)

M?,η(Ik,+α,b f)(x).

)6G6 :HI>B6G II 
 CJ:K6B:CI: H><J>:C9D ADH B>HBDH 6G<JB:CIDH FJ: :C :A 86HD � 
 H: D7I>:C:

II ? ψ( ?Q)− η
δ
+θ(N0+1)m| ?Q|αn ?b?mBMOθ(ρ)

?f?Bm, ?Q.



�
 �:H><J6A969:H 8DC 9DH E:HDH E6G6 8DCBJI69DG:H 9: DG9:C HJE:G>DG

-DB6C9D η ≥ δθ(N0 + 1)m
 D7I:C:BDH

II ? ?b?mBMOθ(ρ)
MBm,α,ηf(x).

%6 :HI>B68>YC 9: III 
 H: D7I>:C: H><J>:C9D A6H AWC:6H 9: G6ODC6B>:CID :BEA:696H :C :A
G:HE:8I>KD 86HD 9: A6 9:BDHIG68>YC 9: A6 )GDEDH>8>YC � � � � �� 
 D7I:C>:C9D 9: :HI6 B6C:G6

III ? 1

|Q|

ˆ

Q

ˆ

Rn− ?Q
Kα(y, w) |b(w)− b ?Q|m |f(w)| dw dy

?
∞?

k=1

|Qk|
α
n

ψ(Qk)
N

N0+1

1

|Qk|

ˆ

Qk

|b(w)− bQk
|m |f(w)|dw

+ C
∞?

k=1

|Qk|
α
n
−1

ψ(Qk)
N

N0+1

|bQk
− b ?Q|m

ˆ

Qk

|f(w)|dw

= III1 + III2,

9DC9: 8DBD 6CI:H 
 Qk = Q(x0, 2
kr) N N > 0 :H 6G7>IG6G>D N H:GT :A:<>9D 8DCK:C>:CI:B:CI: �

)6G6 :HI >B6G III1 G6ODC6BDH EG>B:GD 8DBD :C III1 9:A 86HD r ≤ ρ(x0) E6G6 D7I:C:G

III1 ? ?b?mBMOθ(ρ)
MBm,α,ηf(x)

∞?

k=1

ψ(Qk)
− N

N0+1
+η+θ(N0+1)m

.

�=DG6
 :A><>:C9D N > 0 I6A FJ: − N
N0+1

+ η+ θ(N0 + 1)m < 0 N G:8DG96C9D FJ: r
ρ(x0)

≥ 1


9: 9DC9: G:HJAI6 ψ(Qk) ≥ 2k 
 H: D7I>:C:

III1 ? C?b?mBMOθ(ρ)
MBm,α,ηf(x).

)6G6 :HI>B6G III2 
 DIG6 K:O 8DBD :C III2 9:A 86HD r ≤ ρ(x0)
 ED9:BDH EGD76G FJ:

III2 ? ?b?mBMO∞(ρ)MBm,α,ηf(x)
∞?

k=1

(2−k)
N

N0+1
−θm−η−m

.

�=DG6 7>:C
 A6 :A:88>YC 9: N 8DCH>9:G696 :C A6 :HI >B68>YC 9: III1 
 6H:<JG6 FJ: N
N0+1

−
θm− η −m > 0
 6HW

III2 ? ?b?mBMO∞(ρ)MBm,α,ηf(x).

�>C6AB:CI: 
 9: ADH 86HDH � N � 
 A6 9:BDHIG68>YC FJ:96 8DBEA:I6�

�9:BTH E6G6 A6 EGJ:76 9:A -:DG:B6 � � � � � H:GTC [I>A:H A6H H><J>:CI:H EGDEDH>8>DC:H �

�31214,&,>0 � � 	� � � � "/+ f ≥ 0 +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9 /8 Rn � b ∈ BMOθ(ρ)
:+<+ +61K8 θ ≥ 0� �?/19 :+<+ >9.+ m ∈ N0� Im,+

α,b f ∈ Lqloc(Rn) :+<+ >9.9 q ≥ 1�



� � � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Imα,b ��

�/79 =><+- 3I8� )GD8:9:G:BDH JI>A>O6C9D :A BVID9D 9: >C9J88>YC�

'DI:BDH FJ: E6G6 m = 0
 I0,+α,b f = Iαf 
 N A6 I:H>H H: 8JBEA: :C K>GIJ9 9: A6 )GDEDH>8>YC
� � � � � � �

)6G6 m = 1
 H:6C ?q = max{q, n
n−α

+ 1} N Q(y, r) JC6 7DA6 :C Rn � 'DI:BDH FJ:
?q > n

n−α
� �EA>86C9D :A %:B6 � � � � � 
 A6 9:H><J6A969 9: !ZA9:G 8DC 1

γ
+ 1

γ? = 1 9DC9: γ ≥ 1
N I:C>:C9D :C 8J:CI6 FJ: ?q ≥ q G:HJAI6

?
ˆ

Q

|I+α,bf |q
? 1

q

?
?
ˆ

Q

|b− λ|q|Iαf |q
? 1

q

+

?
ˆ

Q

|Iα(|b− λ|f)|q
? 1

q

?
?
ˆ

Q

|b− λ|γq
? 1

γq
?
ˆ

Q

|Iαf |qγ
?
? 1

qγ?

+ |Q| 1q− 1
?q

?
ˆ

Q

|Iα(|b− λ|f)|?q
? 1

?q
. � � � � � � �	

�69D FJ:
 EDG =>EYI:H>H 
 b ∈ BMOθ(ρ)
 IDB6C9D λ = bQ H: D7I>:C: 
 :C K>GIJ9 9: A6
)GDEDH>8>YC � � � � �� 


?
ˆ

Q

|b− λ|γq
? 1

γq

? ?b?BMOθ(ρ)|Q|
1
γq

?
1 +

r

ρ(y)

?θ?

<∞

E6G6 Q = Q(y, r)
 θ? = (N0 + 1)θ
 9DC9: N0 :H A6 8DCHI6CI: FJ: 6E6G:8: :C � � �HW
 969D
FJ: :A G:HJAI69D :H KTA>9D E6G6 m = 0
 : A EG>B:G HJB6C9D 9: � � � � � � �	 G:HJAI6 �C>ID�

)DG [AI >BD
 E6G6 :HI>B6G A6 H:<JC96 HJB6 9: � � � � � � 
 I:C>:C9D :C 8J:CI6 FJ: Iα :
Lp → L?q 
 9DC9: 1

p
= 1

?q +
α
n

 f :H 68DI696 N 9: HDEDGI: 8DBE68ID :C Rn N CJ:K6B:CI: A6

)GDEDH>8>YC � � � � �� H: D7I>:C:

?
ˆ

Q

|Iα(|b− λ|f)|?q
? 1

?q
≤ C

?
ˆ

Rn
|b− bQ|p|f |p

? 1
p

≤ C?f?∞
?
ˆ

sopf

|b− bQ|p
? 1

p

<∞.

%D FJ: 8DC8AJN: A6 EGDEDH>8>YC E6G6 :A 86HD m = 1�

�=DG6 HJEDC<6BDH FJ: Im,+
α,b f ∈ Lqloc(Rn) E6G6 ID9D q ≥ 1 N E6G6 ID96

m = 0, 1, . . . , k − 1 9DC9: k ∈ N, k > 1� ) GD76G:BDH FJ: A6 EGDE>:969 :H KTA>96 E6G6
m = k �

, :6C ?q N Q DIG6 K:O 8DBD 6CI:H � �EA>86C9D :A %:B6 � � � � � N AJ:<D A6 9:H><J6A969 9:
!ZA9:G E6G6 1

γ
+ 1

γ? = 1 9DC9: γ ≥ 1 :H 6G7>IG6G>D G:HJAI6

ˆ

Q

|Ik,+α,b f |q

?
k−1?

j=0

?
ˆ

Q

|b− bQ|(k−j)q|Ij,+α,b f |q
? 1

q

+

?
ˆ

Q

|Iα(|b− bQ|kf)|q
? 1

q
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?
k−1?

j=0

?
ˆ

Q

|b− bQ|(k−j)γq

? 1
γq
?
ˆ

Q

|Ij,+α,b f |γ
?q

? 1
γ?q

+

?
ˆ

Q

|Iα(|b− bQ|kf)|?q
? 1

?q
.

%J:<D
 8696 IVGB>CD 9: A6 HJB6 HD7G: j :H �C>ID
 :C K>GIJ9 9: A6 =>EYI:H>H >C9J8I>K6 N A6
)GDEDH>8>YC � � � � �� � �DC G:HE:8ID 6A k + 1−VH>BD IVGB>CD
 G:8DG96C9D FJ: Iα : Lp → L?q

8DC 1
p
= 1

?q +
α
n

 f :H 68DI696 N 9: HDEDGI: 8DBE68ID :C Rn N CJ:K6B:CI: A6 )GDEDH>8>YC

� � � � �� 
 D7I:C:BDH FJ: :HI6 [AI >B6 :MEG:H>YC :H �C>I6 AD FJ: 8DC8AJN: A6 EGJ:76�

�: A6 EGDEDH>8>YC 6CI:G>DG
 :H >CB:9>6ID :A H><J>:CI: 8DGDA6G>D

�131.$3,1 � � 	� � 
 � Imα,bf ∈ Lqloc(Rn) :+<+ >9.+ q ≥ 1 C f +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9
/8 Rn �

�31214,&,>0 � � 	� � � � "/+8 b ∈ BMOθ(ρ) :+<+ +61K8 θ ≥ 0� ? C q >+ 6/ = ;?/ ? < q� µ ?8
:/=9 /8 Aρ,loc

∞ C η ≥ 0 =?�- 3/8>/7/8>/ 1<+8./ � �?/19 :+<+ >9.+ k ∈ N0�

?M?,η(Ik,+α,b f)?qLq(µ) ? Ck?b?kqBMOθ(ρ)
?MBk,α,ηf?qLq(µ)

:+<+ >9.+ f ≥ 0 +-9 >+.+ C ./ =9 :9 <>/ -97:+- >9 /8 Rn �

�/79 =><+- 3I8� 'J:K6B:CI: 6EA>86G:BDH :A BVID9D 9: >C9J88>YC�

)6G6 k = 0
 A6 9:H><J6A969 H: K:G>�86 8DBD 8DCH:8J:C8>6 9: A6 9:H><J6A969 ;J:GI: 9:
�:�:GB6C�, I:>C 
 -:DG:B6 � � � � � 
 N A6 )GDEDH>8>YC � � � � � � 9696 :C :A �6EWIJAD � �

/:6BDH :A 86HD k = 1� �C K>GIJ9 9: A6 )GDEDH>8>YC � � � � � � 
 I1,+α,b f ∈ L1
loc(Rn)
 AJ:<D

6EA>86C9D A6 9:H><J6A969 ;J:GI: 9: �:�:GB6C�, I:>C � -:DG:B6 � � � � � 	 H:<J>96B:CI: :A %:B6
� � � � � E6G6 0 < 2? < ?1 < 1 N JH6C9D :A G:HJAI69D E6G6 k = 0 G:HJAI6

?M?,η(I1,+α,b f)?qLq(µ) ≤ C?M?
?,η(I1,+α,b f)?qLq(µ)

≤ C?b?qBMOθ(ρ)
?M?1,η(Iαf)?qLq(µ) + C?b?

q
BMOθ(ρ)

?MB1,α,η(f)?qLq(µ).
? ?b?qBMOθ(ρ)

?MB1,α,η(f)?qLq(µ).

%J:<D A6 :HI >B68>YC :H KTA>96 E6G6 k = 1�

, JEDC<6BDH FJ: :A G:HJAI69D :H 8>:GID E6G6 m = 0, 1, 2, . . . , k−1
 9DC9: k ∈ N, k > 1�
) GD76G:BDH FJ: H: K:G>�86 E6G6 m = k 
 :HID :H

?M?,η(Ik,+α,b f)?qLq(µ) ? Ck?b?kqBMOθ(ρ)
?MBk,α,η(f)?qLq(µ).

'J:K6B:CI: :C K>GIJ9 9: A6 )GDEDH>8>YC � � � � � � 
 Ik,+α,b f ∈ L1
loc(Rn)
 AJ:<D 6EA>86C9D A6

9:H><J6A969 ;J:GI: 9: �:�:GB6C�, I:>C N H:<J>96B:CI: :A %:B6 � � � � � E6G6 0 < 2? < ?1 < 1
G:HJAI6

?M?,η(Ik,+α,b f)?qLq(µ)
≤ C?M?

?,η(Ik,+α,b f)?qLq(µ)



� � � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Imα,b ��

≤ C
k−1?

j=0

?b?(k−j)q
BMOθ(ρ)

?M?1,α,η(Ij,+α,b f)?qLq(µ) + C?b?
kq
BMOθ(ρ)

?MBk,α,η(f)?qLq(µ).

%J:<D
 6EA>86C9D A6 =>EYI:H>H >C9J8I>K6 N :A =:8=D FJ: E6G6 ID96 j = 0, 1, . . . , k − 1
?MBj ,α,η(f)?qLq(µ) ≤ ?MBk,α,η(f)?qLq(µ) D7I:C:BDH

?M?,η(Ik,+α,b f)?qLq(µ)

≤
k−1?

j=0

Cj?b?(k−j)q
BMOθ(ρ)

?b?jqBMOθ(ρ)
?MBj ,α,η(f)?qLq(µ) + C?b?

kq
BMOθ(ρ)

?MBk,α,η(f)?qLq(µ)

≤ Ck?b?kqBMOθ(ρ)
?MBk,α,η(f)?qLq(µ).

�=DG6 :HI6BDH :C 8DC9>8>DC:H 9: EGD76G :A -:DG:B6 � � � � � �

�/79 =><+- 3I8 ./ 6 #/9 </7+ 
� � � 	� ,:6 f 68DI696 N 9: HDEDGI: 8DBE68ID� �DBD N6 H: B:C�
8>DCY 6A 8DB>:COD 9:A 86EWIJAD

|Imα,bf(x)| ≤ Im,+
α,b f(x)

E6G6 ID96 f ≥ 0� %J:<D H:G6 HJ�8>:CI: EGD76G
ˆ

Rn
|Im,+

α,b f(x)|qµ(x)dx ≤ C?b?mq
BMOθ(ρ)

ˆ

Rn
|MBm,α,ηf(x)|qµ(x)dx.

E6G6 ID96 f ≥ 0 68DI696 N 9: HDEDGI: 8DBE68ID� �A 86HD <:C:G6A E6G6 8J6AFJ>:G f 68DI696
N 9: HDEDGI: 8DBE68ID H: H><J: 9:A =:8=D FJ: |Imα,bf | ≤ Im,+

α,b |f |�

'DI:BDH FJ:
 6 E6GI>G 9: A6 )GDEDH>8>YC � � � � � � 
 H67:BDH FJ: Im,+
α,b f :H AD86AB:CI:

>CI:<G67A: � %J:<D
 8DCH>9:G6C9D 0 < 2δ < ? < 1
 δ < q N η HJ�8>:CI:B:CI: <G6C9:
 JC6
6EA>868>YC 9: A6 9:H><J6A969 ;J:GI: 9: �:�:GB6C�, I:>C � -:DG:B6 � � � � � 	 H:<J>96 9:A %:B6
� � � � � CDH 8DC9J8: 6
ˆ

Rn
|Im,+

α,b f(x)|qµ(x)dx

≤
ˆ

Rn
|Mδ,η(Im,+

α,b f)(x)|qµ(x)dx

≤
ˆ

Rn
|M?

δ,η(Im,+
α,b f)(x)|qµ(x)dx

≤ C
m−1?

k=0

?b?BMOθ
(ρ)(m−k)q?M?,η(Ik,+α,b f)?qLq(µ) + C?b?

mq
BMOθ(ρ)

?MBm,α,ηf?qLq(µ).

�>C6AB:CI: 
 :A =:8=D FJ: E6G6 ID96 k ≤ m
 MBk,α,ηf(x) ≤ MBm,α,ηf(x) E6G6 ID96
x ∈ Rn N A6 )GDEDH>8>YC � � � � � � CDH 8DC9J8:C 6
ˆ

Rn
|Im,+

α,b f(x)|qµ(x)dx
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?
m−1?

k=0

Ck?b?BMOθ
(ρ)(m−k)q?b?kqBMOθ(ρ)

?MBk,α,ηf?qLq(µ) + ?b?
mq
BMOθ(ρ)

?MBm,α,ηf?qLq(µ)

? Cm?b?BMOθ
(ρ)mq?MBm,α,ηf?qLq(µ) + ?b?

mq
BMOθ(ρ)

?MBm,α,ηf?qLq(µ)
? Cm?b?mq

BMOθ(ρ)
?MBm,α,ηf?qLq(µ).

 ,=/<@+- 3I8 � � � � � � � �:CDI:BDH EDG Im,∗
α,b 6A DE:G69DG 69?JCID 9: Imα,b � �H ;T8>A K:G FJ:

K∗
α(x, y) = Kα(y, x) E6G6 ID96 x, y :C Rn N 969D FJ: 69:BTH Kα :H H>BVIG>8D
 G:HJAI6 FJ:

:A -:DG:B6 � � � � � I6B7>VC H: K:G>�86 E6G6 HJ 69?JCID
 :HID :H 
 E6G6 ID9D E:HD µ ∈ Aρ,loc
∞

I:C:BDH
ˆ

Rn
|Im,∗

α,b f(x)|qµ(x)dx ≤ C?b?mq
BMOθ(ρ)

ˆ

Rn
MBm,α,ηf(x)

qµ(x).

� E6GI>G 9:A -:DG:B6 � � � � � 
 : A 8J6A :HI67A:8: JC6 8DBE6G68>YC :C CDGB6 Lq(µ) :CIG:
ADH DE:G69DG:H Imα,b N MBm,α,η 
 N :A -:DG:B6 � � � � � 
 FJ: 9:I:GB>C6 8DC9>8>DC:H C:8:H6G>6H
N HJ�8>:CI:H E6G6 FJ: MBm,α,η H:6 JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ)
 E6G6 1 < p ≤
q <∞
 G:HJAI6 >CB:9>6I6 A6 9:BDHIG68>YC 9:A -:DG:B6 � � � � � �

�/79 =><+- 3I8 ./ 6 #/9 </7+ 
� � � � � �6HI6 8DC EGD76G :HI: G:HJAI69D E6G6 f ≥ 0 68DI696 N
9: HDEDGI: 8DBE68ID :C Rn 
 N6 FJ: :A 86HD <:C:G6A H: H><J: 6 IG6KVH 9: JC 6G<JB:CID 9:
9:CH>969�

�69D FJ:
 EDG =>EYI:H>H 
 µ ∈ Aρ,loc
∞ 
 EDG -:DG:B6 � � � � � G:HJAI6

ˆ

Rn
|Imα,bf(x)|qµ(x)dx ≤ C?b?mq

BMOθ(ρ)

ˆ

Rn
|MBm,α,ηf(x)|qµ(x)

E6G6 η ≥ 0 HJ�8>:CI:B:CI: <G6C9:� -:C>:C9D :C 8J:CI6 FJ:
 I6B7>VC EDG =>EYI:H>H 
 σ ∈
Aρ,∞

∞ N :A E6G 9: E:HDH (µ, ν) :HIT :C A6 8A6H: Aα,ρ,∞
p,q G:HJAI6 EDG -:DG:B6 � � � � � FJ: :A

DE:G69DG B6M>B6A MBm,α,η :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(ν) N
 :C 8DCH:8J:C8>6

AD B>HBD H: H><J: E6G6 Imα,b �

� 8DCI>CJ68>YC EGD76G:BDH JC G:HJAI69D 9: 68DI68>YC E6G6 Imα,b 76 ?D 8DC9>8>DC:H BJN
<:C:G6A:H HD7G: :A E:HD ω �

!(13(/$ � � 	� � 
 � "/+8 0 < α < n� 1 < p < ∞� m ∈ N0� ω ∈ L1
loc(Rn)� ω ≥ 0� "3

b ∈ BMOθ(ρ)� :+<+ +61K8 θ ≥ 0 /8>9 8-/ = /B3=>/ ?8+ -9 8=>+8>/ C >+ 6 ;?/ :+<+ >9.9 η ≥ 0
=?�- 3/8>/7/8>/ 1<+8./
ˆ

Rn

??Imα,bf(x)
??p ω(x)dx ≤ C?b?mp

BMOθ(ρ)

ˆ

Rn
|f(x)|pρ(x)α(p−s)Mαs,η(M

[(m+1)p]ω)(x)dx

:+<+ >9.+ s ≤ p >+ 6 ;?/ 0 < αs < n� .9 8./ M [(m+1)p] / = / 6 9 :/<+.9 < 7+B37+6 ./ �+<.C
�3>>6/A99. 3>/ <+.9 [(m + 1)p] C [(m + 1)p] </:</ =/8>+ 6+ :+<>/ /8>/ <+ ./ (m + 1)p�



� � � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Imα,b ��

 ,=/<@+- 3I8 � � � � � � � �C :A 86HD αp < n :A G6C<D 9: s E:GB>I: s = p�

� A I:DG:B6 6CI:G>DG ;J: EGD769D EDG )VG:O N 0=::9:C :C 4 �� 5 E6G6 DE:G69DG:H >CI:<G6�
A:H FJ: 676G86C A6 >CI:<G6A ;G688>DC6G>6 8ATH>86 (V = 0, m = 0) :C :A 8DCI:MID 9: :HE68>DH
9: I>ED =DBD<VC:D� , >C :B76G<D ADH :HE68>DH 9: I>ED =DBD<VC:D 8DCH>9:G69DH :C HJ IG6�
76 ?D H6I>H;68:C A6 8DC9>8>YC FJ: ID9DH ADH 6C>AADH HDC CD K68WDH � �HI6 G:HIG>88>YC >BEA>86

:C E6GI>8JA6G
 FJ: ADH :HE68>DH HDC 9: B:9>96 >C�C>I6� &TH 69:A6CI: �:GC6G9>H 
 ) G69DA>C>
N !6GIOHI:>C :C 4 � 5 EGD76GDC :A -:DG:B6 6CI:G>DG E6G6 :A 86HD 8ATH>8D :C :A 8DCI:MID 9:
:HE68>DH 9: I>ED =DBD<VC:D BTH <:C:G6A:H FJ: ADH 8DCH>9:G69DH :C 4 �� 5 �

)6G6 A6 EGJ:76 9: :HI: I:DG:B6 C:8:H>I6G:BDH ADH H><J>:CI:H G:HJAI69DH �

�(/$ � � 	� �� � "/+8 0 ≤ α < n� η ≥ 0� m ∈ N0 C Bm(t) = t log(e+ t)
m � �?/19 /B3=>/ ?8+

-9 8=>+8>/ C > 0 >+ 6 ;?/

MBm,α,ηf(x) ≤ CMα,η(M
mf)(x), x ∈ Rn

:+<+ >9.+ x ∈ Rn � f ∈ L1
loc(Rn) >+ 6 ;?/ Mmf ∈ L1

loc(Rn)�

 , =/ <@+- 3I8 � � � � � � � �HI: A:B6 ;J: EGD769D E6G6 :A 86HD 8ATH>8D (V = 0) :C 4 � � 5 9:CIGD
9:A 8DCI:MID �J8AW9:D N :C 4 � 5 :C :A 8DCI:MID 9: :HE68>DH 9: I>ED =DBD<VC:D� )6G6 A6
9:BDHIG68>YC 9: CJ:HIGD G:HJAI69D JH6BDH JC6 8DB7>C68>YC 9: >9:6H 9: 6B7DH IG676 ?DH �

�/79 =><+- 3I8� ,:6 x ∈ Rn N Q JC6 7DA6 FJ: 8DCI>:C: 6 x� �C 4 � � 5 � E � ��� 
 %:B6 � � � 	 
 H:
EGJ:76

?f?Bm,Q ≤ C|Q|−1

ˆ

Q

Mmf(y)dy.

%J:<D


ψ(Q)−η|Q|αn ?f?Bm,Q ≤ Cψ(Q)−η|Q|αn−1

ˆ

Q

Mmf(y)dy,≤Mα,η(M
mf)(x)

N EDG AD I6CID

MBm,α,ηf(x) ≤ CMα,η(M
mf)(x)

AD FJ: 8DBEA:I6 A6 EGJ:76�

�(/$ � � 	� �� � "/+ g ∈ L1
loc(Rn)� 0 ≤ γ < n� η ≥ 0 C 0 < ? < 1 /8>9 8-/ = (Mγ,ηg)

? ∈ Aρ,∞
1 �

�/79 =><+- 3I8� ,:GT HJ�8>:CI: EGD76G FJ: :M>HI: 8DCHI6CI:H CD C:<6I>K6H C N θ I6A FJ:
E6G6 ID96 7DA6 Q(xQ, rQ) 9: Rn 
 H: K:G>�86

1

|Q|

ˆ

Q

(Mγ,ηg)
? ≤ C

?
1 +

rQ
ρ(xQ)

?θ

ı́nf
Q

(Mγ,η)
? . � � � � � � � 	
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, :E6G6BDH g = g1 + g2 
 8DC g1 = gχ3Q � %J:<D EDG H:G Mγ,η JC DE:G69DG HJ7A>C:6A

ED9:BDH 68DI6G :A EG>B:G B>:B7GD 9: � � � � � � 9: A6 H><J>:CI: B6C:G6

1

|Q|

ˆ

Q

(Mγ,ηg)
? ≤ 1

|Q|

ˆ

Q

(Mγ,ηg1)
? +

1

|Q|

ˆ

Q

(Mγ,ηg2)
?

.
= I + II.

)6G6 I 
 969D FJ: 0 < ? < n
n−γ


 JH6C9D A6 9:H><J6A969 9: $DABD<DGDK � %:B6 � � � � � �	 N
AJ:<D I:C>:C9D :C 8J:CI6 FJ: Mγ,η :H 9: I>ED 9V7>A (1, n

n−γ
) G:HJAI6

I ≤ C

|Q|(1− γ
n
)?
?Mγ,η(g1)??

L
n

n−γ ,∞

≤ C
?

1

|3Q|1− γ
n

?g1?L1

??

= Cψ(3Q)η?
?
ψ(3Q)−η

|3Q|1− γ
n

ˆ

3Q

|g|
??

≤ C
?
1 +

rQ
ρ(xQ)

?η?

Mγ,ηg(x) ∀x ∈ Q.

%J:<D


I ≤ C
?
1 +

rQ
ρ(xQ)

?η?

ı́nf
Q

(Mγ,ηg)
?

)6G6 :HI>B6G II 
 D7H:GK:BDH :C EG>B:G AJ<6G FJ: E6G6 8J6A:HFJ>:G6 y, z ∈ Q

Mγ,ηg2(y) ≤ CMγ,ηg2(z). � � � � � � �	

�C :;:8ID
 H:6 Q? JC6 7DA6 I6A FJ: y ∈ Q? � � DBD g2 = gχ(3Q)c E6G6 FJ: A6 7DA6 Q?

EGDEDG8>DC: JC EGDB:9>D CD CJAD H: 9:7: K:G>�86G FJ: 2rQ? ≥ 2rQ N EDG AD I6CID Q ⊂ 3Q? �
�CIDC8:H 


|Q?| γn−1ψ(Q?)−η

ˆ

Q?
|g2(t)|dt

≤ C|3Q?| γn−1ψ(3Q?)−η

ˆ

3Q?
|g2(t)|dt

≤ CMγ,ηg2(z) ∀z ∈ Q

AD FJ: EGJ:76 � � � � � � �	 � %J:<D :A:K6C9D 6B7DH B>:B7GDH 6 A6 EDI:C8>6 ?
 �?6C9D y N
K6G>6C9D z H: D7I>:C:

(Mγ,ηg2)
? (y) ≤ C ı́nf

Q
(Mγ,ηg)

? .

-DB6C9D 6 6B7DH A69DH EGDB:9>D HD7G: Q G:HJAI6

II =
1

|Q|

ˆ

Q

(Mγ,ηg2)
?



� � � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Imα,b ��

≤ C ı́nf
Q

(Mγ,ηg)
?

≤ C
?
1 +

rQ
ρ(xQ)

?η?

ı́nf
Q

(Mγ,ηg)
? .

%J:<D
 9: A6H :HI >B68>DC:H 9: I N II 
 G:HJAI6 FJ: (Mγ,ηg)
? ∈ Aρ,θ

1 
 E6G6 ID9D θ ≥ η?
 N
EDG AD I6CID
 :H JC E:HD :C Aρ,∞

1 �

%6 6E6G>8>YC 9:A ;68IDG ρ(x)α(p−s) :C :A G:HJAI69D 9:A -:DG:B6 � � � � � � >CIGD9J8: JC6
CDK:969 8DC G:HE:8ID 6A 86HD 8ATH>8D (V = 0)
 � -:DG:B6 � � � :C 4 � 5 	 
 E6GI>8JA6GB:C�
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 � ρ(x)−δ ∈ Aρ,∞
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E6G6 ID96 7DA6 Q0 = Q(x0, r0) 9: Rn 


1

|Q0|

ˆ

Q0

ρ(x)−δdx ≤ C
?
1 +

r0
ρ(x0)

?θ

ı́nf
x∈Q0

ρ(x)−δ.

�C K>GIJ9 9: A6 EGDE>:969 9: A6 ;JC8>YC 9: G69>D 8GWI >8D 8>I696 :C � I:C:BDH

1

|Q0|

ˆ

Q0

ρ(x)−δdx ≤ 1

|Q0|

ˆ

Q0

Cδ
0(
√
n)N0δρ(x0)

−δ

?
1 +

r0
ρ(x0)

?N0δ

≤ Cδ
0(
√
n)N0δρ(x0)

−δ

?
1 +

r0
ρ(x0)

?N0δ

. � � � � � � � 	

, :6 x ∈ Q0 
 CJ:K6B:CI: 6EA>86C9D A6 B:C8>DC696 EGDE>:969 9: A6 ;JC8>YC 9: G69>D 8GWI >8D
D7I:C:BDH

ρ(x)−δ ≥ C−δ
0 (
√
n)

− δN0
N0+1ρ(x0)

−δ

?
1 +

r0
ρ(x0)

?−δN0
N0+1

,

N :C 8DCH:8J:C8>6

ı́nf
x∈Q0

ρ(x)−δ ≥ Cρ(x0)−δ

?
1 +

r0
ρ(x0)

?− δN0
N0+1

.

�=DG6
 6EA>86C9D :HI6 :HI >B68>YC :C � � � � � � H: D7I>:C:

1

|Q0|

ˆ

Q0

ρ(x)−δdx ≤ C ı́nf
x∈Q0

ρ(x)−δ

?
1 +

r0
ρ(x0)

?δN0(
1

N0+1
+1)

.

�HID 9:BJ:HIG6 FJ: ρ(x)−δ ∈ Aρ,θ
1 E6G6 θ ≥ δN0(

1
N0+1

+1) N
 EDG 8DCH><J>:CI: 
 :A G:HJAI69D
FJ: 7JH86BDH �
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�31214,&,>0 � � 	� �� � "/+8 ω1, ω2 ∈ Aρ,∞
1 � 1 < p <∞� / 8>9 8-/ = ω1ω1−p

2 ∈ Aρ,∞
p �

%6 H><J>:CI: :HI >B68>YC I6B7>VC H:GT [I>A E6G6 9:BDHIG6G :A -:DG:B6 � � � � � � �

�31214,&,>0 � � 	� �
 � "/+8 β, η > 0 >+ 6 ;?/ η > nβ(N0 + 1) /8>9 8-/ =

sup
x∈Q

|Q|β
ψ(Q)η

≤ Cρ(x)nβ

�/79 =><+- 3I8� ,:6 x ∈ Rn 
 Q = Q(xQ, rQ) JC6 7DA6 I6A FJ: x ∈ Q� )DG EGDE>:969 9: A6
;JC8>YC 9: G69>D 8GWI >8D 8>I696 :C � � 	 G:HJAI6

?
1 +

rQ
ρ(xQ)

?
≥


1 + C(C0, n)

rQ

ρ(x)
?
1 +

rQ
ρ(x)

? N0
N0+1




≥ C
?
1 +

rQ
ρ(x)

?− N0
N0+1

?
1 +

rQ
ρ(x)

?

= C

?
1 +

rQ
ρ(x)

? 1
N0+1

N :C 8DCH:8J:C8>6

|Q|β?
1 +

rQ
ρ(xQ)

?η ≤ C
rnβQ?

1 +
rQ
ρ(x)

? η
N0+1

= C
ρ(x)

η
N0+1 rnβQ

(ρ(x) + rQ)
η

N0+1

. � � � � � � � 	

, > rQ ≤ ρ(x)
 969D FJ: β > 0 9: A6 9:H><J6A969 � � � � � � G:HJAI6

|Q|β?
1 +

rQ
ρ(xQ)

?η ≤ C
ρ(x)

η
N0+1

+nβ

ρ(x)
η

N0+1

≤ Cρ(x)nβ.

)DG :A 8DCIG6G>D
 H > rQ > ρ(x)
 969D FJ:
η

N0+1
> nβ 
 G:HJAI6

|Q|β?
1 +

rQ
ρ(xQ)

?η ≤ C
ρ(x)

η
N0+1 rnβQ

r
η

N0+1

Q

≤ Cρ(x)
η

N0+1 r
nβ− η

N0+1

Q

≤ Cρ(x)nβ
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??Im,∗
α,b f(x)

??p? ρ(x)α(p−s)(1−p?)Mαs,η(M
[(m+1)p]ω)(x)1−p?dx ≤ C

ˆ

Rn
|f(x)|p?ω(x)1−p?dx.

� � � � � �
 	

�A:<>BDH r > p? � %J:<D 0 < p?−1
r−1

< 1 N :C 8DCH:8J:C8>6 EDG %:B6 � � � � � � G:HJAI6

Mαs,η(M
[(m+1)p]ω)(x)

p?−1
r−1 ∈ Aρ,∞

1 .

�69D FJ:
 69:BTH
 EDG %:B6 � � � � � � ρ(x)α(p−s)(1−p?) ∈ Aρ,∞
1 
 G:HJAI6
 9: A6 )GDEDH>8>YC

� � � � � �

ρα(p−s)(1−p?)Mαs,η(M
[(m+1)p]ω)1−p? = ρα(p−s)(1−p?)

?
Mαs,η(M

[(m+1)p]ω)
p?−1
r−1

?1−r

:H JC E:HD :C Aρ,∞
r ⊂ Aρ,∞

∞ � %J:<D 6EA>86C9D -:DG:B6 � � � � � N :A %:B6 � � � � � 
 D7I:C:BDH
ˆ

Rn

??Im,∗
α,b f(x)

??p? ρ(x)α(p−s)(1−p?)Mαs,η(M
[(m+1)p]ω)(x)1−p?dx

≤ C
ˆ

Rn
|MBm,α,2ηf(x)|p

?
ρ(x)α(p−s)(1−p?)Mαs,η(M

[(m+1)p]ω)(x)1−p?dx

≤ C
ˆ

Rn
(MBm,α,2ηf(x))

p? ρ(x)α(p−s)(1−p?)MB[(m+1)p],αs,ηω(x)
1−p?dx. � � � � � �� 	

-DB6C9D η HJ�8>:CI:B:CI: <G6C9: N 6EA>86C9D )GDEDH>8>YC � � � � � � G:HJAI6


MBm,α,2ηf(x)
p? ≤ sup

x∈Q
Q(xQ,rQ)

|Q|αn p?
?
1 +

rQ
ρ(xQ)

?2ηp? ?f?
p?
Bm,Q

≤


 sup

x∈Q
Q(xQ,rQ)

|Q|αn (p−s)(p?−1)

?
1 +

rQ
ρ(xQ)

?ηp?





 sup

x∈Q
Q(xQ,rQ)

|Q|αn p?−α
n
(p−s)(p?−1)

?
1 +

rQ
ρ(xQ)

?ηp? ?f?
p?
Bm,Q




≤ Cρ(x)α(p−s)(p?−1)


 sup

x∈Q
Q(xQ,rQ)

|Q|
α
n

?
1−(p−s) p

?−1
p?

?

?
1 +

rQ
ρ(xQ)

?η ?f?Bm,Q




p?

≤ Cρ(x)α(p−s)(p?−1)


 sup

x∈Q
Q(xQ,rQ)

|Q|αsnp?
1 +

rQ
ρ(xQ)

?η ?f?Bm,Q




p?

≤ Cρ(x)α(p−s)(p?−1)
?
MBm,αs

p
,ηf(x)

?p?

.
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??Im,∗
α,b f(x)

??p? ρ(x)α(p−s)(1−p?)Mαs,η(M
[(m+1)p]ω)(x)1−p?dx

≤ C
ˆ

Rn
ρ(x)α(p−s)(p?−1)

?
MBm,αs

p
,ηf(x)

?p?

ρ(x)α(p−s)(1−p?)MB[(m+1)p],αs,ηω(x)
1−p?dx

≤ C
ˆ

Rn

?
MBm,αs

p
,ηf(x)

?p?

MB[(m+1)p],αs,ηω(x)
1−p?dx.
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 E6G6 EGD76G � � � � � �
 	 H:GT HJ�8>:CI: BDHIG6G
ˆ

Rn

?
MBm,αs

p
,ηf(x)

?p?

MB[(m+1)p],αs,ηω(x)
1−p?dx ≤ C

ˆ

Rn
|f(x)|p?ω(x)1−p?dx.
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ˆ

Rn

?
MBm,αs

p
,η(gω

1
p )(x)

?p?

MB[(m+1)p],αs,ηω(x)
1−p?dx ≤ C

ˆ

Rn
|g(x)|p?dx.

)6G6 Bm(t) = t log(e+ t)
m CD :H 9>;W8>A K:G FJ: B−1

m (t) ∼= t
log(e+t)m

� , :6 ? > 0
 AJ:<D

B−1
m (t) ∼= t

1
p

log(e+ t)m+ p−1+?
p

t
1
p? log(e+ t)

p−1+?
p = ψ−1(t)φ−1(t),

8DC ψ(t) ∼= tp log(e + t)(m+1)p−1+? N φ(t) = tp
?
log(e + t)−(1+(p?−1)?) � , :6 x ∈ Rn N Q JC6

7DA6 I6A FJ: x ∈ Q� %J:<D EDG %:B6 � � � � � � D7I:C:BDH
?gω 1

p?Bm,Q ≤ 2?g?φ,Q?ω
1
p?ψ,Q,

9: 9DC9:
 :A><>:C9D ? > 0 I6A FJ: (m + 1)p− 1 + ? = [(m + 1)p] D7I:C:BDH

?gω 1
p?Bm,Q ≤ 2?g?φ,Q?ω?

1
p

B[(m+1)p],Q
.

&JAI>EA>86C9D 6 6B7DH B>:B7GDH EDG ψ(Q)−η|Q|αsnp G:HJAI6

ψ(Q)−η|Q|αsnp?gω 1
p?Bm,Q ≤ 2?g?φ,Q

?
ψ(Q)−ηp|Q|αsn ?ω?B[(m+1)p],Q

? 1
p
.

�=DG6
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MBm,αs
p
,η(gω

1
p )(x) ≤ CMφg(x)MB[(m+1)p],αs,ηω(x)

1
p .
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ˆ

Rn

?
MBm,αs

p
,η(gω

1
p )(x)

?p?

MB[(m+1)p],αs,ηω(x)
1−p?dx

≤ C
ˆ

Rn
Mφg(x)

p?MB[(m+1)p],αs,ηω(x)
p?
pMB[(m+1)p],αs,ηω(x)

1−p?dx

≤ C
ˆ

Rn
Mφg(x)

p?dx

≤ C
ˆ

Rn
|g(x)|p?dx
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FJ: G::BEA6O6C9D f EDG |f | [C>86B:CI: 8G:8: :A A69D >OFJ>:G9D 9: � �� � � � 	 � D � � � � � � 	 	 N CD
6;:8I6 :A A69D 9:G:8=D�

�C EG>B:G AJ<6G EGD76G:BDH � �� � � � 	 � , :6 a > 0
 9:�C>BDH

Ea = {x ∈ Q0 : Iα(f)(x) > a}
)DG %:B6 �� � � � 
 Ea H: EJ:9: :H8G>7>G 8DBD A6 JC>YC 9: 7DA6H Bi(xi, ri) :C Q0 
 I6A FJ:
ID9D EJCID 9: Ea EJ:9: :HI6G :C 6 AD HJBD M 7DA6H Bi 
 N E6G6 8696 i
 Iα(f)(x) ≤ a E6G6
6A<[C EJCID 9: hBi 
 9DC9: = 9:E:C9:C9: 9: n�

, :6C B,K 
 A6H 8DCHI6CI:H 9:A %:B6 �� � � � N b = max(1, B)� , :6 δ 8DGG:HEDC9>:CI: 6

? = 1
2M
b−q :C A6 )GDEDH>8>YC � � � � � �ω ∈ A∞	 � �A>?D D I6A FJ: δ = Khn

?
D
b

? n
n−α � , :6 d

H6I>H;68>:C9D 0 < d ≤ D �

, :6 Ei = {x ∈ hBi � Iα(f)(x) > ab ∧Mα(f)(x) ≤ ad}� �69D FJ: hBi :H JC6 7DA6 :C
Q0 I6A FJ: Iα(f)(x) ≤ a E6G6 6A<[C x N Ei ⊂ hBi 
 9DC9: H: K:G>�86C Iα(f)(x) > ab N
Mα(f)(x) ≤ ad :H EDH>7A: 6EA>86G :A %:B6 �� � � � 
 D7I:C>:C9D

|Ei| ≤ K|hBi|
?
d

b

? n
n−α

≤ Khn
?
D

b

? n
n−α

|Bi|

≤ δ|Bi|,

9DC9: :C A6 [AI >B6 9:H><J6A969 =:BDH JH69D δ = Khn
?
D
b

? n
n−α � %J:<D 969D FJ: ω :H JC

E:HD A∞ 
 H: I >:C:
ω(Ei) ≤ ?ω(Bi), ∀i = 1, . . . ,M.

,JB6C9D :C i G:HJAI6


ω

??

i

Ei

?
≤

?

i

ω(Ei)

≤ 1

2M
b−q

?

i

ω(Bi)

≤ 1

2M
b−qMω(Ea)

≤ 1

2
b−qω(Ea).

%J:<D
 9: A6 9:�C>8>YC 9: ADH Ei 
 D7I:C:BDH

ω({x ∈ Q0 : Iα(f)(x) > ab ∧Mα(f)(x) ≤ ad}) ≤
1

2
b−qω(Ea), ∀d, 0 < d ≤ D.

�: 6FJW G:HJAI6 EDG H:G ω AD86AB:CI: >CI:<G67A: FJ:

ω({x ∈ Q0 : Iα(f)(x) > ab}) ≤
1

2
b−qω({x ∈ Q0 : Iα(f)(x) > a})



� 
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+ ω({x ∈ Q0 :Mα(f)(x > ad)}), � � � � � � 	

E6G6 ID9D d
 0 < d ≤ D � &JAI >EA>86C9D 6B7DH A69DH 9: � �� � � � 	 EDG aq N IDB6C9D :A
HJEG:BD E6G6 0 < a < N 8DC N ∈ N
 � � � � � � 	 H: IG6CH;DGB6 :C

sup
0<a<N

aqω({x ∈ Q0 : Iα(f)(x) > ab}) ≤
1

2
b−q sup

0<a<N
aqω({x ∈ Q0 : Iα(f)(x) > a})

+ sup
0<a<N

aqω({x ∈ Q0 :Mα(f)(x > ad)}). � � � � � �	

!68>:C9D :A 86B7>D 9: K6G>67A:

sup
0<a<N

aqω({x ∈ Q0 : Iα(f)(x) > ab}) = sup
0<a<bN

aqb−qω({x ∈ Q0 : Iα(f)(x) > a}).

sup
0<a<N

aqω({x ∈ Q0 :Mα(f)(x > ad)}) = sup
0<a<Nd

aqd−qω({x ∈ Q0 :Mα(f)(x > a)}),

N JH6C9D :A =:8=D FJ: b ≥ 1
 � � � � � �	 H: IG6CH;DGB6 :C

sup
0<a<bN

aqb−qω({x ∈ Q0 : Iα(f)(x) > a}) ≤
1

2
b−q sup

0<a<Nb
aqω({x ∈ Q0 : Iα(f)(x) > a})

+ sup
0<a<Nd

aqd−qω({x ∈ Q0 :Mα(f)(x > a)}).

.H6C9D CJ:K6B:CI: FJ: ω :H AD86AB:CI: >CI:<G67A: A6 9:H><J6A969 6CI:G>DG H: 8DCK>:GI:
:C

1

2
b−q sup

0<a<Nb
aqω({x ∈ Q0 : Iα(f)(x) > a}) ≤ d−q sup

0<a<Nd
aqω({x ∈ Q0 :Mα(f)(x > a)}).

�>C6AB:CI: 
 =68>:C9D N →∞ H: I >:C:

sup
a>0
aqω({x ∈ Q0 : Iα(f)(x) > a}) ≤ 2bqd−qsup

a>0
aqω({x ∈ Q0 :Mα(f)(x > a)}),

8DBEA:I6C9D 9: :HI6 B6C:G6 A6 EGJ:76 9: � �� � � � 	 �

)6G6 EGD76G � � � � � � 	 
 76HI6 8DC BJAI>EA>86G 6B7DH A69DH 9: � �� � � � 	 EDG aq−1 N AJ:<D
>CI:<G6C9D G:HE:8ID 9: 6
 9: 0 6 N 
 9DC9: N :H JC C[B:GD C6IJG6A 6G7>IG6G>D H: D7I>:C:

ˆ N

0

aq−1ω({x ∈ Q0 : Iα(f)(x) > ab})da ≤
1

2
b−q

ˆ N

0

aq−1ω({x ∈ Q0 : Iα(f)(x) > a})da

+

ˆ N

0

aq−1ω({x ∈ Q0 :Mα(f)(x > ad)})da.
� � � � � � 	

%J:<D 9: JC H:C8>AAD 86B7>D 9: K6G>67A:H 
 � � � � � � 	 H: IG6CH;DGB6 :C

b−q

ˆ Nb

0

aq−1ω({x ∈ Q0 : Iα(f)(x) > a})da



�� � �A -:DG:B6 � � � � � G:K>H>I69D � 
�

≤ 1

2
b−q

ˆ N

0

aq−1ω({x ∈ Q0 : Iα(f)(x) > a})da

+ d−q

ˆ Nd

0

aq−1ω({x ∈ Q0 :Mα(f)(x > a)})da. � � � � � � 	

�69D FJ: b ≥ 1
 : A >CI:GK6AD 9: >CI:<G68>YC (0, N) 9: A6 EG>B:G6 >CI:<G6A 9:A A69D 9:G:8=D
9: � �� � � � 	 EJ:9: HJHI>IJ>GH: EDG :A >CI:GK6AD 9: >CI:<G68>YC 9: (0, Nb)
 N 8DBD 69:BTH
 ω
:H AD86AB:CI: >CI:<G67A: :A EG>B:G IVGB>CD 9: � �� � � � 	 :H �C>ID
 D7I:C>:C9D

1

2
b−q

ˆ Nb

0

aq−1ω({x ∈ Q0 : Iα(f)(x) > a})da

≤ d−q

ˆ Nd

0

aq−1ω({x ∈ Q0 :Mα(f)(x > a)})da.

!68>:C9D N →∞ H: D7I>:C:

b−q

2q

ˆ

Q0

|Iαf(x)|qω(x)dx ≤
d−q

q

ˆ

Q0

|Mα(f)(x)|qω(x)dx,

FJ: :G6 AD FJ: :HE:GT76BDH�

�DBD 9>?>BDH 6CI:H 
 9: ADH -:DG:B6H � � � � � 
 � � � � � � N �� � � � 
 :H >CB:9>6ID :A H><J>:CI:
G:HJAI69D�

!(13(/$ 	� � � � � � �98=3./</79 = / 6 / =:+- 39 ./ >3:9 29791G8/9 (Q0, d, dx/Q0)� 0 < α < n�
1 ≤ p ≤ q <∞ C (ω, ν) ?8 :+< ./ :/ =9 =� 6?/19

Si p > 1, ω, σ = ν−
1

p−1 ∈ A∞(Q0), entonces Iα : Lp(Q0, ν)→ Lq(Q0, ω)� � � � � � � 	

=H C =I69 =3 (ω, ν) ∈ Aα
p,q(Q0).

Si p ≥ 1 y ω ∈ A∞(Q0), entonces Iα : Lp(Q0, ν)→ Lq,∞(Q0, ω) =H C� � � � � � � 	

=I69 =3(ω, ν) ∈ Aα
p,q(Q0).

�� � � �" ��%'�#� � � � � 	 '�+!(!)��%

+:8DG9:BDH :A :CJC8>69D 9:A -:DG:B6 � � � � � �

-:DG:B6 � � � � � , :6C 0 < α < n
 1 ≤ p ≤ q < ∞
 (µ, ν) JC E6G 9: E:HDH I6A FJ:
µ ∈ Aρ,loc

∞ N (µ, ν) ∈ Aα,ρ,θ
p,q E6G6 6A<[C θ ≥ 0
 AJ:<D

Si 1 < p ≤ q <∞, σ = ν−
1

p−1 ∈ Aρ,loc
∞ , entonces Iα : Lp(ν)→ Lq(µ).� � � � � � 	

Si 1 ≤ p ≤ q <∞, entonces Iα : Lp(ν)→ Lq,∞(µ).� � � � � � 	
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�/79 =><+- 3I8� �H D7K>D FJ: ED9:BDH 6HJB>G FJ: f :H CD C:<6I>K6� -6B7>VC 6HJB>G:BDH
FJ: f :H 68DI696 N 9: HDEDGI: 8DBE68ID
 N6 FJ:
 :C :HI: 86HD
 JC 6G<JB:CID 8ATH>8D 9:
9:CH>969 CDH 8DC9J8: 6A G:HJAI69D <:C:G6A �

)6G6 8696 x ∈ Rn 9:H8DBEDC:BDH :A DE:G69DG Iα 8DBD

Iαf = (Iα)locf + (Iα)globf,

9DC9:

(Iα)locf(x) = Iα(fχQx)(x).

(Iα)globf(x) = Iα(fχQc
x
)(x),

E6G6 Qx A6 7DA6 8GWI >86 8:CIG696 :C x� %J:<D H:GT HJ�8>:CI: EGD76G FJ:
 76 ?D A6H =>EY�
I:H>H 9696H 
 8696 JCD 9: :HIDH DE:G69DG:H 
 AD86A N <AD76A
 K:G>�86C ADH 8DGG:HEDC9>:CI:H
G:HJAI69DH 9: 68DI68>YC�

/:6BDH � �� � � � 	 �

)6G6 :BE:O6G
 CDI:BDH FJ:

|(Iα)globf(x)| ≤
ˆ ∞

0

?
ˆ

Q(x,ρ(x))c
|f(y)|kt(x, y)dy

?
t
α
2
dt

t
.

)DG A:B6 �
 969D N > 0 :M>HI: JC6 8DCHI6CI: CN I6A FJ: E6G6 ID96 x, y :C Rn

kt(x, y) ≤ CN t
−n

2 e−
|x−y|2

5t

?
1 +

√
t

ρ(x)
+

√
t

ρ(y)

?−N

≤ CN t
−n/2e−

|x−y|2
5t

?
1 +

√
t

ρ(x)

?−N

)DG DIGD A69D
 969D M > 0
 H67:BDH FJ: :M>HI: CM I6A FJ:

es ≥ CMs
M/2.

%J:<D
 969DH N,M > 0
 :M>HI:C CN N CM I6A:H FJ:
 E6G6 ID9DH x, y :C Rn 
 H: K:G>�86

kt(x, y) ≤
CN

CM

t−n/2 (5t)M/2

|x− y|M
?
1 +

√
t

ρ(x)

?−N

? t
M−n

2

|x− y|M
?
1 +

√
t

ρ(x)

?−N

.

�CIDC8:H

|(Iα)globf(x)| ?
ˆ ∞

0

?
ˆ

Q(x,ρ(x))c
|f(y)| t

M−n
2

|x− y|M
?
1 +

√
t

ρ(x)

?−N

dy

?
t
α
2
dt

t

?
?
ˆ ∞

0

?
1 +

√
t

ρ(x)

?−N

t
M−n+α

2
dt

t

??
ˆ

Q(x,ρ(x))c

|f(y)|
|x− y|M dy

?



�� � �A -:DG:B6 � � � � � G:K>H>I69D � 
�

? I1 I2

�A:<>BDH N ≥ M > n− α
 6HW M − n + α > 0 N M − n + α −N < 0� %J:<D

I1 =

ˆ ∞

0

?
1 +

√
t

ρ(x)

?−N

t
−n+M+α

2
dt

t

≤
ˆ ρ(x)2

0

t
−n+M+α

2
dt

t
+ ρ(x)N

ˆ ∞

ρ(x)2
t
−n+M+α−N

2
dt

t

=
ρ(x)−n+M+α

−n+M+α
2

+ ρ(x)N
ρ(x)−n+M+α−N

n−M−α+N
2

? ρ(x)−n+M+α.

2
 I6B7>VC


I2 =

ˆ

Q(x,ρ(x))c

|f(y)|
|x− y|M dy

≤
∞?

k=1

ˆ

2kQx\2(k−1)MQx

|f(y)|
2k−1ρ(x)M

dy

≤ C
∞?

k=0

2−kMρ(x)−M

ˆ

2kQx

|f(y)|dy.

�DC :HI6H :HI >B68>DC:H I:C:BDH

|(Iα)globf(x)| ? ρ(x)−n+α

∞?

k=0

2−kM

ˆ

2kQx

|f(y)|dy. � � � � � � 	

, :6 {Qj} :A 8J7G>B>:CID 9: Rn 969D :C A6 )GDEDH>8>YC � � %6 )GDEDH>8>YC � 
 EDG HJ E6GI: 

6H:<JG6 A6 :M>HI:C8>6 9: β ≥ 1 >C9:E:C9>:CI: 9: ? I6A FJ: H> ?Qj

.
= βQj I:C:BDH

?

x∈Qj

Qx ⊆ ?Qj .

�:CDI:BDH EDG ?Qk
j 6 2

k ?Qj � %J:<D
 E6G6 ID96 x ∈ Qj 
 2kQx ⊂ ?Qk
j N
 EDG AD I6CID
 :C K>GIJ9

9: A6 )GDEDH>8>YC �
 H: I >:C: ρ(x) ∼= ρ(xj)� �HW ED9:BDH EGD76G FJ:

? (Iα)glob(f) ?Lq(µ)

?
?
ˆ

Rn

? ∞?

k=0

ρ(x)−n+α 2−kM

ˆ

2kQx

|f(y)|dy
?q

µ(x)dx

? 1
q

?
∞?

k=0

?
ˆ

Rn

?
ρ(x)−n+α 2−kM

ˆ

2kQx

|f(y)|dy
?q

µ(x)dx

? 1
q



� 
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?
∞?

k=0

2−kM

??

j

ˆ

Qj

ρ(x)(−n+α)q

?
ˆ

2kQx

|f(y)|dy
?q

µ(x)dx

? 1
q

?
∞?

k=0

2−kM

??

j

ˆ

Qj

ρ(xj)
(−n+α)q

?
ˆ

?Qk
j

|f(y)|dy
?q

µ(x)dx

? 1
q

?
∞?

k=0

2−kM

??

j

ρ(xj)
(−n+α)qµ(Qj)

?
ˆ

?Qk
j

|f(y)|dy
?q? 1

q

?
∞?

k=0

2−kM

??

j

ρ(xj)
(−n+α)qµ( ?Qk

j )

?
ˆ

?Qk
j

|f(y)|dy
?q? 1

q

?
∞?

k=0

2−kM


?

j

ρ(xj)
(−n+α)qµ( ?Qk

j )

?
ˆ

?Qk
j

|f(y)|pν(y)dy
? q

p

ν
−p?
p ( ?Qk

j )
q
p?




1
q

.

� � � � � �	

+:8DG9:BDH FJ: (µ, ν) ∈ Aα,ρ,∞
p,q 
 8DC AD 8J6A I:C:BDH

µ( ?Qk
j )ν

− 1
p−1 ( ?Qk

j )
q
p? ≤ C

?
1 +

2kβρ(xj)

ρ(xj)

?θ q
p

(2kβρ(xj))
(n−α)q

≤ C(2k)θ
q
p
+(n−α)qρ(xj)

(n−α)q,

9DC9: θ, C ≥ 0� %J:<D
 I:C>:C9D :C 8J:CI6 A6 :HI >B68>YC 6CI:G>DG
 :A =:8=D FJ: q ≥ p N :A
HDA6E6B>:CID 8DCIGDA69D 9: ADH { ?Qk

j}j � K:G )GDEDH>8>YC � 	 
 A6 9:H><J6A969 �� � � � CDH AA:K6
6

? (Iα)glob(f) ?Lq(µ) ?
∞?

k=0

2−k(M− θ
p
−n+α)


?

j

?
ˆ

?Qk
j

|f(y)|pν(y)dy
? q

p




1
q

?
∞?

k=0

2−k(M− θ
p
−n+α)

??

j

ˆ

?Qk
j

|f(y)|pν(y)dy
? q

p
1
q

?
∞?

k=0

2−k(M− θ
p
−n+α)

??

j

ˆ

Rn
|f(y)|pχ ?Qk

j
(y)ν(y)dy

? 1
p

?
∞?

k=0

2−k(M− θ
p
−n+α)

?
ˆ

Rn
|f(y)|p

??

j

χ ?Qk
j
(y)

?
ν(y)dy

? 1
p

?
∞?

k=0

2−k(M− θ
p
−n+α−N1)

?
ˆ

Rn
|f(y)|pν(y)dy

?1/p

?
∞?

k=0

2−k(M− θ
p
−n+α−N1)?f?Lp(ν).
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�HW
 : A><>:C9D M HJ�8>:CI:B:CI: <G6C9:
 H: D7I>:C: :A G:HJAI69D 9:H:69D�

'DI6G FJ: E6G6 EGD76G FJ: (Iα)glob :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ)
 HYAD
=:BDH JH69D A6 =>EYI:H>H FJ: :A E6G 9: E:HDH (µ, ν) :HIT :C A6 8A6H: Aα,ρ,∞

p,q � )DG AD I6CID

G:HJAI6 FJ: (Iα)glob I6B7>VC :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq,∞(µ)�

/:6BDH 6=DG6 FJ: (Iα)loc : Lp(ν) → Lq(µ)� � DBD 6CI:H 
 H:6 {Qj}j A6 8DA:88>YC 9:
7DA6H 8GWI >86H 9696 :C A6 )GDEDH>8>YC � 
 ?Qj = βQj 9DC9: β ≥ 1 :H 969D EDG A6 )GDEDH>8>YC
� N :H I6A FJ:

?
x∈Qj

Qx ⊂ ?Qj � �:�C>BDH

(Iα)0(f) =
?

j

χQj
|Iα(fχ ?Qj

)|.

%J:<D

(Iα)loc(f)(x) ≤ C
ˆ

Qx

f(y)

|x− y|n−α
dy

≤ C
?

j

χQj
(x)

ˆ

Qx

f(y)

|x− y|n−α
dy

≤ C
?

j

χQj
(x)

ˆ

?Qj

f(y)

|x− y|n−α
dy

= C(Iα)0(f)(x) . � � � � � � 	

)DG AD I6CID
 76HI6GT 8DC EGD76G FJ:
 (Iα)0 : Lp(ν)→ Lq(µ)� )6G6 :AAD CDI:BDH FJ:

?(Iα)0(f)?qLq(µ) =
ˆ

Rn

??

j

χQj
(x)|Iα(fχ ?Qj

)(x)|
?q

µ(x)dx

≤
?

k

ˆ

Qk

??

j

χQj
(x)|Iα(fχ ?Qj

)(x)|
?q

µ(x)dx

?
?

k

ˆ

Qk

?

j

χQj
(x)|Iα(fχ ?Qj

)(x)|qµ(x)dx

?
?

k

?

j

ˆ

Qk

χQj
(x)|Iα(fχ ?Qj

)(x)|qµ(x)dx

?
?

j

?

k

ˆ

Qk

χQj
(x)|Iα(fχ ?Qj

)(x)|qµ(x)dx

?
?

j

?

{k:Qk
?
Qj ?=∅}

ˆ

Qk
?
Qj

χQj
?
Qk

(x)|Iα(fχ ?Qj
)(x)|qµ(x)dx

?
?

j

ˆ

Qj


 ?

{k:Qk
?
Qj ?=∅}

χQk
(x)


 |Iα(fχ ?Qj

)(x)|qµ(x)dx



� � 
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?
?

j

ˆ

?Qj

|Iα(fχ ?Qj
)|qµ(x)dx, � � � � � � 	

9DC9:
 :C :A [AI >BD E6HD
 H: =6 JH69D A6 )GDEDH>8>YC � � �HW
 H:GT HJ�8>:CI: EGD76G FJ:
 E6G6
8696 j 
 Iα :H JC DE:G69DG 68DI69D 9: Lp( ?Qj , ν) 6 Lq( ?Qj , µ) 8DC 8DCHI6CI: >C9:E:C9>:CI:
9: j 
 8DCH>9:G6C9D 8696 ?Qj 
 8DC A6 BVIG>86 JC>;DGB: d N A6 B:9>96 9: %:7:H<J: G:HIG>C<>96
6 ?Qj 8DBD JC :HE68>D 9: I>ED =DBD<VC:D� )6G6 :AAD JI>A>O6G:BDH :A -:DG:B6 �� � � � 
 � >I:B
� �� � � � � 	 	 � �: B6C:G6 H>B>A6G 6 AD =:8=D E6G6 :A -:DG:B6 � � � � �� 
 9DC9: H: EGJ:76 � � � � �� 

H: EJ:9: K:G>�86G FJ: A6H =>EYI:H>H 6H:<JG6C FJ: µ N σ :HITC :C A∞( ?Qj) N FJ: :A E6G
9: E:HDH (µ, ν) :HIT :C A6 8A6H: Aα

p,q( ?Qj) 8DC 8DCHI6CI: >C9:E:C9>:CI: 9: j � K:G � � � � � �� 	
N � � � � � �� 	 	 � �C 8DCH:8J:C8>6
 EDG -:DG:B6 �� � � � 
 
 G:HJAI6 FJ: Iα :H JC DE:G69DG 68DI69D
9: Lp( ?Qj , ν) 6 Lq( ?Qj , µ) 8DC 8DCHI6CI: >C9:E:C9>:CI: 9: j � �HW � � � � � CDH AA:K6 6

?(Iα)0(f)?qLq(µ) ?
?

j

ˆ

?Qj

|fχ ?Qj
(x)|pν(x)dx

?
?

j

ˆ

?Qj

|f(x)|pν(x)dx

?
ˆ

Rn

??

j

χ ?Qj

?
|f(x)|pν(x)dx

? ?f?pLp(Rn,νdx),

9DC9:
 :C A6 [AI >B6 9:H><J6A969
 H: =6 JH69D A6 EGDE>:969 9: HDA6E6B>:CID 8DCIGDA69D 9:
A6 8DA:88>YC 9: 7DA6H 8GWI >86H {Qj} 9696 :C A6 )GDEDH>8>YC � � �HID 8DBEA:I6 A6 EGJ:76 9:
� �� � � � 	 E6G6 f 68DI696 N 9: HDEDGI: 8DBE68ID�

/:6BDH � �� � � � 	 �

�69D FJ: N6 =:BDH EGD769D FJ: (Iα)glob :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ)
 HDAD
G:HI6 EGD76G 9>8=6 68DI68>YC E6G6 (Iα)loc � 'J:K6B:CI: 8DCH>9:G:BDH :A 8J7G>B>:CID 9: Rn

EDG 7DA6H 8GWI >86H {Qj} 969D :C A6 )GDEDH>8>YC � � )6G6 8696 j 
 H:6 Ij .= {k : Qk

?
Qj ?= ∅}�

, :6 a > 0
 AJ:<D
 9: �� � � � 
 G:HJAI6

{x ∈ Rn : |(Iα)loc| > a} ⊂ {x ∈ Rn : (Iα)0(f)(x) >
a

C
}

⊂
?

j

{x ∈ Qj :
?

k

χQk
(x)|Iα(fχ ?Qk

)(x)| > a
C
}

⊂
?

j

?

k∈Ij
{x ∈ Qj ∩Qk : |Iα(fχ ?Qk

)(x)| > a

CM
}

⊂
?

k

{x ∈ Qk : Iα(fχ ?Qk
)(x)| > a

CM
},

9DC9: M :H I6A FJ:
?

j χQj
≤ M � %J:<D


µ ({x ∈ Rn : |(Iα)loc| > a}) ≤
?

k

µ
??
x ∈ Qk : Iα(fχ ?Qk

)| > a

CM

??



�� � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Iα,b � � �

≤
?

k

µ
??
x ∈ ?Qk : Iα(fχ ?Qk

)| > a

CM

??
. � � � � � �	

)DG AD I6CID
 76HI6GT 8DC EGD76G FJ:
 E6G6 8696 k 
 Iα :H JC DE:G69DG 68DI69D 9: Lp( ?Qk, ν)

6 Lq,∞( ?Qk, µ) 8DC 8DCHI6CI: >C9:E:C9>:CI: 9: k � 'J:K6B:CI: A6H =>EYI:H>H 6H:<JG6C FJ:
µ :H JC E:HD :C A6 8A6H: A∞( ?Qk) N :A E6G 9: E:HDH (µ, ν) :HIT :C A6 8A6H: Aα

p,q( ?Qk) 8DC
8DCHI6CI: >C9:E:C9>:CI: 9: k � K:G � � � � � �� 	 N � � � � � �� 	 
 -:DG:B6 � � � � �� 	 N
 EDG AD I6CID

EDG -:DG:B6 �� � � � 
 � >I:B � �� � � � � 	 	 
 JH6C9D :A =:8=D FJ: q ≥ p N A6 )GDEDH>8>YC � G:HJAI6

aqµ ({x ∈ Rn : |(Iα)loc| > a}) ≤ (CM)q
?

k

? a

CM

?q

µ
??
x ∈ ?Qk : Iα(fχ ?Qk

)| > a

CM

??

≤ C
?

k

?
ˆ

?Qk

|f(y)|pν(y)dy
? q

p

≤ C
??

k

ˆ

Rn

?
χ ?Qk

(y)
?
|f(y)|pν(y)dy

? q
p

≤ C
?
ˆ

Rn

??

k

χ ?Qk
(y)

?
|f(y)|pν(y)dy

? q
p

≤ C
?
ˆ

Rn
|f(y)|pν(y)dy

? q
p

.

�HID 8DBEA:I6 A6 EGJ:76 9: � �� � � � 	 E6G6 f 68DI696 N 9: HDEDGI: 8DBE68ID�

�� � � 
�(!�*�"����( �%$ �%( &�(%( &�'� Iα,b

�� � � � � ������������

�C :A �6EWIJAD 2
 H:88>YC � � � � � 
 =:BDH 9:�C>9D :A :HE68>D BMO∞(ρ)� (7H:GK:BDH FJ:
JC6 ;JC8>YC :C :HI: :HE68>D I>:C: 
 :C E6GI>8JA6G
 DH8>A68>YC B:9>6 68DI696 HD7G: 7DA6H
HJ7�8GWI >86H 
 :HID :H 7DA6H Q(x, r) 8DC r ≤ ρ(x)� �:CDI6G:BDH EDG BMOloc(ρ) 6A 8DC?JCID
9: ;JC8>DC:H 8DC :HI6 EGDE>:969�

�C 4 �5 
 �DC<>D6CC>
 !6G7DJG: N ,6A>C6H 9:BJ:HIG6C A6 H><J>:CI: EGDE>:969 G:A6I>K6 6
BMOloc(ρ)�

�31214,&,>0 	� � � � � )�* !+<+ -?+6;?3/ < -9 8=>+8>/ C > 0� BMOloc(ρ) = BMOloc(Cρ) C
6+= 89 <7+= =9 8 /;?3@+ 6/8>/ = -9 8 -9 8=>+8>/ ./:/8.3/8>/ ./ C �

)6G6 A6 9:BDHIG68>YC 9:A -:DG:B6 � � � � � � CDH H:GTC [I>A:H ADH H><J>:CI:H G:HJAI69DH �



� � � (IGD &VID9D

�(/$ 	� � � � � )�* "/+8 b ∈ BMOθ(ρ) :+<+ +61K8 θ ≥ 0� µ ?8 :/=9 ;?/ @/<3�-+ ?8+
./=31?+6.+. ./ �J6./< 38@/<=+ :+<+ ,9 6+= =?,-<H>3-+=� / =>9 / = /B3=>/ δ > 1 >+ 6 ;?/

?
1

|Q|

ˆ

Q

µδ
? 1

δ

? 1

|Q|

ˆ

Q

µ,

:+<+ >9.+ ,9 6+ Q =?,-<H>3-+ � �?/19 � :+<+ -?+6/ =;?3/ <+ q, ξ > 0� / B3=>/ ?8+ -9 8=>+8>/ H > 0
>+ 6 ;?/

ˆ

B

µ(x)

?
ˆ

λB

|b(x)− b(y)|ξdy
? q

ξ

dx ? λH?b?qBMOθ(ρ)
|B|

q
ξµ(B)

:+<+ >9.+ ,9 6+ =?,-<H>3-+ B C >9.9 λ ≥ 1�

�C :A �6EWIJAD 1 =:BDH EG:H:CI69D 6A<JC6H :HI >B68>DC:H H6I>H;:8=6H EDG kt(x, y) � C[�
8A:D 9:A DE:G69DG 9:A 86ADG e−tL	 � �=DG6 I6B7>VC C:8:H>I6G:BDH JC6 :HI>B68>YC E6G6 :A
C[8A:D

qt(x, y) = kt(x, y)− ?kt(x, y)
E6G6 ID9D x, y ∈ Rn N t > 0
 9DC9: ?kt(x, y) :H :A C[8A:D 9:A DE:G69DG 8TH>8D 9:A 86ADG
e−t∆ � �HI6 :HI >B68>YC =6 H>9D EGD7696 EDG # � �O>J76PH@> N # � 3 >:C@>:L>8O :C 4 � � 5 � �CI:H
9: :CJC8>6GA6 :H C:8:H6G>6 A6 H><J>:CI: 9:�C>8>YC�

�(�0,&,>0 	� � � � � .C6 ;JC8>YC ? I >:C: 9:8G:8>B>:CID GTE>9D H> 
 E6G6 ID9D N > 0
 :M>HI:
JC6 8DCHI6CI: CN I6A FJ:

|?(x)| ≤ CN (1 + |x|)−N

E6G6 ID96 x ∈ Rn �

, > ? :H JC6 ;JC8>YC G:6A :C Rn N t > 0
 9:�C>BDH

?t(x) =
1

t
n
2

?

?
x√
t

?
.

�(/$ 	� � � 	� �)� �*� �B3=>/ ?8+ 0?8- 3I8 ./ ./-</- 373/8>9 <E:3.9 ? ≥ 0� >+ 6 ;?/

|qt(x, y)| ≤ C
? √

t

ρ(x)

?2− n
q0

?t(x− y)

:+<+ >9.9 x, y ∈ Rn C t > 0� .9 8./ q0 / = >+ 6 ;?/ V ∈ RHq0 �

0:CB>C< %>
 1J:;6C< 26C N 1>6JLJ 2J :C 4 �� 5 9:G>K6C
 :C :A 8DCI:MID 9: :HE68>DH 9:
I>ED =DBD<VC:D
 9:H><J6A969:H 8DC 9DH E:HDH E6G6 8DCBJI69DG:H 9: DE:G69DG:H 9: I>ED
EDI:C8>6A 
 ADH 8J6A:H >C8AJN:C 6 Iα � %6H 8DC9>8>DC:H G:FJ:G>96H HD7G: ADH E:HDH >CKDAJ8G6C
�(GA>8O� 7JBE�� %DH DE:G69DG:H 8DCH>9:G69DH HDC >CI:<G6A:H EDI:C8>6A:H TK :C :HE68>DH 9:
I>ED =DBD<VC:D (X, d, µ) 9:�C>9DH EDG


TKf(x) =

ˆ

X

K(x, y)f(y)dµ(y),



�� � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Iα,b � � �

9DC9: :A C[8A:D K(x, y) :H JC6 ;JC8>YC B:9>7A: 
 CD C:<6I>K6
 9:�C>96 E6G6 x ?= y � �HD8>69D
8DC TK H: 9:�C: JC ;JC8>DC6A φ
 HD7G: 7DA6H B ⊂ X 9: A6 H><J>:CI: B6C:G6

φ(B) = sup
x,y∈B

d(x,y)≥cr(B)

K(x, y),

9DC9: c :H JC6 8DCHI6CI: <:DBVIG>86 HJ�8>:CI:B:CI: E:FJ:X6 � K:G 4 �� 5 	 � �C :HI: IG676 ?D

6HJB:C FJ: :M>HI: JC6 8DCHI6CI: Cφ I6A FJ:

(a) �A ;JC8>DC6A φ :H 9JEA>86CI: 
 :HID :H

φ(2B) ≤ Cφφ(B) � � � � � � 	

E6G6 ID96H A6H 7DA6H B ⊂ X �

(b) �M>HI: ? > 0 I6A FJ:
 9696 JC6 7DA6 B0 


φ(B)µ(B) ≤ Cφ

?
r(B)

r(B0)

??

φ(B0)µ(B0)

E6G6 ID96H A6H 7DA6H B ⊂ B0.

)6G6 CJ:HIGD >CI:GVH 
 TK = Iα 
 A6 >CI:<G6A ;G688>DC6G>6 8ATH>86
 8JND C[8A:D :H K(x, y) =
1

|x−y|n−α � %J:<D I:C:BDH
 φ(B) = |B|
α
n
−1 
 FJ: IG>K>6AB:CI: K:G>�86 A6H 8DC9>8>DC:H (a) N

(b) 8>I696H 6GG>76�

�HW :A G:HJAI69D 9: 4 �� 5 � -:DG:B6 � � � 	 H: EJ:9: :CJC8>6G 9: A6 H><J>:CI: B6C:G6�

!(13(/$ 	� � � � � )�� * "/+8 1 < p ≤ q <∞� n ≥ 0 ?8 /8>/<9 � Ψn, ?Ψn,Θn C ?Θn 0?8- 39 8/ =
./ '9?81 >+ 6/ = ;?/

Θn ∈ Bp, ?Θn ∈ Bq? , Θ
−1
n (t)Ψ−1

n (t) ≤ Φ−1
n (t), ?Θ−1

n (t)?Ψ−1
n (t) ≤ Φ−1

n (t),

.98./ Φn(t) = t log(e + t)
n � "/+ TK ?8 9:/<+.9 < :9 >/8- 3+ 6� φ / 6 0?8- 39 8+6 +=9- 3+.9 + TK

./�83.9 /8 � � � � � � 	 C b ∈ BMO � "3 / 6 :+< ./ :/ =9 =� (u, v) / = >+ 6 ;?/

φ(B)µ(B)
1
q
+ 1

p? ?u??Ψn,B
?v−1?Ψn,B ≤ C,

:+<+ >9.+ ,9 6+ B ⊂ X � / 8>9 8-/ = / 6 -9 87?>+.9 < T b,n
K =+>3=0+-/ 6+ =31?3/8>/ ./ =31?+6.+.

0?/<>/ (p, q)

?
ˆ

X

|T b,n
K f(x)|qu(x)qdµ(x)

? 1
q

≤ C
?
ˆ

X

|f(x)|pv(x)pdµ(x)
? 1

p

.

�� � � � � 
� ������� � � � � �� ��"��� ���

+:8DG9:BDH :A :CJC8>69D 9:A -:DG:B6 � � � � � � �



� � � (IGD &VID9D

-:DG:B6 � � � � � � , :6C 0 < α < n
 1 < p ≤ q < ∞ N b ∈ BMOθ(ρ)
 E6G6 6A<[C θ ≥ 0�

, > :A E6G 9: E:HDH (µ, ν) :HI6 :C A6 8A6H: Aα,ρ,∞
p,q N 69:BTH µ ∈ Aρ,loc

∞ N σ = ν−
1

p−1 ∈ Aρ,∞
∞

:CIDC8:H ?
ˆ

Rn
|Iα,bf(x)|qµ(x)

?1/q

≤ ?b?BMOθ(ρ)

?
ˆ

Rn
|f(x)|pν(x)

?1/p

E6G6 ID96 f :C Lp(Rn, ν)�

�/79 =><+- 3I8� �HJB>BDH FJ:
 H >C EVG9>96 9: <:C:G6A>969
 f :H 68DI696 N 9: HDEDGI:
8DBE68ID� �DBD :C A6 EGJ:76 9:A -:DG:B6 � � � � � 
 H:88>YC �� � 
 9:H8DBEDC:BDH :A DE:G69DG
Iα,b 8DBD HJB6 9: ADH DE:G69DG:H AD86A N <AD76A
 :HID :H

Iα,bf = (Iα,b)locf + (Iα,b)globf

%J:<D
 DIG6 K:O 
 H:GT HJ�8>:CI: EGD76G FJ:
 76 ?D A6H =>EYI:H>H 9696H 
 8696 JCD 9: :HIDH
[AI >BDH DE:G69DG:H K:G>�86C ADH 8DGG:HEDC9>:CI:H G:HJAI69DH 9: 68DI68>YC�

/:6BDH FJ: (Iα,b)glob : Lp(Rn, νdx) → Lq(Rn, µdx)� �C :;:8ID
 H ><J>:C9D JC G6ODC6�
B>:CID 6CTAD<D 6A JH69D :C :A DE:G69DG (Iα)glob � -:DG:B6 � � � � � 
 H:88>YC �� � 	 E6G6 D7I:C:G
A6 9:H><J6A969 �� � � � 
 H: EJ:9: EGD76G

|(Iα,b)globf(x)| ?
?

k

ρ(x)−n+α2−kM

ˆ

2kQx

|f(y)||b(y)− b(x)|dy.

9DC9: M > 0 :H 6G7>IG6G>6�

, :6 CJ:K6B:CI: {Qj} :A 8J7G>B>:CID 9: Rn 969D EDG A6 )GDEDH>8>YC � N β ≥ 1 A6
8DCHI6CI: 9: A6 )GDEDH>8>YC � 
 I6A FJ: H> ?Qj

.
= βQj 
 G:HJAI6

?

x∈Qj

Qx ⊆ ?Qj .

�:CDI:BDH EDG ?Qk
j = 2k ?Qj � %J:<D 2kQx ⊂ ?Qk

j N
 EDG AD I6CID
 :C K>GIJ9 9: �
 H: I >:C:
ρ(x) ∼= ρ(xj) E6G6 ID96 x ∈ Qj � �CIDC8:H

?(Iα,b)globf?Lq(Rn,µdx)

?
?
ˆ

Rn

??

k

ρ(x)−n+α2−kM

ˆ

2kQx

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

? 1
q

?
?

k

?
ˆ

Rn
ρ(x)(α−n)q2−kMq

?
ˆ

2kQx

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

? 1
q

?
?

k

2−kM

??

j

ˆ

Qj

ρ(xj)
(α−n)q

?
ˆ

?Qk
j

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

? 1
q



�� � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Iα,b � � �

?
?

k

2−kM

??

j

ρ(xj)
αq

ˆ

Qj

?
1

ρ(xj)n

ˆ

?Qk
j

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

? 1
q

.

� � � � � �	

�=DG6
 I:C>:C9D :C 8J:CI6 FJ: ?Qk
j = Q(xj , 2

kβρ(xj)) N 6EA>86C9D !ZA9:G 8DC ζ, γ I6A FJ:
1
p
+ 1

ζ
+ 1

γ
= 1 H: D7I>:C:

ˆ

Qj

?
1

ρ(xj)n

ˆ

?Qk
j

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

= (2β)nq2knq
ˆ

Qj

?
1

| ?Qk
j |

ˆ

?Qk
j

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

= C2knq
ˆ

Qj

1

| ?Qk
j |q

?
ˆ

?Qk
j

|f(y)|ν 1
p (y)|b(y)− b(x)|ν− 1

p (y)dy

?q

µ(x)dx

? 2knq

| ?Qk
j |q

?
ˆ

?Qk
j

|f(y)|pν(y)dy
? q

p
?
ˆ

?Qk
j

ν−
γ
p (y)dy

? q
γ ˆ

Qj

µ(x)

?
ˆ

?Qk
j

|b(y)− b(x)|ζdy
? q

ζ

dx.

� � � � � � 	

)DG %:B6 �� � � � 
 G:HJAI6 FJ: :M>HI: JC6 8DCHI6CI: H > 0 I6A FJ:

ˆ

Qj

µ(x)

?
ˆ

?Qk
j

|b(y)− b(x)|ζdy
? q

ζ

dx ≤ (2kβ)H?b?qBMOθ(ρ)
µ(Qj)|Qj |

q
ζ .

�9:BTH
 EDG =>EYI:H>H 
 σ ∈ Aρ,∞
∞ N
 EDG AD I6CID
 EDG %:B6 � � � � � 
 
 σ K:G>�86 JC6 9:H><J6A�

969 9: !ZA9:G >CK:GH6
 :HID :H :M>HI:C 8DCHI6CI:H C, δ, ξ > 0 I6A:H FJ: E6G6 ID96 7DA6
Q(x, r) :C Rn H: H6I>H;68:

?
1

|Q|

ˆ

Q

ν−
1

p−1
(1+δ)

? 1
1+δ

≤ C 1

|Q|

ˆ

Q

ν−
1

p−1

?
1 +

r

ρ(x)

?ξ

.

�HW ED9:BDH :H8G>7>G

?
1

|Q|

ˆ

Q

ν−
1+δ
p−1

? p−1
1+δ

≤ C
?

1

|Q|

ˆ

Q

ν−
1

p−1

?p−1 ?
1 +

r

ρ(x)

?ξ(p−1)

.

�A><>:C9D γ > 0 I6A FJ: γ
p
= 1+δ

p−1

 A6 9:H><J6A969 6CI:G>DG E6G6 A6 7DA6 Q = ?Qk

j H: 8DCK>:GI:
:C

?
ν−

γ
p ( ?Qk

j )

| ?Qk
j |

? p
γ

≤ C
?
ν−

1
p−1 ( ?Qk

j )

| ?Qk
j |

?p−1

(2kβ)ξ(p−1).

+:8DA:8I6C9D :HI6H :HI >B68>DC:H N 6EA>8TC9DA6H :C � �� � � � 	 ED9:BDH :H8G>7>G

ˆ

Qj

?
1

ρ(xj)n

ˆ

?Qk
j

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx



� � � (IGD &VID9D

≤ C?b?qBMOθ(ρ)

2knq

| ?Qk
j |q−

q
ζ

(2kβ)Hµ(Qj)?f?qLp( ?Qk
j ,ν)
ν−

γ
p ( ?Qk

j )
q
γ

≤ C?b?qBMOθ(ρ)

2knq+kH

| ?Qk
j |(1−

1
γ
− 1

ζ
)q


µ( ?Qk

j )
p
q

?
ν−γ/p( ?Qk

j )

| ?Qk
j |

? p
γ




q
p

?f?q
Lp( ?Qk

j ,ν)

≤ C?b?qBMOθ(ρ)

2knq+kξ(q− q
p
)+kH

| ?Qk
j |

q
p


µ( ?Qk

j )
p
q

?
ν−

1
p−1 ( ?Qk

j )

| ?Qk
j |

?p−1



q
p

?f?q
Lp( ?Qk

j ,ν)

≤ C?b?qBMOθ(ρ)

2k(nq+ξ(q− q
p
)+H)

| ?Qk
j |

q
p
+q− q

p

?
µ( ?Qk

j )
p
q

?
ν−

1
p−1 ( ?Qk

j )
?p−1

? q
p

?f?q
Lp( ?Qk

j ,ν)
.

�69D FJ: (µ, ν) ∈ Aα,ρ,∞
p,q 
 G:HJAI6

ˆ

Qj

?
1

ρ(xj)n

ˆ

?Qk
j

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

≤ C?b?qBMOθ(ρ)

2k(nq+ξ(q− q
p
)+H+θ q

p
)

| ?Qk
j |q−(1−α

n
)q

?f?q
Lp( ?Qk

j ,ν)

≤ C?b?qBMOθ(ρ)
2k(nq+ξ(q− q

p
)+H+θ q

p
−αq)ρ(xj)

−αq?f?q
Lp( ?Qk

j ,ν)
.

E6G6 6A<[C θ ≥ 0� � DCH:8J:CI:B:CI: 
 9: A6 :HI >B68>YC 6CI:G>DG N 9:A =:8=D FJ: q ≥ p

� � � � � �	 H: 8DCK>:GI: :C

?(Iα,b)globf?Lq(Rn,µ)

?
?

k

2−kM

??

j

ρ(xj)
αq

ˆ

Qj

?
1

ρ(xj)n

ˆ

?Qk
j

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

? 1
q

? ?b?BMOθ(ρ)

?

k

2−k(M−nq−ξ(q− q
p
)−H−θ q

p
+αq)

??

j

ρ(xj)
αq−αq?f?q

Lp( ?Qk
j ,ν)

? 1
q

? ?b?BMOθ(ρ)

?

k

2−k(M−nq−ξ(q− q
p
)−H−θ q

p
+αq)


?

j

?
ˆ

?Qk
j

|f(y)|pν(y)dy
? q

p




1
q

? ?b?BMOθ(ρ)

?

k

2−k(M−nq−ξ(q− q
p
)−H−θ q

p
+αq)

??

j

ˆ

?Qk
j

|f(y)|pν(y)dy
? 1

p

? ?b?BMOθ(ρ)

?

k

2−k(M−nq−ξ(q− q
p
)−H−θ q

p
+αq)

??

j

ˆ

Rn
χ ?Qk

j
(y)|f(y)|pν(y)dy

? 1
p

? ?b?BMOθ(ρ)

?

k

2−k(M−nq−ξ(q− q
p
)−H−θ q

p
+αq+N1)

?
ˆ

Rn
|f(y)|pν(y)dy

? 1
p

,



�� � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Iα,b � � �

�>C6AB:CI: 
 969D FJ: M > 0 :H 6G7>I6G>D 
 :A><>:C9D M > nq+ξ(q− q
p
)+H+θ q

p
−αq−N1

H: D7I>:C: :A G:HJAI69D 9:H:69D�

�=DG6 K:G>�FJ:BDH FJ: (Iα,b)loc : Lp(Rn, νdx) → Lq(Rn, µdx)� �C :;:8ID
 969D FJ:
| (Iα,b)loc f | <∞ � f :H 68DI696 N 9: HDEDGI: 8DBE68ID :C Rn	 
 ED9:BDH :H8G>7>G

| (Iα,b)loc f | = |
?
(Iα,b)loc − (Iα,b)loc

?
f |+ | (Iα,b)loc f |.

.
= I1 + I2.

�C EG>B:G AJ<6G :HI >B6G:BDH I1

I1 = |Iα,b(fχQx)(x)− Iα,b(fχQx)(x)|

≤
ˆ

Qx

|f(y)||b(y)− b(x)|
ˆ ∞

0

???kt(x, y)− ?kt(x, y)
??? tα2 dt

t
dy

=

ˆ

Qx

|f(y)||b(y)− b(x)|
ˆ ∞

0

|qt(x, y)|t
α
2
dt

t
dy.

)DG %:B6 �� � � � 
 :M>HI: JC6 ;JC8>YC 8DC 9:8G:8>B>:CID GTE>9D ? ≥ 0 I6A FJ:

|qt(x, y)| ≤ C
? √

t

ρ(x)

?2− n
q0

?t(x− y)

E6G6 ID96 t > 0
 x, y ∈ Rn 
 9DC9: q0 :H I6A FJ: V ∈ RHq0 N ?t(x) = 1
tn/2
?
?

x√
t

?
� �9:BTH


EDG H:G ? JC6 ;JC8>YC 8DC 9:8G:8>B>:CID GTE>9D
 E6G6 8696 N > 0 :M>HI: JC6 8DCHI6CI:
CN 
 I6A FJ:

?t(x− y) ≤ CN
1

t
n
2

?
1 +
|x− y|√
t

?−N

.

%J:<D
 9: :HI6H :HI >B68>DC:H 
 G:HJAI6
ˆ ∞

0

|qt(x, y)|t
α
2
dt

t

≤ CN
|x− y|−N

ρ(x)
2− n

q0

ˆ ρ(x)2

0

t
1− n

2q0
−n

2
+N

2
+α

2
dt

t
+

CN

ρ(x)
2− n

q0

ˆ ∞

ρ(x)2
t
1− n

2q0
−n

2
+α

2
dt

t
.

�69D FJ: V ∈ RHq0 
 8DC q0 ≥ n
2

 ED9:BDH HJEDC:G FJ: q0 ≈ n

2

 N 6HW A6 H:<JC96

>CI:<G6A :H 8DCK:G<:CI: � )DG DIGD A69D
 A6 EG>B:G >CI:<G6A 8DCK:G<: :A><>:C9D N > 0 I6A
FJ: N

2
> −1 + n

2q0
+ n−α

2

 :H 9:8>G N = −2 + n

q0
+ n − α + ?
 8DC ? > 0 6 9:I:GB>C6G


I:C>:C9D :C 8J:CI6
 69:BTH
 FJ: E6G6 y ∈ Qx 
 |x− y| ≤
√
nρ(x)
 D7I:C:BDH

ˆ ∞

0

|qt(x, y)|t
α
2
dt

t
? ρ(x)α−n

?
ρ(x)

|x− y|

?N

.

�C 8DCH:8J:C8>6
 D7I:C:BDH A6 H><J>:CI: 68DI68>YC E6G6 I1

I1 ?
ˆ

Qx

|f(y)||b(y)− b(x)|ρ(x)
α−n+N

|x− y|N dy
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?
∞?

k=0

ˆ

Q(x,2−kρ(x))\Q(x,2−(k+1)ρ(x))

|f(y)||b(y)− b(x)|ρ(x)
α−n+N

|x− y|N dy

?
∞?

k=0

2
−k(2− n

q0
−n+α−?)

ρ(x)α−n

ˆ

Q(x,2−kρ(x))

|f(y)||b(y)− b(x)|dy

?
∞?

k=0

2
−k(2− n

q0
−?)

2k(n−α)ρ(x)α−n

ˆ

Q(x,2−kρ(x))

|f(y)||b(y)− b(x)|dy

?
∞?

k=0

2
−k(2− n

q0
−?)
hk(x),

9DC9: hk(x) = 2k(n−α)ρ(x)α−n
´

Q(x,2−kρ(x))
|f(y)||b(y)− b(x)|dy � %J:<D


ˆ

Rn
|
?
(Iα,b)loc − (Iα,b)loc

?
f(x)|qµ(x)dx ?

?

k

2
−k(2− n

q0
−?)

ˆ

Rn
hk(x)

qµ(x)dx . � � � � � � 	

'J:K6B:CI: 8DCH>9:G:BDH :A 8J7G>B>:CID 9: Rn EDG 7DA6H 8GWI >86H {Qj} 969D :C A6
)GDEDH>8>YC � � �EA>86C9D 9:H8DBEDH>8>YC 9>T9>86
 :H 8A6GD
 E6G6 8696 j, k 
 :M>HI:C 2nk

7DA6H 9: G69>D 2−kρ(xj)
 Q
j,k
l = Q(xj,kl , 2

−kρ(xj))
 I6A:H FJ: Qj ⊂
?2nk

l=1Q
j,k
l ⊂ 2Qj 


H6AKD JC 8DC?JCID 9: B:9>96 CJA6
 N
?2nk

l=1 χQj,k
l
≤ 2n � &TH 6[C
 :HI6 8DCHIGJ88>YC EJ:9:

=68:GH: 9: B6C:G6 I6A FJ:
 E6G6 8696 k 
 A6 ;6B>A>6 9: JC6 9>A6I68>YC �?6 { ?Qj,k
l }j,l H:6 JC

8J7G>B>:CID 9: Rn N
?

j

2nk?

l=1

χ ?Qj,k
l
≤ C,

9DC9: C :H JC6 8DCHI6CI: >C9:E:C9>:CI: 9: k � )6G6 CJ:HIGD EGDEYH>ID IDB6BDH JC6
9>A6I68>YC ?Qj,k

l = C(C0, N0, N)Qj,k
l 
 I6A FJ:

?

x∈Qj,k
l

2−kQx ⊂ ?Qj,k
l

/:6BDH FJ: :M>HI: JC6 9>A6I68>YC 6HW� , :6 x ∈ Qj,k
l N H:6 z ∈ 2−kQx 
 AJ:<D

d(z, xj,kl ) ≤ d(z, x) + d(x, xj,kl )

≤ 2−kρ(x) + 2−kρ(xj)

≤ C(C0, N0, n)2
−kρ(xj),

9DC9:
 :C A6 [AI >B6 9:H><J6A969
 =:BDH JH69D FJ: x, xj ∈ 2Qj N EDG AD I6CID ρ(x) ∼= ρ(xj)
� )GDEDH>8>YC �	 � �HW
 E6G6 8696 k 


ˆ

Rn
hk(x)

qµ(x)dx ≤
?

j

ˆ

Qj

hk(x)
qµ(x)dx

≤
?

j

2nk?

l=1

ˆ

Qj,k
l

hk(x)
qµ(x)dx.
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� 8DCI>CJ68>YC
 :HI >B6G:BDH
´

Qj,k
l
hk(x)µ(x)dx�

-:C>:C9D :C 8J:CI6 FJ: E6G6 8696 x ∈ Qj,k
l 
 2

−kQx ⊂ ?Qj,k
l 
 6EA>86C9D A6 9:H><J6A969

9: !ZA9:G 8DC 1
p
+ 1

ζ
+ 1

γ
= 1 8DC ζ N γ 6 9:I:GB>C6G
 G:HJAI6

ˆ

Qj,k
l

hk(x)
qµ(x)dx

≤
ˆ

Qj,k
l

2k(n−α)qρ(x)(α−n)q

?
ˆ

2−kQx

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

≤ C
ˆ

Qj,k
l

2k(n−α)qρ(xj)
(α−n)q

?
ˆ

?Qj,k
l

|f(y)||b(y)− b(x)|dy
?q

µ(x)dx

≤ C2k(n−α)qρ(xj)
(α−n)q

ˆ

Qj,k
l

?
ˆ

?Qj,k
l

|f(y)|ν 1
p (y)ν−

1
p (y)|b(y)− b(x)|dy

?q

µ(x)dx

≤ C2k(n−α)qρ(xj)
(α−n)q

?
ˆ

?Qj,k
l

|f(y)|pν(y)dy
? q

p
?
ˆ

?Qj,k
l

ν−
γ
p (y)dy

? q
γ

ˆ

Qj,k
l

?
ˆ

?Qj,k
l

|b(y)− b(x)|ζdy
? q

ζ

µ(x)dx.

�DBD :C A6 :HI >B68>YC 9: (Iα,b)glob 
 E6G6 :A ;68IDG G:A68>DC69D 8DC A6 ;JC8>YC HWB7DAD b
JH6BDH %:B6 �� � � � N E6G6 :A 6HD8>69D 6A E:HD σ = ν−

1
p−1 A6 9:H><J6A969 9: !ZA9:G >CK:GH6�

�HW
 8DC γ = p
p−1

(1 + δ) I:C:BDH

ˆ

Qj,k
l

hk(x)
qµ(x)dx

≤ C(C0, N0, n)
H2k(n−α)qρ(xj)

(α−n)q[b]qθ |Qj,k
l |

q
ζ
+ q

γ
−(p−1) q

pµ(Qj,k
l ) ν−

1
p−1 ( ?Qj,k

j )(p−1) q
p

?
ˆ

?Qj,k
l

|f(y)|pν(y)dy
? q

p

.

�69D FJ: (µ, ν) ∈ Aα,ρ,∞
p,q I:C:BDH

µ( ?Qj,k
l )ν−

1
p−1 ( ?Qj,k

l )(p−1) q
p ≤ C| ?Qj,k

l |(1−
α
n
)q.

�HW ED9:BDH :H8G>7>G

ˆ

Qj,k
l

hk(x)
qµ(x)dx

≤ C2k(n−α)q ρ(xj)
(α−n)q ?b?qBMOθ(ρ)

|Qj,k
l |

q
ζ
+ q

γ
−(p−1) q

p
+(1−α

n
)q

?
ˆ

?Qj,k
l

|f(y)|pν(y)dy
? q

p



� �
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≤ C2k(n−α)q ρ(xj)
(α−n)q ?b?qBMOθ(ρ)

|Qj,k
l |(

1
ζ
+ 1

γ
− p−1

p
+1−α

n)q
?
ˆ

?Qj,k
l

|f(y)|pν(y)dy
? q

p

≤ C2k(n−α)q ρ(xj)
(α−n)q ?b?qBMOθ(ρ)

|Qj,k
l |(1−

α
n)q

?
ˆ

?Qj,k
l

|f(y)|pν(y)dy
? q

p

≤ C?b?qBMOθ(ρ)

?
ˆ

?Qj,k
l

|f(y)|pν(y)dy
? q

p

.

-:C>:C9D :C 8J:CI6 A6 :HI >B68>YC 6CI:G>DG
 :A =:8=D FJ: q ≥ p N :A HDA6E6B>:CID 8DCIGDA69D
9: ADH { ?Qj,k

l }
 G:HJAI6
ˆ

Rn
hk(x)

qµ(x)dx ≤
?

j

2nk?

l=1

ˆ

Qj,k
l

hk(x)
qµ(x)dx

≤ C?b?qBMOθ(ρ)

?

j

2nk?

l=1

?
ˆ

?Qj,k
l

|f(y)|pν(y)dy
? q

p

≤ C?b?qBMOθ(ρ)


?

j

2nk?

l=1

?
ˆ

Rn
χ ?Qj,k

l
(y)|f(y)|pν(y)dy

?


q
p

≤ C?b?qBMOθ(ρ)

?
ˆ

Rn
|f(y)|pν(y)dy

? q
p

.

%J:<D
 8DB7>C6C9D :HID 8DC �� � � � 
 H: H><J:
ˆ

Rn
|
?
(Iα,b)loc − (Iα,b))loc

?
f(x)|qµ(x)dx

?
?

k

2
−k(2− n

q0
−?)

ˆ

Rn
hk(x)

qµ(x)dx

≤ C?b?qBMOθ(ρ)

?
ˆ

Rn
|f(y)|pν(y)dy

? q
p ?

k

2
−k(2− n

q0
−?)
.

�>C6AB:CI: 
 :A><>:C9D ? I6A FJ: 2− n
q0
− ? > 0
 H: D7I>:C: FJ: I1 : Lp(µ)→ Lq(ν)�

+:HI6 EGD76G FJ: (Iα,b)loc :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq(µ)� )6G6 :AAD 
 JC6
K:O BTH
 IDB6BDH :A 8J7G>B>:CID 9: {Qj} 969D :C A6 )GDEDH>8>YC � � %J:<D
 6EA>86C9D A6
)GDEDH>8>YC � 
 8DC ?Qj = βQj I:C:BDH
??(Iα,b)loc f

??q
Lq(Rn,µ)

≤
?

j

ˆ

Qj

|(Iα,b)locf(x)|qµ(x)dx



�� � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Iα,b � � �

≤
?

j

ˆ

Qj

|(Iα,b)locf(x)− Iα,b(fχ ?Qj
)(x)|qµ(x)dx +

?

j

ˆ

Qj

|Iα,b(fχ ?Qj
)(x)|qµ(x)dx

=
?

j

ˆ

Qj

Ij2(x)
q µ(x) dx +

?

j

ˆ

?Qj

Iα,b(fχ ?Qj
)(x)|qµ(x) dx, � � � � � � 
 	

9DC9:
 E6G6 8696 j 
 Ij2(x) = |(Iα,b)locf(x) − Iα,b(fχ ?Qj
)(x)|� � DCH>9:G:BDH
 E6G6 8696 j 


: A :HE68>D 9: I>ED =DBD<VC:D ( ?Qj , d, dx/ ?Qj)
 9DC9: 8DBD 6CI:H 
 d G:EG:H:CI6 A6 BVIG>86
JC>;DGB: N dx/ ?Qj A6 B:9>96 9: %:7:H<J: G:HIG>C<>96 6 ?Qj � ) GD76G:BDH FJ: :A 8DCBJI69DG
9: A6 >CI:<G6A ;G688>DC6G>6 8ATH>86
 Iα,b 
 :H 68DI69D 9: Lp( ?Qj , ν) :C Lq( ?Qj , µ)
 8DC 8DCHI6CI:
>C9:E:C9>:CI: 9: j � )6G6 :AAD JI>A>O6G:BDH :A -:DG:B6 �� � � � � /:6BDH FJ: H: K:G>�86C HJH
=>EYI:H>H � �FJW H67:BDH FJ:
 b ∈ BMOθ(ρ)
 θ ≥ 0
 :C 8DCH:8J:C8>6 b ∈ BMO( ?Qj) 8DC

8DCHI6CI: >C9:E:C9>:CI: 9: j � �:CDI:BDH EDG u = µ
1
q N v = ν

1
p � �:7:BDH :C8DCIG6G

;JC8>DC:H 9: 2DJC< Ψ, ?Ψ,Θ N ?Θ FJ: K:G>�FJ:C A6H 8DC9>8>DC:H 9:A -:DG:B6 �� � � � �

�:�C6BDH

?Ψ(t) = tqδ , Ψ(t) = tp

?
?

9DC9: qδ = q(1+ δ)
 p?? = p
?(1+ ?) 8DC δ, ? > 0 A6H 8DCHI6CI:H 9: A6 9:H><J6A969 9: !ZA9:G

>CK:GH6 E6G6 µ, σ � EDG =>EYI:H>H µ, σ ∈ Aρ,loc
∞ 
 EDG AD I6CID H><J>:C9D ADH 6G<JB:CIDH 9:

� � � � � �� 	 
 -:DG:B6 � � � � �� 
 G:HJAI6 FJ: µ, σ ∈ A∞( ?Qj)
 E6G6 ID9D ?	 �

?Θ(t) =

?
(t log(e+ t))q

?
δ ; t ≤ 1

log(e+ 1)q
?
δtq

∗
; t > 1

8DC q?δ < q
∗ < q? �

Θ(t) =

?
(t log(e+ t))p

?
? ; t ≤ 1

log(e+ 1)p
?
?tp

∗
; t > 1

8DC p?? < p
∗ < p� � A6G6B:CI: 
 9: A6 9:�C>8>YC 9: Ψ, ?Ψ,Θ N ?Θ G:HJAI6 Θ ∈ Bp 
 ?Θ ∈ Bq? 


Θ−1(t)Ψ−1(t) ≤ t
log(e+t)

N ?Θ−1(t)?Ψ−1(t) ≤ t
log(e+t)

� , :6 Q JC6 7DA6 :C :A :HE68>D 9: I>ED

=DBD<VC:D ?Qj 
 AJ:<D

|Q|
1
q
+ 1

p?−1+α
n ?u??Ψ,Q?v−1?Ψ,Q ≤ C|Q|

1
q
− 1

p
+α

n

?
µ(Q)

|Q|

? 1
q

?
ν−

1
p−1 (Q)

|Q|

? p−1
p

≤
?

1

|Q|(1−α
n
)p
µ(Q)

1
q ν−

1
p−1 (Q)

? 1
p

≤ C,

9DC9: :C A6 [AI >B6 9:H><J6A969 H: =6 JH69D FJ: (µ, ν) ∈ Aα,ρ,∞
p,q N EDG AD I6CID (µ, ν) ∈

Ap,q( ?Qj) 8DC 8DCHI6CI: >C9:E:C9>:CI: 9: j � K:G � � � � � �� 	 
 -:DG:B6 � � � � �� 	 � %J:<D
 :HI6BDH
:C 8DC9>8>DC:H 9: 6EA>86G :A -:DG:B6 �� � � � 
 9DC9: 8DC8AJWBDH FJ: Iα,b : Lp( ?Qj , ν) →
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Lq( ?Qj , µ)
 8DC 8DCHI6CI: >C9:E:C9>:CI: 9: j N EDG AD I6CID

?

j

ˆ

?Qj

|Iα,b(fχ ?Qj
)(x)|qµ(x)dx ≤ C

?

j

ˆ

?Qj

|fχ ?Qj
)(x)|pν(x)dx

≤
ˆ

Rn

??

j

χ ?Qj
)(x)

?
|f(x)|pν(x)dx

≤ C
ˆ

Rn
|f(x)|pν(x)dx, � � � � � � � 	

9DC9: :C A6 [AI >B6 9:H><J6A969 =:BDH JH69D :A HDA6E6B>:CID 8DCIGDA69D 9: A6H 7DA6H { ?Qj}
� )GDEDH>8>YC � 	 �

� 8DCI>CJ68>YC
 E6G6 8696 j 
 x ∈ Qj 
 :HI >B6G:BDH I
j
2(x)

Ij2(x) =
???(Iα,b)locf(x)− Iα,b(fχ ?Qj

)(x)
???

=
???Iα(bfχQx)(x)− b(x)Iα(fχQx)(x)− Iα(bfχ ?Qj

)(x) + b(x)Iα(fχ ?Qj
)(x)

???

=
???Iα(−bfχ ?Qj\Qx

)(x)− b(x)Iα(−fχ ?Qj\Qx
)(x)

???

=
???Iα,b(−fχ ?Qj\Qx

)(x)
???

≤
ˆ

?Qj\Qx

|f(y)| |b(y)− b(x)||x− y|n−α
dy

969D FJ: y ∈ ?Qj\Qx 
 x ∈ Qj N EDG AD I6CID ρ(x) ∼= ρ(xj) � )GDEDH>8>YC �	 G:HJAI6


Ij2(x) ≤ C
1

ρ(xj)n−α

ˆ

?Qj

|f(y)||b(y)− b(x)|dy

? 1

| ?Qj |1−
α
n

ˆ

?Qj

|f(y)||b(x)− b ?Qj
|dy + 1

| ?Qj |1−
α
n

ˆ

?Qj

|f(y)||b(y)− b ?Qj
|dy.

%J:<D 6EA>86C9D :C A6 H:<JC96 >CI:<G6A A6 9:H><J6A969 9: !ZA9:G 8DC s I6A FJ: 1
s
+ 1

s? = 1

H: D7I>:C:

Ij2(x) ? |b(x)− b ?Qj
|
?

1

| ?Qj |1−
α
n

ˆ

?Qj

|f(y)|dy
?

+

?
1

| ?Qj |1−
α
n
s

ˆ

?Qj

|f(y)|sdy
? 1

s

?
1

| ?Qj |

ˆ

?Qj

|b(y)− b ?Qj
|s?dy

? 1
s?

.

+:8DG9:BDH FJ:
 EDG =>EYI:H>H 
 b ∈ BMOθ(ρ)� �HW
 :C K>GIJ9 9: A6 )GDEDH>8>YC � � � � �� 

G:HJAI6 ?

1

| ?Qj |

ˆ

?Qj

|b(y)− b ?Qj
|s?dy

? 1
s?

≤ C?b?BMOθ(ρ).



�� � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Iα,b � ��

�CIDC8:H 
 E6G6 ID96 x ∈ Qj

Ij2(x) ? |b(x)− b ?Qj
|
?

1

| ?Qj |1−
α
n

ˆ

?Qj

|f(y)|dy
?

+ ?b?BMOθ(ρ)

?
1

| ?Qj |1−
α
n
s

ˆ

?Qj

|f(y)|sdy
? 1

s

N
 :C 8DCH:8J:C8>6


?

j

ˆ

Qj

?
Ij2
?q
µ(x)dx

?
?

j

?
1

| ?Qj |1−
α
n

ˆ

?Qj

|f(y)|dy
?q
ˆ

Qj

|b(x)− b ?Qj
|qµ(x)dx

+ ?b?qBMOθ(ρ)

?

j

?
1

| ?Qj |1−
α
n
s

ˆ

?Qj

|f(y)|sdy
? q

s

µ(Qj). � � � � � � � 	

�69D FJ: b ∈ BMOθ(ρ) N
 8DBD N6 H67:BDH
 µ ∈ Aρ,loc
∞ = Aβρ,loc

∞ 
 I:C>:C9D :C 8J:CI6 A6
)GDEDH>8>YC � � � � �� N A6 9:H><J6A969 9: !ZA9:G >CK:GH6 E6G6 µ
 :H ;T8>A EGD76G FJ:

ˆ

?Qj

|b(x)− b ?Qj
|qµ(x)dx ≤ C?b?qBMOθ(ρ)

µ( ?Qj).

)DG AD I6CID :A EG>B:G IVGB>CD :C � �� � � � � 	 H: EJ:9: 68DI6G 9: A6 H><J>:CI: ;DGB6

?

j

?
1

| ?Qj |1−
α
n

ˆ

?Qj

|f(y)|dy
?q
ˆ

Qj

|b(x)− b ?Qj
|qµ(x)dx

≤ C?b?qBMOθ(ρ)

?

j

?
1

| ?Qj |1−
α
n

ˆ

?Qj

|f(y)|dy
?q

µ( ?Qj)

≤ C?b?qBMOθ(ρ)

?

j

1

| ?Qj |(1−
α
n
)q

?
ˆ

?Qj

|f(y)|ν 1
p (y)ν−

1
p (y)dy

?q

µ( ?Qj)

≤ C?b?qBMOθ(ρ)

?

j

1

| ?Qj |(1−
α
n
)q

?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p
?
ˆ

?Qj

ν−
p?
p (y)dy

? q
p?

µ( ?Qj)

≤ C?b?qBMOθ(ρ)

?

j

?
1

| ?Qj |(1−
α
n
)p
µ( ?Qj)

p
q ν−

1
p−1 ( ?Qj)

p−1

? q
p
?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p

.

%J:<D
 I:C>:C9D :C 8J:CI6 FJ: (µ, ν) ∈ Aα,ρ,∞
p,q 
 q ≥ p N :A HDA6E6B>:CID 8DCIGDA69D 9: A6H

7DA6H { ?Qj}
 G:HJAI6
?

j

?
1

| ?Qj |1−
α
n

ˆ

?Qj

|f(y)|dy
?q
ˆ

Qj

|b(x)− b ?Qj
|qµ(x)dx

≤ C?b?qBMOθ(ρ)

?

j

?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p



� �� (IGD &VID9D

≤ C?b?qBMOθ(ρ)

??

j

ˆ

?Qj

|f(y)|pν(y)dy
? q

p

≤ C?b?qBMOθ(ρ)

??

j

ˆ

Rn
|f(y)|pχ ?Qj

(y)ν(y)dy

? q
p

≤ C?b?qBMOθ(ρ)

?
ˆ

Rn
|f(y)|pν(y)dy

? q
p

.

)6G6 :A H:<JC9D IVGB>CD 9: �� � � � � I:C:BDH

?b?qBMOθ(ρ)

?

j

?
1

| ?Qj |1−
α
n
s

ˆ

?Qj

|f(y)|sdy
? q

s

µ(Qj)

≤ ?b?qBMOθ(ρ)

?

j

1

| ?Qj |(
1
s
−α

n)q

?
ˆ

?Qj

|f(y)|sν(y) sp ν(y)− s
pdy

? q
s

µ( ?Qj)

≤ ?b?qBMOθ(ρ)

?

j

1

| ?Qj |(
1
s
−α

n)q

?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p
?
ˆ

?Qj

ν(y)−
s
p(

p
s )

?
dy

? q
s

1

( ps )
?

µ( ?Qj),

9DC9: :C A6 [AI >B6 9:H><J6A969 H: =6 6EA>869D A6 9:H><J6A969 9: !ZA9:G 8DC :A :MEDC:CI:
p
s

 E6G6 s > 1 6 :A:<>G� %J:<D
 969D FJ:

?
p
s

??
= p

p−s

 D7I:C:BDH

?b?qBMOθ(ρ)

?

j

?
1

| ?Qj |1−
α
n
s

ˆ

?Qj

|f(y)|sdy
? q

s

µ(Qj)

≤ ?b?qBMOθ(ρ)

?

j

1

| ?Qj |(
1
s
−α

n)q

?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p
?
ˆ

?Qj

ν(y)−
s

p−sdy

? q
s
p−s
p

µ( ?Qj).

�C K>GIJ9 9: A6 =>EYI:H>H 
 ν−
1

p−1 ∈ Aρ,∞
∞ 
 N EDG AD I6CID K:G>�86 JC6 9:H><J6A969 9: !ZA9:G

>CK:GH6
 :HID :H :M>HI:C 8DCHI6CI:H C, ?, η1 > 0 I6A:H FJ:
?

1

|Q|

ˆ

Q

ν−
1

p−1
(1+?)

? 1
1+?

≤ C
?
1 +

r

ρ(x)

?η1 1

|Q|

ˆ

Q

ν−
1

p−1 ,

E6G6 ID96 7DA6 Q(x, r)� %J:<D
 :A><>:C9D s I6A FJ:
 s
p−s

= 1+?
p−1


 :HID :H s = (1+?)p
p+?


 H: I >:C:

?b?qBMOθ(ρ)

?

j

?
1

| ?Qj |1−
α
n
s

ˆ

?Qj

|f(y)|sdy
? q

s

µ(Qj)

≤ ?b?qBMOθ(ρ)

?

j

1

| ?Qj |(
1
s
−α

n)q−
q
s
p−s
p

?
1

| ?Qj |

ˆ

?Qj

ν(y)−
s

p−sdy

? q
s
p−s
p

µ( ?Qj)

?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p



�� � �:H><J6A969:H 8DC 9DH E:HDH E6G6 Iα,b � ��

≤ ?b?qBMOθ(ρ)

?

j

1

| ?Qj |(
1
s
−α

n)q−
q
s
p−s
p

?
1

| ?Qj |

ˆ

?Qj

ν(y)−
1

p−1dy

?(p−1) q
p

µ( ?Qj)

?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p

≤ C?b?qBMOθ(ρ)

?

j

1

| ?Qj |(
1
s
−α

n)q−
q
s
p−s
p

+(p−1) q
p

ν−
1

p−1 ( ?Qj)
(p−1) q

p

µ( ?Qj)

?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p

.

�=DG6
 I:C>:C9D :C 8J:CI6 FJ: q
p

?
p
s
− α

n
p− p−s

s
+ p− 1

?
= q

?
1− α

n

?

 A6 =>EYI:H>H (µ, ν) ∈

Aα,ρ,∞
p,q 
 : A =:8=D FJ: q ≥ p N :A HDA6E6B>:CID 8DCIGDA69D 9: { ?Qj} 9: Rn 
 G:HJAI6

?b?qBMOθ(ρ)

?

j

?
1

| ?Qj |1−
α
n
s

ˆ

?Qj

|f(y)|sdy
? q

s

µ(Qj)

≤ C?b?qBMOθ(ρ)

?

j

1

| ?Qj |(1−
α
n)q
ν−

1
p−1 ( ?Qj)

p−1 q
pµ( ?Qj)

X

?
ˆ

?Qj

|f(y)|pν(y)dy
? q

p

≤ C?b?qBMOθ(ρ)

??

j

ˆ

?Qj

|f(y)|pν(y)dy
? q

p

≤ C?b?qBMOθ(ρ)

?
ˆ

Rn
|f(y)|pν(y)dy

? q
p

.

%J:<D

?

j

ˆ

Qj

Ij2(x)
qµ(x)dx ≤ C?b?qBMOθ(ρ)

?
ˆ

Rn
|f(y)|pν(y)dy

? q
p

. � � � � � � � 	

�>C6AB:CI: 
 9: � � � � � � 
 	 
 � � � � � � � 	 N � � � � � � � 	 
 G:HJAI6 FJ: (Iα,b)loc :H JC DE:G69DG 68DI69D
9: Lp(µ) 6 Lq(ν)
 AD FJ: 8DC8AJN: A6 EGJ:76�






��)"#�� �


������*� �� "��� � ��$� ��#���

� � � � �$)'%�*��!1$

�C ADH �6EWIJADH 2 N 4 =:BDH EGD769D EDG 9>HI >CIDH BVID9DH 
 FJ: Iα :H JC DE:G69DG
68DI69D 9: Lp(ν) 6 Lq,∞(µ) E6G6 1 ≤ p ≤ q < ∞ 9DC9: :A E6G 9: E:HDH (µ, ν) :HIT
:C A6 8A6H: Aα,ρ,∞

p,q N :A E:HD 9: AA:<696
 µ
 :C Aρ,loc
∞ � �C :HI: 86EWIJAD EGD76G:BDH :HI:

G:HJAI69D 9: 68DI68>YC HJEG>B>:C9D A6 8DC9>8>YC HD7G: µ N E>9>:C9D 6A E6G 9: E:HDH (µ, ν)
FJ: K:G>�FJ: JC6 8DC9>8>YC Aα,ρ,∞

p,q 8DC JC6 � EDL:G�7JBE� HD7G: :A E:HD µ� ) G:8>H6B:CI: 

D7I:C:BDH :A H><J>:CI: G:HJAI69D�

!(13(/$ 
 � � � � � "/+8 0 < α < n� 1 ≤ p ≤ q < ∞ C (µ, ν) ?8 :+< ./ :/ =9 = :+<+ 69 =
-?+6/ = /B3=>/8 r > 1� θ ≥ 0 >+ 6/ = ;?/ :+<+ >9.+ ,9 6+ Q = Q(x, l) /8 Rn �

|Q|
α
n
+ 1

q
− 1

p

?
1

|Q|

ˆ

Q
µ(y)rdy

? 1
rq
?

1

|Q|

ˆ

Q
ν(y)1−p?dy

? 1
p?
≤ C

?
1 +

l

ρ(x)

?θ

, p > 1 � � � � � � �

|Q|
α
n
+ 1

q
−1

?
1

|Q|

ˆ

Q
µ(y)rdy

? 1
rq
?
ı́nf
Q

ν(y)

?−1

≤ C

?
1 +

l

ρ(x)

?θ

, p = 1 � � � � � � �

/8>9 8-/ = Iα @/<3�-+ 6+ =31?3/8>/ ./ =31?+6.+. >3:9 .G, 36 (p, q)

sup
λ>0
λµ ({x ∈ Rn : |Iαf(x)| > λ})

1
q ≤ C

?
ˆ

Rn
|f(x)|p ν(x)dx

? 1
p

.

 ,=/<@+- 3I8 � � � � � � �A6G6B:CI: 
 6EA>86C9D A6 9:H><J6A969 9: !ZA9:G
 A6H 8DC9>8>DC:H
� � � � � � 	 N � � � � � � 	 6H:<JG6C FJ: :A E6G 9: E:HDH (µ, ν) H: :C8J:CIG6 :C A6 8A6H: Aα,ρ,∞

p,q 
 E :GD
CD 6H:<JG6C FJ: :A E:HD 9: AA:<696 µ H: :C8J:CIG: :C Aρ,loc

∞ � )6G6 K>HJ6A>O6G :HI: =:8=D

8DCH>9:G:BDH E6G6 1 < p = q <∞
 α = 0
 ρ ≡ 1
 ADH E:HDH

µ(x) = e−e
1
|x|

ν(x) = 1.



� �� �DC9>8>YC 9: I>ED � EDL:G�7JBE�

, ><J>:C9D 6G<JB:CIDH 6CTAD<DH 6 ADH 969DH :C A6 (7H:GK68>YC � � � � �� 
 H: EJ:9: EGD76G FJ:
:A E6G (µ, ν) K:G>�86 A6 8DC9>8>YC � � � � � � 	 E6G6 8J6AFJ>:G r > 1 N H>C :B76G<D µ /∈ Aρ,loc

∞ �
� E6GI>G 9: :HI: :?:BEAD ED9:BDH 9:8>G FJ:
 :C 8>:GID H:CI>9D
 A6H 8DC9>8>DC:H � � � � � � 	 N
� � � � � � 	 HD7G: ADH E:HDH µ, ν HDC B:CDH :M><:CI:H FJ: A6H 9696H :C :A -:DG:B6 � � � � � 
 � >I:B
� � � � � � 
 	 	 �

)6G6 EGD76G :A -:DG:B6 � � � � � 
 8DCH>9:G6BDH A6 9:H8DBEDH>8>YC 9: Iα 8DBD HJB6 9:
HJ E6GI: AD86A N <AD76A JH696 :C :A �6EWIJAD �
 :HID :H

Iαf(x) = (Iα)locf(x) + (Iα)globf(x).

�HI6 9:H8DBEDH>8>YC
 8DBD N6 H67:BDH
 E:GB>I: D7I:C:G ADH G:HJAI69DH 9: 68DI68>YC EGD�
7TC9DADH E6G6 8696 JCD 9: ADH DE:G69DG:H AD86A N <AD76A� %6 9:BDHIG68>YC 9: A6 E6GI:
<AD76A G:HJAI6 IG>K>6A 
 N6 FJ:
 H > D7H:GK6BDH A6 9:BDHIG68>YC 9:A -:DG:B6 � � � � � 9696 :C
:A 86EWIJAD �
 H: =6 EGD769D FJ: (Iα)glob :H JC DE:G69DG 68DI69D 9: Lp(ν) 6 Lq,∞(µ) E6G6
1 ≤ p ≤ q < ∞ HYAD 8DC A6 =>EYI:H>H (µ, ν) :C Aα,ρ,∞

p,q 
 8DC9>8>YC FJ: H: K:G>�86 :C K>GIJ9
9: A6 (7H:GK68>YC � � � � � � �HW
 G:HI6 EGD76G :A -:DG:B6 � � � � � E6G6 (Iα)loc � �CTAD<6B:CI: 

8DBD :C A6 9:BDHIG68>YC 9:A -:DG:B6 � � � � � � �6EWIJAD �	 
 E6G6 :A DE:G69DG AD86A H: JH6GTC
G:HJAI69DH 9: 68DI68>YC 9: A6 >CI:<G6A ;G688>DC6G>6 8ATH>86 :C :HE68>DH 9: I>ED =DBD<VC:D
9: A6 ;DGB6 (Q0, d, dx/Q0)
 9DC9: Q0 :H JC6 7DA6 :C Rn. �HID =68: C:8:H6G>D EGD76G :A
H><J>:CI: G:HJAI69D

!(13(/$ 
 � � � 
 � !+<+ Q0 ?8+ ,9 6+ /8 Rn � -9 8=3./</79 = / 6 / =:+- 39 ./ >3:9 29791G8/9
(Q0, d, dx/Q0)� "/+8 0 < α < n� 1 ≤ p ≤ q < ∞ C (µ, ν) ?8 :+< ./ :/ =9 = :+<+ 69 = ;?/
/B3=>/8 r > 1� θ ≥ 0 >+ 6 ;?/ � :+<+ >9.+ ,9 6+ Q = Q(x, l) /8 Q0� =/ >3/8/

|Q|αn+ 1
q
− 1

p

?
1

|Q|

ˆ

Q

µ(y)rdy

? 1
rq
?

1

|Q|

ˆ

Q

ν(y)1−p?dy

? 1
p?

≤ C, si p > 1 � � � � � � 	

|Q|αn+ 1
q
−1

?
1

|Q|

ˆ

Q

µ(y)rdy

? 1
rq
?
ı́nf
Q
ν(y)

?−1

≤ C, si p = 1 � � � � � �	

/8>9 8-/ = Iα @/<3�-+ 6+ =31?3/8>/ ./ =31?+6.+. >3:9 .G, 36 (p, q) /8 Q0�

sup
λ>0
λµ ({x ∈ Q0 : |Iαf(x)| > λ})

1
q ≤ C

?
ˆ

Q0

|f(x)|p ν(x)dx
? 1

p

. � � � � � � 	

# � & � &6GI:AA 
 :C 4 ��5 
 EGJ:76 :A -:DG:B6 � � � � � E6G6 DE:G69DG:H EDI:C8>6A:H BTH <:C:G6�
A:H :C :HE68>DH 9: I>ED =DBD<VC:D (X, d, µ) FJ: 8JBEA:C 8DC A6 8DC9>8>YC 69>8>DC6A 9: FJ:
ID9D 6C>AAD :C X :H CD K68WD
 :HID :H 
 E6G6 ID96 x ∈ X N 0 < r < R
 B(x,R)\B(x, r) ?= ∅�
� A6G6B:CI: :HI6 8DC9>8>YC CD :H H6I>H;:8=6 :C ADH :HE68>DH 9: I>ED =DBD<VC:D 9: CJ:HIGD
>CI:GVH � , >C :B76G<D 696EI6C9D 6A<JC6H 9: A6H IV8C>86H 9: &6GI:AA ED9:BDH EGD76G :A
-:DG:B6 � � � � � :C :A :HE68>D 9: I>ED =DBD<VC:D (Q0, d, dx/Q0)
 8JNDH 6C>AADH ED9GW6C H:G
K68WDH �



� � � �J7DH 9>T9>8DH N A6 ;JC8>YC B6M>B6A 9: !6G9N�%>II A:LDD9 � ��

� � � � �*�%( �!0�!�%( . "� �*$�!1$ #�-!#�" �� ��'�.�

�!))"�,%%�

�C AD FJ: H><J: 8DCH>9:G6G:BDH :A :HE68>D 9: I>ED =DBD<VC:D (Q0, d, dx/Q0)
 9DC9:
Q0 :H JC6 7DA6 :C Rn 
 d :H A6 BVIG>86 JC>;DGB: N dx/Q0 9:CDI6 A6 B:9>96 9: %:7:H<J:
G:HIG>C<>96 6 Q0 � )6G6 8696 m ∈ N0 
 9:CDI6BDH EDG Dm A6 8DA:88>YC 9: 8J7DH 9>T9>8DH :C
Q0 8DC A69DH 9: ADC<>IJ9 6A B:CDH

l(Q0)
2m


 :HID :H 
 8DB:CO6BDH 8DC JC6 G:9 �?6 9: 8J7DH
9>T9>8DH :C Q0 N 9DC9: ADH 6C8:HIGDH :HITC 9:�C>9DH HYAD =6HI6 AA:<6G 6 Q0 � �HD8>696
8DC ADH 8J7DH 9: Dm 
 H: 9:�C: E6G6 8J6AFJ>:G ;JC8>YC f ∈ L1

loc(Q0) A6 ;JC8>YC B6M>B6A
9>T9>86 9: !6G9N�%>II A:LDD9


M d
mf(x) = sup

x∈D
D∈Dm

1

|D|

ˆ

D

|f(y)|dy.

+:8DG96G FJ:
 A6H ADC<>IJ9:H 9: ADH A69DH 9: ADH 8J7DH :C Dm HDC 9: 6A B:CDH l(Q0)
2m

N
 EDG
AD I6CID
 ADH EGDB:9>DH 9: :HI: DE:G69DG B6M>B6A HDC IDB69DH HD7G: 8DC?JCIDH FJ: CD
HDC 6G7>IG6G>6B:CI: E:FJ:XDH �

, : EJ:9: EGD76G FJ: M d
m :H 9: I>ED 9V7>A (1, 1) 6 IG6KVH 9:A H><J>:CI: A:B6 9: 8J7G>B>:C�

ID
 8JN6 9:BDHIG68>YC EJ:9: =68:GH: ;T8>AB:CI: H><J>:C9D A6H AWC:6H 9: A6 9:H8DBEDH>8>YC
9: �6A9:GYC�3N<BJC9�

�(/$ 
 � � � � � "/+ f ≥ 0� f ∈ L1
loc(Q0)� !+<+ λ > 0� =/+ Ωλ = {x ∈ Q0 : M d

mf(x) > λ}�
�?/19 � /B3=>/ ?8+ -9 6/-- 3I8 ./ -?,9 = .3E.3-9 = {Qλ

j }j ⊂ Dm .3=4?8>9 = .9 = + .9 = >+ 6 ;?/ �

Ωλ =
?

j

Qλ
j y

1

|Qλ
j |

ˆ

Qλ
j

f(y)dy > λ.

�E= +K8� / =>9 = -?,9 = .3E.3-9 = =9 8 7+B37+6/ =� / =>9 / =� =3 D ∈ Dm C fD > λ /8>9 8-/ =
D ⊂ Qλ

j :+<+ +61K8 j � !9 < 9 ><9 6+.9 � :+<+ D ? Qλ
j =/ >3/8/ fD ≤ λ.

� 8DCI>CJ68>YC
 EG:H:CI6BDH JC ;JC8>DC6A >CIGD9J8>9D :C 4 � �5 �

�(�0,&,>0 
 � � � � � �69D r > 1 N JC E:HD µ
 H: 9:�C: A6 ;JC8>YC 9: 8DC?JCID Ar
µ HD7G:

8DC?JCIDH B:9>7A:H E ⊂ Q0 EDG


Ar
µ(E) = |E|

1
r?

?
ˆ

E

µ(x)rdx

? 1
r

= |E|
?

1

|E|

ˆ

E

µ(x)rdx

? 1
r

.

9DC9: A6 H:<JC96 ><J6A969 H: K:G>�86 H>:BEG: FJ: |E| > 0.

�C 4 � �5 � %:B6 � � � 	 H: EGJ:76C 6A<JC6H 9: A6H EGDE>:969:H 9:A ;JC8>DC6A Ar
µ 
 A6H 8J6A:H

CDH G:HJAI6GTC [I>A:H :C :A 9:H6GGDAAD 9: :HI: �6EWIJAD�

�(/$ 
 � � � � � !+<+ >9.+ r > 1 C >9.9 :/ =9 µ� 6+ 0?8- 3I8 ./ -9 84?8>9 Ar
µ >3/8/ 6+= =31?3/8>/ =

:<9 :3/.+./ =



� �
 �DC9>8>YC 9: I>ED � EDL:G�7JBE�

� � "3 E ⊂ F /8>9 8-/ =

Ar
µ(E) ≤

?
µ(E)

µ(F )

? 1
r?

Ar
µ(F ).

	� µ(E) ≤ Ar
µ(E)�


� "3 {Ej}j / = ?8+ -9 6/-- 3I8 ./ -9 84?8>9 = .3=4?8>9 = C
?

j Ej = E � / 8>9 8-/ =

?

j

Ar
µ(Ej) ≤ Ar

µ(E).

)6G6 EGD76G :A -:DG:B6 � � � � � I6B7>VC H:GT [I>A :A H ><J>:CI: G:HJAI69D�

�31214,&,>0 
 � � � 	� �98=3./</79 = / 6 / =:+- 39 ./ >3:9 29791G8/9 (Q0, d, dx/Q0) C =/+8
0 ≤ f ∈ L∞

c (Q0)� 0 < q <∞� r > 1 C µ ?8 :/=9 � /8>9 8-/ = :+<+ -+.+ λ ≥ fQ0 � / B3=>/ ?8+
=?,-9 6/-- 3I8 {Rλ

j } ⊂ Dm ./ -?,9 = ./ 6+ 0+7363+ .+.+ :9 < / 6 �/7+ �� 	� � � ./ 7+8/<+ >+ 6
;?/

1

|Rλ
j |

ˆ

Rλ
j

|f(y)− fRλ
j
|dy > ?λ, y� � � � � � 	

sup
λ>0
λqµ

?
{x ∈ Q0 :M

d
mf(x) > λ}

?
≤ C sup

λ≥fQ0

λq
?

j

Ar
µ(R

λ
j ) + f

q
Q0
Ar

µ(Q0),� � � � � � 	

.98./ 6+= -9 8=>+8>/ = ? C C ./:/8./8 K83-+7/8>/ ./ n, q C r �

�/79 =><+- 3I8� ,:6 r0 = min{r, 1
1−q
} E6G6 0 < q < 1 N r0 = r E6G6 q ≥ 1� 'DI6G FJ:

r0 > 1� � DBD r0 ≤ r H: I >:C: FJ: Ar0
µ (E) ≤ Ar

µ(E) E6G6 ID9D 8DC?JCID B:9>7A: E �
%J:<D
 H:GT HJ�8>:CI: EGD76G � � � � � E6G6 r0 � )D9:BDH 6HJB>G FJ: :A A69D 9:G:8=D 9: � � � � �
:H �C>ID N6 FJ:
 :C DIGD 86HD
 CD =6N C696 FJ: EGD76G� )DG DIGD A69D
 ED9:BDH 6HJB>G
FJ: µ :H 68DI69D N 8DC HDEDGI: 8DBE68ID :C Q0 � )6G6 EGD76G :A 86HD <:C:G6A
 IDB6BDH
µk = min{µ, k}χB(xQ0

,k) 
 9DC9: xQ0 9:CDI6 6A 8:CIGD 9: Q0 
 FJ: :H 68DI69D N I>:C:
HDEDGI: 8DBE68ID� %J:<D � � � � � H: 8JBEA: E6G6 µk � �69D FJ: µk ? µ
 : A -:DG:B6 9: A6
8DCK:G<:C8>6 BDCYIDCDC6 CDH E:GB>I: D7I:C:G A6 9:H><J6A969 9:H:696 E6G6 µ�

, :6C µ, f ∈ L∞
c (Q0)
 f ≥ 0 N N = 1 + 2n > 1� )6G6 λ ≥ fQ0 D7I:C:BDH
 6 E6GI>G 9:A

%:B6 � � � � � 
 FJ: ΩNλ =
?

j Q
Nλ
j ⊂ Ωλ =

?
iQ

λ
i N
 EDG A6 B6M>B6A>969
 969D j 
 Q

Nλ
j ⊂ Qλ

i

E6G6 6A<[C i� �CIDC8:H 
 6 E6GI>G 9:A %:B6 � � � � � 
 G:HJAI6

λqµ (ΩNλ) = λ
q
?

j

µ
?
QNλ

j

?

≤ λq
?

j

Ar0
µ (QNλ

j )

= λq
?

i

?

j
QNλ
j ⊂Qλ

i

Ar0
µ (QNλ

j )



� � � �J7DH 9>T9>8DH N A6 ;JC8>YC B6M>B6A 9: !6G9N�%>II A:LDD9 � ��

≤ λq
?

i

Ar0
µ


 ?

j:QNλ
j ⊂Qλ

i

QNλ
j




≤ λq
?

i

Ar0
µ (ΩNλ ∩Qλ

i ). � � � � � �	

, :6 0 < ? < N−qr?0 � , :E6G6BDH ADH WC9>8:H i :C 9DH 8DC?JCIDH 


i ∈ F si
1

|Qλ
i |

ˆ

Qλ
i

|f(y)− fλQi
|dy ≤ ?λ,

i ∈ G si
1

|Qλ
i |

ˆ

Qλ
i

|f(y)− fλQi
|dy > ?λ.

�69D FJ: {Qλ
i : i ∈ G} H:GTC A6 ;6B>A>6 9:H:696
 CDH G:;:G>G:BDH 6 HJH 8J7DH 8DBD {Rλ

j }j �
)DG DIGD A69D
 CDI:BDH FJ:
 H > x ∈ ΩNλ∩Qλ

i N Q :H JC 8J7D 9>T9>8D :C Dm 8DC x ∈ Q
 N6
FJ: Q N Qλ

i HDC 8J7DH 9>T9>8DH :C Dm FJ: I>:C:C 6 x :C 8DB[C
 H: 9:7:GT I:C:G Qλ
i ⊂ Q D

7>:C Q ⊂ Qλ
i � , > Q

λ
i ⊂ Q
 EDG B6M>B6A>969 fQ ≤ λ < fQλ

i
N
 EDG AD I6CID
 E6G6 :A 8TA8JAD

9: M d
mf(x) H:GT HJ�8>:CI: 8DCH>9:G6G 8J7DH Q 8DCI:C>9DH :C Qλ

i � �HW

M d
mf(x) = sup

Q∈Dm

x∈Q∧Q⊂Qλ
i

1

|Q|

ˆ

Q

f(y)dy

= sup
Q∈Dm

x∈Q∧Q⊂Qλ
i

1

|Q|

ˆ

Q

(fχQλ
i
)(y)dy

= M d
m(fχQλ

i
)(x),

E6G6 8696 x ∈ ΩNλ ∩Qλ
i N
 :C 8DCH:8J:C8>6


Nλ < M d
mf(x)

= M d
m(fχQλ

i
)(x)

≤ M d
m

?
|(f − fQλ

i
+ fQλ

i
)χQλ

i
|
?
(x)

≤ M d
m

?
|(f − fQλ

i
|χQλ

i

?
(x) +M d

m(fQλ
i
χQλ

i
)(x)

≤ M d
m

?
|(f − fQλ

i
|χQλ

i

?
(x) + fQλ

i
. � � � � � � 	

�=DG6 7>:C
 H:6 Qλ,∗
i :A � E69G:� 9: Qλ

i � %J:<D
 EDG B6M>B6A>969
 fQλ,∗
i
≤ λ N
 :CIDC8:H 


|Qλ
i |

|Qλ,∗
i |
fQλ

i
≤ λ,

D H:6

fQλ
i
≤ 2nλ.



� �� �DC9>8>YC 9: I>ED � EDL:G�7JBE�

%J:<D
 9: � � � � � 
 H: D7I>:C: FJ:
 E6G6 ID9D x ∈ ΩNλ ∩Qλ
i 


M d
m

?
|(f − fQλ

i
|χQλ

i

?
(x) > Nλ− 2nλ = λ. � � � � � � 	

, :6 i ∈ F 
 JH6C9D � � � � � � 	 N EDG A6 9:H><J6A969 I>ED 9V7>A (1, 1) 9: M d
m :C 8696 JCD 9:

ADH :HE68>DH 9: I>ED =DBD<VC:D Qλ
i 
 G:HJAI6

|ΩNλ ∩Qλ
i | ≤

???
?
x ∈ Qλ

i :M d
m

?
|(f − fQλ

i
|χQλ

i

?
(x) > λ

????

≤ 1

λ

ˆ

Qλ
i

|(f − fQλ
i
)(y)|dy

≤ 1

λ
?λ|Qλ

i |
= ?|Qλ

i |,

9DC9:
 :C A6 E:C[AI >B6 9:H><J6A969
 H: =6 JH69D FJ: i ∈ F � �HW =:BDH D7I:C>9D


|ΩNλ ∩Qλ
i | ≤ ?|Qλ

i |, ∀i ∈ F. � � � � � � 
 	

)J:HID FJ: ΩNλ∩Qλ
i ⊂ Qλ

i 
 6EA>86C9D (1) 9:A %:B6 � � � � � N AJ:<D � � � � � 
 
 G:HJAI6 FJ:
 E6G6
ID96 i ∈ F 


Ar0
µ (ΩNλ ∩Qλ

i ) ≤
? |ΩNλ ∩Qλ

i |
|Qλ

i |

? 1
r?0
Ar0

µ (Qλ
i )

≤ ?
1
r?0Ar0

µ (Qλ
i ). � � � � � � � 	

�CIDC8:H 
 9: � � � � � �	 
 H:E6G6C9D ADH HJ7WC9>8:H 9: A6 HJB6IDG>6 H:<[C i ∈ F D 7>:C i ∈ G
N AJ:<D JH6C9D � � � � � � � 	 
 H: I >:C: 
 E6G6 λ ≥ fQ0 


λqµ (ΩNλ) ≤ λq
?

i

Ar0
µ (ΩNλ ∩Qλ

i )

≤ λq
?

i∈F
Ar0

µ (ΩNλ ∩Qλ
i ) + λ

q
?

i∈G
Ar0

µ (ΩNλ ∩Qλ
i ) � � � � � � � 	

≤ λq?
1
r?0
?

i∈F
Ar0

µ (Qλ
i ) + λ

q
?

j

Ar0
µ (Rλ

j )

≤ λq?
1
r?0
?

i

Ar0
µ (Qλ

i ) + λ
q
?

j

Ar0
µ (Rλ

j ). � � � � � � � 	

, :6 0 < λ < fQ0 � �C :HI: 86HD
 CDI:BDH FJ: ADH 8J7DH 9:A %:B6 � � � � � H: G:9J8:C
HDA6B:CI: 6 Q0 � �HW
 H > 69:BTH Nλ < fQ0 
 :CIDC8:H {QNλ

j }j = {Q0}� )DG :A 8DCIG6G>D
 H >
Nλ ≥ fQ0 
 :CIDC8:H Q

Nλ
j ⊂ Q0 E6G6 ID9D j N
 :C 8DCH:8J:C8>6
 6 E6GI>G 9:A %:B6 � � � � � 


G:HJAI6
?

j A
r0
µ (QNλ

j ) ≤ Ar0
µ (

?
j Q

Nλ
j ) ≤ Ar0

µ (Q0)� %J:<D
 H > 0 < λ < fQ0 


?

j

Ar0
µ (QNλ

j ) ≤ Ar0
µ (Q0). � � � � � � �	



� � � �J7DH 9>T9>8DH N A6 ;JC8>YC B6M>B6A 9: !6G9N�%>II A:LDD9 � ��

-DB6C9D Λ > 0
 ED9:BDH :H8G>7>G

sup
0<λ< Λ

N

λq
?

j

Ar0
µ (QNλ

j ) ≤ sup
0<λ<fQ0

λq
?

j

Ar0
µ (QNλ

j ) + sup
fQ0

≤λ< Λ
N

λq
?

j

Ar0
µ (QNλ

j ). � � � � � � � 	

.H6C9D :C :A EG>B:G HJB6C9D A6 9:H><J6A969 � � � � � � �	 N :C :A H:<JC9D A6 � � � � � � � 	 H: D7I>:C:

sup
0<λ< Λ

N

λq
?

j

Ar0
µ (QNλ

j )

≤ f qQ0
Ar0

µ (Q0) + ?
1
r?0 sup

fQ0
≤λ< Λ

N

λq
?

i

Ar0
µ (Qλ

i ) + sup
fQ0

≤λ< Λ
N

λq
?

j

Ar0
µ (Rλ
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!68>:C9D JC 86B7>D 9: K6G>67A:H :C :A EG>B:G B>:B7GD 9: A6 9:H><J6A969 6CI:G>DG I:C:BDH

sup
0<λ<Λ

λq
?

j

Ar0
µ (Qλ

j ) ≤N qf qQ0
Ar0

µ (Q0) +N
q?

1
r?0 sup

0<λ<Λ
λq

?

j

Ar0
µ (Qλ

j )

+N q sup
fQ0

≤λ<Λ
λq

?

j

Ar0
µ (Rλ

j ). � � � � � � � 	

'DI:BDH FJ: sup
0<λ<Λ

λq
?∞

j A
r0
µ (Qλ

j ) <∞� �C :;:8ID

sup
0<λ<Λ

λq
?

j

Ar0
µ (Qλ

j )

≤ sup
0<λ<Λ

λqAr0
µ

??

j

QNλ
j

?

≤ sup
0<λ<Λ

λqAr0
µ (Ωλ)

= sup
0<λ<Λ

λq |Ωλ|
?

1

|Ωλ|

ˆ

Ωλ

µ(x)r0
? 1

r0

= sup
0<λ<Λ

λq |Ωλ|
1
r?0 ?µ?Lr0 (Q0)

≤ C?µ?Lr0 (Q0) sup
0<λ<Λ

λ
q− 1

r?0 ?f?
1
r?0
L1(Q0)

9DC9:
 :C A6 [AI >B6 9:H><J6A969
 H: =6 JH69D FJ: :A DE:G69DG M d
m :H I >ED 9V7>A (1, 1)�

%J:<D
 I:C>:C9D :C 8J:CI6 FJ: q > 1
r?0

 A6 9:H><J6A969 6CI:G>DG CDH E:GB>I: 6H:<JG6G FJ:

sup
0<λ<Λ

λq
?

j

Ar0
µ (Qλ

j ) ≤ CΛ
q− 1

r?0 ?µ?Lr0 (Q0)?f?
1
r?0
L1(Q0)

<∞,

9:7>9D 6 FJ: µ, f ∈ L∞
c (Q0)� �HW
 � � � � � � � 	 CDH 8DC9J8: 6

?
1−N q?

1
r?0

?
sup

0<λ<Λ
λq

?

j

Ar0
µ (Qλ

j ) ≤ N qf qQ0
Ar0

µ (Q0) +N
q sup
fQ0

≤λ<Λ
λq

?

j

Ar0
µ (Rλ
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� �� �DC9>8>YC 9: I>ED � EDL:G�7JBE�

N
 969D FJ: ? < N−qr?0 
 1−N q?
1
r?0 > 0 N
 EDG AD I6CID


sup
0<λ<Λ

λq
?

j

Ar0
µ (Qλ

j ) ≤ Cf qQ0
Ar0

µ (Q0) + C sup
fQ0

≤λ<Λ
λq

?

j

Ar0
µ (Rλ

j ).

)J:HID FJ: µ(Ωλ) ≤
?∞
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r0
µ (Qλ

j )
 ED9:BDH :H8G>7>G

sup
0<λ<Λ

λqµ(Ωλ) ≤ Cf qQ0
Ar0

µ (Q0) + C sup
fQ0

≤λ<Λ
λq

∞?

j

Ar0
µ (Rλ
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9DC9: Λ > 0 :H 6G7>IG6G>D � �>C6AB:CI: 
 =68>:C9D Λ→∞ H: D7I>:C: AD 9:H:69D�

� � � � 
!(�'�)!/��!1$ �� Iα

,:6 (Q0, d, dx/Q0) :A :HE68>D 9: I>ED =DBD<VC:D 8DCH>9:G69D :C A6 H:88>YC 6CI:G>DG�
�C AD FJ: H><J: 6HJB>BDH f :C L∞

c (Q0) N CD C:<6I>K6� )6G6 8696 m ∈ N0 N x ∈ Q0

9:�C>BDH :A DE:G69DG Imα f(x) 9: A6 H><J>:CI: B6C:G6

Imα f(x) =

ˆ

B(x,
l(Q0)

2m+1 )
c

f(y)

|x− y|n−α
dy

= Iα(fχB(x,
l(Q0)

2m+1 )
c)(x).

'DI6G FJ: Imα f(x)? Iαf(x) 8J6C9D m→∞
 E6G6 ID96 x ∈ Q0.

�DCH>9:G:BDH 6=DG6
 CJ:K6B:CI: 
 Dm 
 A6 8DA:88>YC 9: 8J7DH 9>T9>8DH :C Q0 8DC A69DH
9: ADC<>IJ9
 6A B:CDH 
 l(Q0)
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� � A6G6B:CI: Dm I >:C: JC6 86CI>969 �C>I6 9: :A:B:CIDH �
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 :H >CB:9>6ID FJ:
 E6G6 8696 y :C B(x,
l(Q0)
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c 
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2k−1 � )DG DIGD A69D
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 9DC9: k−1 ≤ m
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2k−1 � �:CDI:BDH EDG xD :A 8:CIGD

9: D 
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c 
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1
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≤ 1
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1
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n

≤
?
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1
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n

χD(x)χ3D(y).
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ˆ
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l(Q0)

2m+1 )
c
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|x− y|n−α
dy

≤
ˆ
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
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ˆ
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ˆ
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ˆ
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ˆ
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