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❘❡s✉♠❡♥

❊st❛ t❡s✐s ❡stá ❞❡❞✐❝❛❞❛ ❛❧ ❡st✉❞✐♦ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s✱ ❝❛r❛❝t❡r✐③❛❝✐♦♥❡s ❞❡ ❧♦s ♠✐s✲
♠♦s✱ ❛❝♦t❛❝✐♦♥❡s ❞❡ ♦♣❡r❛❞♦r❡s ❧♦❝❛❧❡s ❡♥ ❡s♣❛❝✐♦s t✐♣♦ BMO ❛s♦❝✐❛❞♦s ❛ ❡st♦s ♣❡s♦s ②
s✉ ❛♣❧✐❝❛❝✐ó♥ ♣❛r❛ ♦❜t❡♥❡r ❡st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❞❡ ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❡❧í♣t✐❝♦s✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✷✱ ❞❛❞♦ ✉♥ ❡♥t♦r♥♦ ❣❡♦♠étr✐❝♦ ❣❡♥❡r❛❧✱ ♣r♦❜❛♠♦s ❝❛r❛❝t❡r✐③❛❝✐♦♥❡s
❞❡ ✉♥❛ ✈❡rs✐ó♥ ❧♦❝❛❧ ❞❡ ♣❡s♦s ❞❡ ▼✉❝❦❡♥❤♦✉♣t A∞✳ ❯♥❛ ❞❡ ❧❛s ❢♦r♠❛s ❞❡ ❞❡✜♥✐r ❡st♦s
♣❡s♦s ❡s ❝♦♠♦ ❧❛ ✉♥✐ó♥ ❞❡ t♦❞❛s ❧❛s ❝❧❛s❡s ❞❡ ▼✉❝❦❡♥❤♦✉♣t Ap✱ ❝♦♥ 1 ≤ p < ∞✳ ❊♥
❡st❡ tr❛❜❛❥♦ ❝♦♥s✐❞❡r❛♠♦s ❡st❛ ❢♦r♠❛ ❞❡ ❞❡✜♥✐❝✐ó♥ ♣❡r♦ ♠❡❞✐❛♥t❡ ❧❛s ❝❧❛s❡s Ap β✲❧♦❝❛❧❡s
✐♥tr♦❞✉❝✐❞❛s ❡♥ ❬❍❙❱✶✾❪✱ ❧❛s ❝✉❛❧❡s s♦♥ ♣❡s♦s q✉❡ ✈❡r✐✜❝❛♥ ❡st❡ t✐♣♦ ❞❡ ❝♦♥❞✐❝✐ó♥ ♣❡r♦
s♦❧♦ s♦❜r❡ ❜♦❧❛s β✲❧♦❝❛❧❡s✱ ❡st♦ ❡s✱ ❜♦❧❛s ❝♦♥t❡♥✐❞❛s ❡♥ ✉♥ ❛❜✐❡rt♦ Ω ❞❡❧ ❡s♣❛❝✐♦ ② ❝✉②♦
r❛❞✐♦ ❡stá ❛❝♦t❛❞♦ ♣♦r ✉♥❛ ❢r❛❝❝✐ó♥ ✭❡❧ ♣❛rá♠❡tr♦ β ∈ (0, 1)✮ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❞❡❧ ❝❡♥tr♦ ❞❡
❧❛ ❜♦❧❛ ❛❧ ❜♦r❞❡ ❞❡ Ω✳ ❆s✐♠✐s♠♦✱ ❡st✉❞✐❛♠♦s ❝♦♠♦ ❝❛r❛❝t❡r✐③❛r ♥✉❡str♦s ♣❡s♦s ♠❡❞✐❛♥t❡
❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♠♦ ❧❛s ❞❡ ❬❋✉❥✼✼❪ ♣❡r♦ q✉❡ ✐♥✈♦❧✉❝r❛♥ ✈❡rs✐♦♥❡s ❧♦❝❛❧❡s ❞❡ ♦♣❡r❛❞♦r❡s
❝❧ás✐❝♦s ❞❡❧ ❆♥á❧✐s✐s ❆r♠ó♥✐❝♦ t❛❧❡s ❝♦♠♦ ❧❛ ❢✉♥❝✐ó♥ ♠❛①✐♠❛❧ β✲❧♦❝❛❧ ② ❧❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ❘✐❡s③ β✲❧♦❝❛❧❡s✳ ❆❞❡♠ás✱ ❧♦❣r❛♠♦s ♣r♦❜❛r q✉❡ ♣✐❞✐❡♥❞♦ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❛❞✐❝✐♦♥❛❧ ❛
❧❛ ❝❧❛s❡ A∞✲❧♦❝❛❧ s❡ ❝❛r❛❝t❡r✐③❛ ❛ ❧♦s ♣❡s♦s w ♣❛r❛ ❧♦s ❝✉❛❧❡s s❡ t✐❡♥❡ ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡
✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ❞❡s❞❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s f t❛❧❡s q✉❡ f/w ∈ L∞✱ ❛❧
❡s♣❛❝✐♦ BMOβ

w✱ ❡❧ ❝✉❛❧ ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ BMO r❡❧❛❝✐♦♥❛❞♦ ❛❧ ♣❡s♦ w ② q✉❡ t♦♠❛ ❧❛s
❡st✐♠❛❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s s♦❧♦ s♦❜r❡ ❧❛s ❜♦❧❛s β✲❧♦❝❛❧❡s✳ ▲❛ ❝♦♥❞✐❝✐ó♥ ♠❡♥❝✐♦♥❛❞❛ ❡s
❧❛ q✉❡ ❞❡♥♦t❛♠♦s Bβp ✱ ❝♦♥ p > 0✱ ❧❛ ❝✉❛❧ ❞❡s❝r✐❜❡✱ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ Rn✱ ❛ ❧❛ ❝❧❛s❡ ❞❡
♣❡s♦s w ♣❛r❛ ❧♦s q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

rn+p

w(B)

✂
Sβ(B)−B

w(x)dx

|x− ξ|n+p ≤ C

♣❛r❛ t♦❞❛ ❜♦❧❛ β✲❧♦❝❛❧ B✱ ❞♦♥❞❡

Sβ(B) =
⋃

x∈B
B(x, β❞✐st(x,Ωc))✳

❊st❛ ❝❧❛s❡ t✐❡♥❡ ✉♥ ♣❛r ❞❡ ❝❛r❛❝t❡r✐③❛❝✐♦♥❡s q✉❡ ♥♦s ♣❡r♠✐t❡♥ ♣r♦❜❛r ❧♦s r❡s✉❧t❛❞♦s ❞❡
❬❋✉❥✼✼❪ ❡♥ ♥✉❡str♦ ❝♦♥t❡①t♦ β✲❧♦❝❛❧✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✸✱ ❝♦♠♦ ❡♥ ❬❈❋▲✾✶❪ ② ❬❙❙✵✻❪✱ ❝♦♥s✐❞❡r❛♠♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦✱ Rn

❝♦♥ ❧❛ ❞✐st❛♥❝✐❛ ❡✉❝❧í❞❡❛ ② ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❡❧í♣t✐❝♦s ❞❡
s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡✜♥✐❞♦s s♦❜r❡ ❡❧ ❛❜✐❡rt♦ Ω ② ❡st✉❞✐❛♠♦s ❡st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ♥♦r♠❛s



✹

❞❡❧ ❡s♣❛❝✐♦ BMOβ
w(Ω0) ❞♦♥❞❡ w ❡s ✉♥ ♣❡s♦ A1 ❧♦❝❛❧ ② Ω0 ✉♥ ❛❜✐❡rt♦ t❛❧ q✉❡ Ω0 ⊂ Ω✳ ❊♥

❬❈❋▲✾✶❪ s❡ ❤❛ ♦❜t❡♥✐❞♦ ❡st❡ t✐♣♦ ❞❡ ❡st✐♠❛❝✐♦♥❡s ❡♥ ♥♦r♠❛s Lp(Ω)✱ ❞♦♥❞❡ 1 < p < ∞✱
② ❡♥ ❬❙❙✵✻❪ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❍❛r❞② h1(Ω)✳ ❈❛❜❡ ❞❡st❛❝❛r q✉❡✱ ❡♥ ❡st♦s tr❛❜❛❥♦s✱ ❧♦s ❝♦❡✜✲
❝✐❡♥t❡s ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❝♦♥s✐❞❡r❛❞♦s ♥♦ t✐❡♥❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t✐♥✉✐❞❛❞
♦ s✉❛✈✐❞❛❞✱ ♣❡r♦ ❡st♦s s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ✉♥ s✉❜❡s♣❛❝✐♦ ❛❞❡❝✉❛❞♦ ❞❡ ❧♦s ❡s♣❛❝✐♦s BMO
✉s✉❛❧❡s✳ ❙✐❣✉✐❡♥❞♦ ❡st♦s ❛rtí❝✉❧♦s✱ ✈❡♠♦s q✉❡ ❞❡❜❡♠♦s ♦❜t❡♥❡r ❛❝♦t❛❝✐♦♥❡s s♦❜r❡ ❡s♣❛✲
❝✐♦s BMOβ

w ❞❡ ❝✐❡rt❛s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s✳ P❛r❛ ♦♣❡r❛❞♦r❡s
♥♦✲❧♦❝❛❧❡s✱ ❡st❡ t✐♣♦ ❞❡ ❛❝♦t❛❝✐ó♥ s❡ ♦❜t✐❡♥❡ ❡♥ ❬❋❋❘❱✷✵❪ ❝♦♥ ❧❛s ❝❧❛s❡s ✉s✉❛❧❡s ❞❡ ♣❡s♦s
❞❡ ▼✉❝❦❡♥❤♦✉♣t✳ ▲❧❡❣❛♠♦s ❛ ♥✉❡str♦ ✜♥ ❣✉✐❛♥❞♦♥♦s ❞❡ ❡s❡ tr❛❜❛❥♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣♦r
❧❛s té❝♥✐❝❛s ✉s❛❞❛s ❡♥ ❬❈❋▲✾✶❪✱ ✈❡♠♦s q✉❡ ❧❛s ❛❝♦t❛❝✐♦♥❡s ♠❡♥❝✐♦♥❛❞❛s ❞❡❜❡♥ ♦❜t❡♥❡rs❡
t❛♠❜✐é♥ ♣❛r❛ ❝✐❡rt❛s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ② s✉s ❝♦♥♠✉t❛❞♦✲
r❡s✳ ❊❧ ❡st✉❞✐♦ ❞❡ ❧♦s ❛r♠ó♥✐❝♦s ❡s❢ér✐❝♦s ✭❝♦♠♦ ❡♥ ❬❈❋▲✾✶❪✮ ♥♦s ♣♦s✐❜✐❧✐t❛ ❝♦♥s❡❣✉✐r ❧❛s
❡st✐♠❛❝✐♦♥❡s ❜✉s❝❛❞❛s ✈í❛ ❧❛s ②❛ ♦❜t❡♥✐❞❛s ❡♥ ❡❧ ❝❛s♦ ❝♦♥ ♥ú❝❧❡♦ ♥♦ ✈❛r✐❛❜❧❡✳ ❈❛❜❡ ♠❡♥✲
❝✐♦♥❛r q✉❡✱ ♠✐❡♥tr❛s ❡♥ ❬❙❙✵✻❪ ❧❛s ❡st✐♠❛❝✐♦♥❡s ✐♥t❡r✐♦r❡s ❛ ♣r✐♦r✐ ✐♥✈♦❧✉❝r❛♥ ❞❡r✐✈❛❞❛s
❞❡ ♣r✐♠❡r ♦r❞❡♥✱ ❡♥ ❧❛s ♥✉❡str❛s ést❛s s♦♥ r❡♠♦✈✐❞❛s✳
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✶✳ ■♥tr♦❞✉❝❝✐ó♥ ✼

✷✳ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧ ✷✺

✷✳✶✳ ■♥tr♦❞✉❝❝✐ó♥✿ P❡s♦s ❞❡ ▼✉❝❦❡♥❤♦✉♣t ❧♦❝❛❧❡s ② ❡s♣❛❝✐♦s ❇▼❖ r❡❧❛❝✐♦♥❛❞♦s ✷✺

✷✳✷✳ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✸✳ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✽ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✹✳ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ♠❡❞✐❛♥t❡ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✺✳ ❈♦♥❞✐❝✐ó♥ Blocp ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳✻✳ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✷✳✼✳ ❘❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝❧❛s❡s Aβ∞ ② Bβp ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w ✽✸

✸✳✶✳ Pr❡❧✐♠✐♥❛r❡s ② t❡♦r❡♠❛s ❞❡ ❛❝♦t❛❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸✳✷✳ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✸✳ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✳ ✳ ✳ ✳ ✶✵✷

✸✳✹✳ ❆❝♦t❛❝✐♦♥❡s ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

✸✳✺✳ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✸✳✻✳ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥ ② s✉ ❛♣❧✐❝❛❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

❈♦♥❝❧✉s✐♦♥❡s ✶✻✵
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❊st❡ tr❛❜❛❥♦ t✐❡♥❡ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡st✉❞✐❛r ❝♦♥ ♠ás ❞❡t❛❧❧❡ ❛s♣❡❝t♦s ❞❡❧ ❆♥á❧✐s✐s ❆r✲
♠ó♥✐❝♦ ✈✐♥❝✉❧❛❞♦s ❛ ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s ✐♥tr♦❞✉❝✐❞❛ ❡♥ ❬❍❙❱✶✹❪✿ ❆ s❛❜❡r✱ ❝♦♥s✐❞❡r❡♠♦s
✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ (X, d) ❝♦♥ ♣r♦♣✐❡❞❛❞ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞ ❞é❜✐❧ ✭P❍❉✮✱ ❡st♦ ❡s✱ ❤❛② ✉♥
N ∈ N t❛❧ q✉❡✱ ❡♥ ❝✉❛❧q✉✐❡r ❜♦❧❛ B(x, r) ❞❡❧ ❡s♣❛❝✐♦✱ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♣✉♥t♦s ❡♥ ❧❛ ❜♦❧❛
❝✉②❛ ❞✐st❛♥❝✐❛ ❞❡ ✉♥♦ ❛❧ ♦tr♦ ❡s ♠❛②♦r q✉❡ r/2 ❡s ❛ ❧♦ s✉♠♦ N ✳ ❚♦♠❡♠♦s ✉♥ ❝♦♥❥✉♥t♦
Ω✱ ❛❜✐❡rt♦ ♣r♦♣✐♦ ❞❡ X✱ ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ q✉❡ t♦❞❛s ❧❛s ❜♦❧❛s ❝♦♥t❡♥✐❞❛s ❡♥ é❧ s♦♥
❝♦♥❥✉♥t♦s ❝♦♥❡①♦s ②✱ ♣❛r❛ x ∈ Ω✱ ❞❡♥♦t❡♠♦s

ρ(x) = d(x,Ωc) = ı́nf {d(x, z) : z ∈ Ωc} ✳

❉❛❞♦ β ∈ (0, 1)✱ ❞❡✜♥✐♠♦s ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❜♦❧❛s β✲❧♦❝❛❧❡s ❝♦♠♦

Fβ = {B(x, r) : x ∈ Ω✱ 0 < r ≤ βρ(x)} ✳

t❛♠❜✐é♥✱ ❡q✉✐♣❛♠♦s Ω ❝♦♥ ✉♥❛ ♠❡❞✐❞❛ ✭♣♦s✐t✐✈❛✮ ❞❡ ❇♦r❡❧ µ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛
Fβ✱ ❡s ❞❡❝✐r✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C ✭q✉❡ ❞❡♣❡♥❞❡ ♣♦s✐❜❧❡♠❡♥t❡ ❞❡ β✮ t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛
B ∈ Fβ✱ s❡ t✐❡♥❡

µ (B) ≤ Cµ

(
1

2
B

)
✱ ✭✶✳✵✳✶✮

❞♦♥❞❡✱ s✐ B = B(x, r) ② t > 0✱ tB = B(x, tr)✳ ❆❤♦r❛✱ ❡♥ r❡❧❛❝✐ó♥ ❛ ❡st❛ ❢❛♠✐❧✐❛ ❞❡ ❜♦❧❛s✱
❧♦s ❛✉t♦r❡s ❡♥ ❬❍❙❱✶✹❪ ❡st✉❞✐❛r♦♥ ❝❧❛s❡s ❞❡ ♣❡s♦s s❛t✐s❢❛❝✐❡♥❞♦ ❝♦♥❞✐❝✐♦♥❡s ❝♦♠♦ ❧❛s ❞❡
▼✉❝❦❡♥❤♦✉♣t ♣❡r♦ s♦❧♦ s♦❜r❡ ❜♦❧❛s ❞❡ ❡st❛s ❢❛♠✐❧✐❛s✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡❛ w ✉♥ ♣❡s♦
s♦❜r❡ Ω✱ ❡st♦ ❡s✱ w ∈ L1

loc(Ω) t❛❧ q✉❡ w ≥ 0 ❝✳ t✳ ♣✳ ❞❡ Ω✳ ❉❛❞♦ p ∈ (1,∞)✱ ❡s❝r✐❜✐♠♦s
w ∈ Aβp s✐✱ ② s♦❧♦ s✐✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

1

µ(B)

✂
B

w dµ

(
1

µ(B)

✂
B

w−p′/pdµ

)p−1

≤ C✱

♣❛r❛ t♦❞❛ B ∈ Fβ✳ P♦r ♦tr❛ ♣❛rt❡✱ ❡s❝r✐❜✐♠♦s w ∈ Aβ1 s✐✱ ② s♦❧♦ s✐✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C
t❛❧ q✉❡

1

µ(B)

✂
B

w dµ ≤ Cw(x)✱
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♣❛r❛ t♦❞❛ B ∈ Fβ ② ♣❛r❛ ❝✳ t✳ ♣✳ x ∈ B✱ ♦✱ ❧♦ q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡✱

Mβw(x) ≤ Cw(x)✱

♣❛r❛ ❝✳ t✳ ♣✳ ❞❡ Ω✱ ❞♦♥❞❡ Mβ ❡s ❧❛ ❢✉♥❝✐ó♥ ♠❛①✐♠❛❧ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ β✲❧♦❝❛❧ ❞❡✜♥✐❞❛
♣♦r

Mβf(x) = sup
B∈Fβ :x∈B

1

µ(B)

✂
B

|f |dµ

♣❛r❛ x ∈ Ω ② f ∈ L1
loc(Ω)✳

❈♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♠❡❞✐❞❛ µ ❝♦♥s✐❞❡r❛❞❛✱ ❝❛❜❡ ✐♥❞✐❝❛r q✉❡ ♥♦ ❡s ❞✐❢í❝✐❧ ✈❡r q✉❡ s✐ s❡
✈❡r✐✜❝❛ ✭✶✳✵✳✶✮✱ ❞❛❞♦ s ∈ (0, 1)✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cs t❛❧ q✉❡

µ (B) ≤ Csµ (sB) ✱ ✭✶✳✵✳✷✮

♣❛r❛ t♦❞❛ B ∈ Fβ✳ ▼ás ❛ú♥✱ ❡♥ ❬❍❙❱✶✹❪ s❡ ♣r✉❡❜❛ ❧♦ s✐❣✉✐❡♥t❡✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✵✳✸✳ ✭Pr♦♣♦s✐❝✐ó♥ ✸✳✸✱ ❬❍❙❱✶✹❪✮ ❉❛❞♦s X ② Ω ❝♦♠♦ ❛♥t❡s✱ s✐ µ ❡s ✉♥❛
♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ s♦❜r❡ Ω ② 0 < α, β < 1✱ t❡♥❡♠♦s

✭✐✮ µ ❡s ✜♥✐t❛ ② ♣♦s✐t✐✈❛ s♦❜r❡ Fβ s✐✱ ② s♦❧♦ s✐✱ ❡s ✜♥✐t❛ ② ♣♦s✐t✐✈❛ s♦❜r❡ Fα✳

✭✐✐✮ µ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ s✐✱ ② s♦❧♦ s✐✱ ❞✉♣❧✐❝❛ s♦❜r❡ Fα✳

❚❛♠❜✐é♥ s❡ ♣r✉❡❜❛ ❡♥ ❡❧ tr❛❜❛❥♦ ♠❡♥❝✐♦♥❛❞♦ q✉❡✱ ♣❛r❛ t♦❞♦s 0 < α, β < 1 ② 1 ≤ p <
∞✱ Aβp = Aαp ✱ ♣♦r ❧♦ ❝✉❛❧✱ ❝✉❛♥❞♦ s❡❛ ❝♦♥✈❡♥✐❡♥t❡✱ ❞❡♥♦t❛♠♦s w ∈ Alocp s✐ w ∈ Aβp ♣❛r❛
❛❧❣ú♥ β ∈ (0, 1)✳ ❆❞❡♠ás✱ ❝♦♠♦ s✉❝❡❞❡ ❝♦♥ ❧❛s ❝❧❛s❡s ✉s✉❛❧❡s ❞❡ ♣❡s♦s ❞❡ ▼✉❝❦❡♥❤♦✉♣t✱
❡st♦s ♣❡s♦s t❛♠❜✐é♥ s❛t✐s❢❛❝❡♥ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥✿ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧
q✉❡✱ ❧❛ ♠❡❞✐❞❛ ✐♥❞✉❝✐❞❛ ♣♦r w✱ ❡st♦ ❡s

w(E) =

✂
E

w dµ

♣❛r❛ E ⊂ Ω ♠❡❞✐❜❧❡✱ s❛t✐s❢❛❝❡ ✭✶✳✵✳✶✮ s♦❜r❡ Fβ✳

❊❧ ✐♥t❡rés ♣♦r ❡st✉❞✐❛r ❡st❛ ❝❧❛s❡ ❞❡ ♣❡s♦s✱ s✉r❣❡ ❞❡ s✉ ♣r✐♠❡r❛ ❛♣❛r✐❝✐ó♥ ❡♥ tr❛❜❛❥♦s
❞❡ ▲✐♥✱ ◆♦✇❛❦ ② ❙t❡♠♣❛❦✱ ❬▲❙✶✵❪ ② ❬◆❙✵✻❪✳ ❈✉❛♥❞♦ X = R ② Ω = (0,∞)✱ ❡❧ ♦♣❡r❛❞♦r
♠❛①✐♠❛❧ ❧♦❝❛❧ ② ❧❛s ❝❧❛s❡s ❞❡ ♣❡s♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❤❛♥ s✐❞♦ ❝♦♥s✐❞❡r❛❞❛s ♣♦r ◆♦✇❛❦ ②
❙t❡♠♣❛❦ ❡♥ ❬◆❙✵✻❪✳ ❚❛♠❜✐é♥✱ ❡♥ ❬❍❙❱✶✹❪ s❡ ❝✉❜r❡♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❬▲❙✶✵❪✱
❧♦s ❝✉❛❧❡s s❡ ❝♦♥s✐❣✉❡♥ ❡♥ ✉♥ ❡♥t♦r♥♦ ♠étr✐❝♦ q✉❡✱ ❡♥ ♥✉❡str♦ ❝❛s♦✱ ❝♦rr❡s♣♦♥❞❡ ❛ X = Rn

❝♦♥ ❧❛ ♠étr✐❝❛ d∞ ✭d∞(x, y) = máx{|xi − yi| : 1 ≤ i ≤ n}✮ ② Ω = Rn − {0}✱ s✐❡♥❞♦ µ
❧❛ r❡str✐❝❝✐ó♥ ❞❡ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳ ❆❧❧í✱ ❧♦s ❛✉t♦r❡s ❜❛s❛r♦♥ s✉ ♣r✉❡❜❛ ❡♥ ✉♥ ❧❡♠❛
❣❡♦♠étr✐❝♦ ❝♦♥str✉✐❞♦ ♣❛r❛ ❡❧ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❜❛❥♦ ❝♦♥s✐❞❡r❛❝✐ó♥✳ ❉✐❝❤♦ ❧❡♠❛ ❧❡s ♣❡r♠✐t❡
r❡s♦❧✈❡r ❡❧ ♣r♦❜❧❡♠❛ ❡①t❡♥❞✐❡♥❞♦ ✉♥❛ r❡str✐❝❝✐ó♥ ❞❡ ✉♥ ♣❡s♦ Ap✲❧♦❝❛❧ ❛ ✉♥ ♣❡s♦ Ap✲❣❧♦❜❛❧
♣❛r❛ ❛♣❧✐❝❛r ❧♦s ❝♦♥♦❝✐❞♦s r❡s✉❧t❛❞♦s ❞❡ ❛❝♦t❛❝✐ó♥ ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ✉s✉❛❧ ❞❡
❍❛r❞②✲▲✐tt❧❡✇♦♦❞✳ ❚❛❧ té❝♥✐❝❛ ♣❛r❡❝❡ ❞✐❢í❝✐❧ ❞❡ ❛❞❛♣t❛r ❛ ♥✉❡str♦ ❡♥t♦r♥♦ ❣❡♥❡r❛❧ ②✱ ♠ás



✼ ✾

❛ú♥✱ ❤❛② ♣❡s♦s ❧♦❝❛❧❡s q✉❡ ♥♦ s♦♥ ❧❛ r❡str✐❝❝✐ó♥ ❞❡ ❛❧❣ú♥ ♣❡s♦ ❣❧♦❜❛❧✳ ❊s ♣♦r ❡s❡ ♠♦t✐✈♦
q✉❡ r❡s✉❧t❛ ✐♥t❡r❡s❛♥t❡ ❡st✉❞✐❛r ❧♦s ♣❡s♦s ❧♦❝❛❧❡s ❞❡s❞❡ ✉♥ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ✐♥✐❝✐❛❧✱ ♦ s❡❛✱
s✐♥ ❛♣❧✐❝❛r ✭❡♥ ❧♦ ♣♦s✐❜❧❡✮ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ♣r❡✈✐♦ q✉❡ s❡ t✐❡♥❡ s♦❜r❡ ❧♦s ❝❧ás✐❝♦s ♣❡s♦s ❞❡
▼✉❝❦❡♥❤♦✉♣t✳

❱♦❧✈✐❡♥❞♦ ❛ ❬❍❙❱✶✹❪✱ ❡❧ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❛❧❧í ❢✉❡ ♣r♦❜❛r q✉❡✱ ❝♦♠♦ s✉❝❡❞❡ ❡♥ ❡❧
❝♦♥t❡①t♦ ❞❡ ❧❛s ❝❧❛s❡s Ap ✉s✉❛❧❡s✱ ❧❛ ❝♦♥❞✐❝✐ó♥ Aβp ❝❛r❛❝t❡r✐③❛ ❛ ❧♦s ♣❡s♦s ♣❛r❛ ❧♦s ❝✉❛❧❡s
❡❧ ♦♣❡r❛❞♦r Mβ ❡s ❛❝♦t❛❞♦ s♦❜r❡ Lpw(Ω) ✭❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s Lp ❡♥ Ω ❝♦♥ r❡s♣❡❝t♦
❛ ❧❛ ♠❡❞✐❞❛ ✐♥❞✉❝✐❞❛ ♣♦r w✮ ❝✉❛♥❞♦ p > 1 ②✱ ❝✉❛♥❞♦ p = 1✱ ❧❛ ❝♦♥❞✐❝✐ó♥ Aβ1 ❝❛r❛❝t❡r✐③❛
❛ ❧♦s ♣❡s♦s ♣❛r❛ ❧♦s ❝✉❛❧❡s ❡❧ ♦♣❡r❛❞♦r Mβ ❡s t✐♣♦ ❞é❜✐❧ ✭✶✱✶✮ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♠❡❞✐❞❛
✐♥❞✉❝✐❞❛ ♣♦r w✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✵✳✹✳ ✭❚❡♦r❡♠❛ ✶✳✶✱ ❬❍❙❱✶✹❪✮ ❙❡❛♥ X✱ ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♥ P❍❉✱ ② Ω ✱
✉♥ ❛❜✐❡rt♦ ♣r♦♣✐♦ ❞❡ X✱ ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ q✉❡ ❧❛s ❜♦❧❛s ❝♦♥t❡♥✐❞❛s ❡♥ é❧ s♦♥ ❝♦♥❥✉♥t♦s
❝♦♥❡①♦s✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦s β ∈ (0, 1) ② ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ µ s♦❜r❡ Ω ✈❡r✐✜❝❛♥❞♦ ✭✶✳✵✳✶✮✱
t❡♥❡♠♦s

✭✐✮ ❍❛② ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

w ({x ∈ Ω : Mβf(x) > λ}) ≤ C

λ
‖f‖L1

w(Ω) ✱

♣❛r❛ t♦❞♦s λ > 0 ② f ∈ L1
w(Ω)✱ s✐✱ ② s♦❧♦ s✐✱ w ∈ Aβ1 ✳

✭✐✐✮ ❉❛❞♦ p ∈ (1,∞)✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

‖Mβf‖Lp
w(Ω) ≤ C ‖f‖Lp

w(Ω) ✱

♣❛r❛ t♦❞❛ f ∈ Lpw(Ω)✱ s✐✱ ② s♦❧♦ s✐✱ w ∈ Aβp ✳

❊♥ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ② ❡♥ ❧♦ s✉❜s❡❝✉❡♥t❡✱ s✐ g ❡s ✉♥❛ ❢✉♥❝✐ó♥ µ✲♠❡❞✐❜❧❡ s♦❜r❡ Ω
② E ⊂ Ω ❡s ♠❡❞✐❜❧❡✱ ❞❡♥♦t❛♠♦s g(E) =

✁
E
g dµ✳ ❊♥ ❡st❡ ♣✉♥t♦ ❡s ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r

❝✐❡rt♦s ❧❡♠❛s ② r❡s✉❧t❛❞♦s✱ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❞❡♠♦str❛r ❡❧ ❚❡♦r❡♠❛ ✶✳✵✳✹✱ q✉❡ ❛♣❧✐❝❛r❡♠♦s
❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ♥✉❡str♦ tr❛❜❛❥♦✳ P❛r❛ ❡❧❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✶✳✵✳✺✳ ❉❛❞♦s β ∈ (0, 1) ② E ⊂ Ω ♠❡❞✐❜❧❡✱ ❧❛ ♥✉❜❡ ❞❡ E ❡s ❡❧ ❝♦♥❥✉♥t♦

Nβ(E) =
⋃

B∈Fβ :E∩B 6=∅

B✳

▲❡♠❛ ✶✳✵✳✻✳ ✭❈✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡②✱ ▲❡♠❛ ✷✳✸✱ ❬❍❙❱✶✹❪✮ ❙❡❛♥ X✱ Ω ② β ❝♦♠♦ ❡♥
❡❧ ❚❡♦r❡♠❛ ✶✳✵✳✹✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦ a ∈ (0, β/80)✱ ❡①✐st❡ Wa ⊂ Fβ✱ ❝✉❜r✐♠✐❡♥t♦ ❞❡ Ω✱ q✉❡
✈❡r✐✜❝❛

✭✐✮ ❙✐ P = B(xP , rP ) ∈ Wa✱ 10P ∈ Fβ ②

a

3
ρ (xP ) < rP ≤ aρ (xP ) ✳



✶✵ ■♥tr♦❞✉❝❝✐ó♥

✭✐✐✮ ❉❛❞❛s P ② P ′ ❡♥ Wa✱ s✐ P ∩ P ′ 6= ∅ ❡♥t♦♥❝❡s P ′ ⊂ 5P ② P ⊂ 5P ′✳

✭✐✐✐✮ ❍❛② ✉♥ M ∈ N✱ q✉❡ s♦❧♦ ❞❡♣❡♥❞❡ ❞❡ β ② a✱ t❛❧ q✉❡✱ s✐ B0 = B(x0, r0) ∈ Fβ✱ ♣❡r♦
5B0 /∈ Fβ✱ ❡♥t♦♥❝❡s

Wa(B0) = {P ∈ Wa : P ∩Nβ(B0) 6= ∅}
t✐❡♥❡ ❛ ❧♦ s✉♠♦ M ❡❧❡♠❡♥t♦s✳ ❆❞❡♠ás✱ s✐ P ∈ Wa(B0) ② x0 ∈ P ✱ s❡ t✐❡♥❡ P ⊂ 1

2
B0✳

❈❛❜❡ ♥♦t❛r q✉❡✱ s✐ ❡♥ ✭✐✐✐✮ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✱ B0 ∈ Fβ/5✱ ❡♥t♦♥❝❡s t❛♠❜✐é♥ r❡s✉❧t❛

#Wa(B0) ≤M ✱

②❛ q✉❡ Wa(B0) ⊂ Wa(B(x0, βρ(x0)))✳ ❚❛♠❜✐é♥ ❡s ✐♠♣♦rt❛♥t❡ ✐♥❞✐❝❛r q✉❡ ❛❧❣✉♥❛s ❞❡ ❧❛s
✐❞❡❛s ② ❛r❣✉♠❡♥t♦s ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✶✳✵✳✻ s❡ ❛♣❧✐❝❛rá♥ ❡♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s
❞❡ ♥✉❡tr♦s r❡s✉❧t❛❞♦s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✼✳ P❛r❛ ❝❛❞❛ j ∈ Z✱ ❞❡♥♦t❡♠♦s

Ωj =
{
x ∈ Ω : 2j−1 ≤ ρ(x) < 2j

}
✳

❊♥t♦♥❝❡s✱ s❡ ✈é ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✶✳✵✳✻ q✉❡ ❡①✐st❡♥ m ② n✱ ♥ú♠❡r♦s ♥❛t✉r❛❧❡s
q✉❡ s♦❧♦ ❞❡♣❡♥❞❡♥ ❞❡ β✱ t❛❧❡s q✉❡✱ ❞❛❞❛ B0 = B(x0, r0)✱ s✐ x0 ∈ Ωk0 s❡ t✐❡♥❡

B ⊂
j0+m+1⋃

j=j0−m−n
Ωj✱

♣❛r❛ t♦❞❛ B ∈ Fβ q✉❡ ✈❡r✐✜❝❛ B0 ∩ B 6= ∅✳ ▲✉❡❣♦✱ s❡ ❞❡❞✉❝❡

Nβ(B0) ⊂
j0+m+1⋃

j=j0−m−n
Ωj✱

❡st♦ ❡s✱ s✐ x ∈ Nβ(B0) ❤❛② ✉♥ j t❛❧ q✉❡ j0 −m− n ≤ j ≤ j0 +m+1 ② x ∈ Ωj✱ ♣♦r ❧♦ q✉❡

ρ(x) < 2j ≤ 2j0+m+1 ≤ 2m+2ρ(x0)

②
ρ(x0) < 2j0 ≤ 2j+m+n ≤ 2m+n+1ρ(x)✳

❆sí✱ ♦❜t✉✈✐♠♦s q✉❡ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cβ > 1✱ q✉❡ ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ β✱ ✈❡r✐✜❝❛♥❞♦

C−1
β ρ(x0) < ρ(x) < Cβρ(x0)✱

♣❛r❛ t♦❞♦ x ∈ Nβ(B0)✳

❈♦♠♦ ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ▲❡♠❛ ✶✳✵✳✻ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✱ ❡❧ ❝✉❛❧ ❛♣❧✐❝❛✲
r❡♠♦s r❡✐t❡r❛❞❛♠❡♥t❡ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❡st❡ tr❛❜❛❥♦✳



✼ ✶✶

▲❡♠❛ ✶✳✵✳✽✳ ✭▲❡♠❛ ✸✳✶✱ ❬❍❙❱✶✹❪✮ ❙❡❛♥ X✱ Ω ② β ❝♦♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✶✳✵✳✹✱ ② Cµ,β ✉♥❛
❝♦♥st❛♥t❡ q✉❡ ✈❡r✐✜❝❛

µ(B) ≤ Cµ,βµ

(
1

5
B

)
✱

♣❛r❛ t♦❞❛ B ∈ Fβ✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦s a ∈ (0, β/80) ② B0 ∈ Fβ✱ t❡♥❡♠♦s

✭✐✮ ❙✐ M ② Wa(B0) s♦♥ ❝♦♠♦ ❡♥ ✭✐✐✐✮ ❞❡❧ ▲❡♠❛ ✶✳✵✳✻✱ r❡s✉❧t❛

µ(P ) ≤ CM
µ,βµ(P

′)

♣❛r❛ t♦❞♦s P ② P ′ ❡♥ Wa(B0)✳

✭✐✐✮ ❙✐ B0 /∈ Fβ/5✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C✱ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B0✱ t❛❧ q✉❡

µ (Nβ(B0)) ≤ Cµ

(
1

2
B0

)
✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✾✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r t✐❡♥❡ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ út✐❧✳ ❉❛❞♦ ✉♥ ♥ú♠❡r♦
❡♥t❡r♦ N ≥ 2✱ s❡❛ CN ✉♥❛ ❝♦♥st❛♥t❡ q✉❡ ✈❡r✐✜❝❛ ✭✶✳✵✳✷✮ ♣❛r❛ s = 1/N ✳ ❊♥t♦♥❝❡s✱ s✐
B(x, r) ∈ Fβ −Fβ/N ✱ ♣♦r ✭✐✐✮ ❞❡❧ ▲❡♠❛ ✶✳✵✳✽✱ t❡♥❡♠♦s

µ (Nβ(B(x, r))) ≤ µ (Nβ(B(x, βρ(x))))

≤ Cµ (B(x, βρ(x)))

≤ CCNµ

(
B

(
x,
β

N
ρ(x)

))

≤ CCNµ (B(x, r)) ✳

❊♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✶✳✵✳✻ s❡ ✉s❛ ✉♥❛ ✈❡rs✐ó♥ ❧♦❝❛❧ ❞❡ ✉♥ ♠✉② ❜✐❡♥ ❝♦♥♦❝✐❞♦
❧❡♠❛ ❞❡ ❝✉❜r✐♠✐❡♥t♦✳

▲❡♠❛ ✶✳✵✳✶✵✳ ✭❈✉❜r✐♠✐❡♥t♦ ❞❡ ❱✐t❛❧✐ ❧♦❝❛❧✱ ▲❡♠❛ ✷✳✷✱ ❬❍❙❱✶✹❪✮ ❙❡❛♥ X✱ ❡s♣❛❝✐♦ ♠étr✐❝♦
s❡♣❛r❛❜❧❡✱ ② Ω ⊂ X✱ ❛❜✐❡rt♦ ♣r♦♣✐♦ ♥♦ ✈❛❝í♦✳ ❈♦♥s✐❞❡r❡♠♦s β ∈ (0, 1) ② Γ ⊂ Fβ t❛❧ q✉❡

sup
B∈Γ

rB <∞✱

❞♦♥❞❡ rB ❞❡♥♦t❛ ❡❧ r❛❞✐♦ ❞❡ ✉♥❛ ❜♦❧❛ B✳ ❊♥t♦♥❝❡s✱ ❤❛② ✉♥❛ s✉❜❢❛♠✐❧✐❛ Λ ⊂ Γ✱ ❞✐s❥✉♥t❛ ②
❛ ❧♦ s✉♠♦ ♥✉♠❡r❛❜❧❡✱ t❛❧ q✉❡ ⋃

B∈Γ
B ⊂

⋃

B∈Λ
B̃✱

❞♦♥❞❡ B̃ = 5B✱ s✐ B ∈ Fβ/5✱ ② B̃ = Nβ(B)✱ s✐ B ∈ Fβ −Fβ/5✳

❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ s❡❛ ♣♦s✐❜❧❡ ❛♣❧✐❝❛r ❡❧ ▲❡♠❛ ✶✳✵✳✶✵ ❡♥ ❧❛ ❞❡♠♦s✲
tr❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✶✳✵✳✻ s❡ ❞❡❜❡ ❛ q✉❡ ✉♥ ❡s♣❛❝✐♦ ❝♦♥ P❍❉ ❡s s❡♣❛r❛❜❧❡✳ ❊st♦ ú❧t✐♠♦ ♥♦
❡s ❞✐❢í❝✐❧ ❞❡ ✈❡r ❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥✳
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❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✶✶✳ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ✭♦ ❝❛s✐✲♠étr✐❝♦✮ (X, d) ❝♦♥ P❍❉✱ ♣♦r ❞❡✜✲
♥✐❝✐ó♥✱ ❤❛② ✉♥ N ∈ N ✭N ≥ 2✮ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s x0 ∈ X ② r > 0✱

# {x, y ∈ B(x0, r) : d(x, y) ≥ r/2} ≤ N ✱

❞♦♥❞❡ # ❞❡♥♦t❛ ❡❧ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ▲✉❡❣♦✱ ❤❛② ✉♥❛ r❡❞ ♠❛①✐✲
♠❛❧ ❞❡ ♣✉♥t♦s ❡♥ ❝❛❞❛ ❜♦❧❛ B(x0, r) ❝♦♥ ❞✐st❛♥❝✐❛ ❞❡ ✉♥♦ ❛ ♦tr♦ ♥♦ ♠❡♥♦r ❛ r/2✱ ♦ s❡❛✱
❡①✐st❡♥ x1✱ x2✱ ✳ ✳ ✳ ✱ xm1 ❡♥ B(x0, r)✱ ❝♦♥ m1 ≤ N ✱ t❛❧❡s q✉❡ d(xi, xj) ≥ r/2✱ ♣❛r❛ i 6= j✱ ②
s✐ d(x, x0) < r ② x 6= xj✱ ♣❛r❛ ❝❛❞❛ j✱ ❡♥t♦♥❝❡s d(x, xi) < r/2 ♣❛r❛ ❛❧❣ú♥ i✳ ❆sí✱ ❞❡❞✉❝✐♠♦s
q✉❡

B(x0, r) ⊂
m1⋃

j=1

B(xj, r/2)✳

❙❡❛ A ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ❡♥ B(x0, r) ❝♦♥ ❞✐st❛♥❝✐❛ ❞❡ ✉♥♦ ❛ ♦tr♦ ♥♦ ♠❡♥♦r ❛ r/4✳ ❙✐
A ∩ B(x0, r) t✐❡♥❡ ♠ás ❞❡ ✉♥ ❡❧❡♠❡♥t♦✱ ♣♦r ❧❛ P❍❉ t❡♥❡♠♦s

#A ∩ B(xj, r/2) ≤ #

{
x, y ∈ B(xj, r/2) : d(x, y) ≥

r/2

2

}
≤ N

♣❛r❛ ❝❛❞❛ j✱ ♣♦r ❧♦ q✉❡

#A ≤
m1∑

i=1

#A ∩ B(xi, r/2) ≤ N2✳

❆❤♦r❛✱ ✐♥❞✉❝t✐✈❛♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s q✉❡✱ ❞❛❞♦ n ∈ N✱

# {x, y ∈ B(x0, r) : d(x, y) ≥ r/2n} ≤ Nn✳

❊♥t♦♥❝❡s✱ ❤❛② ✉♥❛ r❡❞ ♠❛①✐♠❛❧ ❞❡ ♣✉♥t♦s x1✱ x2✱ ✳ ✳ ✳ ✱ xmn ❡♥ B(x0, r) ❝♦♥ mn ≤ Nn ②
d(xi, xj) ≥ r/2n ♣❛r❛ i 6= j✳ ❆sí r❡s✉❧t❛

B(x0, r) ⊂
mn⋃

j=1

B(xj, r/2
n)✳

❙❡❛ A ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ❡♥ B(x0, r) ❝♦♥ ❞✐st❛♥❝✐❛ ❞❡ ✉♥♦ ❛ ♦tr♦ ♥♦ ♠❡♥♦r ❛ r/2n+1✳
❙✐ A ∩ B(x0, r) t✐❡♥❡ ♠ás ❞❡ ✉♥ ❡❧❡♠❡♥t♦✱ ♣♦r ❧❛ P❍❉ t❡♥❡♠♦s

#A ∩ B(xj, r/2
n) ≤ #

{
x, y ∈ B(xj, r/2

n) : d(x, y) ≥ r/2n

2

}
≤ N

♣❛r❛ ❝❛❞❛ j✱ ♣♦r ❧♦ q✉❡

#A ≤
mn∑

i=1

#A ∩ B(xi, r/2
n) ≤ Nn+1✳

P♦r ❧♦ t❛♥t♦✱ ♣r♦❜❛♠♦s q✉❡✱ ♣❛r❛ t♦❞♦s x0 ∈ X✱ r > 0 ② n ∈ N✱

# {x, y ∈ B(x0, r) : d(x, y) ≥ r/2n} ≤ Nn✳

❊♥ ♣❛rt✐❝✉❧❛r✱ ❞❡ ❧♦ ❛♥t❡r✐♦r s❡ ❞❡❞✉❝❡ q✉❡ s✐❡♠♣r❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♣✉♥t♦s x1✱ x2✱ ✳ ✳ ✳ ✱
xmn ❡♥ B(x0, r)✱ ❝♦♥ mn ≤ Nn✱ t❛❧❡s q✉❡

B(x0, r) ⊂
mn⋃

j=1

B(xj, r/2
n)✳
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❈♦♥t✐♥✉❛♥❞♦ ❝♦♥ ❡❧ ❞❡s❛rr♦❧❧♦ t❡ór✐❝♦ ❞❡❧ ❆♥á❧✐s✐s ❆r♠ó♥✐❝♦ ✈✐♥❝✉❧❛❞♦ ❛ ❧❛s ❝❧❛s❡s
Aβp ✱ ❡♥ ❬❍❙❱✶✾❪✱ ❍❛r❜♦✉r❡✱ ❙❛❧✐♥❛s ② ❱✐✈✐❛♥✐ ❡st✉❞✐❛r♦♥ ♦♣❡r❛❞♦r❡s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s
r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❜♦❧❛s β✲❧♦❝❛❧❡s✿ ❆ s❛❜❡r✱ ✉♥ ♦♣❡r❛❞♦r T ❡s ✉♥ ♦♣❡r❛❞♦r
✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧ s✐ T ❡s ❛❝♦t❛❞♦ s♦❜r❡ L2(Ω, dµ) ② t✐❡♥❡ ✉♥ ♥ú❝❧❡♦ K✱ ❡❧ ❝✉❛❧ ❡s
✉♥❛ ❢✉♥❝✐ó♥ r❡❛❧ ✈❛❧♦r❛❞❛ ❞❡✜♥✐❞❛ ❡♥ Ω × Ω − {(x, x) : x ∈ Ω}✱ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ ②
q✉❡ ✈❡r✐✜❝❛

✶✳ ❉❛❞❛ f ∈ L∞
c (Ω)✱ t❡♥❡♠♦s

Tf(x) =

✂
Ω

K(x, y)f(y)dµ(y)✱

❡♥ ❝✳ t✳ ♣✳ x /∈s♦♣(f)✱ ② Tf(x) = 0 s✐ s♦♣(f) ∩ B(x, βρ(x)) = ∅✳

✷✳ ❊①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ② ε✱ t❛❧❡s q✉❡

|K(x, y)| ≤ C

µ(B(x, d(x, y)))
✱

♣❛r❛ x 6= y✱ ②

|K(x, y)−K(x′, y)|+ |K(y, x)−K(y, x′)| ≤ C

µ(B(x, d(x, y)))

(
d(x, x′)

d(x, y)

)ε
✱

♣❛r❛ t♦❞♦s x✱ x′ ❡ y q✉❡ s❛t✐s❢❛❝❡♥ d(x, x′) < 1
2
d(x, y)✳

❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ s❡ ❞❡❞✉❝❡ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♣r♦❜❛❞♦s ❡♥ ❬❍❙❱✶✾❪ ✭❚❡♦r❡♠❛ ✷✳✶✱
Pr♦♣♦s✐❝✐ó♥ ✸✳✸ ② ❈♦r♦❧❛r✐♦ ✸✳✹✮✳

❚❡♦r❡♠❛ ✶✳✵✳✶✷✳ ✭❬❍❙❱✶✾❪✮ ❯♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧ ❡s ❛❝♦t❛❞♦ s♦❜r❡
Lpw(Ω)✱ ♣❛r❛ 1 < p <∞✱ s✐ w ∈ Aβp ② ❡s ❞❡ t✐♣♦ ❞é❜✐❧ ✭✶✱✶✮ s✐ w ∈ Aβ1 ✳

❆❤♦r❛ ❜✐❡♥✱ ❧❛ ♣r✐♠❡r❛ ♣❛rt❡ ❞❡ ❡st❛ t❡s✐s t❡♥❞rá ❝♦♠♦ ♦❜❥❡t✐✈♦ ❝♦♥t✐♥✉❛r ❝♦♥ ❡❧
❡st✉❞✐♦ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ♣❡s♦s Ap ❧♦❝❛❧❡s ② ❧❛s ❛❝♦t❛❝✐♦♥❡s ❞❡ ❧❛s ✐♥t❡❣r❛❧❡s
s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s s♦❜r❡ ❡s♣❛❝✐♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡st♦s ♣❡s♦s✱ ❡①t❡♥❞✐❡♥❞♦ ❛sí✱ ❞❡ ❛❧❣✉♥❛
♠❛♥❡r❛✱ ❧♦s r❡s✉❧t❛❞♦s ♠❡♥❝✐♦♥❛❞♦s✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❝❧❛s❡
❞❡ ♣❡s♦s Aβ∞✱ ❞❛❞❛ ♣♦r

Aβ∞ =
⋃

1≤p<∞
Aβp ✱

♣❛r❛ 0 < β < 1✳ ❚❛♠❜✐é♥✱ ❝♦♠♦ ✐♥❞✐❝❛♠♦s ❛♥t❡s✱ ♣♦❞❡♠♦s ❞❡♥♦t❛r ❛ ❡st❛ ❝❧❛s❡ ❝♦♠♦ Aloc∞ ✱
②❛ q✉❡✱ ♣❛r❛ t♦❞♦s 0 < α, β < 1✱ Aβ∞ = Aα∞✳ ▲♦ ♣r✐♠❡r♦ ❡♥ ❧♦ q✉❡ ❡st❛r❡♠♦s ✐♥t❡r❡s❛❞♦s
s❡rá ❡♥ ♦❜t❡♥❡r ❝❛r❛❝t❡r✐③❛❝✐♦♥❡s ♣❛r❛ ❡st♦s ♣❡s♦s ❝♦♠♦ ❧❛s ❞❡❧ ❚❡♦r❡♠❛ ✶ ❡♥ ❬❋✉❥✼✼❪✳
❊st♦ ❡s✱ ❛ ❣r❛♥❞❡s r❛s❣♦s✱ ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❛ tr❛✈és ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♠❛①✐♠❛❧ β✲❧♦❝❛❧
❝✉❛♥❞♦ ♥✉❡str♦ á♠❜✐t♦ ❣❡♦♠étr✐❝♦ s❡❛ ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❣❡♥❡r❛❧✱ ❛ ❧❛ ❝✉❛❧ s❡ ❛❣r❡❣❛rá
✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❛ tr❛✈és ❞❡ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ β✲❧♦❝❛❧❡s ❝✉❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ s❡❛ ❡❧
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❡✉❝❧í❞❡♦ ✉s✉❛❧✳ ▲✉❡❣♦✱ s✐❣✉✐❡♥❞♦ ❧♦ ❤❡❝❤♦ ❡♥ ❬❋✉❥✼✼❪✱ ❝♦♥s❡❣✉✐r❡♠♦s ✉♥❛ ❛❝♦t❛❝✐ó♥ ♣❛r❛
✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s β✲❧♦❝❛❧❡s ❞❡ ❧❛ ❢♦r♠❛

‖Tf‖BMOβ
w
≤ C ‖f/w‖L∞ ✱

❞♦♥❞❡ w ∈ Aloc∞ ❡s ✉♥ ♣❡s♦ s❛t✐s❢❛❝✐❡♥❞♦ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❡①tr❛ s♦❜r❡ s✉ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ②
BMOβ

w ❡s ✉♥ ❡s♣❛❝✐♦ t✐♣♦ ❇▼❖ ✈✐♥❝✉❧❛❞♦ ❛ w✳ P♦r ♦tr❛ ♣❛rt❡✱ ❝✉❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ s❡❛ ❡❧
❡✉❝❧í❞❡♦ ✉s✉❛❧✱ r❡❡♠♣❧❛③❛r❡♠♦s T ♣♦r ✉♥❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ β✲❧♦❝❛❧ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞
❛♥t❡r✐♦r ❝❛r❛❝t❡r✐③❛rá ❛ ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s ❧♦❝❛❧❡s ✐♥✈♦❧✉❝r❛❞♦s✳ ▲❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ✐♥t❡❣r❛✲
❜✐❧✐❞❛❞ ❛ ❧❛ q✉❡ ♥♦s r❡❢❡r✐♠♦s ❡s ✉♥❛ ♠♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ❝♦♥s✐❞❡r❛❞❛ ♣♦r ▼✉❝❦❡♥❤♦✉♣t
② ❲❤❡❡❞❡♥ ✭❡♥ ❬▼❲✼✻❪✮ ❛❧ ❡st✉❞✐❛r ❡st❡ t✐♣♦ ❞❡ ❛❝♦t❛❝✐♦♥❡s ♣❛r❛ ❡❧ ❝❛s♦ ♥♦ ❧♦❝❛❧ ❞❡ ❧❛
tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍✐❧❜❡rt ❡♥ ❡❧ ❛♠❜✐❡♥t❡ ❡✉❝❧í❞❡♦ ✉s✉❛❧✳ ❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡st❛ ❝❧❛s❡
❢✉❡ ❧✉❡❣♦ ❝♦♥s✐❞❡r❛❞❛ t❛♠❜✐é♥ ♣♦r ❋✉❥✐✐ ❡♥ ❬❋✉❥✼✼❪✳

❊♥ ❡st❡ ♣✉♥t♦ ❡s ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷ ✉s❛r❡♠♦s t❛♠❜✐é♥ ❧❛s
✐❞❡❛s ② ❛r❣✉♠❡♥t♦s ❡♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❡♥ ❬❍❙❱✶✾❪✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❧❛
❡str❛t❡❣✐❛ ♠ás ♥♦t❛❜❧❡ ❛❧❧í ❢✉❡ ♥♦t❛r q✉❡ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♥s✐❞❡r❛❞♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛
✉♥ ❡s♣❛❝✐♦ ❝❛s✐✲♠étr✐❝♦ ❝♦♥ ✉♥❛ ♣r♦♣✐❡❞❛❞ s♦❜r❡ ❧❛s ❜♦❧❛s✱ ❛ ❧❛ q✉❡ ❧❧❛♠❛r♦♥ ♣r♦♣✐❡❞❛❞
P ✱ q✉❡ ♣❡r♠✐t❡ ❝♦♥✈❡rt✐r ❛ ❝❛❞❛ ❜♦❧❛ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✵✳✶✸✳ ❙❡❛ X ✉♥ ❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦ ❝♦♥ ♠ás ❞❡ ✉♥ ❡❧❡♠❡♥t♦✳ ❯♥❛ ❢✉♥❝✐ó♥
d : X ×X → [0,∞) ❡s ✉♥❛ ❝❛s✐✲♠étr✐❝❛ s✐ s❛t✐s❢❛❝❡

✭✐✮ d(x, y) = d(y, x) ♣❛r❛ t♦❞♦s x ❡ y ❡♥ X✳

✭✐✐✮ d(x, y) = 0 s✐✱ ② s♦❧♦ s✐✱ x = y✳

✭✐✐✐✮ ❍❛② ✉♥❛ ❝♦♥st❛♥t❡ κ ≥ 1 t❛❧ q✉❡

d(x, y) ≤ κ(d(x, z) + d(z, y))

♣❛r❛ t♦❞♦s x✱ y ② z ❡♥ X✳ ▲✉❡❣♦✱ ❞❡❝✐♠♦s q✉❡ (X, d) ❡s ✉♥ ❡s♣❛❝✐♦ ❝❛s✐✲♠étr✐❝♦ ❝♦♥
❝♦♥st❛♥t❡ tr✐❛♥❣✉❧❛r κ✳ ❙✐ ❛❞❡♠ás t❡♥❡♠♦s q✉❡ ❤❛② ✉♥❛ ♠❡❞✐❞❛ µ ❞❡✜♥✐❞❛ s♦❜r❡ ✉♥❛ σ✲
á❧❣❡❜r❛ q✉❡ ❝♦♥t✐❡♥❡ ❛ ❧❛s d✲❜♦❧❛s ❞❡ X ② s❛t✐s❢❛❝❡ ✭✶✳✵✳✶✮✱ ♣❛r❛ t♦❞❛ d✲❜♦❧❛✱ ❞❡❝✐♠♦s q✉❡
(X, d, µ) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦✳

P♦r ✉♥❛ d✲❜♦❧❛✱ ♥♦s r❡❢❡r✐♠♦s ❛❧ ❝♦♥❥✉♥t♦

Bd(x, r) = {y ∈ X : d(x, y) < r}

♣❛r❛ x ∈ X ② r > 0✳ ❊♥ ❬▼❙✼✾❪✱ ❧♦s ❛✉t♦r❡s ♣r♦❜❛r♦♥ q✉❡✱ ♣❛r❛ t♦❞❛ ❝❛s✐✲♠étr✐❝❛ d✱ ❤❛②
✉♥❛ ♠étr✐❝❛ δ ② ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ② α✱ t❛❧❡s q✉❡

C−1δ(x, y)α ≤ d(x, y) ≤ Cδ(x, y)α✱

♣❛r❛ t♦❞♦s x ❡ y ❡♥ X✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡st❡ ♥♦t❛❜❧❡ ❤❡❝❤♦ ♠✉❡str❛ q✉❡ t♦❞❛ ❝❛s✐✲♠étr✐❝❛
❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ♦tr❛ ❝❛s✐✲♠étr✐❝❛✱ ❞✐❣❛♠♦s d′✱ t❛❧ q✉❡ ❧❛s d′✲❜♦❧❛s s♦♥ ❝♦♥❥✉♥t♦s ❛❜✐❡rt♦s✳
❯♥ r❡s✉❧t❛❞♦ s✐♠✐❧❛r✱ ② t❛♠❜✐é♥ ❞❡ ♣r♦❢✉♥❞❛ ✐♠♣♦rt❛♥❝✐❛✱ ❢✉❡ ♣r♦❜❛❞♦ ♣♦r ❧♦s ♠✐s♠♦s
❛✉t♦r❡s ❡♥ ❬▼❙✽✵❪✿



✼ ✶✺

❚❡♦r❡♠❛ ✶✳✵✳✶✹✳ ✭❚❡♦r❡♠❛ ✷✳✼✱ ❬▼❙✽✵❪✮ ❙❡❛ (X, d, µ) ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❝♦♥
❝♦♥st❛♥t❡ tr✐❛♥❣✉❧❛r κ✳ ❊♥t♦♥❝❡s✱ s❡ ♣✉❡❞❡ ❝♦♥str✉✐r ✉♥❛ ❝❛s✐✲♠étr✐❝❛ δ q✉❡ ✈❡r✐✜❝❛

δ(x, y) ≤ d(x, y) ≤ 3κ2δ(x, y)✱

♣❛r❛ t♦❞♦s x ❡ y ❡♥ X✱ ② ❛❞❡♠ás ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡✱ s✐ x ∈ X✱ R > 0✱
0 < r ≤ 2κR ❡ y ∈ Bδ(x,R)✱ s❡ t✐❡♥❡

µ (Bδ(y, r)) ≤ Cµ (Bδ(x,R) ∩ Bδ(y, r)) ✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✶✺✳ ❊♥ r❡❛❧✐❞❛❞✱ ♣❛r❛ ❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ▼❛❝í❛s ② ❙❡❣♦✈✐❛
♣r♦❜❛r♦♥ q✉❡✱ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦ ❝❛s✐ ♠étr✐❝♦ (X, δ)✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ σ ∈ (0, 1) t❛❧ q✉❡✱
s✐ x✱ R✱ r ❡ y s♦♥ ❝♦♠♦ ❛♥t❡s✱ ❤❛② ✉♥ z ∈ X q✉❡ ✈❡r✐✜❝❛

Bδ(z, σr) ⊂ Bδ(x,R) ∩ Bδ(y, r)✳

➱st❛ ❡s ❧❛ ♣r♦♣✐❡❞❛❞ ❛ ❧❛ q✉❡✱ ❝♦♠♦ ❡♥ ❬❍❙❱✶✾❪✱ ❧❧❛♠❛r❡♠♦s ♣r♦♣✐❡❞❛❞ P ✳ ❊s ❢á❝✐❧ ✈❡r q✉❡
❧❛ ♣r♦♣✐❡❞❛❞ P ✐♠♣❧✐❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ② q✉❡✱ ❛❞❡♠ás✱ ❝❛❞❛ δ✲❜♦❧❛
❝♦♥ ❧❛ ❝❛s✐✲♠étr✐❝❛ ② ❧❛ ♠❡❞✐❞❛ ✐♥❞✉❝✐❞❛s s♦❜r❡ ❡❧❧❛ ♣♦r δ ② µ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡s ✉♥
❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❞♦♥❞❡ ❧❛s ❝♦♥st❛♥t❡s tr✐❛♥❣✉❧❛r ② ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡♣❡♥❞❡♥ ❞❡
❧❛s ❞❛❞❛s ♣♦r ❡❧ ❡s♣❛❝✐♦ ♦r✐❣✐♥❛❧✱ ♣♦r ❧♦ q✉❡ s♦♥ ❧❛s ♠✐s♠❛s ♣❛r❛ ❝❛❞❛ δ✲❜♦❧❛✳

❊❧ tr❛❜❛❥♦ ❞❡ ❡st❛ t❡s✐s s❡ ❞❡s❛rr♦❧❧❛rá✱ ❡♥ ❣❡♥❡r❛❧✱ ❡♥ ❡s♣❛❝✐♦s ❞♦♥❞❡ s❡ s❛t✐s❢❛❣❛ ❧❛
♣r♦♣✐❡❞❛❞ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✱ ❡st♦ ❡s✱ q✉❡ ❝✉♠♣❧❛♥ ❝♦♥ ❧♦ ❡①♣r❡s❛❞♦ ❡♥ ❧❛
s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✶✳✵✳✶✻✳ ❙❡❛♥ (X, d) ❡s♣❛❝✐♦ ♠étr✐❝♦✱ Ω ⊂ X ❛❜✐❡rt♦ ♣r♦♣✐♦ ♥♦ ✈❛❝í♦ ② µ
♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ s♦❜r❡ Ω✳ ❉✐r❡♠♦s q✉❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ ♠❡❞✐❜❧❡ (Ω, d|Ω, µ) ❤❛② ❞✐✲
❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡ s✐ ❡①✐st❡ L s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ ❞❡ Ω t❛❧ q✉❡ µ (Ω− L) = 0 ②✱
♣❛r❛ t♦❞♦ x ∈ L✱ ❤❛② ✉♥ rx > 0 ✈❡r✐✜❝❛♥❞♦ q✉❡✱ s✐ {Bj}j∈N ❡s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❜♦❧❛s t❛❧❡s
q✉❡ Bj+1 ⊂ Bj ⊂ B(x, rx) ② {x} =

⋂
k∈N

Bk✱ t❡♥❡♠♦s

ĺım
j→∞

1

µ (Bj)

✂
Bj

|f (y)− f (x)| dµ (y) = 0,

♣❛r❛ t♦❞❛ f ∈ L1
loc (Ω)✳ ▲♦s ❡❧❡♠❡♥t♦s ❞❡❧ ❝♦♥❥✉♥t♦ L s❡ ❧❧❛♠❛rá♥ ♣✉♥t♦s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥

❞❡ ▲❡❜❡s❣✉❡✳

P♦♥✐❡♥❞♦ ❝♦♥❞✐❝✐♦♥❡s ♠ás ❢✉❡rt❡s s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ (X, d) s❡ ♣✉❡❞❡ ❝♦♥s❡❣✉✐r
q✉❡ s❡ ✈❡r✐✜q✉❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✵✳✶✻✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✶✹ ❡♥ ❬❆▼✶✺❪ ♣á❣✐♥❛
✾✸✱ s✐ s✉♣♦♥❡♠♦s q✉❡ ❤❛② ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ µ s♦❜r❡ (X, d) ❧❛ ❝✉❛❧ ❞✉♣❧✐❝❛ s♦❜r❡ ❜♦❧❛s
② Cc(X)✱ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❡♥ (X, d) ❝♦♥ s♦♣♦rt❡ ❛❝♦t❛❞♦✱ ❡s ❞❡♥s♦
❡♥ Lp(X, dµ)✱ ♣❛r❛ t♦❞♦ p ∈ [1,∞)✱ ❡♥t♦♥❝❡s s❡ ✈❡r✐✜❝❛ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✵✳✶✻ ♣❛r❛ µ✳ ▼ás
♣r❡❝✐s❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ s♦❧♦ ❡s♣❛❝✐♦s ♠étr✐❝♦s ♣♦r s✐♠♣❧✐❝✐❞❛❞✱ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡
t❡♦r❡♠❛✳



✶✻ ■♥tr♦❞✉❝❝✐ó♥

❚❡♦r❡♠❛ ✶✳✵✳✶✼✳ ✭❚❡♦r❡♠❛ ✸✳✶✹✱ ❬❆▼✶✺❪✮ ❙❡❛ (X, d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❡♥ ❡❧ ❝✉❛❧ ❤❛②
❞❡✜♥✐❞❛ ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ µ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ ❜♦❧❛s✳ ❊♥t♦♥❝❡s ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦✲
♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ µ ❡s ❇♦r❡❧✲s❡♠✐r❡❣✉❧❛r✳

✭✐✐✮ P❛r❛ t♦❞❛ f ∈ L1
loc s❡ t✐❡♥❡

ĺım
r→0+

µ(B(x, r))−1

✂
B(x,r)

|f(y)− f(x)|dµ(y) = 0

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ X✳

✭✐✐✐✮ P❛r❛ t♦❞❛ f ∈ L1
loc s❡ t✐❡♥❡

ĺım
r→0+

µ(B(x, r))−1

✂
B(x,r)

f(y)dµ(y) = f(x)

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ X✳

✭✐✈✮ P❛r❛ t♦❞♦ α ∈ (0, 1]✱ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ▲✐♣s❝❤✐t③ α ❡♥ X ❝♦♥ s♦♣♦rt❡
❛❝♦t❛❞♦ ❡s ❞❡♥s♦ ❡♥ Lp(X, dµ)✱ ♣❛r❛ t♦❞♦ p ∈ [1,∞)✳

✭✈✮ ❊❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❡♥ X ❝♦♥ s♦♣♦rt❡ ❛❝♦t❛❞♦ ❡s ❞❡♥s♦ ❡♥
Lp(X, dµ)✱ ♣❛r❛ t♦❞♦ p ∈ [1,∞)✳

❊♥ ✭✐✮ ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ µ s♦❜r❡ (X, d) ❡s ❇♦r❡❧✲s❡♠✐r❡❣✉❧❛r
s✐✱ ♣❛r❛ t♦❞♦ E ❝♦♥❥✉♥t♦ µ✲♠❡❞✐❜❧❡ ❝♦♥ µ(E) < ∞✱ ❤❛② ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❇♦r❡❧ A t❛❧ q✉❡
µ((E − A) ∪ (A− E)) = 0✳

❆❤♦r❛✱ ❡♥ ❡❧ ❝♦♥t❡①t♦ ♠ás ❣❡♥❡r❛❧ q✉❡ ❝♦♥s✐❞❡r❛r❡♠♦s ♣❛r❛ ♥✉❡str♦s r❡s✉❧t❛❞♦s ✭X✱
Ω ② µ ❝♦♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✶✳✵✳✹✮ ♣♦❞r❡♠♦s ❛♣❧✐❝❛r ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✵✳✶✽✳ ✭❚❡♦r❡♠❛ ❞❡ ❉✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✱ ❚❡♦r❡♠❛ ✶✳✽✱ ❬❍❡✐✵✶❪✮ ❙❡❛
(X, d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❡♥ ❡❧ ❝✉❛❧ ❤❛② ❞❡✜♥✐❞❛ ✉♥❛ ♠❡❞✐❞❛ r❡❣✉❧❛r ❞❡ ❇♦r❡❧ µ q✉❡
❞✉♣❧✐❝❛ s♦❜r❡ ❜♦❧❛s✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ t♦❞❛ f ∈ L1

loc✱ ♥♦✲♥❡❣❛t✐✈❛✱ s❡ t✐❡♥❡

ĺım
r→0+

µ(B(x, r))−1

✂
B(x,r)

f(y)dµ(y) = f(x)

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ X✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✶✾✳ ❙✐❡♥❞♦ X✱ Ω ② µ ❝♦♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✶✳✵✳✹✱ s✐ ❛❞❡♠ás (X, d) t✐❡♥❡ ❧❛
♣r♦♣✐❡❞❛❞ P ② µ ❡s r❡❣✉❧❛r✱ s❡ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✳ ❊♥ ❡❢❡❝t♦✱
❝♦♠♦ ✈❡r❡♠♦s ❡♥ ❡❧ ▲❡♠❛ ✸✳✷✳✷✱ ♣❛r❛ ❝❛❞❛ ❜♦❧❛ B ∈ Fβ/3✱ (B, d|B, µ|B) ❡s ✉♥ ❡s♣❛❝✐♦
✭♠étr✐❝♦✮ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦✳ ❆sí✱ s✐ {Pj} ⊂ Fβ/85 ❡s ✉♥ ❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② ♣❛r❛
Ω ❞❛❞♦ ♣♦r ❡❧ ▲❡♠❛ ✶✳✵✳✻✱ ❝❛❞❛ Pj ❡s ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ q✉❡ ✈❡r✐✜❝❛ ❧❛s ❤✐♣ót❡s✐s ❞❡❧
❚❡♦r❡♠❛ ✶✳✵✳✶✽✱ ♣♦r ❧♦ q✉❡✱ ♣❛r❛ t♦❞❛ f ∈ L1

loc(Ω)✱ ♥♦✲♥❡❣❛t✐✈❛✱ s❡ t✐❡♥❡

ĺım
r→0+

µ(B(x, r))−1

✂
B(x,r)

f |Pj
dµ = f(x)



✼ ✶✼

❡♥ ❝✳ t✳ ♣✳ x ∈ Pj✱ ♣❛r❛ ❝❛❞❛ j✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ Ω = ∪Pj✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✵✳✶✼ t❡♥❡♠♦s

ĺım
r→0+

µ(B(x, r))−1

✂
B(x,r)

|f(y)− f(x)|dµ(y) = 0

♣❛r❛ t♦❞❛ f ∈ L1
loc(Ω) ② ❡♥ ❝✳ t✳ ♣✳ x ∈ Ω✳

❖tr♦ ❤❡❝❤♦ ♥♦t❛❜❧❡ q✉❡ q✉❡r❡♠♦s ❞❡st❛❝❛r ❡s q✉❡✱ ❛sí ❝♦♠♦ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦
❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❝✐❡rt♦s s✉❜❝♦♥❥✉♥t♦s ❞❡❧ ❡s♣❛❝✐♦ ❡♥ ❝✉❜♦s ❞✐á❞✐❝♦s ❝♦♥ ♣r♦♣✐❡❞❛❞❡s
❡s♣❡❝í✜❝❛s ♥♦s ♣❡r♠✐t❡ ❞❡♠♦str❛r ❛❧❣✉♥♦s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s ❞❡❧ ❆♥á❧✐s✐s ❆r♠ó♥✐❝♦✱
❡♥ ❡s♣❛❝✐♦s ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ♣♦❞❡♠♦s ❝♦♣✐❛r ❡st❛ té❝♥✐❝❛ ❣r❛❝✐❛s ❛ q✉❡✱ ♣❛r❛ ✉♥ ❡s♣❛❝✐♦
❝❛s✐✲♠étr✐❝♦ (X, d) ❝♦♥ ♣r♦♣✐❡❞❛❞ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞ ❞é❜✐❧✱ s✐❡♠♣r❡ s❡ ♣✉❡❞❡ ❝♦♥str✉✐r
✉♥❛ ❢❛♠✐❧✐❛ D ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ X ❧♦s ❝✉❛❧❡s ❥✉❡❣❛♥ ❡❧ r♦❧ ❞❡ ❧♦s ❝✉❜♦s ❞✐á❞✐❝♦s ❡♥ ❧♦s
❡s♣❛❝✐♦s ❡✉❝❧í❞❡♦s✳ ❙❛❜❡♠♦s q✉❡ ❞✐s♣♦♥❡♠♦s ❞❡ ✉♥ t❛❧ s✐st❡♠❛ ❞✐á❞✐❝♦D ♣♦r ❧♦s r❡s✉❧t❛❞♦s
❞❛❞♦s✱ ♣♦r ❡❥❡♠♣❧♦✱ ❡♥ ❬❍❑✶✷❪✳ ❙❡❣ú♥ ❡s❡ tr❛❜❛❥♦ ✭② ♦tr♦s ❝♦♠♦ ❡❧ ❞❡ ❬❈❤r✾✵❪✮✱ ❡♥ ♥✉❡str♦
❡s♣❛❝✐♦ ♠étr✐❝♦ ♠❡❞✐❛♥t❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞ ❞é❜✐❧✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♥
s✐st❡♠❛ ❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ❡str✉❝t✉r❛✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✷✵✳ ❉❡ ❛❝✉❡r❞♦ ❛❧ ❚❡♦r❡♠❛ ✷✳✷ ❞❡ ❬❍❑✶✷❪✱ ❡♥ ♥✉❡str♦ ❝♦♥t❡①t♦✱ ❞❛❞♦s
j ∈ Z ② 0 < δ < 1/12✱ ❡①✐st❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s

Dj =
{
Qj
k : k ∈ K (j)

}
✱

✭❧❛ ❢❛♠✐❧✐❛ ❞❡ ❧♦s ❝♦♥❥✉♥t♦s ❞✐á❞✐❝♦s ❡♥ ❡❧ ♥✐✈❡❧ j✮ ❞♦♥❞❡ K (j) ⊂ N ✭q✉❡ ♣♦❞rí❛ s❡r t♦❞♦ N✮
❡s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ í♥❞✐❝❡s q✉❡ s❡ ❝♦♥str✉②❡ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ D = ∪

j∈Z
Dj

❝✉♠♣❧❡♥ ♣r♦♣✐❡❞❛❞❡s s✐♠✐❧❛r❡s ❛ ❧❛ ❞❡ ❧♦s ❝✉❜♦s ❞✐á❞✐❝♦s✱ ❡st♦ ❡s

✶✳ ❊①✐st❡♥ a ∈ (0, 1) ② A ∈ (1,∞) t❛❧❡s q✉❡✱ ♣❛r❛ ❝❛❞❛ Qj
k ∈ Dj ❤❛② ✉♥ xjk ∈ X q✉❡

✈❡r✐✜❝❛
B
(
xjk, aδ

j
)
⊂ Qj

k ⊂ B
(
xjk, Aδ

j
)
✳

✷✳ ❙✐ Qj
k ∈ Dj ② Qi

l ∈ Di✱ ❝♦♥ i ≤ j✱ s♦♥ t❛❧❡s q✉❡ Qj
k ⊂ Qi

l✱ ❡♥t♦♥❝❡s

B
(
xjk, Aδ

j
)
⊂ B

(
xil, Aδ

i
)
✳

✸✳ P❛r❛ t♦❞♦s j ∈ Z✱k ∈ K (j)✱ i < j✱ ❤❛② ✉♥ ú♥✐❝♦ l ∈ K (i) q✉❡ ✈❡r✐✜❝❛ Qj
k ⊂ Qi

l✳

✹✳ ❙✐ i < j✱ ♣❛r❛ t♦❞♦s k ∈ K (j) ② l ∈ K (i)✱ s❡ t✐❡♥❡ Qj
k ⊂ Qi

l ✭❡str✐❝t❛♠❡♥t❡✮ ♦
Qj
k ∩Qi

l = ∅✳

✺✳ ❍❛② ✉♥ n ∈ N t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s j ∈ Z ② l ∈ K (j − 1)✱ s❡ ✈❡r✐✜❝❛

#
{
k ∈ K (j) : Qj

k ⊂ Qj−1
l

}
≤ n✳

✻✳ P❛r❛ t♦❞♦s j ∈ Z✱ k, l ∈ K (j)✱ s✐ k 6= l ❡♥t♦♥❝❡s Qj
k ∩Qj

l = ∅✳
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✼✳ P❛r❛ ❝❛❞❛ j ∈ Z✱ ⋃

k∈K(j)

Qj
k = X✳

✽✳ X ❡s ❛❝♦t❛❞♦ s✐✱ ② s♦❧♦ s✐✱ ❡①✐st❡♥ j ∈ Z ② k ∈ K (j) t❛❧❡s q✉❡ X = Qj
k✳

❊st❛ ❝♦♥str✉❝❝✐ó♥ s❡rá út✐❧ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷ ❝✉❛♥❞♦ ♣r♦❜❡♠♦s q✉❡ ♣❡s♦s ❞❡ ▼✉❝✲
❦❡♥❤♦✉♣t ❧♦❝❛❧❡s t❛♠❜✐é♥ s❛t✐s❢❛❝❡♥ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛✱ ❡st♦ ❡s✱ ✉♥
r❡s✉❧t❛❞♦ s✐♠✐❧❛r ❛❧ ❞❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✱ ♣r♦❜❛❞♦ ♣♦r ❈♦✐❢♠❛♥ ② ❋❡✛❡r♠❛♥ ✭❡♥ ❬❈❋✼✹❪✮
❡♥ ❡❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦ ✉s✉❛❧✳

❚❡♦r❡♠❛ ✶✳✵✳✷✶✳ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ✐♥✈❡rs❛✱❚❡♦r❡♠❛ ■❱✱ ❬❈❋✼✹❪ ♣á❣✐♥❛ ✷✹✻✮ ❙❡❛♥
1 < p <∞ ② w ∈ Ap✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ② δ t❛❧❡s q✉❡

(
1

|Q|

✂
Q

w1+δdx

) 1
1+δ

≤ C

|Q|

✂
Q

w dx✱

♣❛r❛ t♦❞♦ ❝✉❜♦ Q ❞❡ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s✳

❊st❡ r❡s✉❧t❛❞♦ ❢✉❡ ❣❡♥❡r❛❧✐③❛❞♦ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❡s♣❛❝✐♦s ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ✭✈❡r✱
♣♦r ❡❥❡♠♣❧♦✱ ❬▼❙✽✵❪ ② ❬❆❇■✵✺❪✮✳ ❊♥ ❡st❡ tr❛❜❛❥♦ ♣r♦❜❛r❡♠♦s q✉❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♠♦
❧❛ ❛♥t❡r✐♦r t❛♠❜✐é♥ ❡s ✈á❧✐❞❛ ♣❛r❛ ♣❡s♦s ❞❡ ▼✉❝❦❡♥❤♦♣t ❧♦❝❛❧❡s s♦❜r❡ ❜♦❧❛s ❞❡ Fβ✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦ ✭X = Rn✱ d ❧❛ ❞✐st❛♥❝✐❛ ❡✉❝❧í❞❡❛ ②
µ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✮ ② ♦❜t❡♥❡♠♦s ✉♥❛ ❡st✐♠❛❝✐ó♥ ❛ ♣r✐♦r✐ ✐♥t❡r✐♦r s♦❜r❡ ✉♥ ❞♦♠✐♥✐♦
Ω ✭❛❜✐❡rt♦ ❞❡ Rn ❝♦♥❡①♦ ② ❛❝♦t❛❞♦✮✱ ♣❛r❛ ❝✐❡rt♦s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❡❧í♣t✐❝♦s✱ ❝♦♥
♥♦r♠❛s ❡♥ ✉♥ ❡s♣❛❝✐♦ BMO r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♥ ♣❡s♦ Ap ❧♦❝❛❧ s♦❜r❡ Ω✳ ❈♦♥ ❡st❡ ♦❜❥❡t✐✈♦ ❡♥
♠❡♥t❡✱ ❡st✉❞✐❛♠♦s ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ t❛❧❡s ♥♦r♠❛s ❞❡ ❧♦s ❝♦♥♠✉t❛❞♦r❡s ❞❡ ❝✐❡rt❛s ✐♥t❡❣r❛❧❡s
s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ❝♦♥ ✉♥ ♠✉❧t✐♣❧✐❝❛❞♦r ❡♥ ✉♥ s✉❜❡s♣❛❝✐♦ ❛❞❡❝✉❛❞♦ ❞❡❧ ❡s♣❛❝✐♦ BMO
❝♦♥s✐❞❡r❛❞♦✳ ❊♥t♦♥❝❡s✱ t❛❧ ❛❝♦t❛❝✐ó♥ s❡ ❡①t✐❡♥❞❡ ❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ❝♦♥ ♥ú❝❧❡♦
✈❛r✐❛❜❧❡✳ ❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡st❛s ❡st✐♠❛❝✐♦♥❡s s♦♥ ♥✉❡✈❛s ❡♥ ❡s♣❛❝✐♦s BMO ❝♦♥ ♣❡s♦
② ❛❞❡♠ás s❡ ♦❜t✐❡♥❡♥ ♣❛r❛ ❝❧❛s❡s ❞❡ ♣❡s♦s ♠ás ❛♠♣❧✐❛s q✉❡ ❧❛s ❝❧❛s❡s Ap ✉s✉❛❧❡s✳

❊♥ r❡❧❛❝✐ó♥ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ❛♥t❡s ♠❡♥❝✐♦♥❛❞♦s✱ r❡❝♦r❞❡♠♦s q✉❡ ❞❛❞♦ ✉♥ ♦♣❡r❛❞♦r
✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ✭♥♦✲❧♦❝❛❧✮ T ② ✉♥❛ ❢✉♥❝✐ó♥ b ∈ L1

loc (R
n)✱ s❡ ❞❡✜♥❡ s✉ ❈♦♥♠✉t❛❞♦r Tb

♣♦r
Tbf = bTf − T (bf)✳

❯♥♦ ❞❡ ❧♦s ♣r✐♠❡r♦s tr❛❜❛❥♦s ❡♥ ❧♦s q✉❡ s❡ ❡st✉❞✐ó ❛❝♦t❛❝✐♦♥❡s ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s ❢✉❡ ❡❧
❞❡ ❈♦✐❢♠❛♥✱ ❘♦❝❤❜❡r❣ ② ❲❡✐ss✱ ❬❈❘❲✼✻❪✱ ❞♦♥❞❡ s❡ ♣r✉❡❜❛ q✉❡ s✐ 1 < p <∞ ② b ∈ BMO✱
❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

‖Tbf‖p ≤ C ‖b‖BMO ‖f‖p ✱

♣❛r❛ t♦❞❛ f ∈ Lp (Rn)✳ P♦r ♦tr♦ ❧❛❞♦✱ t❛♠❜✐é♥ ❢✉❡ ❞❡ ✐♥t❡rés ❡st✉❞✐❛r ❡st✐♠❛❝✐♦♥❡s ❝♦♠♦
❧❛ ❛♥t❡r✐♦r s♦❜r❡ ❡s♣❛❝✐♦s BMO ✈✐♥❝✉❧❛❞♦s ❛ ✉♥ ♣❡s♦✳ ❊♥ ❡s❡ s❡♥t✐❞♦✱ ② ♠ás ♣ró①✐♠♦



✼ ✶✾

❛ ♥✉❡str❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❡♥ ❡st❛ t❡s✐s✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥
❬❋❋❘❱✷✵❪✳

❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ϕ : [0,∞) → [0,∞)✱ s✐ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡
✂ ∞

r

ϕ(t)

t2
dt ≤ C

ϕ(r)

r
✱

♣❛r❛ t♦❞♦ r > 0✱ s❡ ❞❡♥♦t❛ ϕ ∈ W∞✳ ▲✉❡❣♦✱ ❞❛❞❛ ϕ ∈ W∞✱ ♥♦✲❞❡❝r❡❝✐❡♥t❡ ② t❛❧ q✉❡✱
♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ C✱ ϕ(2t) ≤ Cϕ(t) ♣❛r❛ t♦❞♦ t > 0✱ ❝♦♥s✐❞❡r❡♠♦s ✉♥ ♣❡s♦ v t❛❧
q✉❡✱ ♣❛r❛ 1 < p < ∞✱ vp

′
❡s ✉♥ ♣❡s♦ ❞❡ ❧❛ ❝❧❛s❡ A1 ❞❡ ▼✉❝❦❡♥❤♦✉♣t✳ ❙✐ f ∈ L1

loc (R
n) s❡

❞❡✜♥❡♥

‖f‖BMOϕ(v)
= sup

B=B(x,r)

1

v(B)ϕ(r)

✂
B

|f − fB| dy

②
‖f‖BMOp

ϕ(v)
= ‖f‖BMOϕ(v)

+ ‖f/v‖p ✳
❉❡♥♦t❡♠♦s BMOϕ(v) ② BMOp

ϕ(v) ❛ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❢✉♥❝✐♦♥❡s ❝✉②❛s r❡s♣❡❝t✐✈❛s ❝❛♥t✐✲
❞❛❞❡s ❛♥t❡r✐♦r❡s s♦♥ ✜♥✐t❛s ✭♥♦t❛r q✉❡ t♦♠❛♥❞♦ v = ϕ = 1 t❡♥❡♠♦s ❡❧ ❡s♣❛❝✐♦ BMO
❝❧ás✐❝♦✮✳ ❆❞❡♠ás✱ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ Φ : Rn × (0,∞) → (0,∞)✱ s✐ f ∈ L1

loc (R
n) s❡ ❞❡✜♥❡

‖f‖LMOΦ
= sup

B=B(x,r)✱ r<1/4

1

Φ(x, r)|B|

✂
B

|f − fB| dy

+ sup
B=B(x,r)✱ r≥1/4

1

|B|

✂
B

|f − fB| dy✱

s✐❡♥❞♦ LMOΦ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❝✉②❛ ❝❛♥t✐❞❛❞ ❛♥t❡r✐♦r ❡s ✜♥✐t❛✳ ❆❤♦r❛✱ ❝♦♥ ❡st♦s
❡s♣❛❝✐♦s ② ❝♦♥s✐❞❡r❛♥❞♦ ω(x, r) = v(B(x, r))ϕ(r)r−n ♣❛r❛ x ∈ Rn ② r > 0✱ ❞❡✜♥✐♠♦s

Ω(x, r) =
ω(x, r)✁ 1

r
ω(x,t)
t
dt+ ω(x, 1)

✱

s✐ r < 1✱ ② Ω(x, r) = 1 ♣❛r❛ r ≥ 1✳ ❊♥t♦♥❝❡s✱ ♠❡❞✐❛♥t❡ ✉♥❛ ❡①t❡♥s✐ó♥ ❛❞❡❝✉❛❞❛ ❞❡
✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ♣❛r❛ q✉❡ ést❡ ♣✉❡❞❛ ❡st❛r ❜✐❡♥ ❞❡✜♥✐❞♦ ✭❡♥ ❝✳ t✳ ♣✳✮ ❡♥
BMOp

ϕ(v)✱ ❡♥ ❬❋❋❘❱✷✵❪ s❡ ♣r✉❡❜❛ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✵✳✷✷✳ ✭❚❡♦r❡♠❛ ✶✳✶✸✱ ❬❋❋❘❱✷✵❪✮ ❈♦♥ ❧❛s ♥♦t❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ s❡ t✐❡♥❡♥

✭❛✮ ❉❛❞♦ ✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r T ✱ s✐ ♣❛r❛ t♦❞♦ x ∈ Rn✱ Ω(x, ·) ∈ W∞✱ ❝♦♥
✉♥❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x✱ ② b ∈ LMOΩ✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C✱ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡
b✱ t❛❧ q✉❡

‖Tbf‖BMOp
ϕ(v)

≤ C ‖b‖LMOΩ
‖f‖BMOp

ϕ(v)
✳

✭❜✮ ❙✐ b ∈ BMO ②✱ ♣❛r❛ ❝❛❞❛ j = 1, . . . , n✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

∥∥(Rj)b f
∥∥
BMOp

ϕ(v)
≤ C ‖f‖BMOp

ϕ(v)
✱

❞♦♥❞❡ Rj ❞❡♥♦t❛ ❧❛ j✲és✐♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③✱ ❡♥t♦♥❝❡s b ∈ LMOΩ✳



✷✵ ■♥tr♦❞✉❝❝✐ó♥

❚❡♥❡♠♦s t❛♠❜✐é♥ ❡❧ s✐❣✉✐❡♥t❡ ❝♦r♦❧❛r✐♦ ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❈♦r♦❧❛r✐♦ ✶✳✵✳✷✸✳ ✭❈♦r♦❧❛r✐♦ ✶✳✶✹✱ ❬❋❋❘❱✷✵❪✮ ❙✐ ϕ = 1✱ Ω(x, ·) ∈ W∞✱ ❝♦♥ ✉♥❛ ❝♦♥s✲
t❛♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x✱ ② b ∈ LMO(| log(·)|+1)−1✱ t❡♥❡♠♦s

‖Tbf‖BMOp
1(v)

≤ C ‖b‖LMO(| log(·)|+1)−1
‖f‖BMOp

1(v)
✳

❈❛❜❡ ♠❡♥❝✐♦♥❛r t❛♠❜✐é♥ q✉❡ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❛❞❛ ❡♥ ❡❧ ❝♦r♦❧❛r✐♦ ❛♥t❡r✐♦r ♣❛r❛ ❡❧ ❝♦♥✲
♠✉t❛❞♦r Tb ❝♦♥ b ∈ LMO(| log(·)|+1)−1 ✱ ❢✉❡ ❡st✉❞✐❛❞❛ ❡♥ ❬❙❙✵✺❪ ♣❛r❛ v = ϕ = 1✳

❊♥ ❡st❡ tr❛❜❛❥♦ ♦❜t❡♥❞r❡♠♦s ✈❡rs✐♦♥❡s ❧♦❝❛❧❡s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❛♥t❡s ♠❡♥❝✐♦♥❛❞♦s q✉❡
s❡rá♥ út✐❧❡s ♣❛r❛ ❝♦♥s❡❣✉✐r ❡st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❞❡ ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❡♥ ❞❡r✐✈❛❞❛s
♣❛r❝✐❛❧❡s ❞❡ ♣r✐♠❡r ② s❡❣✉♥❞♦ ♦r❞❡♥✳ ❈♦♠♦ ❡♥ ❬❙❙✵✻❪ ② ❬❈❋▲✾✶❪✱ ❝♦♥s✐❞❡r❡♠♦s ❡❧ ♦♣❡r❛❞♦r
❡❧í♣t✐❝♦ L ❞❡✜♥✐❞♦ ♣♦r

Lu(x) =
∑

1≤i,j≤n
ai,j(x)

∂2u

∂xi∂xj
(x) ✭✶✳✵✳✷✹✮

❡♥ ❝✳ t✳ ♣✳ ❞❡ Rn✱ ❞♦♥❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j s❛t✐s❢❛❝❡♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

ai,j = aj,i

♣❛r❛ t♦❞♦s i, j✱ ② ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ ν ∈ (0, 1] t❛❧ q✉❡

ν|ξ|2 ≤
∑

1≤i,j≤n
ai,j(x)ξiξj ≤ ν−1|ξ|2✱

♣❛r❛ t♦❞♦ ξ ∈ Rn ② ❝✳ t✳ ♣✳ x ∈ Rn✳ ❘❡❝♦r❞❛♠♦s q✉❡ ❝✉❛♥❞♦ ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j s♦♥
❛❧ ♠❡♥♦s ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥t✐♥✉♦s✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞ ❥✉♥t♦ ❝♦♥
❧❛s ❡st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❞❡ W 2,p✱ ❝♦♥ 1 < p < ∞✱ s♦♥ ❜✐❡♥ ❝♦♥♦❝✐❞♦s ✭✈❡r ❬●❚✽✸❪✱
♣á❣✐♥❛ ✷✸✺✮✳ ❆❞❡♠ás✱ ❧❛ t❡♦rí❛ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❞✐s❝♦♥t✐♥✉♦s ♣❡rt❡♥❡❝✐❡♥t❡s
❛❧ ❡s♣❛❝✐♦ VMO s❡ r❡♠♦♥t❛ ❛ ❧♦s ❛ñ♦s ✾✵✱ ❝♦♥ ❧♦s tr❛❜❛❥♦s ❞❡ ❈❤✐❛r❡♥③❛✱ ❋r❛s❝❛ ②
▲♦♥❣♦ ✭❬❈❋▲✾✶❪✮ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❡❧í♣t✐❝♦s✱ ② ❇r❛♠❛♥t✐ ② ❈❡r✉tt✐ ✭❬❇❈❈✾✸❪✮ ♣❛r❛ ❡❧ ❝❛s♦
♣❛r❛❜ó❧✐❝♦✱ ❞♦♥❞❡ s❡ ♦❜t✉✈♦ ✉♥❛ ❡st✐♠❛❝✐ó♥ ❞❡ W 1,2

p ② ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐st❡♥❝✐❛ ②
✉♥✐❝✐❞❛❞ ❞❡r✐✈❛❞♦s ❞❡ ❡❧❧❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ q✉❡r❡♠♦s ❞❡st❛❝❛r ❛❧❣✉♥♦s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡
❬❈❋▲✾✶❪ ❡♥ ❧♦s ❝✉❛❧❡s ♥♦s ❛♣♦②❛♠♦s ♣❛r❛ ♦❜t❡♥❡r ❧♦s ♥✉❡str♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✸✳

❙❡❛ Γ ❧❛ ❢✉♥❝✐ó♥ s♦❜r❡ Rn × Rn t❛❧ q✉❡✱ ♣❛r❛ ❝✳ t✳ ♣✳ x0✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ y 7−→ Γ(x0, y)
❡s ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Lx0 =

∑
1≤i,j≤n

ai,j(x0)
∂2

∂yi∂yj
✳ ❉❡♥♦t❡♠♦s t❛♠❜✐é♥

Γi(x, y) =
∂Γ

∂yi
(x, y)✱ Γi,j(x, y) =

∂2Γ

∂yi∂yj
(x, y)✳

❊s s❛❜✐❞♦ q✉❡ ❧❛s ❞❡r✐✈❛❝✐♦♥❡s Γi,j(x, y) s♦♥ ♥ú❝❧❡♦s ❞❡ ❈✲❩ ❡♥ ❧❛ ✈❛r✐❛❜❧❡ y✳ ❆❤♦r❛✱ ❡♥
❬❈❋▲✾✶❪ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✵✳✷✺✳ ✭❚❡♦r❡♠❛ ✸✳✶✱ ❬❈❋▲✾✶❪✮ ❙❡❛♥ n ≥ 3✱ B ✉♥❛ ❜♦❧❛ ❞❡ Rn ② u ∈ W 2,p
0 (B)

❝♦♥ 1 < p <∞✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝✳ t✳ ♣✳ x ∈ B✱

∂2u

∂xi∂xj
(x) = ✈✳♣✳

✂
B

Γi,j(x, x− y)
∑

1≤h,k≤n
(ah,k(x)− ah,k(y))

∂2u

∂yh∂yk
(y)dy



✼ ✷✶

+✈✳♣✳

✂
B

Γi,j(x, x− y)Lu(y)dy + Lu(x)

✂
Sn−1

Γi(x, y)yjdσ(y)✳

❊♥ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ s✐ Ω ❡s ✉♥ ❛❜✐❡rt♦ ❞❡ Rn✱ W 2,p(Ω) ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❙♦❜♦❧❡✈ ❞❡
❧❛s ❢✉♥❝✐♦♥❡s u ∈ Lp(Ω) t❛❧❡s q✉❡✱ ♣❛r❛ 1 ≤ i, j ≤ n✱ ∂u

∂xi
② ∂2u

∂xi∂xj
❡stá♥ ❡♥ Lp(Ω)✱ s✐❡♥❞♦

❡st❛s ú❧t✐♠❛s✱ ❞❡r✐✈❛❞❛s ❞❡ u ❡♥ ❡❧ s❡♥t✐❞♦ ❞é❜✐❧✳ ❯♥❛ ♥♦r♠❛ ❡♥ ❡st❡ ❡s♣❛❝✐♦ s❡ ❞❡✜♥❡
♠❡❞✐❛♥t❡ ❧❛ ❡①♣r❡s✐ó♥

‖u‖pW 2,p(Ω) = ‖u‖pLp(Ω) +
∑

1≤i≤n

∥∥∥∥
∂u

∂xi

∥∥∥∥
p

Lp(Ω)

+
∑

1≤i,j≤n

∥∥∥∥
∂2u

∂xi∂xj

∥∥∥∥
p

Lp(Ω)

✳

▲✉❡❣♦✱W 2,p
0 (Ω) ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s u ∈ W 2,p(Ω) ♣❛r❛ ❧❛s ❝✉❛❧❡s ❤❛② ✉♥❛ s✉❝❡s✐ó♥

{um} ❞❡ ❢✉♥❝✐♦♥❡s C∞ ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ❝♦♥t❡♥✐❞♦ ❡♥ Ω t❛❧ q✉❡

ĺım
m→∞

‖u− um‖W 2,p(Ω) = 0✳

❈❛❜❡ ❞❡st❛❝❛r q✉❡ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❝♦♥s✐❞❡r❛r ❡❧ s✐❣✉✐❡♥t❡ r❡✲
s✉❧t❛❞♦ ❞❡ ❬▲♦r✼✷❪✳

❙❡❛ A = (ci,j) ✉♥❛ ♠❛tr✐③ n×n s✐♠étr✐❝❛ ② ❞❡ ❝♦❡✜❝✐❡♥t❡s ❝♦♥st❛♥t❡s ♣❛r❛ ❧❛ ❝✉❛❧ ❤❛②
✉♥ λ > 0 t❛❧ q✉❡ ∑

1≤i,j≤n
ci,jξiξj ≥ λ|ξ|2✱

♣❛r❛ t♦❞♦ ξ = (ξ1, . . . , ξn) ∈ Rn✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧

L =
∑

1≤i,j≤n
ci,j

∂2

∂xi∂xj
+
∑

1≤i≤n
ci
∂

∂xi
− cn+1

❝♦♥ c1, . . . , cn+1 ♥ú♠❡r♦s r❡❛❧❡s ② cn+1 ≥ 0✳ ❉❡♥♦t❛♥❞♦ ♣♦r E ❛ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧
❞❡ L✱ ♣♦❞❡♠♦s ❛❤♦r❛ ❡♥✉♥❝✐❛r ❡❧ r❡s✉❧t❛❞♦ ❝✐t❛❞♦✳

▲❡♠❛ ✶✳✵✳✷✻✳ ✭▲❡♠❛ ✷✱ ❬▲♦r✼✷❪✮ ❙✐ 1 < p <∞ ② f ∈ Lp (Rn)✱ s❡ t✐❡♥❡♥

✭✐✮ E ∗ f ∈ W 2,p(Rn)✳

✭✐✐✮ L(E ∗ f) = f ✳

✭✐✐✐✮ ‖E ∗ f‖W 2,p(Rn) ≤ C ‖f‖Lp(Rn)✱ ❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ f ✳

◆♦t❛r q✉❡✱ ❡♥ ♥✉❡str♦ ❝❛s♦✱ c1 = · · · = cn+1 = 0 ②✱ ❞❛❞♦ x0 ∈ Rn ✜❥♦✱ ci,j = ai,j(x0)
② E = Γ(x0, ·)✳ ❱♦❧✈✐❡♥❞♦ ❛ ❬❈❋▲✾✶❪✱ s❡ ❞❡♥♦t❛ VMO ❛❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s f ∈ BMO
t❛❧❡s q✉❡

ĺım
r→0

sup
B(x,s)✱ s≤r

|B(x, s)|−1

✂
B(x,s)

∣∣f − fB(x,s)

∣∣ dy = 0✳

❊❧ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡ ❬❈❋▲✾✶❪ ❡s ❡❧ s✐❣✉✐❡♥t❡✳



✷✷ ■♥tr♦❞✉❝❝✐ó♥

❚❡♦r❡♠❛ ✶✳✵✳✷✼✳ ✭❚❡♦r❡♠❛ ✹✳✷✱ ❬❈❋▲✾✶❪✮ ❙❡❛ Ω ✉♥ s✉❜❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ ❞❡ Rn ② ❝♦♥✲
s✐❞❡r❡♠♦s ❡❧ ♦♣❡r❛❞♦r L ❡♥ ✭✶✳✵✳✷✹✮ ❞♦♥❞❡ ❛❞❡♠ás ❧♦s ❝♦❡✜❝✐❡♥t❡ ai,j ❡stá♥ ❡♥ VMO ∩
L∞ (Rn)✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦s 1 < q ≤ p < ∞ ② u ∈ W 2,q

loc (Ω) t❛❧ q✉❡ Lu ∈ Lploc(Ω)✱ s❡ t✐❡♥❡
u ∈ W 2,p

loc (Ω)✳ ▼ás ❛ú♥✱ ❞❛❞♦s Ω′ ② Ω′′✱ ❛❜✐❡rt♦s ❛❝♦t❛❞♦s✱ t❛❧❡s q✉❡ Ω′ ⊂ Ω′′ ② Ω′′ ⊂ Ω✱
r❡s✉❧t❛

‖u‖W 2,p(Ω′) ≤ C
(
‖u‖Lp(Ω′′) + ‖Lu‖Lp(Ω′′)

)

❞♦♥❞❡ C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ u ♣❡r♦ ❞❡♣❡♥❞❡ ❞❡ n✱ ν✱ p✱ ❞✐st(Ω′, ∂Ω′′)✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j
②

M = máx
1≤i,j≤n

máx
|α|≤2n

∥∥∥∥
∂αΓi,j
∂yα

∥∥∥∥
L∞(Ω×Sn−1)

✳

❊♥ ❡❧ t❡♦r❡♠❛ ❞❡ ❛rr✐❜❛✱ W 2,p
loc (Ω) ❞❡♥♦t❛ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s u t❛❧❡s q✉❡✱ ♣❛r❛

t♦❞♦ ❛❜✐❡rt♦ Ω′ t❛❧ q✉❡ Ω′ ⊂ Ω✱ u ∈ W 2,p(Ω′)✳ ❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ❡s ❡s❡♥❝✐❛❧ ♣❛r❛ ❞❡♠♦str❛r
❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

▲❡♠❛ ✶✳✵✳✷✽✳ ✭▲❡♠❛ ✹✳✶✱ ❬❈❋▲✾✶❪✮ ❇❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❞❛❞♦ 1 <
p < ∞✱ ❡①✐st❡♥ ❝♦♥st❛♥t❡s C ② r0✱ q✉❡ ❞❡♣❡♥❞❡♥ ❞❡ n✱ ν✱ p✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j ② M ✱

t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞❛ ❜♦❧❛ B(x0, r)✱ ❝♦♥ r < r0 ② B(x0, r) ⊂ Ω✱ ② t♦❞❛ u ∈ W 2,p
0 (B(x0, r))✱

s❡ t✐❡♥❡

máx
1≤i,j≤n

∥∥∥∥
∂2u

∂xi∂xj

∥∥∥∥
Lp(B(x0,r))

≤ C ‖Lu‖Lp(B(x0,r))
✳

❙✐❣✉✐❡♥❞♦ ❧❛ ♠✐s♠❛ ❧í♥❡❛ ❞❡ ❬❈❋▲✾✶❪✱ ❡♥ ❬❙❙✵✻❪ s❡ ♦❜t✉✈✐❡r♦♥ ❡st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐
✐♥t❡r✐♦r❡s ❡♥ ❝✐❡rt♦ t✐♣♦ ❞❡ ❡s♣❛❝✐♦s ❞❡ ❍❛r❞②✳ ❊❢❡❝t✐✈❛♠❡♥t❡✱ ❙✉♥ ② ❙✉ ❝♦♥s✐❞❡r❛r♦♥
♥✉❡✈❛♠❡♥t❡ ❡❧ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❡❧í♣t✐❝♦ L ❝♦♠♦ ❡♥ ✭✶✳✵✳✷✹✮✱ ❝♦♥ ❧❛s ♠✐s♠❛s ❝♦♥❞✐❝✐♦♥❡s
♣❛r❛ ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡❧❧♦s t♦♠❛r♦♥ ❡❧ ❡s♣❛❝✐♦ LMO✱ ❡❧ ❝✉❛❧ ❡s ❡❧ ❡s♣❛❝✐♦
❞❡ ❢✉♥❝✐♦♥❡s f ∈ L1

loc (R
n) t❛❧❡s q✉❡✱ ❧❛ ❝❛♥t✐❞❛❞

‖f‖LMO = sup
B=B(x,r)✱ r<1

1 + | ln r|
|B|

✂
B

|f − fB| dy

+ sup
B=B(x,r)✱ r≥1

1

|B|

✂
B

|f − fB| dy✱

❡s ✜♥✐t❛✳ ▲✉❡❣♦✱ ✐♥tr♦❞✉❥❡r♦♥ ❡❧ ❡s♣❛❝✐♦ LMO0✱ ❡st♦ ❡s✱ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s f ∈ LMO
t❛❧❡s q✉❡

ĺım
r→0

sup
B(x,s)✱ s≤r

1 + | ln s|
|B(x, s)|

✂
B(x,s)

∣∣f − fB(x,s)

∣∣ dy = 0✳

❆❞❡♠ás✱ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ϕ ∈ C∞
0 ❝♦♥ s♦♣(ϕ) ⊂ B(0, 1)✱ ϕ ≥ 0 ②

✁
ϕ dx = 1✱ ❞❡✜♥✐❡r♦♥

mϕf(x) = sup
0<t<1

|(f ∗ ϕt)(x)| ✱

❝♦♥ f ∈ L1
loc (R

n)✱ x ∈ Rn ② ϕt(x) = t−nϕ(t−1x)✱ ② ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍❛r❞② ❧♦❝❛❧

h1 (Rn) = h1 =
{
f ∈ L1 : mϕf ∈ L1

}
✳



✼ ✷✸

❚❛♠❜✐é♥✱ ❞❛❞♦ ✉♥ ❞♦♠✐♥✐♦ Ω ❞❡ Rn ✭❛❜✐❡rt♦ ❝♦♥❡①♦✮✱ ❙✉♥ ② ❙✉ ❞❡✜♥✐❡r♦♥

h1(Ω) =
{
f ∈ L1(Ω) : f = F |Ω ♣❛r❛ ❛❧❣✉♥❛ F ∈ h1

}

②
‖f‖h1(Ω) = ı́nf

{
‖F‖h1 : f = F |Ω ② F ∈ h1

}
✳

P♦st❡r✐♦r♠❡♥t❡✱ ❝♦♥s✐❞❡r❛r♦♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❙♦❜♦❧❡✈✲❍❛r❞② h2,1(Ω)✱ ❡s ❞❡❝✐r✱ ❡❧ ❡s♣❛❝✐♦ ❞❡
❢✉♥❝✐♦♥❡s u ∈ h1(Ω) t❛❧❡s q✉❡✱ ♣❛r❛ 1 ≤ i, j ≤ n✱ ∂u

∂xi
② ∂2u

∂xi∂xj
❡stá♥ ❡♥ h1(Ω)✱ s✐❡♥❞♦

❡st❛s ú❧t✐♠❛s ❞❡r✐✈❛❞❛s ❞é❜✐❧❡s ❞❡ u✳ ❈♦♥ ❡st❛s ❞❡✜♥✐❝✐♦♥❡s✱ ❡♥ ❬❙❙✵✻❪ s❡ ♦❜t✉✈✐❡r♦♥ ❧♦s
s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s✳

❚❡♦r❡♠❛ ✶✳✵✳✷✾✳ ✭❚❡♦r❡♠❛ ✺✳✶✱ ❬❙❙✵✻❪✮ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡ Rn ② ❝♦♥s✐❞❡r❡♠♦s
❡❧ ♦♣❡r❛❞♦r L ❡♥ ✭✶✳✵✳✷✹✮ ❞♦♥❞❡ ❛❞❡♠ás ❧♦s ❝♦❡✜❝✐❡♥t❡ ai,j ❡stá♥ ❡♥ LMO0 ∩ L∞ (Rn) ②

máx
1≤i,j≤n

(
‖ai,j‖∞ + ‖ai,j‖LMO

)
≤ ν−1✳

❊♥t♦♥❝❡s✱ ❞❛❞❛ u ∈ h2,1(Ω)✱ ♣❛r❛ t♦❞♦ Ω′✱ ❛❜✐❡rt♦ ❝♦♥❡①♦ t❛❧ q✉❡ Ω′ ⊂ Ω✱ r❡s✉❧t❛

∥∥∥∥∥
∑

1≤i,j≤n

∂2u

∂xi∂xj

∥∥∥∥∥
h1(Ω′)

≤ C
(
‖u‖h1(Ω) + ‖∇u‖h1(Ω) + ‖Lu‖h1(Ω)

)
✱

❞♦♥❞❡ C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ u ♣❡r♦ ❞❡♣❡♥❞❡ ❞❡ n✱ ν✱ p✱ Ω✱ Ω′ ② ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j✳

▲❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ ❡s ❡s❡♥❝✐❛❧ ♣❛r❛ ❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✵✳✸✵✳ ✭Pr♦♣♦s✐❝✐ó♥ ✺✳✶✱ ❬❙❙✵✻❪✮ ❇❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱
❡①✐st❡♥ ❝♦♥st❛♥t❡s C ② r0✱ q✉❡ ❞❡♣❡♥❞❡♥ ❞❡ n✱ ν✱ p ② ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j✱ t❛❧❡s q✉❡✱ ♣❛r❛

t♦❞❛ ❜♦❧❛ B(x0, r)✱ ❝♦♥ r < r0 < 1 ② B(x0, r) ⊂ Ω✱ ② t♦❞❛ u ∈ h2,1(Ω) ❝♦♥ s♦♣(u) ⊂
B(x0, r)✱ s❡ t✐❡♥❡ ∥∥∥∥∥

∑

1≤i,j≤n

∂2u

∂xi∂xj

∥∥∥∥∥
h1(Ω)

≤ C ‖Lu‖h1(Ω) ✳

❨❛ q✉❡✱ ❝♦♠♦ ❡s s❛❜✐❞♦✱ ❡❧ ❡s♣❛❝✐♦ BMO ❝❧ás✐❝♦ ❡s ❡❧ ❞✉❛❧ ❞❡❧ ❜✐❡♥ ❝♦♥♦❝✐❞♦ ❡s♣❛❝✐♦ ❞❡
❍❛r❞② ✭♥♦✲❧♦❝❛❧✮ H1✱ ♥✉❡str♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✸ s♦♥✱ ❡♥ ❝✐❡rt❛ ❢♦r♠❛✱
✉♥❛ ✈❡rs✐ó♥ ❞✉❛❧ ❞❡ ❡st♦s ú❧t✐♠♦s✱ ② ❧♦s ❡s♣❛❝✐♦s LMO q✉❡ ❝♦♥s✐❞❡r❛♠♦s r❡♣r❡s❡♥t❛♥ ✉♥❛
✈❡rs✐ó♥ β✲❧♦❝❛❧ ❞❡ ❧♦s ❝♦♥s✐❞❡r❛❞♦s ♣♦r ❙✉♥ ② ❙✉✳

▲❛s ❡st✐♠❛❝✐♦♥❡s ✐♥t❡r✐♦r❡s ❞❡ BMO ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ s♦❧✉❝✐♦♥❡s ❞❡ ❡❝✉❛❝✐♦♥❡s ❡❧í♣✲
t✐❝❛s ❧✐♥❡❛❧❡s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✱ ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ ✉♥ s✉❜❡s❛❝✐♦ ❛❞❡❝✉❛❞♦ LMO✱ ❢✉❡r♦♥
❡st✉❞✐❛❞♦s ♣♦r ♣r✐♠❡r❛ ✈❡③ ♣♦r P✳ ❆❝q✉✐st❛♣❛❝❡ ❡♥ ❬❆❝q✾✷❪✳ ❉❡s♣✉és ❞❡ ❡s♦✱ ◗✳ ❍✉❛♥❣
❡♥ ❬❍✉❛✾✻❪ ♦❜t✉✈♦ ❡st✐♠❛❝✐♦♥❡s ✐♥t❡r✐♦r❡s ❡♥ BMOψ ✭❞♦♥❞❡ ψ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ②
♣♦s✐t✐✈❛✮ ♣❛r❛ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡ s✐st❡♠❛s ❞❡ ❡❝✉❛❝✐♦♥❡s
❡❧í♣t✐❝❛s ❡♥ ❢♦r♠❛ ❞❡ ♥♦ ❞✐✈❡r❣❡♥❝✐❛ ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ VMOω ∩ L∞ ✭❞♦♥❞❡ ω ❡s ✉♥❛
❢✉♥❝✐ó♥ q✉❡ s❡ ❞❡✜♥❡ ❛ ♣❛rt✐r ❞❡ ψ✮✳ ❆❞❡♠ás✱ s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r r❡s✉❧t❛❞♦s s✐♠✐❧❛r❡s



✷✹ ■♥tr♦❞✉❝❝✐ó♥

♣❡r♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ♠♦❞❡❧❛❞♦s ❡♥ ❧♦s ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s
❞❡ ❍ör♠❛♥❞❡r ❡♥ ❡❧ ❣r✉♣♦ ❞❡ ❈❛r♥♦t ❡♥ ❬❇❋✶✸❪ ✭✈❡r t❛♠❜✐é♥ ❧❛s r❡❢❡r❡♥❝✐❛s ❛❧❧í✮✳ ❘❡❧❛✲
❝✐♦♥❛❞♦ ❛❧ ❝❛s♦ ❝♦♥ ✉♥❛ ❢✉♥❝✐ó♥ ♣❡s♦✱ ❡♥ ❬❍❙❱✶✹❪ s❡ ♦❜t✉✈✐❡r♦♥ ❡st✐♠❛❝✐♦♥❡s ✐♥t❡r✐♦r❡s
❡♥ Lp✱ ❝♦♥ 1 < p < ∞✱ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❡❧í♣t✐❝♦s ❞❡ ♦r❞❡♥ 2m✱ ❝♦♥ m ≥ 1✱
♣❛r❛ ❝❧❛s❡s ❞❡ ▼✉❝❦❡♥❤♦✉♣t Ap ❧♦❝❛❧❡s ②✱ r❡❝✐❡♥t❡♠❡♥t❡ ❡♥ ❬❈❉✶✽❪✱ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡
❝♦♥t♦r♥♦ ❞❡ ❉✐r✐❝❤❧❡t ♣❛r❛ ♣❡s♦s ❡♥ ❧❛s ❝❧❛s❡s ❞❡ ▼✉❝❦❡♥❤♦✉♣t Ap ✉s✉❛❧❡s✳ ❙✐♥ ❡♠❜❛r❣♦
❡♥ ❬❈❉✶✽❪ ❧♦s ❛✉t♦r❡s ❞❡♠♦str❛r♦♥ q✉❡ ❧❛ ❝❧❛s❡ Ap ❧♦❝❛❧ ❡s ♥❡❝❡s❛r✐❛ ♣❛r❛ ♦❜t❡♥❡r ❧♦s
r❡s✉❧t❛❞♦s r❡❧❛t✐✈♦s ❛❧ ♦♣❡r❛❞♦r ∆m✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❬❈❱❱✶✽❪✱ s❡ ♦❜t✐❡♥❡♥ ❡st✐♠❛❝✐♦♥❡s
✐♥t❡r✐♦r❡s ❡♥ Lp ❝♦♥ ♣❡s♦s ❡♥ ❝❧❛s❡s Ap ❧♦❝❛❧❡s ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r✳

❍❛❝❡♠♦s ✉♥ ❝♦♠❡♥t❛r✐♦ ✜♥❛❧ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♥♦t❛❝✐ó♥✿ ❊♥ ♠✉❝❤❛s ♦❝❛s✐♦♥❡s✱ ❞❡✲
♥♦t❛r❡♠♦s ❝♦♥ ❧❛ ♠✐s♠❛ ❧❡tr❛ C ❛ ✭♣♦s✐❜❧❡♠❡♥t❡✮ ❞✐st✐♥t❛s ❝♦♥st❛♥t❡s q✉❡ ❛♣❛r❡❝❡♥ ❡♥
❧♦s ♣❛s♦s ❞❡ ❛❧❣✉♥❛ ❡st✐♠❛❝✐ó♥✳ ❈✉❛♥❞♦ ♥♦s r❡s✉❧t❡ ✐♠♣♦rt❛♥t❡ ✐♥❞✐❝❛r ❧♦s ♣❛rá♠❡tr♦s
s♦❜r❡ ❧♦s ❝✉❛❧❡s ❞❡♣❡♥❞❡ ❛❧❣✉♥❛ ❞❡ ❡st❛s ❝♦♥st❛♥t❡s✱ ❡st♦s ❛♣❛r❡❝❡rá♥ ❝♦♠♦ s✉❜í♥❞✐❝❡s ❡♥
❞✐❝❤❛s ❝♦♥st❛♥t❡s✳



❈❛♣ít✉❧♦ ✷

❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ②
❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

✷✳✶✳ ■♥tr♦❞✉❝❝✐ó♥✿ P❡s♦s ❞❡ ▼✉❝❦❡♥❤♦✉♣t ❧♦❝❛❧❡s ② ❡s✲

♣❛❝✐♦s ❇▼❖ r❡❧❛❝✐♦♥❛❞♦s

❊♥ ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ (X, d) ❝♦♥ P❍❉ ✭✈❡r ❈❛♣ít✉❧♦ ✶✱ ♣á❣✐♥❛ ✺✮✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥
❛❜✐❡rt♦ ♣r♦♣✐♦ Ω ⊂ X t❛❧ q✉❡ ❧❛s ❜♦❧❛s ❝♦♥t❡♥✐❞❛s ❡♥ é❧ s♦♥ ❝♦♥❥✉♥t♦s ❝♦♥❡①♦s ②✱ ♣❛r❛ ❝❛❞❛
β ∈ (0, 1)✱ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❜♦❧❛s Fβ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✶✳ ❆❞❡♠ás✱ ❡❧ ❝♦♥❥✉♥t♦ Ω ❡st❛rá
♣r♦✈✐st♦ ❞❡ ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ µ ❞✉♣❧✐❝❛♥t❡ s♦❜r❡ Fβ✳ P❛r❛ ❡st❛ ❢❛♠✐❧✐❛✱ ❞❡✜♥✐♠♦s ❧❛
❝❧❛s❡ ❞❡ ♣❡s♦s Aβp ❝♦♠♦ s✐❣✉❡✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✳ ❙❡❛ w ∈ L1
loc(Ω) ♥♦✲♥❡❣❛t✐✈♦ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡ Ω ② 1 < p < ∞✳

❉✐r❡♠♦s q✉❡ w ❡s ✉♥ ♣❡s♦ ❡♥ Aβp ✱ ② s❡ ❞❡♥♦t❛rá w ∈ Aβp ✱ s✐

sup
B∈Fβ

(
1

µ(B)

✂
B

w dµ

)(
1

µ(B)

✂
B

w
−1
p−1dµ

)p−1

<∞.

P❛r❛ p = 1✱ ❞✐r❡♠♦s q✉❡ w ❡s ✉♥ ♣❡s♦ ❡♥ Aβ1 ✱ ② s❡ ❞❡♥♦t❛rá w ∈ Aβ1 ✱ s✐

sup
B∈Fβ

(
1

µ(B)

✂
B

w dµ

)(
ı́nf
x∈B

w (x)

)−1

<∞,

❞♦♥❞❡ ❡❧ í♥✜♠♦ s❡ t♦♠❛ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡ ❝❛❞❛ ❜♦❧❛ B✳ P❛r❛ p = ∞✱ s❡ ❞❡✜♥✐rá
❡♥t♦♥❝❡s

Aβ∞ =
⋃

1≤q<∞
Aβq .

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✷✳ ❈♦♠♦ s✉❝❡❞❡ ❝♦♥ ❧❛s ❝❧❛s❡s ✉s✉❛❧❡s ❞❡ ♣❡s♦s ❞❡ ▼✉❝❦❡♥❤♦✉♣t✱ t❡♥❡♠♦s
Aβp ⊂ Aβq ✱ ♣❛r❛ t♦❞♦s 1 ≤ p < q ≤ ∞✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ ❤❡❝❤♦ ❡s ❧❛ ♠✐s♠❛ q✉❡ ❧❛
❞❡❧ ❝❛s♦ ❡✉❝❧í❞❡♦✳



✷✻ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✸✳ ❊s ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡✱ s✐ 0 < α < β < 1✱ Aβp = Aαp ✭✈❡r ❬❍❙❱✶✹❪✱
❚❡♦r❡♠❛ ✸✳✹✱ ♣á❣✐♥❛ ✻✷✷✮✱ ♣❛r❛ 1 ≤ p ≤ ∞✱ ♣♦r ❧♦ q✉❡ ❞❡♥♦t❛r❡♠♦s

Alocp =
⋃

0<β<1

Aβp .

❆❤♦r❛✱ ♣❛r❛ ❝❛❞❛ x ∈ Ω✱ ❞❡♥♦t❛♠♦s ρ (x) = d (x,Ωc)✳ ❆sí✱ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❣❡♦♠étr✐❝♦
❧♦❝❛❧ ❝♦♥s✐❞❡r❛r❡♠♦s ❧♦s ❝♦♥❥✉♥t♦s

Sβ(B) =
⋃

x∈B
B(x, βρ(x))

②
Eβ(B) =

⋂

x∈B
B(x, βρ(x)),

♣❛r❛ B ∈ Fβ✳ ❈♦♥ ❡st♦s ♥✉❡✈♦s ❝♦♥❥✉♥t♦s ✐♥tr♦❞✉❝✐♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❝❧❛s❡s ❞❡ ♣❡s♦s✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✹✳ ❙❡❛♥ p > 0 ② w ✉♥ ♣❡s♦ ✭w ∈ L1
loc(Ω) ② ♥♦✲♥❡❣❛t✐✈♦ ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✮✳

P♦r ✉♥ ❧❛❞♦✱ ❞❡♥♦t❛r❡♠♦s w ∈ Bβp s✐

sup
B=B(ξ,r)∈Fβ

µ (B) rp

w(B)

✂
Sβ(B)−B

w(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p
<∞✳

P♦r ♦tr♦ ❧❛❞♦✱ s✐♠❜♦❧✐③❛r❡♠♦s w ∈ B̃βp s✐

sup
B=B(ξ,r)∈Fβ/3

µ (B) rp

w(B)

✂
Eβ(B)−B

w(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p
<∞✳

◆♦t❛r q✉❡ B ⊂ Eβ(B) s✐ B ∈ Fβ/3 ✭✈❡r ▲❡♠❛ ✷✳✻✳✶✮✳

❆❤♦r❛✱ s❡❛♥ β ∈ (0, 1) ② w ✉♥ ♣❡s♦✳ ❉❛❞❛ g ∈ L1
loc(Ω)✱ ❞❡♥♦t❛♠♦s s✉ ♣r♦♠❡❞✐♦ s♦❜r❡

B ❝♦♠♦ gB = 1
µ(B)

✁
B
g dµ✳ ❊♥t♦♥❝❡s t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✺✳ ❉❛❞♦ N ∈ N ✭N ≥ 2✮✱ ❞✐r❡♠♦s q✉❡ f ∈ L1
loc(Ω) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡

BMOβ,N
w ② ❞❡♥♦t❛r❡♠♦s f ∈ BMOβ,N

w ✱ s✐ ❡①✐st❡ Cβ,N > 0 t❛❧ q✉❡

1

w(B)

✂
B

|f − fB| dµ ≤ Cβ,N

♣❛r❛ B ∈ F β
N
✱ ②

1

w(B)

✂
B

|f | dµ ≤ Cβ,N

♣❛r❛ B ∈ Fβ − F β
N
✳ ▼ás ❛ú♥✱ ♣❛r❛ N = 1✱ s❡ ❞❡♥♦t❛rá f ∈ BMOβ,1

w = BMOβ
w s✐ ❡①✐st❡

Cβ > 0 q✉❡ ✈❡r✐✜❝❛
1

w(B)

✂
B

|f − fB| dµ ≤ Cβ



✷✳✶ ■♥tr♦❞✉❝❝✐ó♥✿ P❡s♦s ❞❡ ▼✉❝❦❡♥❤♦✉♣t ❧♦❝❛❧❡s ② ❡s♣❛❝✐♦s ❇▼❖ r❡❧❛❝✐♦♥❛❞♦s ✷✼

❝✉❛♥❞♦ B = B (x, r) ❝♦♥ x ∈ Ω ② r < βρ (x)✱ ②

1

w(B (x, βρ (x)))

✂
B(x,βρ(x))

|f | dµ ≤ Cβ

❝♦♥ x ∈ Ω✳

❖❜s❡r✈❛r q✉❡✱ ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s ❡s♣❛❝✐♦s✱ ❡❧ í♥✜♠♦ ❞❡ ❧❛s ❝♦♥st❛♥t❡s q✉❡ ✈❡r✐✜❝❛♥
❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✐♥❞✐❝❛❞❛s ❡s ✉♥❛ ♥♦r♠❛ ❡♥ ❡❧ ❡s♣❛❝✐♦✳ ❊♥ ❡❢❡❝t♦✱ ♣✉❡s s✐ s❡ t✐❡♥❡

1

w(B (x, βρ (x)))

✂
B(x,βρ(x))

|f | dµ = 0✱

♣❛r❛ ❝❛❞❛ x ∈ Ω✱ ❞❛❞♦ q✉❡ s❡ ♣✉❡❞❡ t♦♠❛r ✉♥ ❝✉❜r✐♠✐❡♥t♦ ♥✉♠❡r❛❜❧❡ {B (xj, βρ (xj))}j
❞❡ Ω ✭X ❡s s❡♣❛r❛❜❧❡ ♣♦r t❡♥❡r ❧❛ P❍❉✮✱ s❡ ❞❡❞✉❝❡ q✉❡ f = 0 ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✳ ❆sí✱
❞❡♥♦t❛r❡♠♦s ❝♦♥ ‖f‖BMOβ,N

w
❛❧ í♥✜♠♦ ❞❡ ❧❛s ❝♦♥st❛♥t❡s ✐♥✈♦❧✉❝r❛❞❛s✳ ❱❡r❡♠♦s q✉❡✱ s✐ w

❡s ✉♥ ♣❡s♦ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✱ ❧♦s ❡s♣❛❝✐♦s BMOβ,N
w ✱ ❝♦♥ N r❡❝♦rr✐❡♥❞♦ ❧♦s ♥ú♠❡r♦s

♥❛t✉r❛❧❡s✱ ❝♦✐♥❝✐❞❡♥ ❡♥tr❡ sí✱ ❛✉♥q✉❡ ❧❛s ♥♦r♠❛s ✈❛rí❡♥ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ N ✳

▲❡♠❛ ✷✳✶✳✻✳ ❙✐ w ❡s ✉♥ ♣❡s♦ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ ❡♥t♦♥❝❡s

BMOβ,N
w = BMOβ

w✱

♣❛r❛ ❝❛❞❛ N ∈ N✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ N ≥ 2 ✜❥♦✳ ❚♦♠❛♠♦s f ∈ BMOβ,N
w ✳ ❙❡❛ B ∈ Fβ✳ ❈♦♠♦

✁
B
|f −

fB| dµ ≤ 2
✁
B
|f | dµ✱ ❡s tr✐✈✐❛❧ q✉❡

‖f‖BMOβ
w
≤ 2 ‖f‖BMOβ,N

w
✱

❞❡ ❧♦ q✉❡ s❡ ❞❡❞✉❝❡ BMOβ,N
w ⊂ BMOβ

w✳ ❙❡❛♥ ❛❤♦r❛ f ∈ BMOβ
w ② B = B (x, r) ∈ Fβ✳ ❙✐

r ≤ β
N
ρ (x)✱ s❡ t✐❡♥❡

1

w(B)

✂
B

|f − fB| dµ ≤ ‖f‖BMOβ
w
✳

P♦r ♦tr♦ ❧❛❞♦✱ ❞❛❞♦ q✉❡ w ❡s ✉♥ ♣❡s♦ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✱ ❡①✐st❡ Cβ,N ≥ 1 t❛❧ q✉❡✱ ♣❛r❛
t♦❞❛ B′ ∈ Fβ✱

w (B′) ≤ Cβ,Nw

(
1

N
B′
)
✳

❊♥t♦♥❝❡s✱ s✐ r > β
N
ρ (x)✱ r❡s✉❧t❛

1

w(B)

✂
B

|f | dµ ≤ 1

w
(
B
(
x, β

N
ρ (x)

))
✂
B(x,βρ(x))

|f | dµ

≤ Cβ,N
w (B (x, βρ (x)))

✂
B(x,βρ(x))

|f | dµ

≤ Cβ,N ‖f‖BMOβ
w
✳

❆sí ♦❜t❡♥❡♠♦s
‖f‖BMOβ,N

w
≤ Cβ,N ‖f‖BMOβ

w
✱

② ❧✉❡❣♦ BMOβ
w ⊂ BMOβ,N

w ✳



✷✽ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❆❤♦r❛ ❝♦♥s✐❞❡r❛♠♦s ♦♣❡r❛❞♦r❡s ❧♦❝❛❧❡s ❞❡ t✐♣♦ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❞❡✜♥✐❞♦s ❝♦♠♦ ❡♥
❬❍❙❱✶✾❪✱ ❡st♦ ❡s

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✼✳ T ❡s ✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧ ✭❝♦♥ 0 < β < 1✮ s✐

✶✳ T ❡s ❧✐♥❡❛❧ ② ❛❝♦t❛❞♦ s♦❜r❡ L2 (Ω, dµ)✳

✷✳ ❍❛② ✉♥ ♥ú❝❧❡♦ K : Ω× Ω → R t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ f ∈ L∞
c (Ω)✱

Tf (x) =

✂
Ω

K (x, y) f (y) dµ (y) ✱

♣❛r❛ ❝✳ t✳ ♣✳ x /∈s♦♣(f)✱ ② Tf (x) = 0 s✐ x ∈ Ω ❡s t❛❧ q✉❡ s♦♣(f)∩B (x, βρ (x)) = ∅✳

✸✳ ❊①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C✱ δ t❛❧❡s q✉❡✱ s✐ x✱ y ∈ Ω s♦♥ ❞✐st✐♥t♦s✱ s❡ t✐❡♥❡♥

✭✐✮ |K (x, y)| ≤ Cµ (B (x, d (x, y)))−1

②
✭✐✐✮ |K (x, y)−K (x′, y)|+ |K (y, x)−K (y, x′)|

≤ Cµ (B (x, d (x, y)))−1

(
d (x, x′)

d (x, y)

)δ
✱

s✐❡♠♣r❡ q✉❡ d (x, y) > 2d (x, x′)✳

P❛r❛ ❡st♦s ♦♣❡r❛❞♦r❡s t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❛❝♦t❛❝✐ó♥✳

❚❡♦r❡♠❛ ✷✳✶✳✽✳ ❉❛❞♦s 0 < β < 1✱ T ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧✱ ② w ∈ Aβ∞ ∩Bβδ ✱
❞♦♥❞❡ δ ❡s ❡❧ ❡①♣♦♥❡♥t❡ ❛s♦❝✐❛❞♦ ❛ T ❡♥ ✸✳✭✐✐✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✶✳✼✱ ❡①✐st❡ C > 0 t❛❧
q✉❡✱ s✐ f s❛t✐s❢❛❝❡ f

w
∈ L∞(Ω)✱ ❡♥t♦♥❝❡s

‖Tf‖BMOβ
w
≤ C

∥∥∥∥
f

w

∥∥∥∥
∞
,

❡s ❞❡❝✐r✱ T ❡s ❛❝♦t❛❞♦ ❞❡ L∞
w (Ω) ❡♥ BMOβ

w✳

❆ s✉ ✈❡③✱ ❝✉❛♥❞♦ s❡❛♥ X = Rn✱ d ❧❛ ❞✐st❛♥❝✐❛ ❡✉❝❧í❞❡❛ ✉s✉❛❧✱ ② µ ❧❛ ♠❡❞✐❞❛ ❞❡
▲❡❜❡s❣✉❡✱ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r t✐❡♥❡ ✉♥ r❡❝í♣r♦❝♦ ✭❡♥ ✉♥ ❝✐❡rt♦ s❡♥t✐❞♦✮✳ P❛r❛ ✈❡r ❡st♦ s❡
❝♦♥s✐❞❡r❛♥ ✈❡rs✐♦♥❡s ❧♦❝❛❧❡s ❞❡ ❧❛s ♠✉② ❝♦♥♦❝✐❞❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③✳ ❙❡❛ η ∈ C∞ (R)
t❛❧ q✉❡ 0 ≤ η ≤ 1✱ η (t) = 1 s✐ |t| ≤ 1

2
✱ ② η (t) = 0 s✐ |t| ≥ 1✳ P❛r❛ ❝❛❞❛ j = 1✱ ✳ ✳ ✳ ✱ n✱ s❡

❞❡✜♥❡ ✉♥❛ ❥✲és✐♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ β−❧♦❝❛❧ ♣♦r

Rβ,η
j f (x) = ĺım

ε→0

✂
|x−y|≥ε

xj − yj
|x− y|n+1

η

( |x− y|
βρ (x)

)
f (y) dy✱

♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ Ω ② f ∈ L∞
c (Ω)✳ ❆s♦❝✐❛❞♦ ❛ ❡st♦s ♦♣❡r❛❞♦r❡s s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡

r❡s✉❧t❛❞♦✳



✷✳✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✷✾

❚❡♦r❡♠❛ ✷✳✶✳✾✳ ❉❛❞❛ η ❝♦♠♦ ❛♥t❡s✱ s✐ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r f q✉❡
s❛t✐s❢❛❝❡ f

w
∈ L∞(Ω) ② ♣❛r❛ ❝❛❞❛ j = 1✱ ✳ ✳ ✳ ✱ n✱ s❡ t✐❡♥❡

∥∥∥Rβ,η
j f

∥∥∥
BMOβ

w

≤ C

∥∥∥∥
f

w

∥∥∥∥
∞
,

❡♥t♦♥❝❡s w ∈ Aβ∞ ∩ Bβ1 ✳

P❛r❛ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧♦s t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s✱ ❡♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ s❡ ❡st✉❞✐❛rá
♠ás ❛ ❢♦♥❞♦ ❧❛ ❝❧❛s❡ ❞❡ ♣❡s♦s Aβ∞✳

✷✳✷✳ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc
∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡✲

r❛❧

❈♦♥s✐❞❡r❛♥❞♦ ❡❧ ❝♦♥t❡①t♦ ♣r❡s❡♥t❛❞♦✱ ❞❛r❡♠♦s ❛♥t❡s ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s ② ♥♦t❛❝✐♦♥❡s
q✉❡ s❡ ✉s❛rá♥ s✐st❡♠át✐❝❛♠❡♥t❡ ❡♥ ❡st❡ tr❛❜❛❥♦✳ ❈♦♠♦ ❡♥ ❬❍❙❱✶✹❪✱ ❞❛❞♦ β ∈ (0, 1)✱ s✐
g ∈ L1

loc(Ω, dµ)✱ s✉ ❢✉♥❝✐ó♥ ♠❛①✐♠❛❧ β✲❧♦❝❛❧ s❡ ❞❡✜♥❡ ❝♦♠♦

Mβg(x) = sup
B∈Fβ :x∈B

1

µ(B)

✂
B

|g|dµ✱

♣❛r❛ ❝❛❞❛ x ∈ Ω✳ ❉❛❞❛ B ∈ Fβ✱ s✉ ♥✉❜❡ ❡s ❡❧ ❝♦♥❥✉♥t♦

Nβ(B) =
⋃

V ∈Fβ :V ∩B 6=∅

V ✳

❆❞❡♠ás✱ ❞❡♥♦t❛r❡♠♦s B̃ = 5B s✐ 5B ∈ Fβ✱ ② B̃ = Nβ(B) ❝✉❛♥❞♦ 5B /∈ Fβ✳ ❚❡♥✐❡♥❞♦
❡st♦ ❡♥ ❝✉❡♥t❛✱ ❡❧ ♦❜❥❡t✐✈♦ s❡rá ♣r♦❜❛r ❧❛s s✐❣✉✐❡♥t❡s ❡q✉✐✈❛❧❡♥❝✐❛s✳

❚❡♦r❡♠❛ ✷✳✷✳✶✳ ❙❡❛ w ∈ L1
loc(Ω, dµ)✱ ♥♦✲♥❡❣❛t✐✈♦ ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✱ ❝♦♥ µ ♠❡❞✐❞❛ ❞✉✲

♣❧✐❝❛♥t❡ s♦❜r❡ Fβ ② r❡❣✉❧❛r ❡♥ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ (Ω, d|Ω)✳ ❊♥t♦♥❝❡s✱ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❧❛s
s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s✿

✭✐✮ w ∈ Aβ∞✳

✭✐✐✮ ❍❛② ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱ s❡ t✐❡♥❡

✂
B̃

Mβ(wχB) dµ ≤ C

✂
1
2
B

w dµ✳

✭✐✐✐✮ ❍❛② ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱ s❡ t✐❡♥❡

✂
B

w log+
w

w 1
2
B

dµ ≤ C

✂
1
2
B

w dµ✳



✸✵ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

✭✐✈✮ ❊❧ ♣❡s♦ w ❞✉♣❧✐❝❛ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ Fβ ② ♣❛r❛ ❝❛❞❛ ε ∈ (0, 1)✱ ❡①✐st❡ α ∈ (0, 1) t❛❧
q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fβ ② ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ E ⊂ B✱ s❡ t✐❡♥❡

µ(E) ≤ αµ(B) ⇒
✂
E

w dµ ≤ ε

✂
B

w dµ✳

P❛r❛ ♣r♦❜❛r ❧❛s ❡q✉✐✈❛❧❡♥❝✐❛s ❞❛❞❛s✱ s❡rá út✐❧ ♦❜t❡♥❡r ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ♣r❡✈✐♦s✳ ❊♥
♣❛rt✐❝✉❧❛r✱ ♥♦s ❞✐s♣♦♥❡♠♦s ❛ ❝♦♥s❡❣✉✐r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛ ❧♦❝❛❧ ❡♥
❡s♣❛❝✐♦s ♠étr✐❝♦s ♣❛r❛ ♣❡s♦s q✉❡ s❛t✐s❢❛❣❛♥ ✭✐✈✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✳ ❈♦♥ ❡st❡ ✜♥✱ ♥♦s
✐♥tr♦❞✉❝✐♠♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❛❞♦ ❡♥ ❬▼❙✽✵❪✳ ❆♥t❡s ❞❛♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✳ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❝❛s✐✲♠étr✐❝♦ (X, d) ❝♦♥ ❝♦♥st❛♥t❡ tr✐❛♥❣✉❧❛r κ ≥ 1
✭✈❡r ❉❡✜♥✐❝✐ó♥ ✶✳✵✳✶✸✮✱ s❡ ❞✐rá q✉❡ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ P s✐ ❡①✐st❡ σ ∈ (0, 1) t❛❧ q✉❡✱ ♣❛r❛
❝✉❛❧❡sq✉✐❡r❛ x ∈ X✱ R > 0✱ y ∈ B (x,R)✱ ② r ∈ (0, 2κR]✱ ❤❛② ✉♥ z ∈ X t❛❧ q✉❡

B (z, σr) ⊂ B (x,R) ∩ B (y, r) ✳

❊❥❡♠♣❧♦ ✷✳✷✳✸✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✱ ‖·‖ ✉♥❛ ♥♦r♠❛ ❡♥ X✱ B (x,R) ✉♥❛ ❜♦❧❛ ❡♥
(X, ‖·‖)✱ y ∈ B (x,R) ② 0 < r ≤ 2R✳ ❙✐ B (y, r) ⊂ B (x,R)✱ ❧❛ ♣r♦♣✐❡❞❛❞ P s❡ ✈❡r✐✜❝❛
❝♦♥ z = y ♣❛r❛ ❝✉❛❧q✉✐❡r σ ∈ (0, 1)✳ ❙✉♣♦♥❡♠♦s ❡♥t♦♥❝❡s B (y, r) * B (x,R)✳ ❙✐ x = y✱
❡♥ ❡st❡ ❝❛s♦ ❞❡❜❡rá s❡r R ≤ r ≤ 2R✱ ② ❧✉❡❣♦

B(x, r/2) ⊂ B(x,R) = B(y, r) ∩B(x,R)✳

❈♦♥s✐❞❡r❛♠♦s ❡♥t♦♥❝❡s x 6= y✳ ❙✐ ‖y − x‖ ≥ r
2
✱ t♦♠❛♠♦s z = y + r

2
x−y

‖x−y‖ ② z′ ∈ B
(
z, r

2

)
✳

❊♥t♦♥❝❡s✱
‖z′ − y‖ ≤ ‖z′ − z‖+ ‖z − y‖ < r✱

②

‖z′ − x‖ ≤ ‖z′ − z‖+ ‖z − x‖
= ‖z′ − z‖+

∣∣∣‖y − x‖ − r

2

∣∣∣

<
r

2
+ ‖y − x‖ − r

2
< R✱

♣♦r ❧♦ q✉❡ B
(
z, r

2

)
⊂ B (y, r) ② B

(
z, r

2

)
⊂ B (x,R)✳ P❛r❛ ‖y − x‖ < r

2
✱ s❡❛♥ z = 1

2
(x+ y)

② z′ ∈ B
(
z, r

4

)
✳ ❊♥t♦♥❝❡s✱

‖z′ − y‖ ≤ ‖z′ − z‖+ ‖z − y‖
= ‖z′ − z‖+ 1

2
‖x− y‖

<
r

4
+
r

4
< r✱

②

‖z′ − x‖ ≤ ‖z′ − z‖+ ‖z − x‖
= ‖z′ − z‖+ 1

2
‖y − x‖



✷✳✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✸✶

<
r

4
+
r

4
≤ R✱

♣♦r ❧♦ q✉❡ B
(
z, r

4

)
⊂ B (y, r) ② B

(
z, r

4

)
⊂ B (x,R)✳ ❆sí✱ t♦♠❛♥❞♦ σ = 1

4
s❡ ✈❡r✐✜❝❛ ❧❛

♣r♦♣✐❡❞❛❞ P ❡♥ (X, ‖·‖)✳

❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❝❛s✐✲♠étr✐❝♦ (X, d)✱ ❡♥ ❬▼❙✽✵❪ s❡ ♣r✉❡❜❛ q✉❡ s✐❡♠♣r❡ s❡ ♣✉❡❞❡ ❝♦♥s✲
tr✉✐r ✉♥❛ ❝❛s✐✲♠étr✐❝❛ δ ❝♦♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

P❛r❛ ❝❛❞❛ x, y ∈ X✱ δ(x, y) ≤ d(x, y) ≤ 3κ2δ(x, y)❀ ✭✷✳✷✳✹✮

(X, δ) t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ P ✳ ✭✷✳✷✳✺✮

❊♥ ♥✉❡str♦ ❝♦♥t❡①t♦ s❡rá κ = 1 ② ❧♦s r❡s✉❧t❛❞♦s s❡ ♣r♦❜❛rá♥ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦ ❝❛s✐✲
♠étr✐❝♦ (X, δ)✳ ❈♦♥ ❡❧ ✜♥ ❞❡ tr❛❜❛❥❛r ❝♦♥ ❧❛ ❣❡♦♠❡trí❛ ❧♦❝❛❧ ❡♥ ❡st❡ ❡s♣❛❝✐♦ ② ❧✉❡❣♦
tr❛s❧❛❞❛r ❧♦ ♣r♦❜❛❞♦ ❛❧ ❡s♣❛❝✐♦ ❝♦♥ ❧❛ ♠étr✐❝❛ ✐♥✐❝✐❛❧ d✱ ❤❛r❡♠♦s ❛❧❣✉♥❛s ♦❜s❡r✈❛❝✐♦♥❡s
❜ás✐❝❛s s♦❜r❡ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛ t❡♦rí❛ ♣❡s❛❞❛ ❧♦❝❛❧ ❡♥ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ (X, d) ② ❧❛
❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❡s♣❛❝✐♦ ❝❛s✐✲♠étr✐❝♦ (X, δ)✳ ❆♥t❡s✱ s❡rá ❝♦♥✈❡♥✐❡♥t❡ ❞❛r ❡❧ s✐❣✉✐❡♥t❡
❧❡♠❛✳

▲❡♠❛ ✷✳✷✳✻✳ ❙❡❛♥ 0 < γ ≤ β
1+β

②✱ ❡♥ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ (X, d)✱ B (y, r) ∈ Fγ✱ ② z ∈
B (y, r)✳ ❊♥t♦♥❝❡s✱ B (z, r) ∈ Fβ✳

❉❡♠♦str❛❝✐ó♥✳ ❙✐ z′ /∈ Ω✱ s❡ t✐❡♥❡

ρ (y) ≤ d (y, z) + d (z, z′) < γρ (y) + d (z, z′) ✱

♣♦r ❧♦ q✉❡ t♦♠❛♥❞♦ í♥✜♠♦ s♦❜r❡ z′ /∈ Ω✱ ♦❜t❡♥❡♠♦s

(1− γ) ρ (y) ≤ ρ (z) ✳

❈♦♥ ❡st❡ ❤❡❝❤♦ s❡ s✐❣✉❡ q✉❡

r ≤ γρ (y) ≤ γ

1− γ
ρ (z) ≤ βρ (z) ✱

♣♦r ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ γ✳

❊♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r ♣r♦❜❛♠♦s ✉♥ ❧❛❞♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ q✉❡ s❡rá
❢r❡❝✉❡♥t❡♠❡♥t❡ ❛♣❧✐❝❛❞❛ ❡♥ ❡st❡ tr❛❜❛❥♦✱ ♣♦r ❧♦ ❝✉❛❧ ❧❛ ❡♥✉♥❝✐❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳

▲❡♠❛ ✷✳✷✳✼✳ ❙❡❛♥ (X, d) ❡s♣❛❝✐♦ ♠étr✐❝♦✱ 0 < β < 1 ② Ω ❛❜✐❡rt♦ ♣r♦♣✐♦ ♥♦ ✈❛❝í♦ ❞❡❧
♠✐s♠♦✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ t♦❞♦s ξ ∈ Ω ② x ∈ B(ξ, βρ(ξ))✱ s❡ t✐❡♥❡

(1− β)ρ(ξ) ≤ ρ(x) ≤ (1 + β)ρ(ξ)✳



✸✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ ξ ∈ Ω ② x ∈ Bβ(ξ)✳ ❙✐ z ∈ Ωc✱ t❡♥❡♠♦s

ρ(x) ≤ d(x, ξ) + d(ξ, z) < βρ(ξ) + d(ξ, z)

②
ρ(ξ) ≤ d(ξ, x) + d(x, z) < βρ(ξ) + d(x, z)✱

♣♦r ❧♦ ❝✉❛❧ ❧❛ ❝♦♥❝❧✉s✐ó♥ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❡s ❝❧❛r❛✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✽✳ ❙❡❛♥ Fd
β = {Bd(x, r) : x ∈ Ω✱ 0 < r ≤ βd(x,Ωc)} ② F δ

β = {Bδ(x, r) :

x ∈ Ω✱ 0 < r ≤ βδ(x,Ωc)}✳ ❙✐ Bδ(y, r) ∈ F δ
β ❡♥t♦♥❝❡s✱ ♣♦r ✭✷✳✷✳✹✮ t❡♥❡♠♦s

δ(y,Ωc) ≤ d(y,Ωc) ≤ 3δ(y,Ωc)

② ❧✉❡❣♦ r ≤ βδ(y,Ωc) ≤ βd(y,Ωc)✱ ♦ s❡❛✱ Bd(y, r) ∈ Fd
β ✳ ■♥✈❡rs❛♠❡♥t❡✱ s✐ Bd(y, r) ∈ Fd

β ✱
s❡ t✐❡♥❡ r ≤ βd(y,Ωc) ≤ 3βδ (y,Ωc)✱ ② ❧✉❡❣♦✱ Bδ(y,

1
3
r) ∈ F δ

β ✳ ▼ás ❛ú♥✱ s✐ Bδ(y, r) ∈ F δ
β/3✱

r❡s✉❧t❛
Bδ(y, r) ⊂ Bd(y, 3r) ∈ Fd

β ✳

❆sí ❛s❡❣✉r❛♠♦s q✉❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r B ∈ F δ
β/3✱ B ⊂ Ω✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✾✳ ❙❡❛♥ ν✱ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ Fd
β ✱ ② γ ≤ β

3
✳

P♦r ✭✷✳✷✳✹✮ s❡ t✐❡♥❡✱
Bd(y, r) ⊂ Bδ(y, r) ⊂ Bd(y, 3r)✱

♣❛r❛ t♦❞♦s y ∈ Ω ② r > 0✳ ❙✐ Bδ(y, r) ∈ F δ
γ/2 ❡♥t♦♥❝❡s Bd(y, 6r) ∈ Fd

β ✱ ② ❧✉❡❣♦

ν (Bδ(y, 2r)) ≤ ν (Bd(y, 6r)) ≤ Cν (Bd(y, r))

≤ Cν (Bδ(y, r)) ✳

❉❡ ❡st❡ ♠♦❞♦✱ s❡ ❞❡❞✉❝❡ q✉❡ ν ❞✉♣❧✐❝❛ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ F δ
γ ✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✵✳ ❙❡❛♥ ν✱ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ Fd
β ✱ γ ≤ β

111
✱ ②

σ ∈ (0, 1) ❞❛❞♦ ♣♦r ✭✷✳✷✳✺✮ ② ❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷ ♣❛r❛ (X, δ, ν)✳ ❱❡❛♠♦s q✉❡ s✐Bδ(y, r) ∈ F δ
γ ✱

ést❛ ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❝♦♥ ❧❛ ❝❛s✐✲♠étr✐❝❛ δ ② ❧❛ ♠❡❞✐❞❛ ν ✭r❡str✐♥❣✐❞❛s ❛
❧❛ ❜♦❧❛✮✳ ❙✐ x✱ z ∈ Bδ (y, r) ② t ≥ 6r✱ s❡ t✐❡♥❡ ♣♦r ✭✷✳✷✳✹✮

δ (z, x) ≤ d (z, y) + d (y, x)

≤ 3 (δ (z, y) + δ (y, x)) < 6r ≤ t✱

❛sí✱ Bδ (y, r) ⊂ Bδ (x, t)✳ ▲✉❡❣♦

ν (Bδ (x, 2t) ∩ Bδ (y, r)) = ν (Bδ (y, r)) = ν (Bδ (x, t) ∩ Bδ (y, r)) ✳

❆❤♦r❛ s❡❛ t < 6r✳ P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✽ s❡ t✐❡♥❡ Bd(y, r) ∈ Fd
γ ② ❡st♦✱ ❥✉♥t♦ ❝♦♥ ❡❧

▲❡♠❛ ✷✳✷✳✼✱ ♥♦s ❞❛

t < 6γd (y,Ωc) ≤ 6γ

1− 3γ
d (x,Ωc) <

β

18
d (x,Ωc) ✱



✷✳✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✸✸

②❛ q✉❡ x ∈ Bδ (y, r) ⊂ Bd (y, 3r) ② ❛❞❡♠ás 6γ
1−3γ

< 6β/111
1−3/111

= β
18
✳ ❊♥t♦♥❝❡s✱ Bd (x, 6t) ∈

Fβ/3✳ ▲✉❡❣♦✱ ♣♦r ❧❛ ♣r♦♣✐❡❞❛❞ P ✱ ❡①✐st❡ ✉♥ z ∈ Bδ (x, t) t❛❧ q✉❡

ν(Bδ (x, 2t) ∩ Bδ(y, r)) ≤ ν(Bd(x, 6t)) ≤ Cν (Bd (x, 3t))

≤ Cν(Bd(z, 6t)) ≤ C ′ν(Bδ(z, σt))

≤ C ′ν(Bδ(x, t) ∩ Bδ(y, r))

✭❞♦♥❞❡ C ′ ❞❡♣❡♥❞❡ t❛♠❜✐é♥ ❞❡ σ✮✱ ②❛ q✉❡ Bd(z, 6t) ∈ Fd
β ✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✻✳ ❆sí✱(

Bδ(y, r), δ|Bδ(y,r), ν|Bδ(y,r)

)
❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❝♦♥ ❝♦♥st❛♥t❡ tr✐❛♥❣✉❧❛r 3

② ❞♦♥❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ ν|Bδ(y,r) ❞❡♣❡♥❞❡ ❞❡ σ ② β✱ ♣❡r♦ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡
❞❡ Bδ(y, r)✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✶✳ ❙❡❛♥ µ ② ν ♠❡❞✐❞❛s ❞❡ ❇♦r❡❧ s♦❜r❡ Ω✳ ❙❡ ❞✐rá q✉❡ ν ❡s ❝♦♠♣❛r❛❜❧❡ ❛
µ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ Fβ s✐ ♣❛r❛ ❝❛❞❛ ε ∈ (0, 1)✱ ❡①✐st❡ α ∈ (0, 1) t❛❧ q✉❡✱ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛
B ∈ Fβ ② E ⊂ B ✭♠❡❞✐❜❧❡✮✱ s❡ t✐❡♥❡

µ(E) ≤ α µ(B) ⇒ ν(E) ≤ ε ν(B)

✭❛sí✱ ✭✐✈✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶ ❞✐❝❡ q✉❡ ❧❛ ♠❡❞✐❞❛ ❣❡♥❡r❛❞❛ ♣♦r w ❡s ❝♦♠♣❛r❛❜❧❡ ❛ µ✮✳
❱❡❛♠♦s q✉❡ ν ❡s ❝♦♠♣❛r❛❜❧❡ ❛ µ s♦❜r❡ F δ

γ ✱ ❝♦♥ γ ≤ β
3
✱ s✐ ν ❡s ❞✉♣❧✐❝❛♥t❡ ② ❝♦♠♣❛r❛❜❧❡

❛ µ s♦❜r❡ Fd
β ✳ ❙❡❛♥ C ≥ 1✱ ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ ν s♦❜r❡ Fd

β ✱ ② ε ∈ (0, 1) .

❚♦♠❛♠♦s α ∈ (0, 1) ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ε
C
♣❛r❛ ❧❛ ❝♦♠♣❛r❛❜✐❧✐❞❛❞ s♦❜r❡ Fd

β ✳ ❙✐ Bδ ∈ F δ
γ ②

Bd ❡s ❧❛ ❜♦❧❛ ❝♦♥ ♠✐s♠♦ ❝❡♥tr♦ ② r❛❞✐♦✱ ♣❡r♦ r❡s♣❡❝t♦ ❛ ❧❛ ♠étr✐❝❛ d✱ 3Bd ∈ Fd
β ✱ ♣♦r ❧❛

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✽✳ ❊♥t♦♥❝❡s✱ s✐ E ⊂ Bδ ❡s ♠❡❞✐❜❧❡ ② t❛❧ q✉❡ µ (E) ≤ α µ (Bδ)✱ s❡ t✐❡♥❡
µ (E) ≤ α µ (3Bd)✱ ② ❧✉❡❣♦

ν (E) ≤ ε

C
ν (3Bd) ≤ εν (Bd) ≤ εν (Bδ) ✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✷✳ ❙❡❛♥ µ✱ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ s♦❜r❡ Ω q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fd
β ✱ ② w ∈

Aβp (Ω, d, µ)✱ ❝♦♥ 1 < p < ∞✳ ❱❡❛♠♦s q✉❡ w ∈ Aγp (Ω, δ, µ)✱ ♦ s❡❛✱ w ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥
Ap s♦❜r❡ ❜♦❧❛s ❞❡ F δ

γ ✱ ❝♦♥ γ ≤ β
3
✳ ❙✐ Bδ ∈ F δ

γ ② Bd ❡s ❧❛ ❜♦❧❛ ❝♦♥ ❡❧ ♠✐s♠♦ ❝❡♥tr♦ ② r❛❞✐♦
q✉❡ Bδ✱ ♣❡r♦ r❡s♣❡❝t♦ ❛ ❧❛ ♠étr✐❝❛ d✱ s❡ t✐❡♥❡ 3Bd ∈ Fd

β ✱ ♣♦r ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✽✳ ❊♥t♦♥❝❡s✱
♣♦r ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ s♦❜r❡ Fd

β ✱ ❡①✐st❡ C ≥ 1 ✭✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ Bd✮ t❛❧ q✉❡

✂
Bδ

w dµ

(✂
Bδ

w
−1
p−1dµ

)p−1

≤
✂
3Bd

w dµ

(✂
3Bd

w
−1
p−1dµ

)p−1

≤ [w]Aβ
p
µ (3Bd)

p

≤ Cp [w]Aβ
p
µ (Bd)

p

≤ Cp [w]Aβ
p
µ (Bδ)

p ✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✸✳ ❙❡❛♥ µ✱ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ s♦❜r❡ Ω q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ ✉♥❛ ❢❛♠✐❧✐❛
Fd
β ✱ ② w ✉♥ ♣❡s♦ q✉❡ t❛♠❜✐é♥ ❞✉♣❧✐❝❛ s♦❜r❡ Fd

β ✳ ❱❡❛♠♦s q✉❡ s✐ γ ≤ β
9
② w ✈❡r✐✜❝❛

✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛ ❝♦♥ r❡s♣❡❝t♦ ❛ µ s♦❜r❡ ❧❛s ❜♦❧❛s ❞❡ F δ
3γ✱ ❡♥t♦♥❝❡s

✈❡r✐✜❝❛ ❡st❡ t✐♣♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞ s♦❜r❡ Fd
γ ✳ ❙❡❛♥ s > 1 ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛ ♣❛r❛ w✱ Bd ∈ Fd
γ ✱ ② Bδ ❧❛ ❜♦❧❛ ❝♦♥ ♠✐s♠♦ ❝❡♥tr♦ ② r❛❞✐♦✱



✸✹ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

♣❡r♦ r❡s♣❡❝t♦ ❛ ❧❛ ❝❛s✐✲♠étr✐❝❛ δ✳ P♦r ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✽✱ Bδ ∈ F δ
3γ✱ ② ❧✉❡❣♦✱ ②❛ q✉❡ µ

❞✉♣❧✐❝❛ s♦❜r❡ Fd
3γ ②✱ ♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✾✱ w ❞✉♣❧✐❝❛ s♦❜r❡ F δ

3γ✱ s❡ ♦❜t✐❡♥❡
(

1

µ(Bd)

✂
Bd

wsdµ

) 1
s

≤
(

C

µ(3Bd)

✂
Bδ

wsdµ

) 1
s

≤
(

C

µ(Bδ)

✂
Bδ

wsdµ

) 1
s

≤ C ′

µ(Bδ)

✂
Bδ

w dµ

≤ C ′

µ(Bd)

✂
3Bd

w dµ

≤ C ′′

µ(Bd)

✂
Bd

w dµ✳

❆❤♦r❛✱ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛ ❧♦❝❛❧✱ r❡❝✉rr✐r❡♠♦s ❛❧ ▲❡♠❛
✺✳✷ ❡♥ ❬❆❇■✵✺❪✳ ❆❧❧í✱ ❞❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ (X, d, µ)✱ s✐❡♠♣r❡ s❡ ♣✉❡❞❡
❝♦♥str✉✐r ✉♥❛ ❢❛♠✐❧✐❛ D ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ X ❧❧❛♠❛❞♦s ❝♦♥❥✉♥t♦s ❞✐á❞✐❝♦s✱ ❧♦s ❝✉❛❧❡s
❥✉❡❣❛♥ ❡❧ r♦❧ ❞❡ ❧♦s ❝✉❜♦s ❞✐á❞✐❝♦s ❡♥ ❧♦s ❡s♣❛❝✐♦s ❡✉❝❧í❞❡♦s ✭✈❡r ❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✷✵✮✳
❉✐r❡♠♦s ❡♥t♦♥❝❡s q✉❡ ✉♥ ♣❡s♦ w ❡stá ❡♥ AD

p ✭❧♦ q✉❡ ❞❡♥♦t❛r❡♠♦s ❝♦♠♦ w ∈ AD
p ✮✱ ♣❛r❛

1 ≤ p ≤ ∞✱ s✐ ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥ Ap ✉s✉❛❧ s♦❜r❡ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ D✳ ❊s ❢á❝✐❧ ♣r♦❜❛r
q✉❡ ✉♥ ♣❡s♦ q✉❡ ✈❡r✐✜❝❛ ✉♥❛ ❝♦♥❞✐❝✐ó♥ Ap ✉s✉❛❧ ❡stá ❡♥ AD

p ✳ ❉✐❝❤♦ ❡st♦✱ ♣r❡s❡♥t❛♠♦s ❡❧
❧❡♠❛ ❡♥ ❝✉❡st✐ó♥✳

▲❡♠❛ ✷✳✷✳✶✹✳ ❙❡❛ (X, d, µ) ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❞♦♥❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s
s♦♥ ❞❡♥s❛s ❡♥ L1(X) ② t❛❧ q✉❡ s✉s ❜♦❧❛s s♦♥ ❝♦♥❥✉♥t♦s ❛❜✐❡rt♦s✳ ❙✐ w ∈ AD

p ♣❛r❛ ❛❧❣✉♥❛
❢❛♠✐❧✐❛ ❞✐á❞✐❝❛ D✱ ❝♦♥ 1 ≤ p ≤ ∞✱ ❡①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ② σ✱ q✉❡ ❞❡♣❡♥❞❡♥ s♦❧♦
❞❡ p✱ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ AD

p ❞❡ w ② ❧❛s ❝♦♥st❛♥t❡s ❣❡♦♠étr✐❝❛s ❞❡❧ ❡s♣❛❝✐♦✱ t❛❧❡s
q✉❡ (

1

µ(Q)

✂
Q

w1+σ dµ

) 1
1+σ

≤ C

µ(Q)

✂
Q

w dµ✱

♣❛r❛ t♦❞♦ Q ∈ D✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✺✳ ❊♥ r❡❛❧✐❞❛❞✱ ♣❛r❛ ❞❡♠♦str❛r ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r s❡ ✉s❛ ✉♥❛ ❝♦♥❞✐❝✐ó♥
♠ás ❞❡❜✐❧ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ AD

p ✳ ❆ s❛❜❡r✱ ❡①❛♠✐♥❛♥❞♦ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✺✳✷ ❡♥
❬❆❇■✵✺❪✱ s❡ ✈❡ q✉❡ ❜❛st❛ ♣❡❞✐r q✉❡ ❡①✐st❛♥ ❝♦♥st❛♥t❡s α ② β ❡♥ (0, 1) ✈❡r✐✜❝❛♥❞♦ q✉❡✱
♣❛r❛ ❝❛❞❛ Q ∈ D ② E ⊂ Q ✭♠❡❞✐❜❧❡✮ t❛❧ q✉❡ µ(E) ≤ αµ(Q)✱ s❡ t✐❡♥❡ w(E) ≤ βw(Q)✳ ❊s
❢á❝✐❧ ♣r♦❜❛r q✉❡ s✐ w ∈ AD

p ❡♥t♦♥❝❡s w ✈❡r✐✜❝❛ ❡st❛ ❝♦♥❞✐❝✐ó♥✳

P❛r❛ ♣r♦❜❛r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✱ ✉s❛r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞ ❞❡ ❧♦s ❡❧❡♠❡♥t♦s
❞❡ D✿ ❊①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s a ② A t❛❧❡s q✉❡ a < 1 ≤ A ② ♣❛r❛ ❝❛❞❛ Q ∈ D ❤❛②
✉♥❛ ❜♦❧❛ BQ✱ ❝♦♥ ❝❡♥tr♦ ❡♥ Q✱ ✈❡r✐✜❝❛♥❞♦

aBQ ⊂ Q ⊂ ABQ✳ ✭✷✳✷✳✶✻✮

❚❛♠❜✐é♥✱ ❡♥ ❧♦ q✉❡ s✐❣✉❡✱ ❞✐r❡♠♦s q✉❡ ✉♥ ♣❡s♦ w ❡s ❝♦♠♣❛r❛❜❧❡ ❛ ❧❛ ♠❡❞✐❞❛ µ s♦❜r❡ ✉♥❛
❢❛♠✐❧✐❛ Fβ s✐ ❧❛ ♠❡❞✐❞❛ ✐♥❞✉❝✐❞❛ ♣♦r w ❡s ❝♦♠♣❛r❛❜❧❡ ❛ µ s♦❜r❡ Fβ✳



✷✳✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✸✺

❚❡♦r❡♠❛ ✷✳✷✳✶✼✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❧❛ ♠❡❞✐❞❛ µ ❡s r❡❣✉❧❛r s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦
(Ω, d|Ω)✱ ② s❡❛♥ β ∈ (0, 1) ② 0 < γ ≤ β

333
✳ ❙✐ w ∈ L1

loc(Ω, dµ) ❡s ♥♦✲♥❡❣❛t✐✈♦ ❡♥ ❝✳ t✳
♣✳ ❞❡ Ω✱ ❞✉♣❧✐❝❛ ② ❡s ❝♦♠♣❛r❛❜❧❡ ❛ µ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ Fβ✱ ❡①✐st❡♥ C ≥ 1 ② s > 1 t❛❧❡s q✉❡✱
♣❛r❛ t♦❞❛ B ∈ Fγ✱ s❡ t✐❡♥❡

(
1

µ(B)

✂
B

ws dµ

) 1
s

≤ C

µ(B)

✂
B

w dµ✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡❛♠♦s q✉❡ w ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❜✉s❝❛❞❛ s♦❜r❡ ❧❛s ❜♦❧❛s ❞❡ F δ
3γ✱

❞♦♥❞❡ δ ❡s ❧❛ ❝❛s✐✲♠étr✐❝❛ ❡q✉✐✈❛❧❡♥t❡ ❛ d ❞❛❞❛ ♣♦r ❬▼❙✽✵❪✳ ❙❡❛ B = Bδ(ξ, r) ∈ F δ
3γ✳

P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✵✱ (B, δ|B, µ|B) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❝♦♥ ❝♦♥st❛♥t❡
tr✐❛♥❣✉❧❛r 3 ② ❞♦♥❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ|B ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B✳ ❙❡❛ D ✉♥❛
❢❛♠✐❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞✐á❞✐❝♦s ❞❡ (B, δ|B, µ|B) ❝♦♠♦ ❧❛ ❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✷✵✳ P♦r ❧❛
❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✶ s❛❜❡♠♦s q✉❡ w ❡s ❝♦♠♣❛r❛❜❧❡ ❛ µ s♦❜r❡ F δ

κ✱ ♣❛r❛ ❝✉❛❧q✉✐❡r κ ≤ β/3✳
❱❡❛♠♦s q✉❡ w ✈❡r✐✜❝❛ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❛❞❛ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✺✳ P♦r ❧❛ ♣r♦♣✐❡❞❛❞ P
✭❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✮ ② ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✾✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C0 ≥ 1 ✭✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B✮
t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ ❜♦❧❛ Bδ ❝♦♥ ❝❡♥tr♦ ❡♥ B ② r❛❞✐♦ ♥♦ ♠❛②♦r ❛ 6r✱ s❡ t✐❡♥❡

w(Bδ) ≤ C0w(Bδ ∩ B)✳ ✭✷✳✷✳✶✽✮

❆❞❡♠ás✱ ♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✵✱ (B, δ|B, w|B) ❡s t❛♠❜✐é♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦
❞♦♥❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ w|B ♥♦ ❞❡♣❡♥❞❡ ❞❡ B✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❡①✐st❡ C1 ≥ 1
t❛❧ q✉❡

w (ABδ ∩B) ≤ C1w (aBδ ∩ B) ✱ ✭✷✳✷✳✶✾✮

♣❛r❛ t♦❞♦ ❜♦❧❛ Bδ ❝♦♥ ❝❡♥tr♦ ❡♥ B✱ ❞♦♥❞❡ a ② A s♦♥ ❧❛s ❝♦♥st❛♥t❡s ❞❛❞❛s ❡♥ ✭✷✳✷✳✶✻✮✳
❆❤♦r❛✱ s✉♣♦♥❣❛♠♦s q✉❡ ✜❥❛♠♦s ✉♥ ♥ú♠❡r♦ κ ≥ 3γ ②✱ ♣❛r❛ ε = (2C0C1)

−1✱ ❝♦♥s✐❞❡r❛♠♦s
✉♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ α ∈ (0, 1) ❞❛❞♦ ♣♦r ❧❛ ❝♦♠♣❛r❛❜✐❧✐❞❛❞ ❞❡ w ❝♦♥ µ s♦❜r❡ F δ

κ✳ ❙❡❛
Q ∈ D ② BQ = B(xQ, rQ) ∩ B✳ P♦r ✭✷✳✷✳✶✻✮ s❛❜❡♠♦s q✉❡

B (xQ, arQ) ∩ B ⊂ Q ⊂ B (xQ, ArQ) ∩B✳

❊♥t♦♥❝❡s✱ ♣♦r ✉♥ ❧❛❞♦✱ s✐ s✉♣♦♥❡♠♦s ArQ ≥ 6r✱ t❡♥❡♠♦s B ⊂ B (xQ, ArQ)✱ ② ❧✉❡❣♦✱ s✐
E ⊂ Q ❡s ♠❡❞✐❜❧❡ ② µ(E) ≤ αµ(Q)✱ r❡s✉❧t❛ E ⊂ B ② µ(E) ≤ αµ(B)✱ ♣♦r ❧♦ q✉❡

w(E) ≤ εw(B) = εw (B (xQ, ArQ) ∩ B)

≤ εC1w (B (xQ, arQ) ∩ B) ≤ 1

2
w(Q)✳

❆❤♦r❛✱ s✉♣♦♥❣❛♠♦s ArQ < 6r✳ ❙✐ t♦♠❛♠♦s z /∈ Ω✱ ✈❡♠♦s q✉❡

1

3
δ(ξ,Ωc) ≤ δ(ξ, xQ) + δ(xQ, z)

< 3γδ(ξ,Ωc) + δ(xQ, z)✱

♣♦r ❧♦ ❝✉❛❧ (
1

3
− 3γ

)
δ(ξ,Ωc) ≤ δ(xQ,Ω

c)✱



✸✻ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

② ❧✉❡❣♦

ArQ < 18γδ(ξ,Ωc) ≤ 18γ
1
3
− 3γ

δ(xQ,Ω
c)✱

❞♦♥❞❡
18γ

1
3
− 3γ

≤ 6
β
111

1
3
− β

111

= 6
β

37− β
<
β

6

②
18γ

1
3
− 3γ

>
18γ

1/3
> 3γ✳

❆sí✱ s✐ t♦♠❛♠♦s κ = 18γ
1
3
−3γ

✱ t❡♥❡♠♦s 3γ ≤ κ < β/3 ② B(xQ, ArQ) ∈ F δ
κ✳ ▲✉❡❣♦✱ s✐ E ⊂ Q

❡s ♠❡❞✐❜❧❡ ② µ(E) ≤ αµ(Q)✱ ❡♥t♦♥❝❡s E ⊂ B(xQ, ArQ) ② µ(E) ≤ αµ(B(xQ, ArQ))✱ ♣♦r
❧♦ q✉❡

w(E) ≤ εw(B (xQ, ArQ)) ≤ εC0w (B (xQ, ArQ) ∩ B)

≤ εC0C1w (B (xQ, arQ) ∩B) ≤ 1

2
w(Q)✱

❞❡❜✐❞♦ ❛ ✭✷✳✷✳✶✾✮ ② ✭✷✳✷✳✶✽✮✳ ❉❡ ❡st❡ ♠♦❞♦ ❝♦♥s❡❣✉✐♠♦s ✈❡r q✉❡ w ✈❡r✐✜❝❛ ❧❛ ♣r♦♣✐❡❞❛❞
❜✉s❝❛❞❛✳ ▲✉❡❣♦✱ ❞❡❜✐❞♦ ❛ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✺✱ ❡s ♣♦s✐❜❧❡ ❛♣❧✐❝❛r ❡❧ ▲❡♠❛ ✷✳✷✳✶✹ ♣❛r❛ ❡❧
❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ (B, δ|B, µ|B)✱ ♣♦r ❧♦ q✉❡ ❡①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ② σ✱
✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ B✱ t❛❧❡s q✉❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r Q ∈ D✱ s❡ t✐❡♥❡

(
µ(Q)−1

✂
Q

w1+σdµ

)1+σ

≤ CwQ✳

❈♦♠♦ (B, δ|B, µ|B) ❡s ❛❝♦t❛❞♦✱ ❞❡❜✐❞♦ ❛ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✷✵✱ ❡①✐st❡ Q0 ∈ D t❛❧ q✉❡
B = Q0✳ ❆sí✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❛rr✐❜❛ s❡ ♦❜t✐❡♥❡ ❝♦♥ B ❡♥ ❧✉❣❛r ❞❡ Q t♦♠❛♥❞♦ Q = Q0✳
❋✐♥❛❧♠❡♥t❡✱ s❡ ❝♦♥s✐❣✉❡ ♣r♦❜❛r ❡❧ r❡s✉❧t❛❞♦ ❞❡❜✐❞♦ ❛ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✸✳

❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ s❡rá út✐❧ ♣❛r❛ ❡①t❡♥❞❡r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♦❜t❡♥✐❞❛ ❛rr✐❜❛ s♦❜r❡ ❝✉❛❧q✉✐❡r
❢❛♠✐❧✐❛ Fβ✳

▲❡♠❛ ✷✳✷✳✷✵✳ ❙❡❛♥ 0 < γ < β < 1 ② w ✉♥ ♣❡s♦ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ ② q✉❡ ✈❡r✐✜❝❛
✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛ s♦❜r❡ Fγ✳ ❊♥t♦♥❝❡s✱ w ✈❡r✐✜❝❛ ❧❛ ♠✐s♠❛ ❞❡s✐❣✉❛❧❞❛❞
s♦❜r❡ Fβ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ s > 1 ❡❧ ❡①♣♦♥❡♥t❡ ♣❛r❛ ❡❧ ❝✉❛❧ w ✈❡r✐✜❝❛ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r
✐♥✈❡rs❛ s♦❜r❡ Fγ✳ ❙❡❛ B = B (x, r) ∈ Fβ − Fγ✳ ❈♦♥s✐❞❡r❛♠♦s n ∈ N t❛❧ q✉❡ β

1−β ≤ 2nγ✳
❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ P❍❉ ✭✈❡r ❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✶✶✮✱ ❡①✐st❡♥ M ∈ N ✭q✉❡ ❞❡♣❡♥❞❡ ❞❡
n✱ ♣❡r♦ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B✮ ② {x1, . . . , xm} ⊂ B t❛❧❡s q✉❡

B ⊂
m⋃

j=1

B
(
xj,

r

2n

)
✱ ✭✷✳✷✳✷✶✮



✷✳✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✸✼

❝♦♥ m ≤M ✳ ❆❞❡♠ás✱ ♣❛r❛ ❝❛❞❛ j s❡ t✐❡♥❡

r

2n
≤ β

2n
ρ (x) ≤ β

2n (1− β)
ρ (xj) ≤ γρ (xj) ✱

♦ s❡❛✱ {B (xj, r/2
n)}j=1,...,m ⊂ Fγ✳ ❙✉♣♦♥❣❛♠♦s q✉❡ B (xj, 2r) ∈ Fβ✳ ❊♥ ❡s❡ ❝❛s♦ s❡ t✐❡♥❡

µ (B) ≤ Cµ
(
B
(
xj,

r

2n

))
✱

♣♦r ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ✳ ❊♥ ❝❛s♦ ❝♦♥tr❛r✐♦ ✭2r > βρ (xj)✮✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✶ ❡♥ ❬❍❙❱✶✹❪ ✭✈❡r
▲❡♠❛ ✶✳✵✳✽ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✶✮✱ s✐ ν ❡s ✉♥❛ ♠❡❞✐❞❛ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡
Cν,β t❛❧ q✉❡✱ s✐ V ∈ Fβ −Fβ/5✱ ν (Nβ (V )) ≤ Cν,βν (V )✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ j✱

µ (B) ≤ µ (Nβ (B (xj, βρ (xj)))) ≤ Cµ,βµ (B (xj, βρ (xj)))

≤ C ′
µ,βµ

(
B

(
xj,

β

2n+1
ρ (xj)

))
≤ C ′

µ,βµ
(
B
(
xj,

r

2n

))
✱

♦ s❡❛✱

µ (B) ≤ C ′
µ,βµ

(
B
(
xj,

r

2n

))
✱ ✭✷✳✷✳✷✷✮

②✱ ❝♦♠♦ w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✱ t❡♥❡♠♦s

w
(
B
(
xj,

r

2n

))
≤ w (Nβ (B (x, βρ (x)))) ≤ Cw,βw (B (x, βρ (x)))

≤ C ′
w,βw

(
B

(
x,
β

2n
ρ (x)

))
≤ C ′

w,βw (B (x, γρ (x)))

≤ C ′
w,βw (B) ✳ ✭✷✳✷✳✷✸✮

▲✉❡❣♦✱ ❧❧❛♠❛♥❞♦ C ′ ❛ ❧❛ ♠ás ❣r❛♥❞❡ ❞❡ ❧❛s ❝♦♥st❛♥t❡s ❡♥ ✭✷✳✷✳✷✷✮ ② ✭✷✳✷✳✷✸✮✱ ♣♦r ✭✷✳✷✳✷✶✮
② ❧❛ ❤✐♣ót❡s✐s ❞❛❞❛✱ r❡s✉❧t❛

✂
B

wsdµ ≤
m∑

j=1

✂
B(xj ,r/2n)

wsdµ

≤ Cw,s,γ

m∑

j=1

µ
(
B
(
xj,

r

2n

))1−s
(✂

B(xj ,r/2n)

w dµ

)s

≤ Cw,s,γ (C
′)
2s−1

Mµ (B)1−sw (B)s ✳

❈❧❛r❛♠❡♥t❡✱ ❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✼ ② ❡❧ ▲❡♠❛ ✷✳✷✳✷✵ ♥♦s ♣r♦♣♦r❝✐♦♥❛♥ ❡❧ s✐❣✉✐❡♥t❡ ❝♦r♦❧❛r✐♦✳

❈♦r♦❧❛r✐♦ ✷✳✷✳✷✹✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❧❛ ♠❡❞✐❞❛ µ ❡s r❡❣✉❧❛r s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦
(Ω, d|Ω)✳ ❙✐ w ∈ L1

loc(Ω, dµ)✱ ❡s ♥♦✲♥❡❣❛t✐✈♦ ❝✳ t✳ ♣✳ ❞❡ Ω✱ ❞✉♣❧✐❝❛ ② ❡s ❝♦♠♣❛r❛❜❧❡ ❛
µ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ Fβ✱ ❡①✐st❡♥ C ≥ 1 ② s > 1 t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱ s❡ t✐❡♥❡

(
1

µ(B)

✂
B

ws dµ

) 1
s

≤ C

µ(B)

✂
B

w dµ✳



✸✽ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❈♦♠♦ s✉❝❡❞❡ ❡♥ ❡❧ ❝❛s♦ ♥♦✲❧♦❝❛❧✱ ❧❛ ❝♦♥❞✐❝✐ó♥ Alocp t❛♠❜✐é♥ ♣r♦♣♦r❝✐♦♥❛ ✉♥❛ ❞❡s✐❣✉❛❧✲
❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛✳

❚❡♦r❡♠❛ ✷✳✷✳✷✺✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❧❛ ♠❡❞✐❞❛ µ ❡s r❡❣✉❧❛r s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦
(Ω, d|Ω)✱ ② s❡❛♥ β ∈ (0, 1) ② 0 < γ ≤ β

333
✳ ❙✐ w ∈ Alocp ✱ ❝♦♥ 1 < p < ∞✱ ❡①✐st❡♥

C ≥ 1 ② s > 1 t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fγ✱ s❡ t✐❡♥❡

(
1

µ(B)

✂
B

ws dµ

) 1
s

≤ C

µ(B)

✂
B

w dµ✳

❉❡♠♦str❛❝✐ó♥✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❡s s✐♠✐❧❛r ❛ ❧❛ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✼✳ ❙❡❛ B = Bδ(ξ, r) ∈
F δ

3γ✱ ❞♦♥❞❡ δ ❡s ❧❛ ❝❛s✐✲♠étr✐❝❛ ❡q✉✐✈❛❧❡♥t❡ ❛ d ❞❛❞❛ ♣♦r ❬▼❙✽✵❪✳ P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✵✱
(B, δ|B, µ|B) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❝♦♥ ❝♦♥st❛♥t❡ tr✐❛♥❣✉❧❛r 3 ② ❞♦♥❞❡ ❧❛
❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ|B ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B✳ ❱❡r❡♠♦s q✉❡ w ∈ Ap(B, δ|B, µ|B)
②✱ ♣♦st❡r✐♦r♠❡♥t❡✱ w ∈ AD

p ✱ ❞♦♥❞❡ D ❡s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞✐á❞✐❝♦s ❞❡ (B, δ|B, µ|B)✳
▲✉❡❣♦✱ ♣♦❞r❡♠♦s ❛♣❧✐❝❛r ❡❧ ▲❡♠❛ ✷✳✷✳✶✹ ② ❡❧ r❡st♦ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ s❡❣✉✐rá ❝♦♠♦ ❧❛ ❞❡❧
❚❡♦r❡♠❛ ✷✳✷✳✶✼✳ ❆❤♦r❛✱ ❝♦♠♦ w ∈ Aβp (Ω, d, µ)✱ t❡♥❡♠♦s w ∈ Aκp(Ω, δ, µ)✱ ♣❛r❛ ❝✉❛❧q✉✐❡r
κ ≤ β/3✱ ♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✷✳ ❙❡❛♥ x ∈ B ② t > 0✳ ❙✐ t ≥ 2r✱ r❡s✉❧t❛ B = B∩Bδ(x, t)
② ✈❛❧❡ tr✐✈✐❛❧♠❡♥t❡ q✉❡

✂
B∩Bδ(x,t)

w dµ

(✂
B∩Bδ(x,t)

w
−1
p−1dµ

)p−1

≤ [w]Aγ
p
µ (B ∩Bδ(x, t))

p ✳

❈✉❛♥❞♦ t < 2r✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❧❛ ❝♦♥st❛♥t❡ C0 ❞❡ ✭✷✳✷✳✶✽✮ ❝♦♥ χΩ ❡♥ ❧✉❣❛r ❞❡ w✳ ❉❡

❡st❡ ♠♦❞♦✱ s✐ t♦♠❛♠♦s κ = máx
{
3γ, 6γ

1
3
−3γ

}
✱ ❝♦♠♦ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✼✱

t❡♥❡♠♦s 3γ ≤ κ < β/3 ② Bδ(x, t) ∈ F δ
κ✳ ▲✉❡❣♦✱ ♦❜t❡♥❡♠♦s

✂
B∩Bδ(x,t)

w dµ

(✂
B∩Bδ(x,t)

w
−1
p−1dµ

)p−1

≤
✂
Bδ(x,t)

w dµ

(✂
Bδ(x,t)

w
−1
p−1dµ

)p−1

≤ [w]Aκ
p
µ (Bδ(x, t))

p

≤ Cp
0 [w]Aκ

p
µ (B ∩ Bδ(x, t))

p ✳

❊❧ ▲❡♠❛ ✷✳✷✳✷✵✱ ❥✉♥t♦ ❝♦♥ ❡st❡ ú❧t✐♠♦ t❡♦r❡♠❛✱ ♥♦s ♣r♦♣♦r❝✐♦♥❛ ❡❧ s✐❣✉✐❡♥t❡ ❝♦r♦❧❛r✐♦✳

❈♦r♦❧❛r✐♦ ✷✳✷✳✷✻✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❧❛ ♠❡❞✐❞❛ µ ❡s r❡❣✉❧❛r s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦
(Ω, d|Ω)✳ ❙✐ w ∈ Alocp ✱ ❝♦♥ 1 < p < ∞✱ ❡①✐st❡♥ C ≥ 1 ② s > 1 t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞❛
B ∈ Fβ✱ s❡ t✐❡♥❡ (

1

µ(B)

✂
B

ws dµ

) 1
s

≤ C

µ(B)

✂
B

w dµ✳

P❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶ ♥❡❝❡s✐t❛r❡♠♦s t❛♠❜✐é♥ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✱
❡❧ ❝✉❛❧ ❡s ✉♥❛ ✈❡rs✐ó♥ s♦❜r❡ ❜♦❧❛s ❞❡ ✉♥❛ ❢❛♠✐❧✐❛ ❧♦❝❛❧ ❞❡ ❧❛ ♠✉② ❝♦♥♦❝✐❞❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥



✷✳✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✸✾

t✐♣♦ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❞❡ ✉♥ ❡s♣❛❝✐♦ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❛❝♦t❛❞♦✱ ❝♦♠♦ ❧❛ ❞❛❞❛ ✭♣♦r ❡❥❡♠✲
♣❧♦✮ ❡♥ ❡❧ ▲❡♠❛ ✸✳✶ ❞❡ ❬▼❙✽✵❪✱ ♣á❣✐♥❛ ✶✸✳ ◆✉❡str❛ ♣r✉❡❜❛ ❞❡❧ ♠✐s♠♦ s❡ ❜❛s❛ ❡♥ té❝♥✐❝❛s
❞❡s❛rr♦❧❧❛❞❛s ♣♦r ❍✳ ❆✐♠❛r ② ❘✳ ▼❛❝í❛s ❡♥ ❬❆▼✽✹❪ ✭✈❡r t❛♠❜✐é♥ ❬❆✐♠✽✺❪✮✳

▲❡♠❛ ✷✳✷✳✷✼✳ ❉❛❞♦s B ∈ Fβ✱ f ∈ L1(Ω, dµ)✱ ♥♦✲♥❡❣❛t✐✈❛ ❡♥ ❝✳ t✳ ♣✳ ❝♦♥ s♦♣♦rt❡ ❝♦♥t❡✲
♥✐❞♦ ❡♥ B✱ ② λ ≥ fB ♣❛r❛ ❡❧ ❝✉❛❧ {y ∈ Ω : Mβf(y) > λ} 6= ∅✱ ❡①✐st❡ {Bj} ⊂ Fβ✱ ❢❛♠✐❧✐❛
❞✐s❥✉♥t❛ ♥✉♠❡r❛❜❧❡✱ t❛❧ q✉❡

fB̃j
≤ λ < fBj

✱ ♣❛r❛ ❝❛❞❛ j✱ ✭✷✳✷✳✷✽✮

②

fV ≤ λ✱ ♣❛r❛ t♦❞❛ V ∈ Fβ ❝♦♥ ❝❡♥tr♦ ❡♥ ✉♥ ♣✉♥t♦ ❢✉❡r❛ ❞❡ ∪ B̃j✱ ✭✷✳✷✳✷✾✮

❞♦♥❞❡ B̃j = 5Bj✱ s✐ 5Bj ∈ Fβ✱ ② B̃j = Nβ(Bj) ❝✉❛♥❞♦ 5Bj /∈ Fβ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ E = {y ∈ Ω : Mβf(y) > λ}✳ ❊♥t♦♥❝❡s✱ s✐ y ∈ E✱ ❤❛② ✉♥❛ By ∈ Fβ

t❛❧ q✉❡ y ∈ By ② fBy > λ✳ ❈♦♥s✐❞❡r❛♠♦s

Γ = {x ∈ Ω : ∃ rx ∈ (0, βρ(x)] / fB(x,rx) > λ}✳

❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ x ∈ Γ ② z ∈ B(x, rx)✱ t❡♥❡♠♦s

λ < fB(x,rx) ≤ Mβf(z)✱

♣♦r ❧♦ q✉❡ B(x, rx) ⊂ E✳ ❆sí ❞❡❞✉❝✐♠♦s

E =
⋃

x∈Γ
B(x, rx)✳

❈❛❜❡ ❞❡st❛❝❛r q✉❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ E ❛♥t❡r✐♦r ❡s ✈á❧✐❞❛ s♦❜r❡ ❝✉❛❧q✉✐❡r ❢❛♠✐❧✐❛ ❞❡
❜♦❧❛s {B(x, tx)}x∈Γ ✈❡r✐✜❝❛♥❞♦ B(x, tx) ∈ Fβ ② fB(x,tx) > λ✳ ❙❡❛ V = B(x, rx)✱ ❝♦♥ x ∈ Γ✳
❈♦♠♦ 0 < λ < 1

µ(V )

✁
V ∩B f dµ✱ ❞❡❜❡ s❡r V ∩ B 6= ∅✱ ♦ s❡❛✱ B ⊂ Nβ(V ) ✭② t❛♠❜✐é♥

V ⊂ Nβ(B)✮✳ ❊♥t♦♥❝❡s

1

µ(Nβ(V ))

✂
Nβ(V )∩B

f dµ ≤ fB ≤ λ✱ ✭✷✳✷✳✸✵✮

♣❛r❛ t♦❞♦ x ∈ Γ✳ ❆❤♦r❛✱ s❡❛ γx = sup{t ∈ (0, βρ(x)] : fB(x,t) > λ}✳ ❊s ❝❧❛r♦ q✉❡✱ ♣❛r❛
t♦❞♦ x ∈ Γ✱ rx ≤ γx ≤ βρ(x)✳ ❙✐ rx < γx✱ t♦♠❛♠♦s 0 < δ < 4

5
γx ② tx t❛❧ q✉❡

máx(rx, γx − δ) < tx ≤ γx✱

②
fB(x,tx) > λ✳

❈♦♠♦ r❡s✉❧t❛
5tx > 5(γx − δ) > γx✱



✹✵ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

t❡♥❡♠♦s fB(x,5tx) ≤ λ ❝✉❛♥❞♦ 5tx ≤ βρ(x)✳ ❙✐ rx = γx ❡s❝♦❣❡♠♦s tx = γx ② s❡ s✐❣✉❡

✈❡r✐✜❝❛♥❞♦ ❧♦ ❛♥t❡r✐♦r✳ ❉❡♥♦t❛♥❞♦ Bx = B(x, tx) ② t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ B̃x = 5Bx✱ s✐
5Bx ∈ Fβ✱ ② B̃x = Nβ(Bx) ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ ♣♦r ✭✷✳✷✳✸✵✮ s❡ ♦❜t✐❡♥❡

fB̃x
≤ λ < fBx ✱ ✭✷✳✷✳✸✶✮

♣❛r❛ ❝❛❞❛ x ∈ Γ✱ ② ❛❞❡♠ás
E =

⋃

x∈Γ
Bx✳ ✭✷✳✷✳✸✷✮

❇✉s❝❛♠♦s ❛❤♦r❛ ✉♥❛ s✉❜❢❛♠✐❧✐❛ ♥✉♠❡r❛❜❧❡ ❞❡ {Bx}x∈Γ✳ ❙❡❛✱ ♣❛r❛ ❝❛❞❛ j ∈ Z✱ Ωj = {x ∈
Ω : 2j−1 ≤ ρ(x) < 2j}✳ ❙✐ B = B(ξ, r)✱ s❡❛ kξ ❡❧ ❡♥t❡r♦ t❛❧ q✉❡ ξ ∈ Ωkξ ✳ P♦r r❡s✉❧t❛❞♦s ❡♥
❬❍❙❱✶✹❪ ♣á❣✐♥❛s ✻✶✺ ② ✻✶✻ ✭✈❡r ❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✼✮✱ s❡ s❛❜❡ q✉❡ ❡①✐st❡♥ ❡♥t❡r♦s m ② n✱
❞❡♣❡♥❞✐❡♥t❡s s♦❧♦ ❞❡ β✱ t❛❧❡s q✉❡

Nβ(B) ⊂
kξ+m+1⋃

j=kξ−m−n
Ωj✱

♣♦r ❧♦ ❝✉❛❧✱ s✐ B(x, t) ∈ Fβ ❡s t❛❧ q✉❡ B(x, t) ∩ B 6= ∅✱ s❡ t✐❡♥❡ t ≤ βρ(x) < β2kξ+m+1✳
❆sí✱ ❞❛❞♦ q✉❡ ❝❛❞❛ Bx✱ ❝♦♥ x ∈ Γ✱ ❡s ✉♥❛ ❜♦❧❛ ❞❡ Nβ(B)✱ s❡ ❞❡❞✉❝❡

sup{tx : x ∈ Γ} ≤ 2kξ+m+1✳

▲✉❡❣♦✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✷✳✷ ❞❡ ❬❍❙❱✶✹❪ ✭✈❡r ▲❡♠❛ ✶✳✵✳✶✵ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✶✮✱ t❡♥❡♠♦s
q✉❡ ❡①✐st❡ {Bj} ⊂ {Bx}x∈Γ✱ s✉❜❢❛♠✐❧✐❛ ❞✐s❥✉♥t❛ ❛ ❧♦ s✉♠♦ ♥✉♠❡r❛❜❧❡✱ t❛❧ q✉❡

⋃

j

Bj ⊂ E ⊂
⋃

j

B̃j✱

♣♦r ✭✷✳✷✳✸✷✮✱ ②
fB̃j

≤ λ < fBj
✱

♣❛r❛ ❝❛❞❛ j✱ ♣♦r ✭✷✳✷✳✸✶✮✳ ❉❡ ❡st❡ ♠♦❞♦ ❤❡♠♦s ♣r♦❜❛❞♦ ✭✷✳✷✳✷✽✮✳ P♦r ú❧t✐♠♦✱ s✐ B(x, t) ∈
Fβ ♥♦ ❡stá ❝♦♥t❡♥✐❞❛ ❡♥ ∪B̃j✱ ❡s ❝❧❛r♦ q✉❡ x /∈ Γ✱ ♣♦r ❧♦ ❝✉❛❧ fB(x,t) ≤ λ✱ ♣r♦❜❛♥❞♦ ❛sí
✭✷✳✷✳✷✾✮✳

❆❤♦r❛ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♣r♦❝❡❞❡r ❝♦♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ♥✉❡str♦ t❡♦r❡♠❛ ❞❡
❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s ❡♥ Aloc∞ ✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✳ ✭✐✮⇒✭✐✐✮✳ ❙❡❛ 1 < p < ∞ ♣❛r❛ ❡❧ ❝✉❛❧ w ∈ Aβp ✳ ❊♥✲
t♦♥❝❡s✱ ♣♦r ❈♦r♦❧❛r✐♦ ✷✳✷✳✷✻✱ w s❛t✐s❢❛❝❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛✱ s♦❜r❡ Fβ✱
♣❛r❛ ❛❧❣ú♥ s > 1✳ ❚❛♠❜✐é♥✱ s❡ s❛❜❡ ❞❡ ❬❍❙❱✶✹❪ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ♠á①✐♠❛❧ ❧♦❝❛❧ ❡s ❞❡ t✐♣♦
❢✉❡rt❡ (s, s) ❝♦♥ r❡s♣❡❝t♦ ❛ µ ✭✈❡r ❚❡♦r❡♠❛ ✶✳✵✳✹✮✳ ▲✉❡❣♦✱ s✐ C ≥ 1 ❡s t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛

B ∈ Fβ✱ µ
(
B̃
)
≤ Cµ(B)✱ s❡ ♦❜t✐❡♥❡

✂
B̃

Mβ(wχB)dµ ≤
(✂

Ω

(Mβ(wχB))
s dµ

) 1
s

µ
(
B̃
)1− 1

s



✷✳✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✹✶

≤ C ′
(✂

B

wsdµ

) 1
s

(Cµ(B))1−
1
s

≤ C

✂
B

w dµ ≤ C ′
✂

1
2
B

w dµ✱

❞❛❞♦ q✉❡ w ∈ Aβp ✐♠♣❧✐❝❛ q✉❡ w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳

✭✐✐✮⇒✭✐✐✐✮✳ ❱❡❛♠♦s q✉❡ ❜❛st❛ ♣r♦❜❛r✂
B

w log+
w

wB
dµ ≤ C

✂
B

w dµ✱ ✭✷✳✷✳✸✸✮

♣❛r❛ t♦❞❛ B ∈ Fβ✳ ❙❡❛♥ B = B(x, r) ∈ Fβ ② f = wχB✳ ❉❛❞❛s ♥✉❡str❛s ❤✐♣ót❡s✐s✱ s❛❜❡♠♦s
q✉❡ ✈❛❧❡ ❡❧ t❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡ ❡♥ (Ω, d|Ω, µ|Ω) ✭✈❡r ❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✶✾✮✳
❆sí t❡♥❡♠♦s q✉❡ f (x) ≤ Mβf (x) ❡♥ ❝❛s✐ t♦❞♦ x ∈ Ω✳ ❊♥t♦♥❝❡s✱ ❡s ❝❧❛r♦ q✉❡ ✭✐✐✮ ✐♠♣❧✐❝❛
q✉❡ w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳ ❉❡ ❡st❡ ♠♦❞♦✱ s✐ C ′ ≥ 1 ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ w
s♦❜r❡ Fβ✱ t❡♥❡♠♦s

wB =
w(B)

µ(B)
≤ C ′w

(
1
2
B
)

µ(B)
≤ C ′w 1

2
B

②✱ s✐ ✈❛❧❡ ✭✷✳✷✳✸✸✮✱ r❡s✉❧t❛✂
B

w log+
w

w 1
2
B

dµ =

✂
{
x∈B:w 1

2B
≤w(x)≤C′w 1

2B

}w log
w

w 1
2
B

dµ

+

✂
{
x∈B:w(x)>C′w 1

2B

}w log
w

w 1
2
B

dµ

≤ logC ′w(B) +

✂
{
x∈B:w(x)>C′w 1

2B

}w

(
log

w

wB
+ log

wB
w 1

2
B

)
dµ

≤ logC ′w (B) +

✂
{x∈B:w(x)>wB}

w log
w

wB
dµ

+ log
wB
w 1

2
B

w (B)

≤ (2 logC ′ + C)w(B) ≤ (2 logC ′ + C)C ′w

(
1

2
B

)
✱

♣♦r ❧♦ q✉❡ s❡ ✈❡r✐✜❝❛ ✭✐✐✐✮✳

❆❤♦r❛ ♣r♦❜❛r❡♠♦s q✉❡ ✭✐✐✮ ✐♠♣❧✐❝❛ ✭✷✳✷✳✸✸✮✳ ❙❡❛♥ B ② f ❝♦♠♦ ❛♥t❡s✳ ❱❡❛♠♦s q✉❡ ✈❛❧❡
❧❛ ❡st✐♠❛❝✐ó♥ ✂

{Mβf>wB}
Mβf dµ ≤ C

✂
B

w dµ, ✭✷✳✷✳✸✹✮

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B✳ ❙✐ y /∈ Nβ(B)✱ t❡♥❡♠♦s q✉❡ Mβf(y) = 0✱ ♣✉❡s ❞❛❞❛ B′ ∈ Fβ

♣❛r❛ ❧❛ ❝✉❛❧ y ∈ B′✱ r❡s✉❧t❛ B ∩B′ = ∅✱ ② ❧✉❡❣♦ µ (B′)−1 ✁
B′ |f |dµ = 0✳ ❙❡ s✐❣✉❡ q✉❡✂

{Mβf>wB}
Mβf dµ =

✂
{x∈Nβ(B):Mβf(x)>wB}

Mβf dµ✳
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▲✉❡❣♦✱ s✐ 5B /∈ Fβ✱ s❡ t✐❡♥❡ ❛ ♣❛rt✐r ❞❡ ♥✉❡str❛ ❤✐♣ót❡s✐s
✂
{Mβf>wB}

Mβf dµ ≤
✂
Nβ(B)

Mβf dµ ≤ C

✂
1
2
B

w dµ✳

P♦r ♦tr❛ ♣❛rt❡✱ ❝✉❛♥❞♦ 5B ∈ Fβ✱ ❛♣❧✐❝❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ✭✐✐✮ s❡ s✐❣✉❡
✂
{Mβf>wB}

Mβf dµ ≤ C

✂
1
2
B

w dµ+

✂
(Nβ(B)−5B)∩{Mβf>wB}

Mβf dµ✱

♣♦r ❧♦ q✉❡ s♦❧♦ ❞❡❜❡♠♦s ❡st✐♠❛r ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡ ❧❛ ❞❡r❡❝❤❛✳ ❙❡❛♥ y ∈ Nβ(B)− 5B
② B′ = B(x′, r′) ∈ Fβ t❛❧ q✉❡ y ∈ B′ ② B ∩ B′ 6= ∅. ❊♥t♦♥❝❡s✱ s✐ z ∈ B ∩ B′ s❡ t✐❡♥❡

5r ≤ d(x, y) ≤ d(x, z) + d(z, x′) + d(x′, y) < r + 2r′

♣♦r ❧♦ q✉❡ 2r < r′✳ ▲✉❡❣♦✱ s✐ y′ ∈ B✱

d(y′, x′) ≤ d(y′, x) + d(x, z) + d(z, x′) < 2r + r′ < 2r′✱

❞❡ ❧♦ ❝✉❛❧ s❡ ❞❡❞✉❝❡ B ⊂ 2B′✳ ❊♥t♦♥❝❡s B ⊂ B̃′✱ ♣♦r ❧♦ q✉❡ µ(B) ≤ C ′µ(B′) ✭❝♦♥ C ′

✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B ② B′✮ ② ❧✉❡❣♦

1

µ (B′)

✂
B′

|f |dµ ≤ C ′

µ (B)

✂
B

w dµ.

❆sí✱ ♣❛r❛ ❝❛❞❛ y ∈ Nβ(B) − 5B✱ t♦♠❛♥❞♦ s✉♣r❡♠♦ s♦❜r❡ ❧❛s ❜♦❧❛s B′ ∈ Fβ t❛❧❡s q✉❡
y ∈ B′✱ r❡s✉❧t❛

Mβf(y) ≤ C ′wB✳

❉❡ ❡st❡ ♠♦❞♦ s❡ ♦❜t✐❡♥❡✂
(Nβ(B)−5B)∩{Mβf>wB}

Mβf dµ ≤ C ′wBµ ({Mβf > wB})

≤ C ′wB
Cµ,β
wB

✂
Ω

|f |dµ = C

✂
B

w dµ✱

❞♦♥❞❡ ❧❛ ❝♦♥st❛♥t❡ Cµ,β ❛♣❛r❡❝❡ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❞é❜✐❧ ✭✶✱✶✮ ❞❡ ❧❛ ♠❛①✐♠❛❧ ❧♦❝❛❧
✭✈❡r ❚❡♦r❡♠❛ ✶✳✵✳✹✮✳ ❈♦♥ ❡st♦ s❡ ❝♦♥s✐❣✉❡ ✭✷✳✷✳✸✹✮✳

P♦r ♦tr♦ ❧❛❞♦✱ ❞❛❞♦ λ ≥ fB = wB✱ ♣♦r ▲❡♠❛ ✷✳✷✳✷✼✱ ❡①✐st❡ {Bj} ⊂ Fβ ❢❛♠✐❧✐❛ ❞✐s❥✉♥t❛
♥✉♠❡r❛❜❧❡ q✉❡ ✈❡r✐✜❝❛ ✭✷✳✷✳✷✽✮ ② ✭✷✳✷✳✷✾✮✳ ❈♦♠♦ s❡ ✈✐♦ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❧❡♠❛✱ s❡
t✐❡♥❡

∪Bj ⊂ {y ∈ Ω : Mβf(y) > λ} ⊂ ∪B̃j✳

❊♥t♦♥❝❡s✱ s✐❡♥❞♦ ❞❡ ♥✉❡✈♦ C ′ ❧❛ ❝♦♥st❛♥t❡ ♣❛r❛ ❧❛ ❝✉❛❧ µ
(
Ṽ
)

≤ C ′µ(V )✱ ♣❛r❛ t♦❞❛

V ∈ Fβ✱ r❡s✉❧t❛

µ ({y ∈ Ω : Mβf(y) > λ}) ≥
∑

j

µ(Bj) ≥
1

C ′λ

∑

j

✂
B̃j

f dµ



✷✳✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ ✹✸

≥ 1

C ′λ

✂
∪B̃j

f dµ ≥ 1

C ′λ

✂
{f>λ}

f dµ✳

❆sí✱ ✐♥t❡❣r❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❛rr✐❜❛ ❝♦♥ r❡s♣❡❝t♦ ❛ λ, ♦❜t❡♥❡♠♦s ✭♣♦r ❚❡♦r❡♠❛ ❞❡
❋✉❜✐♥✐✮

✂ ∞

wB

1

C ′λ

✂
{f>λ}

f dµ dλ ≤
✂ ∞

wB

✂
{Mβf>λ}

dµ dλ

=

✂
{Mβf>wB}

✂ Mβf(y)

wB

dλ dµ (y)

≤
✂
{Mβf>wB}

Mβf(y)dµ (y) ≤ C

✂
B

w dµ✱

❞♦♥❞❡ ❛♣❧✐❝❛♠♦s ✭✷✳✷✳✸✹✮ ❡♥ ❧❛ ú❧t✐♠❛ ❡st✐♠❛❝✐ó♥✳ ❋✐♥❛❧♠❡♥t❡✱ ❧❛ ✐♠♣❧✐❝❛❝✐ó♥ q✉❡❞❛ ❞❡✲
♠♦str❛❞❛ ❛❧ ♦❜s❡r✈❛r q✉❡ ✭❞❡ ♥✉❡✈♦ ♣♦r ❋✉❜✐♥✐✮

✂ ∞

wB

1

λ

✂
{f>λ}

f dµ dλ =

✂
{f>wB}

✂ f(y)

wB

f(y)

λ
dλ dµ (y)

=

✂
{f>wB}

f(y) log
f(y)

wB
dµ (y)

=

✂
B

w log+
w

wB
dµ✳

✭✐✐✐✮⇒✭✐✈✮✳ ❱❡❛♠♦s ♣r✐♠❡r♦ q✉❡ w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳ ❙❡❛ B ∈ Fβ. ❊♥t♦♥❝❡s✱ ♣♦r ✭✐✐✐✮
② ♣♦r ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ✱ s❡ t✐❡♥❡

✂
B

w dµ =

✂
B∩

{
w>2w 1

2B

}w dµ+

✂
B∩

{
w≤2w 1

2B

}w dµ

≤ (log 2)−1

✂
B∩

{
w>w 1

2B

}w log
w

w 1
2
B

dµ+ 2w 1
2
Bµ (B)

≤ (log 2)−1

✂
B

w log+
w

w 1
2
B

dµ+ 2C ′
✂

1
2
B

w dµ

≤
(
(log 2)−1C + 2C ′)

✂
1
2
B

w dµ✳

P♦r ♦tr♦ ❧❛❞♦✱ t❡♥❡♠♦s q✉❡ ✭✐✐✐✮ ✐♠♣❧✐❝❛ ✭✷✳✷✳✸✸✮ ②❛ q✉❡✱ s✐ B ∈ Fβ ② C ′ ≥ 1 ❡s ✉♥❛
❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ s♦❜r❡ Fβ✱ r❡s✉❧t❛

✂
B

w log+
w

wB
dµ =

✂
{x∈B:wB≤w(x)≤C′wB}

w log
w

wB
dµ

+

✂
{x∈B:w(x)>C′wB}

w log
w

wB
dµ



✹✹ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

≤ logC ′
✂
B

w dµ+

✂
{
x∈B:w(x)>w 1

2B

}w log
w

w 1
2
B

dµ

+ log
w 1

2
B

wB

✂
{x∈B:w(x)>C′wB}

w dµ

≤ (2 logC ′ + C)

✂
B

w dµ✳

❆❤♦r❛✱ ✜♥❛❧♠❡♥t❡✱ ♣r♦❜❡♠♦s q✉❡ ✭✷✳✷✳✸✸✮ ✐♠♣❧✐❝❛ q✉❡ ❧❛ ♠❡❞✐❞❛ ✐♥❞✉❝✐❞❛ ♣♦r w ❡s ❝♦♠✲
♣❛r❛❜❧❡ ❛ µ s♦❜r❡ Fβ✳ ❙❡❛♥ ε ∈ (0, 1)✱ B ∈ Fβ✱ ② E ⊂ B✱ ♠❡❞✐❜❧❡✳ ❉❡♥♦t❛♠♦s

E0 =

{
x ∈ E : w (x) >

εµ (B)

2µ (E)
wB

}
.

P♦r ✭✷✳✷✳✸✸✮ s❡ s✐❣✉❡

log+
εµ (B)

2µ (E)

✂
E0

w dµ ≤
✂
B

w log+
w

wB
dµ ≤ C

✂
B

w dµ✳ ✭✷✳✷✳✸✺✮

P♦r ♦tr♦ ❧❛❞♦✱
✂
E−E0

w dµ ≤
✂
E−E0

εµ (B)

2µ (E)
wBdµ ≤ εµ (E − E0)

2µ (E)

✂
B

w dµ ≤ ε

2

✂
B

w dµ✱

♣♦r ❧♦ ❝✉❛❧✱ s✐ ❢✉❡r❛
✁
E0
w dµ ≤ ε

2

✁
B
w dµ s❡ t❡♥❞rí❛

✁
E
w dµ ≤ ε

✁
B
w dµ✳ ❆sí✱ ❝♦♥✲

s✐❞❡r❛♥❞♦ E t❛❧ q✉❡
✁
E
w dµ > ε

✁
B
w dµ✱ r❡s✉❧t❛

✁
E0
w dµ > ε

2

✁
B
w dµ✱ ② ❧✉❡❣♦✱ ❞❡

✭✷✳✷✳✸✺✮✱

log
εµ (B)

2µ (E)
≤ C

✁
B
w dµ✁

E0
w dµ

<
2C

ε
✱

❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛
ε

2
e−2C/εµ(B) < µ(E)✳

❊♥t♦♥❝❡s✱ t♦♠❛♥❞♦ α = ε
2
e−2C/ε✱ s❡ ❞❡❞✉❝❡ q✉❡

✁
E
w dµ ≤ ε

✁
B
w dµ✱ s✐ E ❡s t❛❧ q✉❡

µ(E) ≤ αµ(B)✳

✭✐✈✮⇒✭✐✮✳ P♦r ❈♦r♦❧❛r✐♦ ✷✳✷✳✷✹✱ ❡①✐st❡♥ C > 0 ② s > 1 t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱

(
1

µ(B)

✂
B

ws dµ

) 1
s

≤ C
1

µ(B)

✂
B

w dµ✳

❙❡❛ dν = w dµ✳ ❙✐ B ∈ Fβ✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r s❡ s✐❣✉❡

1✁
B
w−1dν

✂
B

ws−1dν ≤ Cs ν (B)s(✁
B
w−1dν

)s ✱

② ❧✉❡❣♦ (✂
B

w−1dν

)s−1 ✂
B

ws−1dν ≤ Csν (B)s ✱



✷✳✸ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✽ ✹✺

♦ s❡❛✱ ✂
B

w−1dν

(✂
B

(w−1)1−s dν

) 1
s−1

≤ C
s

s−1ν (B)1+
1

s−1 .

P♦r ❧♦ t❛♥t♦✱ s✐ s❡ t♦♠❛ q = 1+ 1
s−1

✱ r❡s✉❧t❛ w−1 ∈ Aβq (ν)✱ ❡st♦ ❡s ❧❛ ❝❧❛s❡ Aq s♦❜r❡ Fβ ❝♦♥
r❡s♣❡❝t♦ ❛ ❧❛ ♠❡❞✐❞❛ ν✳ ❊♥t♦♥❝❡s✱ ❤❡♠♦s ✈✐st♦ q✉❡ s✐ ✉♥ ♣❡s♦ ✈❡r✐✜❝❛ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦
❍ö❧❞❡r ✐♥✈❡rs❛✱ s♦❜r❡ ✉♥❛ ❢❛♠✐❧✐❛ Fβ✱ ❝♦♥ r❡s♣❡❝t♦ ❛ ✉♥❛ ❝✐❡rt❛ ♠❡❞✐❞❛ r❡❣✉❧❛r✱ ❤❛② ✉♥
q ∈ (1,∞) ♣❛r❛ ❡❧ ❝✉❛❧ ❡❧ ✐♥✈❡rs♦ ❞❡ t❛❧ ♣❡s♦ ❡stá ❡♥ ❧❛ ❝❧❛s❡ Aβq ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♠❡❞✐❞❛
✐♥❞✉❝✐❞❛ ♣♦r ❡❧ ♣❡s♦✳ ❆❤♦r❛✱ ②❛ q✉❡ ν ❡s ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ ②
❡s r❡❣✉❧❛r ❡♥ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ (Ω, d|Ω)✱ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r
✐♥✈❡rs❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ν ♣❛r❛ w−1 s♦❜r❡ Fβ✱ ♣♦r ❈♦r♦❧❛r✐♦ ✷✳✷✳✷✻✳ P♦r ❡❧ ❛r❣✉♠❡♥t♦ ♣r❡✈✐♦✱
❤❛② ✉♥ p ∈ (1,∞) t❛❧ q✉❡ w ❡stá ❡♥ ❧❛ ❝❧❛s❡ Aβp ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♠❡❞✐❞❛ ✐♥❞✉❝✐❞❛ ♣♦r
w−1✱ ❧❛ ❝✉❛❧ ❡s µ✳

✷✳✸✳ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✽

❈♦♥ ❧♦s r❡s✉❧t❛❞♦s ♣r❡✈✐♦s ❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✱ ♣♦❞❡♠♦s ♣r♦❜❛r ❡❧
❚❡♦r❡♠❛ ✷✳✶✳✽✳ P❡r♦ ❛♥t❡s ❡s ♥❡❝❡s❛r✐♦ ✈❡r q✉❡ Tf ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ❝✳ t✳ ♣✳ ❡♥ Ω✱ ♣❛r❛
f t❛❧ q✉❡ f

w
∈ L∞ (Ω)✳ ❊♥ ❧♦ q✉❡ s✐❣✉❡✱ ♣❛r❛ 1 ≤ p ≤ ∞✱ s❡ ❞❡♥♦t❛rá ❝♦♥ Lploc (Ω) ❛❧

❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s f : Ω → R t❛❧❡s q✉❡ fχK ∈ Lp(Ω, dµ)✱ ♣❛r❛ ❝✉❛❧q✉✐❡r
K q✉❡ s❡❛ ✉♥✐ó♥ ✜♥✐t❛ ❞❡ ❜♦❧❛s ❞❡ ∪

β∈(0,1)
Fβ✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✶✳ ❙❡❛♥ f ∈ Lploc (Ω) ❝♦♥ 1 ≤ p < ∞ ② T ✉♥ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r
β✲❧♦❝❛❧✳ ❱❡❛♠♦s q✉❡ Tf ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ❝✳ t✳ ♣✳ ❞❡ Ω✳ ❊♥ ❡❢❡❝t♦✱ s❡❛♥ B ② B′ ❡♥ Fβ

t❛❧❡s q✉❡ B ∩ B′ 6= ∅✳ ❙✐ {Pi} ⊂ Fβ ❡s ✉♥ ❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② ❞❡ Ω ❞❛❞♦ ♣♦r ❡❧
▲❡♠❛ ✶✳✵✳✻✱ ♣♦r ✭✐✐✐✮ ✭❞❡❧ ❧❡♠❛✮✱ ❧♦s ❝♦♥❥✉♥t♦s Sβ (B) ② Sβ (B′) ❡stá♥ ❝✉❜✐❡rt♦s ♣♦r ✉♥❛
❝❛♥t✐❞❛❞ ✜♥✐t❛ ❞❡ ❜♦❧❛s Pi✳ ❊♥t♦♥❝❡s✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✵✳✶✷✱ T

(
fχSβ(B)

)
② T

(
fχSβ(B′)

)

❡stá♥ ❜✐❡♥ ❞❡✜♥✐❞❛s ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω ②❛ q✉❡ fχSβ(B) ② fχSβ(B′) ❡stá♥ ❡♥ Lp (Ω, dµ)✳ ❆❤♦r❛✱
♣r♦❜❡♠♦s q✉❡ T

(
fχSβ(B)

)
= T

(
fχSβ(B′)

)
❝✳ t✳ ♣✳ ❞❡ Ω✳ ❙❡❛♥ K ✉♥❛ ✉♥✐ó♥ ✜♥✐t❛ ❞❡ ❜♦❧❛s

❞❡ ∪
α∈(0,1)

Fα t❛❧ q✉❡ Sβ (B) ∪ Sβ (B′) ⊂ K✱ ② {fn} ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s

❝♦♥ s♦♣♦rt❡ ❛❝♦t❛❞♦ ❡♥ Ω t❛❧ q✉❡ fn → fχK ❡♥ Lp (Ω, dµ) ② ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✳ ❊♥t♦♥❝❡s✱
fnχSβ(B) → fχSβ(B) ② fnχSβ(B′) → fχSβ(B′)✱ ❞♦♥❞❡ fnχSβ(B) ② fnχSβ(B′) ❡stá♥ ❡♥ L∞

c (Ω)✳
❆❞❡♠ás✱ ♣❛r❛ ❝❛❞❛ n✱ ②❛ q✉❡ s✐ x ∈ B ∩B′ t❡♥❡♠♦s B (x, βd (x,Ωc)) ⊂ Sβ (B)∩ Sβ (B′)✱
r❡s✉❧t❛ T

(
fnχSβ(B)−Sβ(B′)

)
= T

(
fnχSβ(B′)−Sβ(B)

)
= 0 ❝✳ t✳ ♣✳ ❡♥ B ∩ B′✱ ♣♦r ✷ ❞❡ ❧❛

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✼✳ ▲✉❡❣♦✱ ♣❛r❛ ❝❛❞❛ n r❡s✉❧t❛

T
(
fnχSβ(B)

)
= T

(
fn
(
χSβ(B) − χSβ(B′)

))
+ T

(
fnχSβ(B′)

)

= T
(
fnχSβ(B)−Sβ(B′)

)
− T

(
fnχSβ(B′)−Sβ(B)

)
+ T

(
fnχSβ(B′)

)

= T
(
fnχSβ(B′)

)
✱

❡♥ ❝✳ t✳ ♣✳ ❞❡ B ∩ B′✳ ❆sí ♦❜t❡♥❡♠♦s

T
(
fχSβ(B)

)
= ĺım

n→∞
T
(
fnχSβ(B)

)
= ĺım

n→∞
T
(
fnχSβ(B′)

)
= T

(
fχSβ(B′)

)
✱



✹✻ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❡♥ ❝✳ t✳ ♣✳ ❞❡ B ∩ B′✳ ❆❤♦r❛✱ ♣❛r❛ ❝❛❞❛ i ♣♦❞❡♠♦s ❞❡✜♥✐r

Tf = T
(
fχSβ(Pi)

)

❝✳ t✳ ♣✳ ❞❡ Pi✳ ❈♦♠♦ Ω = ∪
i
Pi ②✱ s✐ Pi ∩ Pk 6= ∅✱ T

(
fχSβ(Pi)

)
= T

(
fχSβ(Pk)

)
❝✳ t✳ ♣✳ ❞❡

Pi ∩ Pk✱ Tf q✉❡❞❛ ❜✐❡♥ ❞❡✜♥✐❞❛ ❝✳ t✳ ♣✳ ❞❡ Ω✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✷✳ ❙✐ w ❡s ✉♥ ♣❡s♦ ❧♦❝❛❧ ② f
w
∈ L∞ (Ω)✱ ♣❛r❛ ❝❛❞❛ K q✉❡ s❡❛ ✉♥✐ó♥ ✜♥✐t❛

❞❡ ❜♦❧❛s ❞❡ ∪
β∈(0,1)

Fβ t❡♥❡♠♦s

|f |χK ≤
∥∥∥∥
f

w

∥∥∥∥
∞
wχK ∈ L1

c (Ω) ✳

❉❡ ❡st❡ ♠♦❞♦✱ f ∈ L1
loc(Ω) ②✱ ♣♦r ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r✱ Tf ❡st❛ ❜✐❡♥ ❞❡✜♥✐❞❛ ❝✳ t✳ ♣✳

❞❡ Ω✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✸✳ ▲❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✶ t❛♠❜✐é♥ ♥♦s ♣❡r♠✐t✐rá ✈❡r q✉❡ Tf ❡st❛ ❜✐❡♥
❞❡✜♥✐❞❛ ❝✳ t✳ ♣✳ ❞❡ Ω ❝✉❛♥❞♦ f ∈ BMOβ

w✳

❆♥t❡s ❞❡ ♣r♦❜❛r ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✽ ❞❛r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ q✉❡ s❡ ✉s❛rá ❡♥ s✉ ❞❡✲
♠♦str❛❝✐ó♥✳

▲❡♠❛ ✷✳✸✳✹✳ ❙❡❛♥ T ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧ ② w ∈ Aβ∞✳ ❊♥t♦♥❝❡s✱ ❞❛❞❛s B ∈ Fβ ②

✉♥❛ ❢✉♥❝✐ó♥ g ❝♦♥ s♦♣♦rt❡ ❡♥ B̃ t❛❧ q✉❡ g
w
∈ L∞(Ω)✱ s❡ t✐❡♥❡

✂
B

|Tg|dµ ≤ C
∥∥∥ g
w

∥∥∥
∞
w(B)✱

❞♦♥❞❡ C ❡s ✉♥❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B ② g✱ ② B̃ ❡s ❝♦♠♦ ❡♥ ✭✐✐✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ✉♥ ❧❛❞♦✱ ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✷✳✷✳✷✻✱ ❤❛② ✉♥ s > 1 t❛❧ q✉❡ w ✈❡r✐✜❝❛ ✉♥❛
❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛ s♦❜r❡ Fβ✳ ◆♦ ❡s ❞✐❢í❝✐❧ ✈❡r q✉❡✱ ♠❡❞✐❛♥t❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞
② ❧❛ ❞❡ ❍ö❧❞❡r ✉s✉❛❧✱ ws ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✶ ❡♥ ❬❍❙❱✶✹❪ ♣á❣✐♥❛ ✻✶✽
✭▲❡♠❛ ✶✳✵✳✽✮✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ ✈❡r✐✜❝❛

ws
(
Ṽ
)
≤ Cws (V ) ✱

♣❛r❛ t♦❞❛ V ∈ Fβ✳ P♦r ♦tr♦ ❧❛❞♦✱ t❡♥❡♠♦s

|g|s ≤
∥∥∥ g
w

∥∥∥
s

∞
wsχB̃

❝✳ t✳ ♣✳ ❞❡ Ω✱ s✐❡♥❞♦
✂
Ω

wsχB̃dµ ≤ C
ws(B)

µ(B)
µ(B) ≤ Cw(B)sµ(B)1−s✱

♣♦r ❧♦ q✉❡ g ∈ Ls(Ω)✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ T ❡s ❛❝♦t❛❞♦ s♦❜r❡ Ls(Ω, dµ) ✭✈❡r ❬❍❙❱✶✾❪✮✱ r❡s✉❧t❛

✂
B

|Tg|dµ ≤
(✂

Ω

|Tg|sdµ
)1/s

µ(B)1/s
′



✷✳✸ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✽ ✹✼

≤ C

(✂
Ω

|g|sdµ
)1/s

µ(B)1−1/s

≤ C
∥∥∥ g
w

∥∥∥
∞

(
ws
(
B̃
))1/s

µ(B)1−1/s

≤ C
∥∥∥ g
w

∥∥∥
∞
w (B) ✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✺✳ ❙❡❛♥ T ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧✱ w ∈ Aβ∞ ② B ∈ Fβ✳ ❱❡❛♠♦s q✉❡✱
❡♥ ❣❡♥❡r❛❧✱ s✐ h ∈ L1

loc ②
h
w
∈ L∞(Ω)✱ Th ❡s ✐♥t❡❣r❛❜❧❡ s♦❜r❡ B✳ ❊♥ ❡❢❡❝t♦✱ s✐ ξ ❡s ❡❧ ❝❡♥tr♦

❞❡ B✱ ❝♦♠♦ ✈✐♠♦s ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✶ r❡s✉❧t❛

Th = T
(
hχSβ(B(ξ,βρ(ξ)))

)
✱

❝✳ t✳ ♣✳ ❞❡ B(ξ, βρ(ξ))✱ ② ❛sí✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✸✳✹ t❡♥❡♠♦s

✂
B

|Th|dµ ≤
✂
B(ξ,βρ(ξ))

|Th|dµ ≤ C

∥∥∥∥
hχSβ(B(ξ,βρ(ξ)))

w

∥∥∥∥
∞
w(B(ξ, βρ(ξ)))✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✽✳ ❚♦♠❛♠♦s f t❛❧ q✉❡ f
w
∈ L∞ (Ω)✱ B ∈ Fβ✱ ② ❞❡♥♦t❛♠♦s

f1 = fχB̃ ② f2 = fχSβ(B)−B̃✱ s✐❡♥❞♦ B̃ ❝♦♠♦ ❡♥ ✭✐✐✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶ ✭♦❜s❡r✈❛r q✉❡ f2 = 0

s✐ 5B /∈ Fβ✮✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦ q✉❡✱ ♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✺✱ Tf1 ② Tf2 s♦♥ ✐♥t❡❣r❛❜❧❡s
s♦❜r❡ B✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r

✂
B

|Tf − (Tf2)B| dµ =

✂
B

|Tf1 + Tf2 − (Tf2)B| dµ

≤
✂
B

|Tf1| dµ+

✂
B

|Tf2 − (Tf2)B| dµ. ✭✷✳✸✳✻✮

❆❤♦r❛✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✸✳✹ r❡s✉❧t❛

✂
B

|Tf1| dµ ≤ C ′
∥∥∥∥
f

w

∥∥∥∥
∞
w (B) ✳ ✭✷✳✸✳✼✮

❆sí✱ só❧♦ ♥♦s q✉❡❞❛ ❡st✐♠❛r ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡ ✭✷✳✸✳✻✮✳ P❛r❛ ❡❧❧♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❧❛
♣r♦♣✐❡❞❛❞ ✷ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✶✳✼✱ ❝♦♥ B = B (ξ, r)✱ s❡ s✐❣✉❡

✂
B

|Tf2 − (Tf2)B| dµ

≤ µ (B)−1

✂
B

✂
B

|Tf2 (z)− Tf2 (z
′)| dµ (z′) dµ (z)

≤ µ (B)−1

✂
B

✂
B

✂
Sβ(B)−5B

|K (z, y)−K (z′, y)| |f (y)| dµ (y) dµ (z′) dµ (z)

≤
✂
B

✂
Sβ(B)−5B

|K (z, y)−K (ξ, y)| |f (y)| dµ (y) dµ (z)



✹✽ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

+

✂
B

✂
Sβ(B)−5B

|K (ξ, y)−K (z′, y)| |f (y)| dµ (y) dµ (z′)

= 2

✂
B

✂
Sβ(B)−5B

|K (z, y)−K (ξ, y)| |f (y)| dµ (y) dµ (z) ✳

❊♥t♦♥❝❡s✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ w ∈ Bβ
δ ❞♦♥❞❡ δ ❡s ❡❧ ❡①♣♦♥❡♥t❡ ❡♥ ❧❛ ♣r♦♣✐❡❞❛❞ ✸✳✭✐✐✮

❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✶✳✼✱ s❡ t✐❡♥❡
✂
B

|Tf2 − (Tf2)B| dµ

≤ C

✂
B

✂
Sβ(B)−5B

µ (B (ξ, d (ξ, y)))−1

(
d (ξ, z)

d (ξ, y)

)δ
|f (y)| dµ (y) dµ (z)

≤ C

∥∥∥∥
f

w

∥∥∥∥
∞

✂
Sβ(5B)−5B

µ (5B) (5r)δ w (y)

µ (B (ξ, d (ξ, y))) d (ξ, y)δ
dµ (y)

≤ C ′
∥∥∥∥
f

w

∥∥∥∥
∞
w (5B) ≤ C ′′

∥∥∥∥
f

w

∥∥∥∥
∞
w (B) ✳ ✭✷✳✸✳✽✮

❉❡ ❡st❡ ♠♦❞♦✱ ❧❧❡✈❛♥❞♦ ✭✷✳✸✳✼✮ ② ✭✷✳✸✳✽✮ ❛ ✭✷✳✸✳✻✮✱ ♦❜t❡♥❡♠♦s

w (B)−1

✂
B

|Tf − (Tf2)B| dµ ≤ C

∥∥∥∥
f

w

∥∥∥∥
∞
✱ ✭✷✳✸✳✾✮

♣❛r❛ t♦❞❛ B ∈ Fβ✳ P♦r ❧♦ t❛♥t♦✱ ②❛ q✉❡ s❡ t✐❡♥❡
✁
B
|Tf − (Tf)B| dµ ≤ 2

✁
B
|Tf − a| dµ✱

♣❛r❛ ❝✉❛❧q✉✐❡r a ∈ R✱ ♣♦r ✭✷✳✸✳✼✮✱ ✭✷✳✸✳✾✮✱ ② ❡❧ ▲❡♠❛ ✷✳✶✳✻✱ s❡ ❞❡❞✉❝❡

‖Tf‖BMOβ
w
≤ C

∥∥∥∥
f

w

∥∥∥∥
∞
✳

✷✳✹✳ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc
∞ ♠❡❞✐❛♥t❡ tr❛♥s❢♦r✲

♠❛❞❛s ❞❡ ❘✐❡s③

❈✉❛♥❞♦ X = Rn✱ d ❡s ❧❛ ♠étr✐❝❛ ❡✉❝❧í❞❡❛ ✉s✉❛❧ ② µ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ❝♦♥s✐❞❡✲
r❛♠♦s ❧♦s s✐❣✉✐❡♥t❡s ♦♣❡r❛❞♦r❡s ❞❡ t✐♣♦ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❧♦❝❛❧❡s ❞❡✜♥✐❞♦s ♣♦r

Rβ,η
j f(x) = ✈✳♣✳

✂
Ω

xj − yj
|x− y|n+1

η

( |x− y|
βd(x,Ωc)

)
f(y)dy ✱

♣❛r❛ x ∈ Ω ② ♣❛r❛ ❝❛❞❛ j = 1, ..., n✱ ❝♦♥ f ❞❡✜♥✐❞❛ s♦❜r❡ Ω ✳ ❆q✉í✱ η ❡s ✉♥❛ ❢✉♥❝✐ó♥
C∞ ([0,∞)) t❛❧ q✉❡ 0 ≤ η ≤ 1✱ ❝♦♥ η (t) = 1 s✐ 0 ≤ t < 1

2
✱ ② η (t) = 0 s✐ t ≥ 1✳ ❚❛♠❜✐é♥

❞❡♥♦t❛r❡♠♦s

Kβ,η
j (x, y) = Kj (x− y) η

( |x− y|
βd(x,Ωc)

)
✭✷✳✹✳✶✮



✷✳✹ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ♠❡❞✐❛♥t❡ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ✹✾

s✐❡♥❞♦✱ ❝♦♠♦ ❡s ✉s✉❛❧✱ Kj (z) = zj|z|−n−1✱ ♣❛r❛ ❝❛❞❛ z ∈ Rn − {0}✳ ❨❛ q✉❡ ❧❛ ❢✉♥❝✐ó♥ η
♣❡r♠❛♥❡❝❡rá ✜❥❛ ❡♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♣r❡s❡♥t❛r❡♠♦s✱ ❡s❝r✐❜✐r❡♠♦s ❞✐r❡❝t❛♠❡♥t❡ Kβ

j =

Kβ,η
j ② Rβ

j = Rβ,η
j ✳

▲❡♠❛ ✷✳✹✳✷✳ ❙❡❛ w ∈ L1
loc (Ω) t❛❧ q✉❡ w ≥ 0 ❝✳ t✳ ♣✳ ❞❡ Ω✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ j =

1, . . . , n✱ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s

✭✐✮ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ ✈❡r✐✜❝❛✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱

✂
B̃

∣∣∣Rβ
j (wχB)

∣∣∣ dx ≤ C

✂
B

w dx❀

✭✐✐✮ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ ✈❡r✐✜❝❛✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱

✂
B̃

|Rj(wχB)| dx ≤ C

✂
B

w dx❀

❞♦♥❞❡ B̃ ❡s ❝♦♠♦ ❡♥ ✭✐✐✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✳

❉❡♠♦str❛❝✐ó♥✳ ✭✐✮⇒✭✐✐✮✳ ❙❡❛♥ B = B(ξ, r) ∈ Fβ ② f = wχB✳ ❙❡ t✐❡♥❡

✂
B̃

|Rjf(x)| dx ≤ I + II✱ ✭✷✳✹✳✸✮

❞♦♥❞❡

I =

✂
B̃

✈✳♣✳

∣∣∣∣∣

✂
{y∈B:|x−y|< 1

2
βd(x,Ωc)}

Kj(x− y)f(y)dy

∣∣∣∣∣ dx

②

II =

✂
B̃

✈✳♣✳

∣∣∣∣∣

✂
{y∈B:|x−y|≥ 1

2
βd(x,Ωc)}

Kj(x− y)f(y)dy

∣∣∣∣∣ dx✳

P❛r❛ ❡st✐♠❛r I✱ ❞❛❞♦ x ∈ B̃✱ ❞❡s❞❡ ✭✷✳✹✳✶✮ ♥♦t❛♠♦s q✉❡ Kj(x− y) = Kβ
j (x, y) ❝✉❛♥❞♦

y ∈ B
(
x, 1

2
βd(x,Ωc)

)
✱ ②
∣∣∣Kβ

j

∣∣∣ ≤ |Kj|✳ ▲✉❡❣♦✱ s❡ s✐❣✉❡

✈✳♣✳

∣∣∣∣∣

✂
{y∈B:|x−y|< 1

2
βd(x,Ωc)}

Kj(x− y)f(y)dy

∣∣∣∣∣

=

∣∣∣∣∣R
β
j f(x)−

✂
{y∈B:|x−y|≥ 1

2
βd(x,Ωc)}

Kβ
j (x, y)w(y)dy

∣∣∣∣∣

≤
∣∣∣Rβ

j f(x)
∣∣∣+

✂
{y∈B:|x−y|≥ 1

2
βd(x,Ωc)}

|Kj(x− y)|w(y)dy

≤
∣∣∣Rβ

j f(x)
∣∣∣+
(

2

βd (x,Ωc)

)n ✂
B

w dy✳



✺✵ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❊♥t♦♥❝❡s

I ≤
✂
B̃

∣∣∣Rβ
j f(x)

∣∣∣ dx+ 2n
✂
B̃

(βd (x,Ωc))−n dx

✂
B

w dy✳ ✭✷✳✹✳✹✮

P❛r❛ II✱ s✐ x ∈ B̃ r❡s✉❧t❛
∣∣∣∣∣

✂
{y∈B:|x−y|≥ 1

2
βd(x,Ωc)}

Kj(x− y)f(y)dy

∣∣∣∣∣ ≤
(

2

βd (x,Ωc)

)n ✂
B

w dy✱

♣♦r ❧♦ q✉❡

II ≤ 2n
✂
B̃

(βd (x,Ωc))−n dx

✂
B

w dy✳ ✭✷✳✹✳✺✮

❊♥t♦♥❝❡s✱ ❧❧❡✈❛♥❞♦ ✭✷✳✹✳✹✮ ② ✭✷✳✹✳✺✮ ❛ ✭✷✳✹✳✸✮✱ s❡ t✐❡♥❡
✂
B̃

|Rjf(x)| dx ≤
✂
B̃

∣∣∣Rβ
j f(x)

∣∣∣ dx

+2n+1

✂
B̃

(βd (x,Ωc))−n dx

✂
B

w dy

≤
(
C + 2n+1

✂
B̃

(βd (x,Ωc))−n dx

) ✂
B

w dy✱

♣♦r ❧♦ ❝✉❛❧✱ ♣❛r❛ ♣r♦❜❛r ✭✐✐✮✱ ❜❛st❛ ✈❡r q✉❡
✁
B̃
(βd (x,Ωc))−n dx ❡stá ❛❝♦t❛❞❛ ♣♦r ✉♥❛

❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B̃✳ P❛r❛ ❡❧❧♦✱ ♣r✐♠❡r♦✱ s✉♣♦♥❡♠♦s 5r ≤ βd (ξ,Ωc)✳ ❙❡ t✐❡♥❡
❡♥t♦♥❝❡s 5r( 1

β
− 1) ≤ d (x,Ωc)✱ ♣❛r❛ x ∈ 5B = B̃✳ ❆sí r❡s✉❧t❛

✂
B̃

(βd (x,Ωc))−n dx ≤
✂
5B

(5r(1− β))−ndx = |B(0, 1)| (1− β)−n✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ 5r > βd (ξ,Ωc)✱ s❡ t✐❡♥❡ B̃ = Nβ(B)✳ ❊♥t♦♥❝❡s✱ ♣♦r ❧❛ ❖❜s❡r✈❛✲
❝✐ó♥ ✶✳✵✳✼ ② ❡❧ ▲❡♠❛ ✶✳✵✳✽ r❡s✉❧t❛

✂
B̃

(βd (x,Ωc))−n dx ≤ Cn
β (βd (ξ,Ω

c))−n |Nβ(B)| ≤ Cn
β r

−n |Nβ(B)|

≤ Cβ,nr
−n |B| = Cβ,n✱

❞♦♥❞❡ Cβ,n ❡s ✉♥❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ β ② n✳

✭✐✐✮⇒✭✐✮✳ ❙✐ B ∈ Fβ ② f = wχB✱ t❡♥❡♠♦s q✉❡

∣∣∣Rβ
j f(x)

∣∣∣ ≤
∣∣∣∣∣✈✳♣✳

✂
{y∈B:|x−y|< 1

2
βd(x,Ωc)}

Kj(x− y)f(y)dy

∣∣∣∣∣

+

∣∣∣∣∣

✂
{y∈B:|x−y|≥ 1

2
βd(x,Ωc)}

Kβ
j (x, y)f(y)dy

∣∣∣∣∣

≤ |Rjf(x)|+ 2

✂
{y∈B:|x−y|≥ 1

2
βd(x,Ωc)}

|Kj(x− y)|w(y)dy



✷✳✹ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s Aloc∞ ♠❡❞✐❛♥t❡ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ✺✶

≤ |Rjf(x)|+ 2

(
2

βd(x,Ωc)

)n ✂
B

w dy✱

♣♦r ❧♦ ❝✉❛❧ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❛ ✐♠♣❧✐❝❛❝✐ó♥ s❡ s✐❣✉❡ ❛♥á❧♦❣❛♠❡♥t❡ ❛ ❧❛ ❛♥t❡r✐♦r✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✻✳ P❛r❛ ❝❛❞❛ j = 1, . . . , n✱ s✐ Kj ❡s ❝♦♠♦ ❡♥ ✭✷✳✹✳✶✮✱ ❞❡✜♥✐♠♦s ❧❛ j✲és✐♠❛
tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘✐❡s③ tr✉♥❝❛❞❛ ❧♦❝❛❧ ❝♦♠♦

R̃β
j f(x) = ✈✳♣✳

✂
B(x,βρ(x))

Kj(x− y)f(y)dy

❡♥ ❝✳ t✳ ♣✳ x ∈ Ω✱ ♣❛r❛ f ∈ L∞
c (Ω) ✭❧❛s ♠✐s♠❛s s♦♥ ❝♦♥s✐❞❡r❛❞❛s ❡♥ ❬❍❙❱✶✾❪✮✳ ❉❛❞❛

✉♥❛ t❛❧ f ✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ ❡stá s❡ ❡①t✐❡♥❞❡ s♦❜r❡ t♦❞♦ Rn s✐❡♥❞♦ ✐❣✉❛❧ ❛ 0 ❡♥ Ωc✳
❊♥t♦♥❝❡s

R̃β
j f(x) = Rjf(x)−

✂
Rn−B(x,βρ(x))

Kj(x− y)f(y)dy✱

❞❡ ❧♦ ❝✉❛❧ s❡ ❞❡❞✉❝❡ q✉❡ ❡❧ ▲❡♠❛ ✷✳✹✳✷ t❛♠❜✐é♥ ❡s ✈á❧✐❞♦ ❝♦♥ R̃β
j ❡♥ ❧✉❣❛r ❞❡ Rβ

j ✳

❆❤♦r❛✱ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❛ s❡❝❝✐ó♥✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❡❧
❝❧ás✐❝♦ ❡s♣❛❝✐♦ ❞❡ ❍❛r❞② H1 s♦❜r❡ Rn✱ ❡❧ ❝✉❛❧ ❞❡✜♥✐r❡♠♦s✱ ❝♦♠♦ ❡♥ ❬❋❙✼✷❪ ✭♣á❣✐♥❛ ✶✹✹✮✱
❝♦♠♦ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s f ∈ L1 t❛❧❡s q✉❡

‖f‖H1

.
= ‖f‖L1 +

n∑

j=1

‖Rjf‖L1 <∞✳ ✭✷✳✹✳✼✮

❚♦♠❛♥❞♦ ❡❧ ♥ú❝❧❡♦ ❞❡ P♦✐ss♦♥

Pt(x) = cnt
(
|x|2 + t2

)−n+1
2 ✱

♣❛r❛ x ∈ Rn ② t > 0✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✹ ❡♥ ❬❋❙✼✷❪ ✭♣á❣✐♥❛ ✶✺✶✮ t❡♥❡♠♦s
✂
Rn

sup
t>0

|f ∗ Pt|dx ≤ C ‖f‖H1 ✱ ✭✷✳✹✳✽✮

♣❛r❛ f ∈ H1✱ ❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ f ✳

❚❡♦r❡♠❛ ✷✳✹✳✾✳ ❙❡❛ w ∈ L1
loc(Ω) ✉♥ ♣❡s♦✳ ❊♥t♦♥❝❡s✱ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❧❛s s✐❣✉✐❡♥t❡s

❝♦♥❞✐❝✐♦♥❡s

✭✐✮ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ ✈❡r✐✜❝❛✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱✂
B̃

∣∣∣Rβ
j (wχB)

∣∣∣ dx ≤ C

✂
B

w dx✱

♣❛r❛ ❝❛❞❛ j = 1, . . . , n❀

✭✐✐✮ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ ✈❡r✐✜❝❛✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱✂
B̃

Mβ(wχB)dx ≤ C ′
✂
B

w dx✳



✺✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❉❡♠♦str❛❝✐ó♥✳ ✭✐✮⇒✭✐✐✮✳ ❙❡❛♥ B = B(ξ, r) ∈ Fβ ② f = wχB✳ ❊❧❡❣✐r❡♠♦s ✉♥ ζ ∈ Rn ❝♦♥
|ζ| = δr✱ ❞♦♥❞❡ 0 < δ < 1 s❡ ❞❡t❡r♠✐♥❛rá s♦❧♦ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ β ② ❧♦ s✉✜❝✐❡♥t❡♠❡♥t❡
♣❡q✉❡ñ♦ ❞❡ ♠♦❞♦ q✉❡✱ ❛❧ ❞❡✜♥✐r g(z) = −f(z + ζ) ♣❛r❛ z ∈ Rn✱ s❡ ♦❜t❡♥❣❛

✂
Rn

|Rj(f + g)| dx ≤ C

✂
B

w dx✳ ✭✷✳✹✳✶✵✮

P❛r❛ ✜❥❛r ✐❞❡❛s✱ ♣r♦❝❡❞❛♠♦s ❝♦♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ s✉♣♦♥✐❡♥❞♦ q✉❡ ❡s❝♦❣✐♠♦s ✉♥ t❛❧ ζ ②
♦❜t✉✈✐♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✳ ❨❛ q✉❡ ‖f + g‖L1 ≤ 2 ‖f‖L1 = 2

✁
B
w dx✱ ✭✷✳✹✳✶✵✮

✐♠♣❧✐❝❛

‖f + g‖L1 +
n∑

j=1

‖Rj (f + g)‖L1 ≤ C

✂
B

w dx✱

♣♦r ❧♦ q✉❡✱ ❞❡ ✭✷✳✹✳✼✮✱ f + g ∈ H1 ② ❧✉❡❣♦
✂
Rn

sup
t>0

|(f + g) ∗ Pt| dx ≤ C ‖f + g‖H1 ≤ C ′
✂
B

w dx✱ ✭✷✳✹✳✶✶✮

❞❡❜✐❞♦ ❛ ✭✷✳✹✳✼✮ ② ✭✷✳✹✳✽✮✳ ❆❤♦r❛✱ ✈❡❛♠♦s q✉❡ ♣♦❞❡♠♦s ♦❜t❡♥❡r✱ ♣❛r❛ t♦❞♦s s > 0 ② x ∈ B̃✱
❧❛ ❡st✐♠❛❝✐ó♥

s−n
✂
|x−y|<s

f(y)dy ≤ C

(
wB + sup

t>0
|((f + g) ∗ Pt) (x)|

)
. ✭✷✳✹✳✶✷✮

❙❡❛ λ > 1 ❛r❜✐tr❛r✐♦✳ ❈✉❛♥❞♦ δr
1+λ

≤ s s❡ ♦❜t✐❡♥❡

s−n
✂
|x−y|<s

f(y)dy ≤ cn

(
1 + λ

δ

)n
wB ✳ ✭✷✳✹✳✶✸✮

P♦r ♦tr♦ ❧❛❞♦✱ s❡❛ δr
1+λ

> s✳ ❙✐ |x− y| < s ❡♥t♦♥❝❡s

(
1 +

|x− y|2
s2

)−n+1
2

> 2−
n+1
2

②
(1 + λ) s < |ζ| ≤ |ζ + x− y|+ |x− y| < |ζ + x− y|+ s✱

♦ s❡❛✱
|x− y + ζ| > λs,

♣♦r ❧♦ q✉❡

(
1 +

|x− y|2
s2

)−n+1
2

−
(
1 +

|x− y + ζ|2
s2

)−n+1
2

> 2−
n+1
2 − (1 + λ2)−

n+1
2 > 0✱

♣❛r❛ ❝❛❞❛ y ∈ B (x, s)✳ ❊♥t♦♥❝❡s

(
2−

n+1
2 − (1 + λ2)−

n+1
2

)
s−n

✂
|x−y|<s

f(y)dy
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≤
✂
Rn

(
s
(
|x− y|2 + s2

)−n+1
2 − s

(
|x− y + ζ|2 + s2

)−n+1
2

)
f(y)dy

= c−1
n

(✂
Rn

Ps (x− y) f(y)dy −
✂
Rn

Ps (x+ ζ − y) f(y)dy

)

≤ c−1
n sup

t>0
|((f + g) ∗ Pt) (x)| ✳

❆sí✱ t♦♠❛♥❞♦ λ =
√
2✱ ❡♥ ❡st❡ ❝❛s♦ t❡♥❡♠♦s

s−n
✂
|x−y|<s

f(y)dy ≤
(
cn

(
2−

n+1
2 − 3−

n+1
2

))−1

sup
t>0

|((f + g) ∗ Pt) (x)| ✳ ✭✷✳✹✳✶✹✮

▲✉❡❣♦✱ ✭✷✳✹✳✶✸✮ ② ✭✷✳✹✳✶✹✮ ♣r✉❡❜❛♥ ✭✷✳✹✳✶✷✮✳ ❋✐♥❛❧♠❡♥t❡✱ t♦♠❛♥❞♦ s✉♣r❡♠♦ s♦❜r❡ s > 0
❡♥ ✭✷✳✹✳✶✷✮ ② ❛♣❧✐❝❛♥❞♦ ✭✷✳✹✳✶✶✮✱ s❡ ❝♦♥s✐❣✉❡

✂
B̃

Mβ(wχB)dx ≤ C

✂
B̃

sup
s>0

s−n
✂
|x−y|<s

f(y)dydx

≤ C ′

∣∣∣B̃
∣∣∣

|B|

✂
B

w dx

+C ′
✂
Rn

sup
t>0

|(f + g) ∗ Pt| dx

≤ C ′′
✂
B

w dx✱

♣♦r ❞✉♣❧✐❝❛❝✐ó♥ s♦❜r❡ Fβ ❞❡ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳

❆❤♦r❛ ❞❡t❡r♠✐♥❛r❡♠♦s ζ ∈ Rn ❝♦♥ |ζ| = δr ❞❡ ♠♦❞♦ q✉❡ ✈❛❧❣❛ ✭✷✳✹✳✶✵✮✳ ❊♥ ✉♥

♣r✐♥❝✐♣✐♦✱ ♣❡❞✐♠♦s δ < mı́n
{
1, 1−β

β

}
✳ ❙✉♣♦♥❣❛♠♦s B ∈ Fβ/5✳ ❙❡ ♦❜s❡r✈❛ q✉❡ |ζ| <

(1 − β)ρ(ξ) ❞♦♥❞❡ ❞❡♥♦t❛♠♦s ρ(x) = d(x,Ωc)✳ ❊♥t♦♥❝❡s✱ B(ξ + ζ, r) ⊂ B(ξ, ρ(ξ)) ②
2 |ζ| < 4r✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡st✐♠❛♠♦s ✭❝♦♠♦ ❡s ✉s✉❛❧✮ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✉❛✈✐❞❛❞ ♣❛r❛ ❧♦s
♥ú❝❧❡♦s Kj✳ ❉❡ ❤❡❝❤♦✱ ❞❛❞♦ q✉❡✱ ♣❛r❛ ❝❛❞❛ z ∈ Rn − {0}✱ s❡ t✐❡♥❡

|∇Kj (z)| ≤
√
n (n+ 2) |z|−n−1✱

♣♦r t❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ ❞❡❧ ❝á❧❝✉❧♦ ❡♥ ✈❛r✐❛s ✈❛r✐❛❜❧❡s ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❙❝❤✇❛rt③✱
s❡ ❞❡❞✉❝❡

|Kj (x)−Kj (x− y)| ≤ √
n (n+ 2)

|y|
(α|x|)n+1 ✱ ✭✷✳✹✳✶✺✮

s✐❡♠♣r❡ q✉❡ x 6= 0 ② |x− y| ≥ α|x|✱ ❝♦♥ 0 < α ≤ 1✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❧❛ ❡st✐♠❛❝✐ó♥ ❛♥t❡r✐♦r
♥♦s ♣r♦♣♦r❝✐♦♥❛

✂
Rn−5B

|Rj(f + g)| dx

≤
✂
B

w(z)

✂
|x−z|>2|ζ|

|Kj(x− z)−Kj(x− z + ζ)| dxdz
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≤
✂
B

w(z)

✂
|x−z|>2|ζ|

√
n (n+ 2) |ζ|

(2−1|x− z|)n+1dxdz

≤ 2n+1
√
n (n+ 2) |Sn−1|

✂
B

w(z)|ζ|
✂ ∞

2|ζ|
t−2dtdz

= 2n
√
n (n+ 2) |Sn−1|

✂
B

w dz✳ ✭✷✳✹✳✶✻✮

P♦r ♦tr❛ ♣❛rt❡✱ t❡♥❡♠♦s✂
5B

|Rjg(x)| dx =

✂
5B

|Rjf(x+ ζ)| dx ≤
✂
B(ξ,5r+|ζ|)

|Rjf(x)| dx

≤
✂
6B−5B

|Rjf(x)| dx+
✂
5B

|Rjf(x)| dx

≤
✂
B

w(y)

✂
4r≤|x−y|<7r

|x− y|−ndxdy +
✂
5B

|Rjf(x)| dx

≤ |Sn−1| log
7

4

✂
B

w dy +

✂
5B

|Rjf(x)| dx✳

② ❧✉❡❣♦✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✹✳✷ ② ❧❛ ❤✐♣ót❡s✐s ❞❛❞❛✱ r❡s✉❧t❛✂
5B

|Rj(f + g)| dx ≤ |Sn−1| log
7

4

✂
B

w dy + 2

✂
5B

|Rjf(x)| dx

≤ C

✂
B

w dy✳ ✭✷✳✹✳✶✼✮

❊♥t♦♥❝❡s✱ s✉♠❛♥❞♦ ✭✷✳✹✳✶✻✮ ② ✭✷✳✹✳✶✼✮ s❡ ♦❜t✐❡♥❡ ✭✷✳✹✳✶✵✮✳ ❙✉♣♦♥❣❛♠♦s ❛❤♦r❛ B /∈ Fβ
5
✳

❊♥ ❡st❡ ❝❛s♦ B̃ = Nβ(B)✳ ❚♦♠❛♥❞♦ δ < 1−β
2

t❡♥❡♠♦s δ < mı́n
{
1, 1−β

β

}
②✱ ♣❛r❛ ❝❛❞❛

z ∈ B✱ 2 |ζ| < β(1−β)ρ(ξ) ≤ βρ(z)✱ ♣♦r ❧♦ ❝✉❛❧ B(z, 2|ζ|) ∈ Fβ✳ ▲✉❡❣♦✱ s✐ ♣❛r❛ x ∈ Ω ❤❛②
✉♥ z ∈ B q✉❡ ✈❡r✐✜❝❛ |x − z| ≤ 2 |ζ|✱ ❡♥t♦♥❝❡s x ∈ Nβ(B)✳ ❙❡ ❞❡❞✉❝❡ ❞❡ ❡st♦ ② ✭✷✳✹✳✶✺✮
✭❝♦♠♦ s❡ ❤✐③♦ ♣❛r❛ ♣r♦❜❛r ✭✷✳✹✳✶✻✮✮

✂
Rn−Nβ(B)

|Rj(f + g)| dx

≤
✂
B

w(z)

✂
Rn−Nβ(B)

|Kj(x− z)−Kj(x− z + ζ)| dxdz

≤
✂
B

w(z)

✂
|x−z|>2|ζ|

|Kj(x− z)−Kj(x− z + ζ)| dxdz

≤ 2n
√
n (n+ 2) |Sn−1|

✂
B

w dz✳ ✭✷✳✹✳✶✽✮

P♦r ♦tr♦ ❧❛❞♦✱ ✂
Nβ(B)

|Rj(f + g)| dx

≤
✂
Nβ(B)

|Rjf(x)| dx+
✂
Nβ(B)

|Rjf(x+ ζ)| dx
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≤
✂
Nβ(B)

|Rjf(x)| dx+
✂
Nβ(B)−ζ

|Rjf(x+ ζ)| dx

+

✂
Nβ(B)−(Nβ(B)−ζ)

|Rjf(x+ ζ)| dx

≤ 2

✂
Nβ(B)

|Rjf(x)| dx+
✂
Nβ(B)−(Nβ(B)−ζ)

|Rjf(x+ ζ)| dx✳ ✭✷✳✹✳✶✾✮

P❛r❛ ❡st✐♠❛r ❧❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧✱ s❡❛♥ x ∈ Nβ(B) ② B′ = B(x′, r′) ∈ Fβ t❛❧ q✉❡ x ∈ B′ ②
B ∩ B′ 6= ∅✳ ❈♦♠♦ s❡ ✈✐♦ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✼✱ ❡①✐st❡ C > 0✱ ❞❡♣❡♥❞✐❡♥t❡ s♦❧♦ ❞❡ β✱
t❛❧ q✉❡ r′ ≤ βρ(x′) ≤ Cβρ(ξ) < 5Cr✳ ▲✉❡❣♦✱ s✐ x′′ ∈ B ∩ B′ s❡ t✐❡♥❡✱ ♣❛r❛ t♦❞♦ z ∈ B✱

|x+ ζ − z| ≤ |x− x′|+ |x′ − x′′|+ |x′′ − z|+ δr < Cβr ✳ ✭✷✳✹✳✷✵✮

❆❞❡♠ás✱ ❝♦♠♦ s❡ ♣r♦❜ó ❛♥t❡r✐♦r♠❡♥t❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r z ∈ B✱ B(z, 2|ζ|) ∈ Fβ ②✱ ❧✉❡❣♦✱
s✐ |x + ζ − z| < 2 |ζ| ❡♥t♦♥❝❡s x + ζ ∈ Nβ(B)✳ ❉✐❝❤♦ ❞❡ ♦tr♦ ♠♦❞♦✱ s✐ x /∈ Nβ(B) − ζ
❡♥t♦♥❝❡s

|x+ ζ − z| ≥ 2 |ζ| ✱ ✭✷✳✹✳✷✶✮

♣❛r❛ ❝❛❞❛ z ∈ B✳ ❆sí✱ ❝♦♥ ✭✷✳✹✳✷✵✮ ② ✭✷✳✹✳✷✶✮✱ s❡ ❞❡❞✉❝❡
✂
Nβ(B)−(Nβ(B)−ζ)

|Rjf(x+ ζ)| dx

≤
✂
B

w(z)

✂
2δr≤|x+ζ−z|<Cβr

|x+ ζ − z|−ndxdz

≤ |Sn−1| log
Cβ
2δ

✂
B

w dz✱

♣♦r ❧♦ ❝✉❛❧✱ ♣♦r ❧❛ ❤✐♣ót❡s✐s ❞❛❞❛ ② ❡❧ ▲❡♠❛ ✷✳✹✳✷✱ s❡ t✐❡♥❡ ❡♥ ✭✷✳✹✳✶✾✮
✂
Nβ(B)

|Rj(f + g)| dx ≤ C

✂
B

w dx. ✭✷✳✹✳✷✷✮

❉❡ ❡st❡ ♠♦❞♦✱ s✉♠❛♥❞♦ ✭✷✳✹✳✶✽✮ ② ✭✷✳✹✳✷✷✮ s❡ ♦❜t✐❡♥❡ ✭✷✳✹✳✶✵✮ ❡♥ ❡st❡ ❝❛s♦✳ ❊st♦ ❝♦♠♣❧❡t❛
❧❛ ❞❡♠♦str❛❝✐ó♥✳

✭✐✐✮⇒✭✐✮✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡✱ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✱ ❝✉❛♥❞♦ s❡
♣r✉❡❜❛ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✐✐✮ ✐♠♣❧✐❝❛ ✭✐✐✐✮✱ ❡♥ r❡❛❧✐❞❛❞ s❡ ✈❡ q✉❡ ✭✐✐✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✹✳✾
✐♠♣❧✐❝❛ ✭✷✳✷✳✸✸✮✳ ❆❞❡♠ás✱ ❛❧ ✈❡r q✉❡ ✭✐✐✐✮ ✐♠♣❧✐❝❛ ✭✐✈✮✱ s❡ ♣r✉❡❜❛ q✉❡✱ s✐ w s❛t✐s❢❛❝❡ ✭✷✳✷✳✸✸✮✱
w ❡s ❝♦♠♣❛r❛❜❧❡ ❛ µ s♦❜r❡ Fβ✳ ❆sí✱ ❡♥ ❡st❡ ❝❛s♦✱ w ❡s ❝♦♠♣❛r❛❜❧❡ ❛ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡
s♦❜r❡ Fβ✳ ❱❡❛♠♦s q✉❡ w ❡s t❛♠❜✐é♥ ✉♥ ♣❡s♦ ❞✉♣❧✐❝❛♥t❡✳ ❉❛❞♦ ε = 1/2✱ ❧❡ ❝♦rr❡s♣♦♥❞❡
✉♥ α ∈ (0, 1) ❞❡ ♠♦❞♦ q✉❡ s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡♥ ✭✐✈✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✳ ❆❤♦r❛✱
t♦♠❡♠♦s t t❛❧ q✉❡

(1− α)1/n ≤ t < 1✱

♦ s❡❛✱ 0 < 1− tn ≤ α✳ ❊♥t♦♥❝❡s✱ ❞❛❞❛ B ∈ Fβ ❝♦♥ r❛❞✐♦ r✱ s❡ t✐❡♥❡

|B − tB| = |B (0, 1) |rn − |B (0, 1) | (tr)n
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= (1− tn) |B| ≤ α|B|✱

② ❧✉❡❣♦

w (B)− w (tB) = w (B − tB) ≤ 1

2
w (B) ✱

♦ s❡❛✱
w (B) ≤ 2w (tB) ✱

❞❡ ❧♦ ❝✉❛❧ s❡ ♣✉❡❞❡ ❞❡❞✉❝✐r q✉❡ w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳

▲✉❡❣♦✱ ♣♦r ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ❛♥t❡r✐♦r❡s✱ w ✈❡r✐✜❝❛ ✭✐✈✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✱ ② ❛sí✱ ❤❛② ✉♥
p ∈ (1,∞) t❛❧ q✉❡ w ∈ Aβp ✳ ❈♦♠♦ Rβ

j ❡s ❛❝♦t❛❞❛ s♦❜r❡ Lq (Ω, dx)✱ ♣❛r❛ t♦❞♦s q ∈ (1,∞)
② j = 1, . . . , n✱ ❡❧ r❡st♦ ❞❡ ❡st❛ ❞❡♠♦str❛❝✐ó♥ ❡s ❝♦♠♦ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ q✉❡ ✭✐✮ ❞❡❧
❚❡♦r❡♠❛ ✷✳✷✳✶ ✐♠♣❧✐❝❛ ✭✐✐✮✱ ♣♦♥✐❡♥❞♦ Rβ

j ❡♥ ❧✉❣❛r ❞❡ Mβ✳

❊❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♥♦s ♣r♦♣♦r❝✐♦♥❛ ❧❛ s✐❣✉✐❡♥t❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s ❡♥ Aloc∞
♠❡❞✐❛♥t❡ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❧♦❝❛❧❡s✳

❚❡♦r❡♠❛ ✷✳✹✳✷✸✳ ❙❡❛ w ∈ L1
loc(Ω) ✉♥ ♣❡s♦✳ ❊♥t♦♥❝❡s✱ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡

✭✐✮ ❛ ✭✐✈✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✐✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✹✳✾✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✷✹✳ P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✻ ② ❡❧ ▲❡♠❛ ✷✳✹✳✷✱ ❡❧ ❚❡♦r❡♠❛ ✷✳✹✳✾ t❛♠❜✐é♥
✈❛❧❡ ❝♦♥ R̃β

j ❡♥ ❧✉❣❛r ❞❡ Rβ
j ✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✹✳✷✸✱ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s

❝♦♥❞✐❝✐♦♥❡s ❞❡ ✭✐✮ ❛ ✭✐✈✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❛ q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡
C > 0 q✉❡ ✈❡r✐✜❝❛✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱✂

B̃

∣∣∣R̃β
j (wχB)

∣∣∣ dx ≤ C

✂
B

w dx✱

♣❛r❛ ❝❛❞❛ j = 1, . . . , n✳

✷✳✺✳ ❈♦♥❞✐❝✐ó♥ Bloc
p

❈♦♥s✐❞❡r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❝❧❛s❡ ❞❡ ♣❡s♦s✳

❉❡✜♥✐❝✐ó♥ ✷✳✺✳✶✳ ❙❡❛♥ w ∈ L1
loc(Ω) ✉♥ ♣❡s♦✱ 0 < β < 1 ② 0 < p < ∞✳ ❉❡♥♦t❛r❡♠♦s

w ∈ Dβ
p ✱ s✐ ❡①✐st❡♥ C > 0 ② 0 < ε < n+ p t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞♦s B ∈ Fβ ② t > 1✱ s❡ t✐❡♥❡

w(B) ≤ Ctn+p−εw
(
t−1B

)
✳

Pr♦❜❛r❡♠♦s q✉❡✱ ❛ ♣❡s❛r ❞❡ s✉ ❛♣❛r❡♥t❡ ❞✐❢❡r❡♥❝✐❛✱ s❡ ✈❡r✐✜❝❛ Bβp = Dβ
p ✳ ❊♥ ❡st❡

♣✉♥t♦✱ ✈❛❧❡ ❧❛ ♣❡♥❛ ♠❡♥❝✐♦♥❛r q✉❡ ❧❛ ❝❧❛s❡ Bβp ❡s ✉♥❛ ✈❡rs✐ó♥ ❧♦❝❛❧ ❞❡ ✉♥❛ ❝❧❛s❡ ❞❡ ♣❡s♦s
②❛ ❡st✉❞✐❛❞❛ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦ ✭✈❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❬▼❲✼✻❪ ② ❬❍▼❲✼✸❪✮✳ ▼ás ❛ú♥✱
❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ ❝♦♥ ❧❛ ❝❧❛s❡ Dβ

p q✉❡ ❜✉s❝❛♠♦s ♣r♦❜❛r ❢✉❡ ❡st✉❞✐❛❞❛ ♣♦r ❬❍❙❱✾✼❪ ❡♥ ❡❧
❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦✱ ♣❛r❛ ❝❧❛s❡s ❞❡ ♣❡s♦s ♥♦✲❧♦❝❛❧❡s✳ ▲♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s s♦♥ ❛❞❛♣t❛❝✐♦♥❡s
❞❡ r❡s✉❧t❛❞♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❡s❡ tr❛❜❛❥♦✳ ❆♥t❡s ❞❡ ✐♥tr♦❞✉❝✐r❧♦s✱ ❞❛♠♦s ✉♥❛ ❞❡✜♥✐❝✐ó♥✳



✷✳✺ ❈♦♥❞✐❝✐ó♥ Blocp ✺✼

❉❡✜♥✐❝✐ó♥ ✷✳✺✳✷✳ ❯♥❛ ❢✉♥❝✐ó♥ r❡❛❧ ϕ ❞❡✜♥✐❞❛ ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ I ✭♣♦❞rí❛ s❡r I = R✮ ❡s
❝❛s✐✲❞❡❝r❡❝✐❡♥t❡ s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s t1 ② t2 ❡♥ I✱ s❡ t✐❡♥❡

ϕ(t2) ≤ Cϕ(t1)✱

s✐❡♠♣r❡ q✉❡ t1 < t2✳

▲❡♠❛ ✷✳✺✳✸✳ ❙❡❛ ϕ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡✜♥✐❞❛ ❡♥ (0,M ]✱ ♥♦✲♥❡❣❛t✐✈❛✱ ♥♦✲❞❡❝r❡❝✐❡♥t❡✱ ② t❛❧
q✉❡ ❡①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s c1✱ c2✱ ② r✱ ♣❛r❛ ❧❛s ❝✉❛❧❡s✂ M

t

ϕ(s)

sr+1
ds ≤ c1

ϕ(t)

tr

②

ϕ(t) ≤ c2ϕ

(
t

2

)
✱

♣❛r❛ t♦❞♦ t ∈ (0,M ]✳ ❊♥t♦♥❝❡s✱ ❧❛ ❢✉♥❝✐ó♥ t 7→ ϕ(t)t−r ❡s ❝❛s✐✲❞❡❝r❡❝✐❡♥t❡ ❡♥ (0,M ] ❝♦♥
❝♦♥st❛♥t❡ 2r+1c1c2✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ t1 ② t2 t❛❧❡s q✉❡ 0 < t1 < t2 ≤M ✳ ❊♥t♦♥❝❡s

ϕ(t2)

tr2
≤ c22

t2
2

ϕ
(
t2
2

)

tr+1
2

≤ 2c2

✂ t2

t2
2

ϕ(s)

sr+1
ds

≤ 2c2

✂ M

t1
2

ϕ(s)

sr+1
ds ≤ 2c1c2

ϕ
(
t1
2

)
(
t1
2

)r

≤ 2r+1c1c2
ϕ(t1)

tr1
.

▲❡♠❛ ✷✳✺✳✹✳ ❉❛❞❛ ϕ ❞❡✜♥✐❞❛ ❡♥ (0,M ]✱ ♥♦✲♥❡❣❛t✐✈❛ ② ♥♦✲❞❡❝r❡❝✐❡♥t❡✱ ❧❛s s✐❣✉✐❡♥t❡s
❛✜r♠❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ ❊①✐st❡♥ c1✱ c2✱ r > 0 t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞♦ t ∈ (0,M ]✱
✂ M

t

ϕ(s)

sr+1
ds ≤ c1

ϕ(t)

tr

②

ϕ(t) ≤ c2ϕ

(
t

2

)
❀

✭✐✐✮ ❡①✐st❡♥ a > 1 ② r > 0 t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞♦ t ∈ (0,M ]✱

ϕ(t) ≤ ar

2
ϕ

(
t

a

)
❀

✭✐✐✐✮ ❡①✐st❡♥ C > 0✱ r > 0✱ ② ε ∈ (0, r) t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞♦s λ ≥ 1 ② t ∈ (0,M ]✱

ϕ(t) ≤ Cλr−εϕ

(
t

λ

)
✳



✺✽ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❉❡♠♦str❛❝✐ó♥✳ ✭✐✮⇒✭✐✐✮✳ ❙❡❛ a = e2
r+2c21c2 > 1✳ ❙✉♣♦♥❣❛♠♦s q✉❡✱ ♣❛r❛ ❛❧❣ú♥ t0 ∈ (0,M ]✱

s❡ t✐❡♥❡ ϕ(t0) > ar

2
ϕ( t0

a
)✳ ❊♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✺✳✸✱ ♣❛r❛ ❝❛❞❛ s ∈ (0, t0)✱

ϕ(t0)

tr0
≤ 2r+1c1c2

ϕ(s)

sr
✱

② ❧✉❡❣♦

c1
ϕ
(
t0
a

)
(
t0
a

)r ≥
✂ M

t0
a

ϕ(s)

sr+1
ds ≥

✂ t0

t0
a

ϕ(s)

sr+1
ds

≥
✂ t0

t0
a

(2r+1c1c2)
−1ϕ(t0)

tr0s
ds = (2r+1c1c2)

−1ϕ(t0)

tr0
log a

> (2r+1c1c2)
−1

ar

2
ϕ
(
t0
a

)

tr0
2r+2c21c2 = c1

ϕ
(
t0
a

)
(
t0
a

)r ✱

❧♦ q✉❡ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳ P♦r ❧♦ t❛♥t♦✱ ✭✐✐✮ ❞❡❜❡ s❛t✐s❢❛❝❡rs❡✳

✭✐✐✮⇒✭✐✐✐✮✳ ❙❡❛♥ λ ≥ 1 ② k ∈ N0 t❛❧❡s q✉❡ ak ≤ λ < ak+1✳ ❆♣❧✐❝❛♥❞♦ k + 1 ✈❡❝❡s ❧❛
❤✐♣ót❡s✐s ❞❛❞❛✱ s❡ ♦❜t✐❡♥❡

ϕ(t) ≤ ar

2
ϕ

(
t

a

)
≤
(
ar

2

)2

ϕ

(
t

a2

)
≤ · · ·

≤
(
ar

2

)k+1

ϕ

(
t

ak+1

)
≤ ar

2k+1
λrϕ

(
t

λ

)
✱

♣❛r❛ t♦❞♦ t ∈ (0,M ]✳ ❚♦♠❛♥❞♦ ε = mı́n (r/2, (log2 a)
−1) s❡ t✐❡♥❡

λ < 2(k+1) log2 a ≤
(
2k+1

)1/ε

② ❧✉❡❣♦

ϕ(t) ≤ ar

2k+1
λrϕ

(
t

λ

)
<
ar

λε
λrϕ

(
t

λ

)

= Cλr−εϕ

(
t

λ

)
✱

❝♦♥ C = ar✳

✭✐✐✐✮⇒✭✐✮✳ ❙❡❛ t ∈ (0,M ]. P❛r❛ λ = 2 s❡ t✐❡♥❡ ϕ(t) ≤ C2r−εϕ(1
2
t)✳ ❆❞❡♠ás

✂ M

t

ϕ(s)

sr+1
ds =

✂ M
t

1

ϕ(tλ)

(tλ)r+1
tdλ ≤

✂ M
t

1

Cλr−εϕ(t)

λr+1tr
dλ

≤ C
ϕ(t)

tr

✂ ∞

1

λ−1−εdλ =
C

ε

ϕ(t)

tr
✱

♣♦r ❧♦ q✉❡ s❡ ❡st❛❜❧❡❝❡ ✭✐✮✳



✷✳✺ ❈♦♥❞✐❝✐ó♥ Blocp ✺✾

❖❜s❡r✈❛❝✐ó♥ ✷✳✺✳✺✳ ▲❛s ❝♦♥st❛♥t❡s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❧♦s ❧❡♠❛s ❛♥✲
t❡r✐♦r❡s ♥♦ ❞❡♣❡♥❞❡♥ ❞❡ M ✳ ❆sí✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ s❡ ♣✉❡❞❡♥ ❡①t❡♥❞❡r ❛ (0,∞)✱ ❝♦♠♦ ❡♥
❬❍❙❱✾✼❪✳

▲❡♠❛ ✷✳✺✳✻✳ P❛r❛ t♦❞♦s p ∈ (0,∞) ② β, γ ∈ (0, 1) s❡ ✈❡r✐✜❝❛ Dβ
p = Dγ

p ✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s γ < β✳ ❈♦♠♦ Fγ ❡s ✉♥❛ s✉❜❢❛♠✐❧✐❛ ❞❡ Fβ✱ ❡s ❝❧❛r♦ q✉❡
Dβ
p ⊂ Dγ

p ✳ P♦r ♦tr❛ ♣❛rt❡✱ s✐ w ∈ Dγ
p ❡♥t♦♥❝❡s✱ w ❞✉♣❧✐❝❛ s♦❜r❡ Fγ ② ❧✉❡❣♦✱ ♣♦r ❧❛

Pr♦♣♦s✐❝✐ó♥ ✶✳✵✳✸✱ t❛♠❜✐é♥ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳ ❙✐ B(x, r) ∈ Fβ✱ s❡ t✐❡♥❡ B
(
x, γ

β
r
)
∈ Fγ✱

♣♦r ❧♦ q✉❡✱ ❞❛❞❛s ❧❛s ❝♦♥st❛♥t❡s C ② ε ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ Dγ
p ✱ ♣❛r❛ ❝❛❞❛ t > 1✱ r❡s✉❧t❛

w(B (x, r)) ≤ Cβ,γw

(
B

(
x,
γ

β
r

))

≤ Cβ,γCt
n+p−εw

(
B

(
x, t−1 γ

β
r

))

≤ Cβ,γCt
n+p−εw

(
B
(
x, t−1r

))
✱

❞♦♥❞❡ ❧❛ ❝♦♥st❛♥t❡ Cβ,γ ❛♣❛r❡❝❡ ♣♦r ❞✉♣❧✐❝❛❝✐ó♥✳ ❆sí✱ w ∈ Dβ
p ✱ ❝♦♠♣❧❡t❛♥❞♦ ❧❛ ❞❡♠♦str❛✲

❝✐ó♥✳

❚❡♦r❡♠❛ ✷✳✺✳✼✳ ❉❛❞♦s β ∈ (0, 1) ② p ∈ (0,∞)✱ s❡ ✈❡r✐✜❝❛ Bβp ⊂ Dβ
p ✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡❛♠♦s ♣r✐♠❡r♦ q✉❡✱ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧ (X, d, µ)✱ s✐ w ∈ Bβp ❡♥t♦♥❝❡s
w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✶✳✹✱ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ s✐ B = B(ξ, r) ∈ Fβ✱
t❡♥❡♠♦s

w (B) = w

(
B − 1

2
B

)
+ w

(
1

2
B

)

≤
✂
B− 1

2
B

µ (B) rpw(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p

+w

(
1

2
B

)

≤ 2pCβ

✂
Sβ( 1

2
B)− 1

2
B

µ
(
1
2
B
) (

r
2

)p
w(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p

+w

(
1

2
B

)

≤ (2pCβC + 1)w

(
1

2
B

)
✱ ✭✷✳✺✳✽✮

❞♦♥❞❡ Cβ ❛♣❛r❡❝❡ ♣♦r ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ s♦❜r❡ Fβ✳

❆❤♦r❛✱ ✈♦❧✈✐❡♥❞♦ ❛❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦✱ ✈❡❛♠♦s q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛
B ∈ F 2

5
β✱

w(B) ≤ Cw

(
B − 1

2
B

)
.
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❙❡❛♥ B = B(x, r) ❡ y t❛❧ q✉❡ |x − y| = 3
4
r✳ ❊♥t♦♥❝❡s✱ B

(
y, 1

4
r
)
⊂ B − 1

2
B ② B ⊂

B
(
y, 7

4
r
)
✳ ❆❤♦r❛✱ s✉♣♦♥✐❡♥❞♦ B ∈ Fβ′ ✱ ❝♦♥ β′ = 2

5
β✱ ✈❡❛♠♦s q✉❡ ❡①✐st❡ γ < 1 ♣❛r❛ ❡❧ ❝✉❛❧

B
(
y, 7

4
r
)
∈ Fγ✳ ❈♦♠♦ |x− y| ≤ 3

4
β′ρ (x)✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✼ t❡♥❡♠♦s

r ≤ β′ρ (x) ≤ β′

1− 3
4
β′ρ (y) ✱

❞♦♥❞❡
7

4

(
β′

1− 3
4
β′

)
<

14

20− 6
= 1.

❊♥t♦♥❝❡s✱ B
(
y, 7

4
r
)
∈ Fγ✱ ❝♦♥ γ = 7β′

4−3β′ < 1✳ ▲✉❡❣♦✱ ❞❛❞♦ q✉❡✱ ♣♦r ✭✷✳✺✳✽✮✱ w ❞✉♣❧✐❝❛
s♦❜r❡ Fβ ②✱ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✵✳✸✱ t❛♠❜✐é♥ ❞✉♣❧✐❝❛ s♦❜r❡ Fγ✱ s❡ ♦❜t✐❡♥❡

w(B) ≤ w

(
B

(
y,

7

4
r

))
≤ Cγw

(
B

(
y,

1

4
r

))
≤ Cγw

(
B − 1

2
B

)
. ✭✷✳✺✳✾✮

Pr♦❜❛r❡♠♦s ❛❤♦r❛ q✉❡ w ∈ Dβ′/2
p ✱ ❞❡ ❞♦♥❞❡✱ ♣♦r ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✱ s❡ s✐❣✉❡ w ∈ Dβ

p ✳

❙❡❛♥ B = B(x, r) ∈ Fβ′/2 ② m ∈ N ♣❛r❛ ❡❧ ❝✉❛❧ β′ρ(x)
2m+1 < r ≤ β′ρ(x)

2m
. ❊♥t♦♥❝❡s✱ ♣♦r ✭✷✳✺✳✾✮

s❡ t✐❡♥❡
✂ β′ρ(x)

2

β′ρ(x)
2m+1

w(B(x, 2s))

sn+p+1
ds

=
m∑

k=1

✂ β′ρ(x)
2k

β′ρ(x)
2k+1

w(B(x, 2s))

sn+p+1
ds

≤ log 2
m∑

k=1

w
(
B
(
x, β

′ρ(x)
2k−1

))

(
β′ρ(x)
2k+1

)n+p

≤ C log 2
m∑

k=1

w
(
B
(
x, β

′ρ(x)
2k−1

)
− B

(
x, β

′ρ(x)
2k

))

(
β′ρ(x)
2k+1

)n+p

≤ C4n+p log 2
m∑

k=1

✂
B
(
x,

β′ρ(x)
2k−1

)
−B

(
x,

β′ρ(x)
2k

)
w(y)

|y − x|n+pdy

≤ C4n+p log 2

✂
B(x,β′ρ(x))−B

(
x,

β′ρ(x)
2m

)
w(y)

|y − x|n+pdy

≤ C4n+p log 2

✂
Sβ(B)−B

w(y)

|y − x|n+pdy ≤ Cp,n,β
w(B)

rn+p
✱

❞♦♥❞❡ ❧❛s ú❧t✐♠❛s ❞♦s ❞❡s✐❣✉❛❧❞❛❞❡s s❡ ❞❡❜❡♥ ❛ q✉❡ B ⊂ B
(
x, β

′ρ(x)
2m

)
② ❛ ❧❛ ❉❡✜♥✐✲

❝✐ó♥ ✷✳✶✳✹✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦r ❧♦ t❛♥t♦✱ t❡♥❡♠♦s q✉❡

✂ β′ρ(x)
2

r

w(B(x, s))

sn+p+1
ds ≤ Cp,n,β

w(B(x, r))

rn+p
✱ ✭✷✳✺✳✶✵✮
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♣❛r❛ t♦❞♦s x ∈ Ω ② r ∈
(
0, β

′ρ(x)
2

]
✱ ❞♦♥❞❡ ❧❛ ❝♦♥st❛♥t❡ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ r ② x✳ ❆❞❡♠ás✱

❝♦♠♦ w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ′/2✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C ′
p,n,β t❛❧ q✉❡

w (B (x, r)) ≤ C ′
p,n,βw

(
B
(
x,
r

2

))
✱ ✭✷✳✺✳✶✶✮

♣❛r❛ t♦❞♦s x ∈ Ω ② r ∈
(
0, β

′ρ(x)
2

]
✳ ❉❡ ❡st❡ ♠♦❞♦✱ ♣♦r ✭✷✳✺✳✶✵✮ ② ✭✷✳✺✳✶✶✮✱ ❛♣❧✐❝❛♥❞♦ ❡❧

▲❡♠❛ ✷✳✺✳✹ ❝♦♥ ϕ(t) = w(B(x, t)) ② r = n+p✱ s❡ ❞❡❞✉❝❡ q✉❡ ❡①✐st❡♥ C > 0 ② ε ∈ (0, n+ p)

t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞♦s λ ≥ 1 ② t ∈
(
0, β

′ρ(x)
2

]
✱

w(B(x, t)) ≤ Cλn+p−εw

(
B

(
x,
t

λ

))
✱ ✭✷✳✺✳✶✷✮

❞♦♥❞❡✱ ♦❜s❡r✈❛♥❞♦ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✷✳✺✳✹✱ ✈❡♠♦s q✉❡ C ② ε ❞❡♣❡♥❞❡♥ s♦❧♦ ❞❡ n✱
p✱ Cp,n,β ② C ′

p,n,β✳ ❋✐♥❛❧♠❡♥t❡✱ ✭✷✳✺✳✶✷✮ ❞✐❝❡ q✉❡ w ∈ Dβ′/2
p ✳

P❛r❛ ❡st❛❜❧❡❝❡r ❡❧ r❡❝í♣r♦❝♦ ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ♥❡❝❡s✐t❛♠♦s ❛❧❣✉♥♦s ❧❡♠❛s✳

▲❡♠❛ ✷✳✺✳✶✸✳ ❙❡❛ σ ∈ (0, 1)✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ θ ∈
(
0,mı́n

{
1
5
, 1−σ
σ2+σ

})
✱ ❡①✐st❡ δ ∈

(0, 1− σ) t❛❧ q✉❡✱ s✐ B = B(ξ, r) ∈ Fθσ✱

Sσ(B) ⊂ B(ξ, (σ + δ)ρ(ξ)).

❉❡♠♦str❛❝✐ó♥✳ ❚♦♠❛♠♦s 0 < θ < mı́n
{

1
5
, 1−σ
σ2+σ

}
② r ≤ θσρ(ξ)✳ ❙✐ x ∈ B ② z ∈

B(x, σρ(x))✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✼ s❡ t✐❡♥❡

|z − ξ| < σρ(x) + θσρ(ξ)

≤ σ(1 + θσ)ρ(ξ) + θσρ(ξ)

=
(
σ + θσ2 + θσ

)
ρ (ξ) ✳

❆sí✱ s✐ δ = θσ2+θσ✱ s❡ ♦❜t✐❡♥❡ z ∈ B(ξ, (σ+δ)ρ(ξ)) ❝♦♥ σ+δ < 1✳ ▲✉❡❣♦✱ B (x, σρ(x)) ⊂
B(ξ, (σ + δ)ρ(ξ))✱ ♣❛r❛ ❝❛❞❛ x ∈ B✱ ② ❡♥t♦♥❝❡s

Sσ (B) =
⋃

x∈B
B (x, σρ(x)) ⊂ B(ξ, (σ + δ)ρ(ξ)).

❖❜s❡r✈❛❝✐ó♥ ✷✳✺✳✶✹✳ ❊♥ ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✱ s✐ σ ❡s ♣ró①✐♠♦ ❛ 0✱ 1−σ
σ2+σ

♣✉❡❞❡ s❡r ❛r❜✐tr❛r✐❛✲
♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♠♦ q✉❡r❡♠♦s q✉❡ θσ s❡❛ ✉♥❛ ❢r❛❝❝✐ó♥ ❞❡ σ✱ ♣❡❞✐♠♦s θ < 1/5✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✺✳✶✺✳ ❊❧ ❧❡♠❛ ❛♥t❡r✐♦r ❡s t❛♠❜✐é♥ ❝✐❡rt♦ ♣❛r❛ ❡s♣❛❝✐♦s ♠étr✐❝♦s ♠ás ❣❡♥❡✲
r❛❧❡s✳

▲❡♠❛ ✷✳✺✳✶✻✳ P❛r❛ t♦❞♦s p ∈ (0,∞) ② β, σ ∈ (0, 1) s❡ ✈❡r✐✜❝❛ Bβp = Bσp ✳
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❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ w ∈ Bβp ✳ ❙✐ σ < β ❡s tr✐✈✐❛❧ q✉❡ w ∈ Bσp ✱ ♣♦r s❡r Fσ ⊂ Fβ ② Sσ(B) ⊂
Sβ(B)✳ ❙✉♣♦♥❣❛♠♦s ❡♥t♦♥❝❡s β < σ ② ❝♦♥s✐❞❡r❡♠♦s θ, δ ∈ (0, 1) ❝♦♠♦ ❡♥ ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r
❝♦♥ θ < β/σ✳ ❙✐ B = B(ξ, r) ∈ Fθσ ⊂ Fβ s❡ t✐❡♥❡✱

✂
Sσ(B)−B

|B|rpw(y)
|y − ξ|n+p dy ≤

✂
B(ξ,(σ+δ)ρ(ξ))−B(ξ,θσρ(ξ))

|B|rpw(y)
|y − ξ|n+p dy

+

✂
B(ξ,θσρ(ξ))−B

|B|rpw(y)
|y − ξ|n+p dy✳ ✭✷✳✺✳✶✼✮

P❛r❛ ❡st✐♠❛r ❧❛ ♣r✐♠❡r❛ ✐♥t❡❣r❛❧ ❡♥ ✭✷✳✺✳✶✼✮✱ t♦♠❡♠♦s γ ∈ (σ + δ, 1)✳ ❨❛ q✉❡✱ ♣♦r ❚❡♦✲
r❡♠❛ ✷✳✺✳✼ ② ▲❡♠❛ ✷✳✺✳✻✱ Bβp ⊂ Dβ

p = Dγ
p ✱ ❡①✐st❡♥ Cγ ② ε✱ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ξ ② r✱ t❛❧❡s

q✉❡

w (B(ξ, (σ + δ)ρ(ξ))) ≤ Cγt
n+p−εw

(
B

(
ξ,

(σ + δ)ρ(ξ)

t

))

❝♦♥ t = (σ+δ)ρ(ξ)
r

✱ q✉❡ ❡s ♠❛②♦r ❛ 1✳ ▲❧❡✈❛♥❞♦ ❡st♦ ❛❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ ❧❛ s✉♠❛ ❞❡ ✭✷✳✺✳✶✼✮✱
s❡ ♦❜t✐❡♥❡ ✂

B(ξ,(σ+δ)ρ(ξ))−B(ξ,θσρ(ξ))

|B|rpw(y)
|y − ξ|n+p dy

≤ Cn

(
r

θσρ(ξ)

)n+p
w (B(ξ, (σ + δ)ρ(ξ)))

≤ CnCγ

(
r

θσρ(ξ)

)n+p(
(σ + δ)ρ(ξ)

r

)n+p−ε
w (B)

= CnCγ

(
σ + δ

θσ

)n+p(
r

(σ + δ)ρ(ξ)

)ε
w(B)✱

♣♦r ❧♦ q✉❡ ✂
B(ξ,(σ+δ)ρ(ξ))−B(ξ,θσρ(ξ))

|B|rpw(y)
|y − ξ|n+p dy < C

✂
B

w(y)dy✳ ✭✷✳✺✳✶✽✮

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ❧❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ ❡♥ ✭✷✳✺✳✶✼✮✱ ②❛ q✉❡ w ∈ Bβp ✱ r❡s✉❧t❛
✂
B(ξ,θσρ(ξ))−B

|B|rpw(y)
|y − ξ|n+p dy ≤

✂
Sβ(B)−B

|B|rpw(y)
|y − ξ|n+p dy

≤ Cw,β,p

✂
B

w(y)dy. ✭✷✳✺✳✶✾✮

P♦r ❧♦ t❛♥t♦✱ ❧❧❡✈❛♥❞♦ ✭✷✳✺✳✶✽✮ ② ✭✷✳✺✳✶✾✮ ❛ ✭✷✳✺✳✶✼✮✱ s❡ ❞❡❞✉❝❡ q✉❡

|B|rp
w (B)

✂
Sσ(B)−B

w(y)

|y − ξ|n+pdy ≤ C✱ ✭✷✳✺✳✷✵✮

♣❛r❛ t♦❞❛ B = B(ξ, r) ∈ Fθσ✱ ❞♦♥❞❡ C ♥♦ ❞❡♣❡♥❞❡ ❞❡ B✳ ❙❡❛ ❛❤♦r❛ B = B (ξ, r) ∈
Fσ −Fθσ✱ ♦ s❡❛✱ θσρ (ξ) < r ≤ σρ (ξ)✳ ❈♦♠♦ w ❞✉♣❧✐❝❛ s♦❜r❡ Fσ✱ s❡ t✐❡♥❡

w (Nσ(B)) ≤ w (Nσ(B (ξ, σρ (ξ))))



✷✳✺ ❈♦♥❞✐❝✐ó♥ Blocp ✻✸

≤ Cw,σw (B (ξ, σρ (ξ))))

≤ Cw,σ,θw (B (ξ, θσρ (ξ))))

≤ Cw,σ,θw(B).

❊♥t♦♥❝❡s✱ ②❛ q✉❡ Sσ (B) ⊂ Nσ (B)✱ ❞❡ ❧♦ ❛♥t❡r✐♦r s❡ ❞❡❞✉❝❡

|B|rp
w (B)

✂
Sσ(B)−B

w(y)

|y − ξ|n+pdy ≤ |B|rp
w (B) rn+p

w (Nσ(B)) ≤ C ′✱ ✭✷✳✺✳✷✶✮

❞♦♥❞❡ C ′ ♥♦ ❞❡♣❡♥❞❡ ❞❡ B✳ P♦r ❧♦ t❛♥t♦✱ ✭✷✳✺✳✷✵✮ ② ✭✷✳✺✳✷✶✮ ✐♠♣❧✐❝❛♥ q✉❡ w ∈ Bσp ✳
❚❡♦r❡♠❛ ✷✳✺✳✷✷✳ ❉❛❞♦s β ∈ (0, 1) ② p ∈ (0,∞)✱ s❡ ✈❡r✐✜❝❛ Dβ

p ⊂ Bβp ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ B = B(ξ, r) ∈ Fγ t❛❧ q✉❡ 5B /∈ Fγ✳ ❙✐ x ∈ Nγ(B)✱ ❡①✐st❡♥ x′ ②
x′′ t❛❧❡s q✉❡ x ∈ B (x′, γρ (x′)) ② x′′ ∈ B (x′, γρ (x′)) ∩ B✳ ❆❤♦r❛✱ ❝♦♠♦ s❡ ✈✐♦ ❡♥ ❧❛
❖❜s❡r✈❛❝✐ó♥ ✶✳✵✳✼✱ ❤❛② ✉♥ m ∈ N ✭q✉❡ ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ γ✮ t❛❧ q✉❡ ρ (x′) < 2m+2ρ (ξ)✱ ②
❡♥t♦♥❝❡s

|x− ξ| ≤ |x− x′′|+ |x′′ − ξ| < 2γρ (x′) + r

< 2m+3γρ (ξ) + r <
(
2m+35 + 1

)
r✳

❆sí✱ t❡♥❡♠♦s
|x− ξ| < (2m+35 + 1)r✱ ✭✷✳✺✳✷✸✮

♣❛r❛ ❝❛❞❛ x ∈ Nγ(B)✱ ❞♦♥❞❡ m ❡s ❡❧ ❡♥t❡r♦ q✉❡ ✈❡r✐✜❝❛ 2m−1 < 1+γ
1−γ ≤ 2m ✭✈❡r ♣á❣✐♥❛s

✻✶✺ ② ✻✶✻ ❡♥ ❬❍❙❱✶✹❪✮✳ ◆♦t❡♠♦s q✉❡

2m+35 + 1 = 2m−180 + 1 <
1 + γ

1− γ
80 + 1 = cγ✱

♣♦r ❧♦ ❝✉❛❧ ĺım
γ→0+

γcγ = 0✳ ❆❤♦r❛✱ ✜❥❛❞♦ β ∈ (0, 1)✱ t♦♠❛♠♦s γ > 0 t❛♥ ♣❡q✉❡ñ♦ ❞❡ ♠♦❞♦

q✉❡ γcγ < β✳ ❆sí t❡♥❡♠♦s cγB ∈ Fβ✱ ♣❛r❛ ❝❛❞❛ B ∈ Fγ✱ ② ❛❞❡♠ás✱ ♣♦r ✭✷✳✺✳✷✸✮✱

Nγ(B) ⊂ cγB✱ ✭✷✳✺✳✷✹✮

♣❛r❛ ❝❛❞❛ B ∈ Fγ−Fγ/5✳ ❙❡❛ w ∈ Dβ
p ✳ ◆♦t❡♠♦s q✉❡✱ s✐ B = B (ξ, r) ∈ Fγ−Fγ/5 t❡♥❡♠♦s✱

♣♦r ✭✷✳✺✳✷✹✮✱
✂
Sγ(B)−B

|B|rpw(x)
|x− ξ|n+p dx ≤ |B|rpr−n−p

✂
cγB−B

w dx

≤ Cnw(cγB) ≤ Cn,p,β,wc
n+p−ε
γ w(B). ✭✷✳✺✳✷✺✮

❙✐ ❛❤♦r❛ s✉♣♦♥❡♠♦s B ∈ Fγ/5✱ t♦♠❛♥❞♦ k0 ∈ N t❛❧ q✉❡ 5k0B ∈ Fγ −Fγ/5✱ r❡s✉❧t❛
✂
Sγ(B)−B

|B|rpw(x)
|x− ξ|n+p dx

=

✂
Sγ(B)−5k0B

|B|rpw(x)
|x− ξ|n+p dx+

✂
5k0B−B

|B|rpw(x)
|x− ξ|n+p dx✳ ✭✷✳✺✳✷✻✮



✻✹ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

P♦r ✉♥ ❧❛❞♦✱ ②❛ q✉❡ w ∈ Dβ
p ✱ ❧❛ ✐♥t❡❣r❛❧ ❞❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❡♥ ✭✷✳✺✳✷✻✮ s❡ ❡st✐♠❛ ❝♦♠♦

✂
5k0B−B

|B|rpw(x)
|x− ξ|n+p dx = |B|rp

k0−1∑

k=0

✂
5k+1B−5kB

w(x)

|x− ξ|n+pdx

≤ |B|rp
k0−1∑

k=0

(5kr)−n−p
✂
5k+1B

w dx

≤ Cn,p,β,w

k0−1∑

k=0

(5k)−n−p(5k+1)n+p−εw (B)

< Cn,p,β,w

∞∑

k=0

(5k)−εw(B) = Cw (B) ✱ ✭✷✳✺✳✷✼✮

❞♦♥❞❡ C ♥♦ ❞❡♣❡♥❞❡ ❞❡ B✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣♦r s❡r 5k0B ∈ Fγ − Fγ/5✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r
✭✷✳✺✳✷✺✮ ❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡❧ ♣r✐♠❡r tér♠✐♥♦ ❡♥ ✭✷✳✺✳✷✻✮✱ ♦❜t❡♥✐❡♥❞♦ ❛sí

✂
Sγ(B)−5k0B

|B|rpw(x)
|x− ξ|n+p dx

≤
✂
Sγ(5k0B)−5k0B

|B|rpw(x)
|x− ξ|n+p dx

=
|B|rp

|5k0B| (5k0r)p
✂
Sγ(5k0B)−5k0B

|5k0B|
(
5k0r

)p
w(x)

|x− ξ|n+p dx

≤ C

(5k0)n+p
w
(
5k0B

)
≤ C

(
5k0
)−ε

w (B) < Cw (B) ✳ ✭✷✳✺✳✷✽✮

▲✉❡❣♦✱ ❧❧❡✈❛♥❞♦ ✭✷✳✺✳✷✼✮ ② ✭✷✳✺✳✷✽✮ ❛ ✭✷✳✺✳✷✻✮✱ s❡ t✐❡♥❡

✂
Sγ(B)−B

|B|rpw(x)
|x− ξ|n+p dx ≤ Cw (B) ✱ ✭✷✳✺✳✷✾✮

♣❛r❛ t♦❞❛ B ∈ Fγ/5✳ P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✷✳✺✳✷✺✮ ② ✭✷✳✺✳✷✾✮ s❡ ❞❡❞✉❝❡ q✉❡ w ∈ Bγp = Bβp ✱ ♣♦r
❡❧ ▲❡♠❛ ✷✳✺✳✶✻✳

✷✳✻✳ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾

❆♥t❡s ❞❡ ❡♠♣❡③❛r ❝♦♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ s❡rá ❝♦♥✈❡♥✐❡♥t❡ ♦❜t❡♥❡r
❛❧❣✉♥♦s r❡s✉❧t❛❞♦s q✉❡ ♣r♦♣♦r❝✐♦♥❛rá♥ ♠ás ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❧❛s ❝❧❛s❡s ❞❡ ♣❡s♦s Bβp ②

B̃βp ✳ P❛r❛ ❡❧❧♦ ✈♦❧✈❡♠♦s ❛ ❝♦♥s✐❞❡r❛r ✉♥ ❝♦♥t❡①t♦ ♠étr✐❝♦ ♠ás ❣❡♥❡r❛❧✱ ❝♦♠♦ ❛❧ ♣r✐♥❝✐♣✐♦
❞❡ ❡st❡ ❝❛♣✁ít✉❧♦✳

▲❡♠❛ ✷✳✻✳✶✳ ❉❛❞♦ β ∈ (0, 1)✱ s✐ B ∈ Fβ/3 ❡♥t♦♥❝❡s B ⊂ Eβ (B)✳



✷✳✻ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ✻✺

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ ξ ❡❧ ❝❡♥tr♦ ❞❡ B✳ ❙✐ x ❡ y ❡stá♥ ❡♥ B✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✼ s❡ ❝♦♥s✐❣✉❡

d (y, x) <
2β

3
ρ (ξ) ≤ 2β

3− β
ρ (x) < βρ (x)

②❛ q✉❡ 2 < 3− β✳ ❉❡ ❡st❡ ♠♦❞♦✱ B ⊂ B (x, βρ (x))✱ ♣❛r❛ ❝❛❞❛ x ∈ B✳

▲❡♠❛ ✷✳✻✳✷✳ ❉❛❞♦ β ∈ (0, 1)✱ s❡❛ 0 < α < β/3✳ ❙✐ w ❡s ✉♥ ♣❡s♦ ♣❛r❛ ❡❧ ❝✉❛❧ ❡①✐st❡
C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ B = B (ξ, r) ∈ Fα✱ s❡ t✐❡♥❡

✂
Eβ(B)−B

µ (B) rpw(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p
≤ Cw(B) ✭✷✳✻✳✸✮

❡♥t♦♥❝❡s w ∈ B̃βp ✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡❛♠♦s ♣r✐♠❡r♦ q✉❡ w ❡s ❞✉♣❧✐❝❛♥t❡ s♦❜r❡ F2α ✭♣♦r ❧♦ q✉❡ t❛♠❜✐é♥ ❧♦ ❡s
s♦❜r❡ Fβ✮✳ ❘❛③♦♥❛♥❞♦ ❞❡ ♠❛♥❡r❛ s✐♠✐❧❛r ❛ ✭✷✳✺✳✽✮✱ ♣❡r♦ ❛♣❧✐❝❛♥❞♦ ❡st❛ ✈❡③ ❡❧ ▲❡♠❛ ✷✳✻✳✶✮✱
s✐ B = B (ξ, r) ∈ F2α✱ t❡♥❡♠♦s

w (B) ≤
✂
B− 1

2
B

µ (B) rpw(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p

+w

(
1

2
B

)

≤ 2pCβ

✂
Eβ( 1

2
B)− 1

2
B

µ
(
1
2
B
) (

r
2

)p
w(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p

+w

(
1

2
B

)

≤ (2pCβC + 1)w

(
1

2
B

)
✱

❞♦♥❞❡ Cβ ❛♣❛r❡❝❡ ♣♦r ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ s♦❜r❡ Fβ✱ ② ❛❞❡♠ás s❡ ❝♦♥s✐❞❡ró q✉❡ Eβ (B) ⊂
Eβ
(
1
2
B
)
✳ ❆❤♦r❛✱ s♦❧♦ s❡ ❞❡❜❡ ♣r♦❜❛r q✉❡ s❡ t✐❡♥❡ t❛♠❜✐é♥ ✭✷✳✻✳✸✮ ❝♦♥B = B (ξ, r) ∈ Fβ/3−

Fα✳ ❉❡ ❤❡❝❤♦✱ s✐ Cw,β,α ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ w t♦♠❛❞❛ s♦❜r❡ ❞✐❧❛t❛❝✐♦♥❡s
❡♥ ✉♥ ❢❛❝t♦r ❞❡ β/α ❞❡ ❜♦❧❛s ❞❡ ❧❛ ❢❛♠✐❧✐❛ Fα✱ s❡ ❝♦♥s✐❣✉❡

✂
Eβ(B)−B

µ (B) rpw(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p
≤ w (Eβ (B))

≤ w (B (ξ, βρ (ξ)))

≤ Cw,β,αw (B (ξ, αρ (ξ)))

≤ Cw,β,αw(B)✱

❝♦♥ ❧♦ q✉❡ ♣r♦❜❛♠♦s ❡❧ ❧❡♠❛✳

▲❡♠❛ ✷✳✻✳✹✳ ❉❛❞♦s p ∈ (0,∞) ② β ∈ (0, 1)✱ Bβp = B̃βp ✳



✻✻ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ p ∈ (0,∞) ② β ∈ (0, 1)✳ ❨❛ q✉❡✱ Eβ (B) ⊂ Sβ (B)✱ ♣❛r❛ t♦❞❛ B ∈ Fβ✱
❡s tr✐✈✐❛❧ q✉❡ Bβp ⊂ B̃βp ✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✺✳✶✻✱ ❜❛st❛ ✈❡r q✉❡ B̃βp ⊂ Bγp ✱ ♣❛r❛ ❛❧❣ú♥
γ ∈ (0, β)✳ ❚♦♠❛♠♦s σ = 9β

11+2β
② B ∈ Fσ/10 ❝♦♥ ❝❡♥tr♦ ξ✳ P❛r❛ ❝❛❞❛ x ∈ B✱ s✐ y ∈ B✱

♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✼ s❡ t✐❡♥❡

d (x, y) <
2σ

10
ρ (ξ) ≤ 2σ

10− σ
ρ (x) <

2σ

9
ρ (x) ✳

▲✉❡❣♦✱ ♣♦r ✉♥ ❧❛❞♦✱ ❞❛❞♦ z /∈ Ω✱ r❡s✉❧t❛

ρ (x) ≤ d (x, y) + d (y, z) <
2σ

9
ρ (x) + d (y, z) ✱

❞❡ ❧♦ ❝✉❛❧ s✐❣✉❡ q✉❡ (
1− 2σ

9

)
ρ (x) ≤ ρ (y) ✳

P♦r ♦tr♦ ❧❛❞♦✱ s✐ x′ ∈ B (x, σρ (x))✱ t❡♥❡♠♦s

d (x′, y) < σρ (x) + d (x, y) <
11σ

9
ρ (x)

≤ 11σ

9− 2σ
ρ (y) = βρ (y) ✳

P♦r ❧♦ t❛♥t♦✱ ♦❜t✉✈✐♠♦s q✉❡

B (x, σρ (x)) ⊂ B (y, βρ (y)) ✱

♣❛r❛ t♦❞♦s x, y ∈ B✳ ❉❡ ❡st♦ s❡ ❞❡❞✉❝❡ q✉❡

Sσ (B) ⊂ Eβ (B) ✳ ✭✷✳✻✳✺✮

▲✉❡❣♦✱ ❞❛❞♦s w ∈ B̃βp ② B = B (ξ, r) ∈ Fσ/10✱ s❡ t✐❡♥❡ ♣♦r ✭✷✳✻✳✺✮

✂
Sσ/10(B)−B

µ (B) rpw(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p

≤
✂
Eβ(B)−B

µ (B) rpw(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p
≤ Cw (B) ✱

♣♦r ❧♦ ❝✉❛❧ w ∈ Bσ/10p = Bβp ✳

❆❤♦r❛ ♣♦❞❡♠♦s ✈♦❧✈❡r ❛❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦ ② ♣❛s❛r ❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛
♣r✐♥❝✐♣❛❧ ❞❡ ❡st❛ s❡❝❝✐ó♥✳ Pr✐♠❡r♦✱ ❛♥❛❧✐③❛r❡♠♦s ❝✐❡rt❛ ❡str✉❝t✉r❛ ❣❡♦♠étr✐❝❛ q✉❡ s❡ ♣r❡✲
s❡♥t❛ ❡♥ Rn ❝♦♥ ❝✉❜♦s ❞❡ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s✱ ② q✉❡ s❡rá út✐❧ ♣❛r❛
♣r♦❜❛r q✉❡ w ∈ Bβ1 ❜❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❞❛❞❛s ♣❛r❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❧♦❝❛❧❡s✳ ▲❛
s✐❣✉✐❡♥t❡ ❝♦♥str✉❝❝✐ó♥ s❡ s✉❣✐❡r❡ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷ ❡♥ ❬❋✉❥✼✼❪ ✭♣á❣✐♥❛
✺✸✸✮✳ ❊♥ ❧♦ q✉❡ s✐❣✉❡✱ ❝♦♠♦ ❡s ✉s✉❛❧✱ s✐ x ∈ Rn ❞❡♥♦t❛♠♦s x = (x1, . . . , xn)✳



✷✳✻ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ✻✼

Pr♦♣♦s✐❝✐ó♥ ✷✳✻✳✻✳ P❛r❛ ❝❛❞❛ ❝✉❜♦ Q ⊂ Rn ❝♦♥ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s✱
Rn ♣✉❡❞❡ ♣❛rt✐❝✐♦♥❛rs❡ ❡♥ ✉♥❛ ❢❛♠✐❧✐❛ ✜♥✐t❛ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♥ ✐♥t❡r✐♦r❡s ❞✐s❥✉♥t♦s t❛❧❡s
q✉❡✱ s✐ J ❡s ✉♥♦ ❞❡ ❡st♦s ❝♦♥❥✉♥t♦s✱ ❡①✐st❡♥ ❝✉❜♦s Q1 ② Q2 ✈❡r✐✜❝❛♥❞♦

Q1 ∪Q2 ⊂
2

13
Q✱ ✭✷✳✻✳✼✮

|Q1| = |Q2| =
(

l

104

)n
✱ ✭✷✳✻✳✽✮

②

sup
x∈Q1

|z − x| ≤ ı́nf
y∈Q2

|z − y| ✱ ✭✷✳✻✳✾✮

♣❛r❛ t♦❞♦ z ∈ J −Q✱ s✐❡♥❞♦ l ❡❧ ❧❛❞♦ ❞❡ Q✳ ❆❞❡♠ás✱ ❤❛② ✉♥ ❡♥t❡r♦ k ❡♥tr❡ 1 ② n t❛❧ q✉❡✱
s✐ x ∈ Q1✱ y ∈ Q2 ② z ∈ J −Q✱ s❡ ✈❡r✐✜❝❛♥

xk ≤ mı́n {yk, zk} ✭✷✳✻✳✶✵✮

♦

máx {yk, zk} ≤ xk✱

②

|yk − xk| ≥
l

52
✳ ✭✷✳✻✳✶✶✮

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❛♠♦s n = 2 ② ❞✐✈✐❞✐♠♦s R2 ❡♥ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❧❛ ❢♦r♠❛

Jk,li,j =
{
(x1, x2) : 0 ≤ (−1)k xi ≤ (−1)l xj

}

❝♦♥ i✱ j✱ k ② l ✈❛❧✐❡♥❞♦ 1 ♦ 2✱ ② i 6= j✳

P❛r❛ ✜❥❛r ✐❞❡❛s✱ t♦♠❛♠♦s ❧❛ r❡❣✐ó♥

J2,2
1,2 = {(x1, x2) : 0 ≤ x1 ≤ x2} ✭✷✳✻✳✶✷✮

② s❡❛ Q ✉♥ ❝✉❜♦ ❝♦♥ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s ❞❡ ❝❡♥tr♦ 0 ② ❧❛❞♦ l✳ ❚♦♠❛♠♦s
1
13
Q✱ ♦ s❡❛✱ ❡❧ ❝✉❜♦ ❝♦♥ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s ❞❡ ❝❡♥tr♦ 0 ② ❧❛❞♦ l′ = l

13
✱

② ❞❡♥tr♦ ❞❡ ést❡✱ ❧♦s ❝✉❜♦s

Q1 =

[
− l

′

4
,− l

′

8

]
×
[
3l′

8
,
l′

2

]

②

Q2 =

[
l′

8
,
l′

4

]
×
[
− l

′

2
,−3l′

8

]
✱

② ❧♦s ✈ért✐❝❡s

V1 =

(
− l

′

4
,
3l′

8

)
∈ Q1



✻✽ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❋✐❣✉r❛ ✷✳✶✿ ▲❛s r❡❣✐♦♥❡s ✐♥t❡r✐♦r❡s ❞❡ ❧♦s ❝♦♥❥✉♥t♦s Jk,li,j ✳

②

V2 =

(
l′

4
,−3l′

8

)
∈ Q2✳

❙❡❛ P (t)✱ t ≥ 0✱ ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ❡stá♥❞❛r ❞❡ ❧♦s ♣✉♥t♦s ❞❡ ❧❛ s❡♠✐rr❡❝t❛ q✉❡ t✐❡♥❡
♦r✐❣❡♥ ❡♥ V1 ② ❞✐r❡❝❝✐ó♥ V2 − V1✱ ♦ s❡❛

P (t) = V1 + t (V2 − V1)

=

(
− l

′

4
+ t

l′

2
,
3l′

8
− t

3l′

4

)

❝♦♥ t ≥ 0✳ ◗✉❡r❡♠♦s ✈❡r q✉❡ s✐ z ∈ J2,2
1,2 − Q✱ h (t) = |z − P (t)|2 ❡s ❝r❡❝✐❡♥t❡ ❝✉❛♥❞♦ t

✈❛rí❛ ❡♥ [0,∞)✳ P♦♥✐❡♥❞♦ z = (z1, z2) ♦❜t❡♥❡♠♦s

h (t) =

(
z1 +

l′

4
− t

l′

2

)2

+

(
z2 −

3l′

8
+ t

3l′

4

)2

② ❧✉❡❣♦

h′ (t) = 2

(
z1 +

l′

4
− t

l′

2

)(
− l

′

2

)
+ 2

(
z2 −

3l′

8
+ t

3l′

4

)
3l′

4

= l′
(
3

2
z2 −

9l′

16
+ t

9l′

8
− z1 −

l′

4
+ t

l′

2

)

≥ l′
(
3

2
z2 − z1 −

13l′

16

)
.

❆❤♦r❛✱ ❝♦♠♦ z /∈ Q✱ s✐ 0 ≤ z1 ≤ l
2
✱ ❞❡❜❡rá s❡r z2 > l

2
✳ P♦r ❡❧ ❝♦♥tr❛r✐♦✱ s✐ z1 > l

2
✱ ♣♦r s❡r



✷✳✻ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ✻✾

❋✐❣✉r❛ ✷✳✷✿ ▲♦s ❝✉❜♦s 1
13
Q✱ Q1 ② Q2✳

z ∈ J2,2
1,2 ✱ s❡ t❡♥❞rá z2 ≥ z1 >

l
2
✳ ❊♥t♦♥❝❡s✱ ♦❜t❡♥❡♠♦s ❛rr✐❜❛

h′ (t) ≥ l′
(
1

2
z2 + z2 − z1 −

l

16

)

≥ l′
(
1

2
z2 −

l

16

)
> l′

(
l

4
− l

16

)

= l′
3l

16
> 0✳

❉❡ ❡st❡ ♠♦❞♦✱ ❝♦♠♦ q✉❡r✐❛♠♦s ♣r♦❜❛r✱ |z − P (t)|2 ❡s ❝r❡❝✐❡♥t❡ ❝✉❛♥❞♦ t ∈ [0,∞)✳ ❊st♦
❞✐❝❡ q✉❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ s✐ P ❡s ❝✉❛❧q✉✐❡r ♣✉♥t♦ s♦❜r❡ ❧❛ s❡♠✐rr❡❝t❛ ❝♦♥ ♦r✐❣❡♥ ❡♥ V1 ② q✉❡
♣❛s❛ ♣♦r V2✱ s❡ t✐❡♥❡

|z − V1| ≤ |z − P | ✱
♣❛r❛ t♦❞♦ z ∈ J2,2

1,2 −Q✳ ❙❡❛ y ∈ Q2✳ ❈♦♠♦ Q2 ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ ❧❛ ❝❧❛✉s✉r❛ ❞❡❧ s❡♠✐♣❧❛♥♦
✐♥❢❡r✐♦r ❛ ❧❛ r❡❝t❛ q✉❡ ♣❛s❛ ♣♦r V1 ② V2✱ s✐ Py ❡s ❡❧ ♣✉♥t♦ ❞❡ ✐♥t❡rs❡❝❝✐ó♥ ❡♥tr❡ ❡st❛ r❡❝t❛
② ❡❧ s❡❣♠❡♥t♦ q✉❡ ✉♥❡ y ② z✱ ♣♦r ❧♦ ❛♥t❡r✐♦r s❡ ❞❡❞✉❝❡

|z − V1| ≤ |z − Py| ≤ |z − y| ✳ ✭✷✳✻✳✶✸✮

P♦r ♦tr♦ ❧❛❞♦✱ s✐ x = (x1, x2) ∈ Q1✱ t❡♥❡♠♦s

− l
′

4
≤ x1 ≤ − l

′

8

②
3l′

8
≤ x2 ≤

l′

2
✱

♦ s❡❛

0 < z1 +
l′

8
≤ z1 − x1 ≤ z1 +

l′

4



✼✵ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

②

0 < z2 −
l′

2
≤ z2 − x2 ≤ z2 −

3l′

8
✱

②❛ q✉❡ z1 ≥ 0 ② z2 > l
2
✳ ❊♥t♦♥❝❡s

|z − x| ≤ |z − V1| ✱ ✭✷✳✻✳✶✹✮

♣❛r❛ t♦❞♦ x ∈ Q1✳ ▲✉❡❣♦✱ ✭✷✳✻✳✶✹✮ ② ✭✷✳✻✳✶✸✮✱ ✐♠♣❧✐❝❛♥

sup
x∈Q1

|z − x| ≤ ı́nf
y∈Q2

|z − y| ✳

◆♦t❡♠♦s t❛♠❜✐é♥ q✉❡✱ ♣❛r❛ ❝❛❞❛ (x1, x2) ∈ Q1✱ (y1, y2) ∈ Q2 ② (z1, z2) ∈ J2,2
1,2 ✱ t❡♥❡♠♦s

x1 ≤ mı́n{y1, z1} ✭✈❡r ✜❣✉r❛ ✷✳✸✮✳

❋✐❣✉r❛ ✷✳✸✿ ▲♦s ♣✉♥t♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s x1 ② y1 s❡ ❤❛❧❧❛♥ ❡♥ ❧♦s ❝✉❜♦s Q1 ② Q2✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✳ ❊❧ ♣✉♥t♦ (z1, z2) ❡stá ❡♥ ❡❧ ❝♦♥❥✉♥t♦ J2,2

1,2 ② ❢✉❡r❛ ❞❡ Q✳

❆❤♦r❛✱ ②❛ q✉❡ ❝✉❛❧q✉✐❡r r❡❣✐ó♥ Jk,li,j ♣✉❡❞❡ ♦❜t❡♥❡rs❡ ♠❡❞✐❛♥t❡ ✉♥❛ r♦t❛❝✐ó♥ ②✴♦ r❡✲
✢❡①✐ó♥ ❞❡ J2,2

1,2 ✱ s❡ ♣✉❡❞❡♥ ❝♦♥s❡❣✉✐r ❝✉❜♦s ❝♦♠♦ Q1 ② Q2 ❛♣❧✐❝❛♥❞♦ ❛ ❡st♦s ❧♦s ♠✐s♠♦s
♠♦✈✐♠✐❡♥t♦s rí❣✐❞♦s ❝♦♥ ❧♦s ❝✉❛❧❡s s❡ ♦❜t✐❡♥❡ ❧❛ r❡❣✐ó♥ ❞❛❞❛ ❞❡s❞❡ J2,2

1,2 ✳ ▲♦s ❝✉❜♦s ❛sí

❝♦♥s❡❣✉✐❞♦s✱ ♣❛r❛ ❝❛❞❛ r❡❣✐ó♥ Jk,li,j ✱ ✈❡r✐✜❝❛♥ ✭✷✳✻✳✾✮✱ ♣❛r❛ t♦❞♦ z ∈ Jk,li,j −Q✳ ❊①t❡♥❞❡♠♦s
❧♦ ❛♥t❡r✐♦r ❛ R3 ♣r♦♣♦r❝✐♦♥❛♥❞♦ ❛sí ❧❛ ✐❞❡❛ ♣❛r❛ ❣❡♥❡r❛❧✐③❛r ❧♦s s✐❣✉✐❡♥t❡s ❛r❣✉♠❡♥t♦s ❛
Rn✱ ❝♦♥ n ≥ 3✱ ♠❡❞✐❛♥t❡ ✐♥❞✉❝❝✐ó♥✳ ❉❡♥♦t❛♠♦s

Jk1,k2,k3i1,i2,i3
=
{
(x1, x2, x3) : 0 ≤ (−1)k1 xi1 ≤ (−1)k2 xi2 ≤ (−1)k3 xi3

}
✭✷✳✻✳✶✺✮
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❝♦♥ i1✱ i2 ② i3 ❞✐st✐♥t♦s ❡♥tr❡ sí ② ✈❛❧✐❡♥❞♦ 1✱ 2✱ ♦ 3✱ ② k1✱ k2 ② k3 ✈❛❧✐❡♥❞♦ 1 ♦ 2✳ ❈♦♠♦ ❡❧
❝❛s♦ ❞❡ R2✱ s❡ t✐❡♥❡

R3 =
⋃

Jk1,k2,k3i1,i2,i3
✳

❙❡❛♥ Q ✉♥ ❝✉❜♦ ❞❡ R3 ❝♦♥ ❝❡♥tr♦ ❡♥ 0 ② ❧❛❞♦ l ✭❝♦♠♦ s❡ ❝♦♥s✐❞❡r♦ ❛♥t❡s✮✱ ② z =
(z1, z2, z3) /∈ Q✳ ❙✉♣♦♥❣❛♠♦s q✉❡ z ∈ Jk1,k2,k31,2,3 ②✱ ♣❛r❛ ✜❥❛r ✐❞❡❛s✱ |z2| > l

2
✳ ❚❡♥❡♠♦s

❡♥t♦♥❝❡s q✉❡✱ s✐ Q′ ❡s ❧❛ ♣r♦②❡❝❝✐ó♥ ❞❡ Q s♦❜r❡ ❡❧ ♣❧❛♥♦ q✉❡ ❝♦♥t✐❡♥❡ ❧♦s ♣✉♥t♦s ❞❡ R3

❝♦♥ t❡r❝❡r❛ ❝♦♦r❞❡♥❛❞❛ 0 ✭❡❧ ❝✉❛❧ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❝♦♥ R2✮✱ (z1, z2) ∈ Jk1,k21,2 −Q′✳ ❙❡❛♥
Q′

1 ② Q′
2 ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝✉❜♦s ❞❡❧ ♣❧❛♥♦ q✉❡ ✈❡r✐✜❝❛♥ ✭✷✳✻✳✾✮✳ ❙✐ k3 = 2 ❞❡✜♥✐♠♦s

Q1 = Q′
1 ×

[
l′

8
,
l′

4

]

②

Q2 = Q′
2 ×

[
−3l′

8
,− l

′

4

]
✳

❊♥t♦♥❝❡s z3 ≥ 0 ②✱ s✐ x = (x1, x2, x3) ∈ Q1 ② y = (y1, y2, y3) ∈ Q2 ✭♣♦r ❧♦ q✉❡ (x1, x2) ∈ Q′
1

② (y1, y2) ∈ Q′
2✮ t❡♥❡♠♦s✱ ♣♦r ✉♥ ❧❛❞♦✱

(z1 − x1)
2 + (z2 − x2)

2 ≤ (z1 − y1)
2 + (z2 − y2)

2 ,

❞❡❜✐❞♦ ❛ ✭✷✳✻✳✾✮✳ P♦r ♦tr♦ ❧❛❞♦✱ ❝✉❛♥❞♦ z3 ≥ l′

4
r❡s✉❧t❛

|z3 − y3| = |x3 − y3|+ |z3 − x3| ✳

❙✐ 0 ≤ z3 <
l′

4
✱ ✈❡♠♦s q✉❡

|z3 − x3| ≤
l′

4
≤ |z3 − y3|✳

❉❡ ❡st❡ ♠♦❞♦✱ ❡♥ ❛♠❜♦s ❝❛s♦s s❡ ❞❡❞✉❝❡

|z3 − x3| ≤ |z3 − y3|

② ❧✉❡❣♦
|z − x| ≤ |z − y| ✱

♣❛r❛ t♦❞♦s x ∈ Q1 ② y ∈ Q2✳ ❖ s❡❛✱ ✭✷✳✻✳✾✮ s❡ ✈❡r✐✜❝❛ ❡♥ R3 ❝♦♥ z ∈ Jk1,k2,k31,2,3 −Q✱ ② Q1 ②
Q2 ❞❡✜♥✐❞♦s ❛rr✐❜❛✳ ❙✐ k3 = 1 ✭♣♦r ❧♦ ❝✉❛❧ z3 ≤ 0✮ s❡ t♦♠❛♥

Q1 = Q′
1 ×

[
− l

′

4
,− l

′

8

]

②

Q2 = Q′
2 ×

[
l′

4
,
3l′

8

]
✱

② s❡ ✈✉❡❧✈❡ ❛ ❞❡❞✉❝✐r ✭✷✳✻✳✾✮ ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r t❛♠❜✐é♥ q✉❡✱
❡♥ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r r❡❝✐é♥ ❞❛❞♦✱ ♣❛r❛ k1 = 2✱ s✐ z2 > l/2 ❡♥t♦♥❝❡s (z1, z2) ∈ J2,2

1,2 − Q′✱
❧♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❝❛s♦ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✸✱ ② s✐ z2 < −l/2 ❡♥t♦♥❝❡s (z1, z2) ∈ J2,1

1,2 − Q′✱
s✐❡♥❞♦ J2,1

1,2 −Q′ ❧❛ r❡✢❡①✐ó♥ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ x2 = 0 ❞❡ ❧❛ r❡❣✐ó♥ J2,2
1,2 −Q′✳ ❆sí r❡s✉❧t❛



✼✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

x1 ≤ mı́n{y1, z1} ❝✉❛♥❞♦ k1 = 2✳ P❛r❛ k1 = 1✱ ❧♦s ❝✉❜♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ② ❧❛s r❡s♣❡❝t✐✈❛s
r❡❣✐♦♥❡s s❡ ♦❜t✐❡♥❡♥ ♣♦r r❡✢❡①✐ó♥ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡❥❡ x1 = 0✱ ② ❞❡ ❡st❡ ♠♦❞♦ s❡ t✐❡♥❡
x1 ≥ máx{y1, z1} ✭✈❡r ✜❣✉r❛ ✷✳✸✮✳ ❆sí✱ ❧❛ ✐❞❡❛ ❞❡ ❝♦♠♦ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ✭✷✳✻✳✾✮ ❡♥ Rn✱
❝♦♥ n ≥ 3✱ ♠❡❞✐❛♥t❡ ✐♥❞✉❝❝✐ó♥✱ ❡s ❝❧❛r❛✳ ❆❞❡♠ás✱ t❡♥❡♠♦s q✉❡

Q1 ∪Q2 ⊂
2

13
Q

②

|Q1| = |Q2| =
(

l

104

)n
✳

▼ás ❛ú♥✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❞❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧♦s ❝✉❜♦s Q1 ② Q2 ❧♦ s✐❣✉✐❡♥t❡✿ s✐
(z1, . . . , zn) /∈ Q✱ ♣❛r❛ ❛❧❣ú♥ m✱ q✉❡ s✉♣♦♥❡♠♦s ♠❛②♦r ❛ 1 ♣❛r❛ ✜❥❛r ✐❞❡❛s✱ |zm| > l/2 ②
❤❛② ✉♥ ❝♦♥❥✉♥t♦ Jk1,k2i1,i2

t❛❧ q✉❡ (zm−1, zm) ∈ Jk1,k2i1,i2
✳ ▲✉❡❣♦✱ s✐ Q′

1 ② Q
′
2 s♦♥ ❧❛s ♣r♦②❡❝❝✐♦♥❡s

❞❡ Q1 ② Q2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s♦❜r❡ ❡❧ ♣❧❛♥♦ q✉❡ ❝♦♥t✐❡♥❡ ❛ (zm−1, zm)✱ ❡♥t♦♥❝❡s r❡s✉❧t❛
(xm−1, xm) ∈ Q′

1✱ (ym−1, ym) ∈ Q′
2✱ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ (x1, . . . , xn) ∈ Q1 ② (y1, . . . , yn) ∈

Q2✱ ②✱ ♣♦r ❧❛ ❢♦r♠❛ ❡♥ q✉❡ s❡ ❝♦♥str✉②❡r♦♥ ❡st♦s ❝✉❜♦s✱

xm−1 ≤ mı́n {ym−1, zm−1}

♦
máx {ym−1, zm−1} ≤ xm−1✱

②

|ym−1 − xm−1| ≥
l

52

✭❡st♦ s❡ ❛♣r❡❝✐❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✸ r❡❡♠♣❧❛③❛♥❞♦ 1 ♣♦r m − 1✮✳ P♦r ú❧t✐♠♦✱ ♥♦t❡♠♦s q✉❡
❧❛ ✐♥✈❛r✐❛♥③❛ ♣♦r tr❛s❧❛❝✐♦♥❡s ❞❡ ❧❛ ❣❡♦♠❡trí❛ ❡♥ Rn ♣❡r♠✐t❡ ❡①t❡♥❞❡r t♦❞♦s ❧♦s ❤❡❝❤♦s
❛♥t❡r✐♦r❡s ❛ ❝✉❜♦s ❝♦♥ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s ♣❡r♦ ❝♦♥ ❝❡♥tr♦ ❡♥ ❝✉❛❧q✉✐❡r
♣✉♥t♦ ❞✐st✐♥t♦ ❞❡❧ ♦r✐❣❡♥ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳ ❊st♦ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾✳ ❆❤♦r❛✱ ♣r♦❜❡♠♦s q✉❡ w ∈ Bβ1 ✳ ❙❡❛♥ B = B (ξ, r) ∈
Fβ/10 ② Q ❡❧ ❝✉❜♦ ❞❡ ❝❡♥tr♦ ξ ② ❧❛❞♦s ❞❡ ❧♦♥❣✐t✉❞ l = 2r/

√
n ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡✲

♥❛❞♦s ✭Q ⊂ B✮✳ ❖❜s❡r✈❛♠♦s q✉❡✱ s✐ y ∈ Eβ/2 (B) ② x ∈ B✱ s❡ t✐❡♥❡ y ∈ B
(
x, β

2
ρ (x)

)
✱ ♣♦r

❧♦ ❝✉❛❧

η

( |x− y|
βρ (x)

)
= 1✳

❉❡ ❡st❡ ♠♦❞♦✱ s✐ f ❡s ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ t✐❡♥❡ s♦♣♦rt❡ s♦❜r❡ Eβ/2 (B) ② Rβ
j f ❡stá ❞❡✜♥✐❞❛

❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡ Ω✱ r❡s✉❧t❛

Rβ
j f(x) = ✈✳♣✳

✂
Ω

Kj (x− y) η

( |x− y|
βρ(x)

)
f(y)dy

= ✈✳♣✳
✂
Ω

Kj (x− y) f(y)dy = RjfχΩ (x) , ✭✷✳✻✳✶✻✮



✷✳✻ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ✼✸

♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ B ② ♣❛r❛ ❝❛❞❛ j = 1, ..., n✳ ❙❡❛♥ J ✉♥❛ r❡❣✐ó♥ ❝♦♠♦ ❡♥ ✭✷✳✻✳✶✺✮
✭❡①t❡♥❞✐❞❛ ❛ Rn ② tr❛s❧❛❞❛❞❛ ❡♥ ξ✮ ② f = wχEβ/2(B)∩J−B✳ P❛r❛ J ② Q✱ s❡❛♥ Q1 ② Q2 ❧♦s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝✉❜♦s ❞❛❞♦s ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✻✳✻✳ ▲✉❡❣♦✱ ②❛ q✉❡

∣∣∣Rjf − (Rjf)Q1

∣∣∣ ≤
∣∣Rjf − (Rjf)B

∣∣

+
∣∣∣(Rjf)B − (Rjf)Q1

∣∣∣
≤

∣∣Rjf − (Rjf)B
∣∣

+ |Q1|−1

✂
Q1

∣∣Rjf (x)− (Rjf)B
∣∣ dx✱

♣♦r ✉♥ ❧❛❞♦✱ ❞❡ ✭✷✳✻✳✼✮✱ ✭✷✳✻✳✽✮✱ ✭✷✳✻✳✶✻✮✱ ② ❧❛ ❤✐♣ót❡s✐s ❞❛❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♥❡♠♦s
✂
Q2

∣∣∣Rjf (y)− (Rjf)Q1

∣∣∣ dy ≤
✂
Q2

∣∣Rjf (y)− (Rjf)B
∣∣ dy

+
|Q2|
|Q1|

✂
Q1

∣∣Rjf (x)− (Rjf)B
∣∣ dx

≤ 2

✂
B

∣∣Rjf (x)− (Rjf)B
∣∣ dx

= 2

✂
B

∣∣∣Rβ
j f (x)−

(
Rβ
j f
)
B

∣∣∣ dx

≤ Cw (B) ✳ ✭✷✳✻✳✶✼✮

P♦r ♦tr♦ ❧❛❞♦✱ t♦♠❛♠♦s j = k s✐❡♥❞♦ k ❡❧ ❡♥t❡r♦ ♣♦s✐t✐✈♦ ♣❛r❛ ❡❧ ❝✉❛❧ ✈❛❧❡ ✭✷✳✻✳✶✵✮✳
❊♥t♦♥❝❡s✱ ♣❛r❛ t♦❞♦s x ∈ Q1✱ y ∈ Q2 ② z ∈ Eβ/2 (B) ∩ J − B✱ ❞❡ ✭✷✳✻✳✾✮ ② ✭✷✳✻✳✶✶✮✱ s❡
❞❡❞✉❝❡

yj − zj

|y − z|n+1 − xj − zj

|x− z|n+1 =
yj − zj

|y − z|n+1 +
zj − xj

|x− z|n+1

≥ yj − xj

|y − z|n+1 ≥ l

52 |y − z|n+1 ✳

❆❤♦r❛✱ ②❛ q✉❡ y ∈ B ② z /∈ B✱ s❡ t✐❡♥❡

|y − z| < r + |ξ − z| ≤ 2 |ξ − z|

② ❧✉❡❣♦✱ ❡♥ ❧♦ ❛♥t❡r✐♦r r❡s✉❧t❛

yj − zj

|y − z|n+1 − xj − zj

|x− z|n+1 >
l

2n+152 |ξ − z|n+1 . ✭✷✳✻✳✶✽✮

❊♥t♦♥❝❡s✱ ❞❡ ✭✷✳✻✳✶✼✮ ② ✭✷✳✻✳✶✽✮ s❡ ♦❜t✐❡♥❡

l |Q2| |Q1|
2n+152

✂
Eβ/2(B)∩J−B

w (z)

|ξ − z|n+1dz

≤
✂
Q2

✂
Q1

✂
Ω

(
yj − zj

|y − z|n+1 − xj − zj

|x− z|n+1

)
f (z) dzdxdy



✼✹ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

≤
✂
Q2

∣∣∣∣
✂
Q1

(Rjf (y)−Rjf (x)) dx

∣∣∣∣ dy

= |Q1|
✂
Q2

∣∣∣Rjf (y)− (Rjf)Q1

∣∣∣ dy ≤ C |Q1|w (B) ✳

❆sí✱ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ l ② ✭✷✳✻✳✽✮✱ ❝♦♥s❡❣✉✐♠♦s
✂
Eβ/2(B)∩J−B

rn+1w (z)

|ξ − z|n+1dz ≤ 52 (104)n n
n+1
2 Cw (B) .

P♦r ú❧t✐♠♦✱ ②❛ q✉❡ ❤❛② ✉♥ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝♦♥❥✉♥t♦s J ✭q✉❡ ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ n ② ❝r❡❝❡
❝♦♥ n✮ ② s✉ ✉♥✐ó♥ ❡s Rn✱ s❡ ❝♦♥❝❧✉②❡

✂
Eβ/2(B)−B

rn+1w (z)

|ξ − z|n+1dz ≤ Cw (B) ✱ ✭✷✳✻✳✶✾✮

♣❛r❛ t♦❞❛ B = B (ξ, r) ∈ Fβ/10✳ P♦r ❧♦ t❛♥t♦✱ w ∈ B̃β/21 ♣♦r ❡❧ ▲❡♠❛ ✷✳✻✳✷ ② ❧✉❡❣♦✱ ♣♦r ❧♦s
▲❡♠❛s ✷✳✻✳✹ ② ✷✳✺✳✶✻✱ w ∈ Bβ1 ✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ♣❛s❛♠♦s ❛ ♣r♦❜❛r q✉❡ w ∈ Aβ∞✳ P❛r❛ ❡❧❧♦ ❡s s✉✜❝✐❡♥t❡ ✈❡r q✉❡ ❡①✐st❡
C > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r B ∈ Fβ✱ s❡ t✐❡♥❡

✂
B̃

∣∣∣Rβ
j (wχB)

∣∣∣ dx ≤ C

✂
B

w dx✱ ✭✷✳✻✳✷✵✮

❞❛❞♦ q✉❡✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✹✳✷✸✱ ❡st♦ ✐♠♣❧✐❝❛ w ∈ Aβ∞✳ Pr✐♠❡r♦✱ s❡❛ B ∈ Fβ − Fβ/25 ②
❝♦♥s✐❞❡r❡♠♦s ✉♥ ❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② W ♣❛r❛ Ω ❞❛❞♦ ♣♦r ❡❧ ▲❡♠❛ ✶✳✵✳✻✳ P♦r ❞✐❝❤♦
❧❡♠❛✱ s❛❜❡♠♦s q✉❡ ❧❛ ❢❛♠✐❧✐❛

W(B) = {P ∈ W : P ∩Nβ(B) 6= ∅}

❡s ✜♥✐t❛ ❝♦♥ ♯W(B) ≤M ✱ ❞♦♥❞❡ M ❡s ✉♥ ♥ú♠❡r♦ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B✳ ❙✐ ♣❛r❛ ❝✉❛❧q✉✐❡r
V ∈ Fβ s❡ ❞❡♥♦t❛ ♣♦r V ∗ ❛ ❧❛ ❜♦❧❛ ♠á①✐♠❛ ❡♥ ❧❛ ❢❛♠✐❧✐❛ ❝♦♥❝é♥tr✐❝❛ ❝♦♥ V ✱ ❡st♦ ❡s
V ∗ = B(xV , βρ(xV ))✱ s✐❡♥❞♦ xV ❡❧ ❝❡♥tr♦ ❞❡ V ✱ s❡ ♣✉❡❞❡ ❡s❝♦❣❡r ♣❛r❛ ❝❛❞❛ P ∈ W(B)
✉♥❛ ❜♦❧❛ ♠á①✐♠❛ B∗

P t❛❧ q✉❡ P ∩B∗
P 6= ∅ ② B∗

P ∩B 6= ∅✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦ q✉❡ P ∗ ❡s ✉♥❛
❞❡ ❧❛s ❜♦❧❛s ❞❡ ❧❛ ♥✉❜❡ Nβ(B

∗
P )✱ B

∗
P ❡s ✉♥❛ ❜♦❧❛ ❞❡ ❧❛ ♥✉❜❡ Nβ(B)✱ ② w ❞✉♣❧✐❝❛ s♦❜r❡

❡st❛s ♥✉❜❡s✱ s❡ ♦❜t✐❡♥❡
✂
B̃

∣∣∣Rβ
j (wχB)

∣∣∣ dx ≤
✂
Nβ(B)

∣∣∣Rβ
j (wχB)

∣∣∣ dx

≤
∑

P∈W(B)

✂
P ∗

∣∣∣Rβ
j (wχB)

∣∣∣ dx

≤
∥∥∥Rβ

j (wχB)
∥∥∥
BMOβ

w

∑

P∈W(B)

w(P ∗)

≤ C ‖χB‖∞
∑

P∈W(B)

w (Nβ(B
∗
P ))



✷✳✻ ❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✾ ✼✺

≤ C ′
∑

P∈W(B)

w(B∗
P )

≤ C ′M w (Nβ(B)) ≤ C ′′M w(B)✳

❆sí✱ ❝♦♥s❡❣✉✐♠♦s ✭✷✳✻✳✷✵✮✱ ♣❛r❛ t♦❞❛ B ∈ Fβ −Fβ/25✳ ❆❤♦r❛✱ s❡❛ B ∈ Fβ/25 ② ❞❡♥♦t❡♠♦s

f = wχB✱ f1 = wχ 1
2
B ② f2 = wχB− 1

2
B✳ P♦r ✉♥ ❧❛❞♦✱ ②❛ q✉❡ ❡❧ r❛❞✐♦ ❞❡ B ❡s

(
|B|
Cn

)1/n
✱

✈❡♠♦s q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ B − 3
4
B s❡ t✐❡♥❡

∣∣∣Rβ
j f1 (x)

∣∣∣ ≤
✂

1
2
B

w (y)

|x− y|ndy ≤ 4nCn
|B| w

(
1

2
B

)
✳

▲✉❡❣♦✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡✱ ♣♦r ❧❛ ❤✐♣ót❡s✐s ❞❛❞❛ ② ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ w✱ t❡♥❡♠♦s
✂
B− 3

4
B

(∣∣∣
(
Rβ
j f1

)
5B

∣∣∣−
∣∣∣Rβ

j f1

∣∣∣
)
dx ≤

✂
5B

∣∣∣Rβ
j f1 −

(
Rβ
j f1

)
5B

∣∣∣ dx

≤ C
∥∥∥χ 1

2
B

∥∥∥
∞
w (5B)

≤ C ′w (B) ✱

s❡ ❝♦♥s✐❣✉❡
∣∣∣∣B − 3

4
B

∣∣∣∣
∣∣∣
(
Rβ
j f1

)
5B

∣∣∣ ≤ C ′w (B) +

✂
B− 3

4
B

∣∣∣Rβ
j f1

∣∣∣ dx

≤ C ′w (B) +
4nCn
|B| w

(
1

2
B

) ∣∣∣∣B − 3

4
B

∣∣∣∣ ✱

♦ s❡❛✱

∣∣∣
(
Rβ
j f1

)
5B

∣∣∣ ≤ C ′
∣∣B − 3

4
B
∣∣w (B) +

4nCn
|B| w

(
1

2
B

)

≤
(

C ′

1− (3/4)n
+ 4nCn

)
w (B)

|B| ✳ ✭✷✳✻✳✷✶✮

P♦r ♦tr♦ ❧❛❞♦✱ ✈❡♠♦s q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ 1
4
B s❡ t✐❡♥❡

∣∣∣Rβ
j f2 (x)

∣∣∣ ≤
✂
B− 1

2
B

w (y)

|x− y|ndy ≤ 4nCn
|B| w

(
B − 1

2
B

)
✳

▲✉❡❣♦✱ ❞❛❞♦ q✉❡ t❡♥❡♠♦s
✂

1
4
B

(∣∣∣
(
Rβ
j f2

)
5B

∣∣∣−
∣∣∣Rβ

j f2

∣∣∣
)
dx ≤

✂
5B

∣∣∣Rβ
j f2 −

(
Rβ
j f2

)
5B

∣∣∣ dx

≤ C
∥∥∥χB− 1

2
B

∥∥∥
∞
w (5B)

≤ C ′w (B) ✱



✼✻ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

♥✉❡✈❛♠❡♥t❡ ♣♦r ❧❛ ❤✐♣ót❡s✐s ❞❛❞❛ ② ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ w✱ s❡ ❝♦♥s✐❣✉❡
∣∣∣∣
1

4
B

∣∣∣∣
∣∣∣
(
Rβ
j f2

)
5B

∣∣∣ ≤ C ′w (B) +

✂
1
4
B

∣∣∣Rβ
j f2

∣∣∣ dx

≤ C ′w (B) +
4nCn
|B| w

(
B − 1

2
B

) ∣∣∣∣
1

4
B

∣∣∣∣ ✱

♦ s❡❛✱

∣∣∣
(
Rβ
j f2

)
5B

∣∣∣ ≤ C ′
∣∣1
4
B
∣∣w (B) +

4nCn
|B| w

(
B − 1

2
B

)

≤ (4nC ′ + 4nCn)
w (B)

|B| ✳ ✭✷✳✻✳✷✷✮

P♦r ú❧t✐♠♦✱ ②❛ q✉❡ f = f1 + f2✱ ❞❡ ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ ❧♦❝❛❧❡s
② ❧♦s ♣r♦♠❡❞✐♦s✱ ❥✉♥t♦ ❝♦♥ ✭✷✳✻✳✷✶✮✱ ✭✷✳✻✳✷✷✮✱ ❧❛ ❤✐♣ót❡s✐s ❞❛❞❛ ② ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ w✱
♦❜t❡♥❡♠♦s

✂
5B

∣∣∣Rβ
j f
∣∣∣ dx ≤

✂
5B

∣∣∣Rβ
j f −

(
Rβ
j f
)
5B

∣∣∣ dx+
✂
5B

∣∣∣
(
Rβ
j f
)
5B

∣∣∣ dx

≤ C ‖χB‖∞w (5B) + |5B|
(∣∣∣
(
Rβ
j f1

)
5B

∣∣∣+
∣∣∣
(
Rβ
j f2

)
5B

∣∣∣
)

≤ C ′w (B) + C ′′ |5B|w (B)

|B| = (C ′ + 5nC ′′)w (B) ✳

P♦r ❧♦ t❛♥t♦✱ ❝♦♥s❡❣✉✐♠♦s ✭✷✳✻✳✷✵✮✱ ♣❛r❛ t♦❞❛ B ∈ Fβ/25✱ q✉❡ ❡s ❧♦ q✉❡ q✉❡rí❛♠♦s✳

✷✳✼✳ ❘❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝❧❛s❡s Aβ
∞ ② Bβ

p

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ♣❡s♦s ❞❡ ❧❛ ❝❧❛s❡ Aβ∞ ② ❧♦s ❞❡ ❧❛
❝❧❛s❡ Bβp ✳
❖❜s❡r✈❛❝✐ó♥ ✷✳✼✳✶✳ ❙✐ µ ❡s ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ s♦❜r❡ Ω q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✱ ♥♦ ❡s ❞✐❢í❝✐❧
✈❡r q✉❡ ❡①✐st❡♥ Cβ, θβ ≥ 1 t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞♦s B ∈ Fβ ② t > 1✱ s❡ t✐❡♥❡

µ (B) ≤ Cβt
θβµ
(
t−1B

)
✳ ✭✷✳✼✳✷✮

Pr♦♣♦s✐❝✐ó♥ ✷✳✼✳✸✳ ❙✐ p > 0 ② 1 ≤ q < 1 + p/θβ ❡♥t♦♥❝❡s Aβq ⊂ Bβp ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ w ∈ Aβq ✳ ❙✐ B ∈ Fβ ② E ⊂ B ❡s ♠❡❞✐❜❧❡✱ ❞❡ ✐❣✉❛❧ ♠❛♥❡r❛ q✉❡ ❡♥ ❡❧
❝❛s♦ ❞❡ ❧❛s ❝❧❛s❡s Aq ✉s✉❛❧❡s✱ s❡ t✐❡♥❡

(
µ (E)

µ (B)

)q
≤ C

w (E)

w (B)
✱ ✭✷✳✼✳✹✮



✷✳✼ ❘❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝❧❛s❡s Aβ∞ ② Bβp ✼✼

s✐❡♥❞♦ C ✉♥❛ ❝♦♥st❛♥t❡ q✉❡ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B ② E✳ ❆❤♦r❛✱ s❡❛♥ B = B (ξ, r) ∈ Fβ ②
k0 ❡❧ ♥ú♠❡r♦ ♥❛t✉r❛❧ t❛❧ q✉❡ 2−k0βρ (ξ) < r ≤ 2−k0+1βρ (ξ)✳ ❙✐ ❞❡♥♦t❛♠♦s r0 = 2−k0βρ (ξ)
② B0 = B (ξ, r0)✱ t❡♥❡♠♦s

B0 ⊂ B ⊂ 2B0

② 2kB0 ∈ Fβ✱ ❝♦♥ k = 1, . . . , k0✳ ❊♥t♦♥❝❡s✱ ♣♦r ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ ② w✱ ✭✷✳✼✳✹✮✱ ② ✭✷✳✼✳✷✮✱
r❡s✉❧t❛ ✂

Eβ(B)−B

µ (B) rpw(x)dµ (x)

µ (B (ξ, d (ξ, x))) d (ξ, x)p

≤
k0−1∑

k=0

✂
2k+1B0−2kB0

µ (2B0) (2r0)
pw(x)dµ (x)

µ (2kB0) (2kr0)
p

≤ 2pC

k0−1∑

k=0

2−kp
µ (B0)w(2

kB0)

µ (2kB0)

≤ 2pCw (B0)

k0−1∑

k=0

2−kp
(
µ
(
2kB0

)

µ (B0)

)q−1

≤ 2pCCq−1
β w (B0)

∞∑

k=0

(
2θβ(q−1)−p)k ≤ C ′w (B) ✱

❝♦♥ C ′ <∞✱ ②❛ q✉❡ θβ (q − 1)− p < 0✳ ▲✉❡❣♦✱ w ∈ Bβp ✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✻✳✹✳

❈♦♥s✐❞❡r❛♠♦s ❛❤♦r❛ ❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦✱ ❡st♦ ❡s X = Rn✱ d = | · |✱ ② dµ = dx✳ ❱❡r❡♠♦s
q✉❡✱ ♣❛r❛ ❝❧❛s❡s ✉s✉❛❧❡s ✭♥♦ ❧♦❝❛❧❡s✮ ❞❡ ♣❡s♦s✱ ♥♦ ❡s ❝✐❡rt♦ q✉❡ A∞ (Rn) s❡❛ ✉♥❛ s✉❜❝❧❛s❡
❞❡ Bp (Rn)✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✼✳✺✳ ❙✐ p > 0 ② q > 1 + p/n✱ Aq (Rn)− Bp (Rn) 6= ∅✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ a ∈ (p, n (q − 1)) ② w (x) = |x|a✳ ❊s s❛❜✐❞♦ q✉❡ w ∈ Aq (Rn)✳ ❙✐
m ∈ N✱ t❡♥❡♠♦s

✂
B(0,m+1)−B(0,1)

|B (0, 1)|w (x)

|B (0, |x|)| |x|p dx =

✂
B(0,m+1)−B(0,1)

|x|a−n−pdx

= Cn

✂ m+1

1

ta−p−1dt

= Cn
(m+ 1)a−p − 1

a− p
✱

② ❞❡ ❡st❡ ♠♦❞♦
✂
Rn−B(0,1)

|B (0, 1)|w (x)

|B (0, |x|)| |x|p dx

≥ ĺım
m→∞

✂
B(0,m+1)−B(0,1)

|B (0, 1)|w (x)

|B (0, |x|)| |x|p dx = ∞✳



✼✽ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❊♥t♦♥❝❡s✱ ♣❛r❛ ❝✉❛❧q✉✐❡r C > 0 r❡s✉❧t❛
✂
Rn−B(0,1)

|B (0, 1)|w (x)

|B (0, |x|)| |x|p dx > Cw (B (0, 1)) ✱

♣♦r ❧♦ q✉❡ w /∈ Bp (Rn)✳

P♦❞❡♠♦s ✈❡r t❛♠❜✐é♥ q✉❡ ❧♦ ❛♥t❡r✐♦r ❡s ❝✐❡rt♦ ♣❛r❛ ❝❧❛s❡s ❞❡ ♣❡s♦s ❧♦❝❛❧❡s✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✼✳✻✳ ❉❛❞♦s β ∈ (0, 1) ② Ω ⊂ Rn✱ ❛❜✐❡rt♦ ♣r♦♣✐♦ ♥♦ ✈❛❝í♦✱ s✐ p > 0 ②
q > 1 + p/n✱ Aβq (Ω)− Bβp (Ω) 6= ∅✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ x0 ∈ Ω ② a ∈ (p, n (q − 1))✳ ❊s s❛❜✐❞♦ q✉❡ | ·−x0|a ∈ Aq (Rn)✳ ▲✉❡❣♦✱
s✐ w (x) = |x − x0|aχΩ (x)✱ w ∈ Aβq (Ω)✳ ❙❡❛♥ d0 = d (x0,Ω

c) > 0 ② Bm = B (x0, βd0/m)✱
♣❛r❛ ❝❛❞❛ m ∈ N✳ ❊♥t♦♥❝❡s✱ {Bm} ⊂ Fβ ②✱ s✐ m ≥ 2✱ ♣♦r ✉♥ ❧❛❞♦ s❡ t✐❡♥❡

✂
Sβ(Bm)−Bm

(βd0/m)n+pw (x)

|x− x0|n+p
dx ≥

✂
B1−Bm

(βd0/m)n+pw (x)

|x− x0|n+p
dx

= (βd0/m)n+p
✂
B1−Bm

|x− x0|a−n−pdx

= Cn (βd0/m)n+p
✂ βd0

βd0/m

ta−p−1dt

= Cn (βd0/m)n+p
(βd0)

a−p − (βd0/m)a−p

a− p

= Cn (βd0)
n+am−n−p1− (1/m)a−p

a− p
✳

P♦r ♦tr♦ ❧❛❞♦✱

w (Bm) =

✂
Bm

|x− x0|adx = Cn

✂ βd0/m

0

ta+n−1dt

= Cn
(βd0/m)a+n

a+ n
= Cn (βd0)

a+n m
−a−n

a+ n
✳

❆sí r❡s✉❧t❛
✁
Sβ(Bm)−Bm

(βd0/m)n+pw(x)
|x−x0|n+p dx

w (Bm)
≥ ma−p (a+ n)

(
1− (1/m)a−p

)

a− p

=
(a+ n) (ma−p − 1)

a− p
✱

♣❛r❛ ❝❛❞❛ m ≥ 2✳ P♦r ❧♦ t❛♥t♦

ĺım
m→∞

✁
Sβ(Bm)−Bm

(βd0/m)n+pw(x)
|x−x0|n+p dx

w (Bm)
= ∞



✷✳✼ ❘❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝❧❛s❡s Aβ∞ ② Bβp ✼✾

② ❞❡ ❡st❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ C > 0✱ ❤❛② ✉♥ m ∈ N✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❛❧ q✉❡
✂
Sβ(Bm)−Bm

(βd0/m)n+pw (x)

|x− x0|n+p
dx > Cw (Bm) ✳

❊♥t♦♥❝❡s✱ w /∈ Bβp ✳

▲♦ ♣r♦❜❛❞♦ ❛rr✐❜❛ ♠✉❡str❛ q✉❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r p > 0✱ Aβ∞ (Ω) ♥♦ ❡s ✉♥❛ s✉❜❝❧❛s❡ ❞❡
Bβp (Ω)✱ ❝♦♥ Ω s✉❜❝♦♥❥✉♥t♦ ❞❡ Rn✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ✈❡rá q✉❡ t❛♠♣♦❝♦ ✈❛❧❡✱ ❡♥ ❣❡♥❡r❛❧✱
❧❛ ❝♦♥t❡♥❝✐ó♥ ✐♥✈❡rs❛✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✼✳✼✳ P❛r❛ ❝❛❞❛ β ∈ (0, 1)✱ s✐ Ω ⊂ Rn ❡s ✉♥ ❛❜✐❡rt♦ ♣r♦♣✐♦ q✉❡ ❝♦♥t✐❡♥❡
❛❧ ❝✉❜♦ [0, 1]n✱ ❡①✐st❡ pn > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r p ≥ pn✱ Bβp (Ω)− Aβ∞ (Ω) 6= ∅✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ w1 ❡❧ ♣❡s♦ ❝♦♥str✉✐❞♦ ❡♥ ❬❋▼✼✹❪ s♦❜r❡ ❧❛ r❡❝t❛ r❡❛❧ ❞❡ ❧❛ s✐❣✉✐❡♥t❡
♠❛♥❡r❛✿ P❛r❛ ❝❛❞❛ m ∈ N ∪ {0}✱ ❞❡✜♥✐♠♦s fm(x) = 1/2✱ s✐ 0 < x ≤ 4−m−1 ♦ 3 · 4−m−1 <
x ≤ 4−m✱ ② fm(x) = 3/2 ♣❛r❛ 4−m−1 < x ≤ 3 · 4−m−1✱ ❡①t❡♥❞✐é♥❞♦s❡ ❞❡ ❢♦r♠❛ ♣❡r✐ó❞✐❝❛
s♦❜r❡ (4−m, 1]✳ ❉❡♥♦t❡♠♦s ❝♦♥ n(x) ❛❧ ❡♥t❡r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡

4−n(x)−1 < x ≤ 4−n(x)✱

♣❛r❛ 0 < x ≤ 1✳ ❊♥t♦♥❝❡s✱ s❡ ❞❡✜♥❡

w1(x) =

2n(x)∏

m=0

fm(x)

♣❛r❛ 0 < x ≤ 1✱ w1(x) = 1 ♣❛r❛ x > 1 ② w1(x) = w1(−x) s✐ x ≤ 0✳ ❉❛❞♦ k ∈ N✱
❞❡♥♦t❛♥❞♦

Ik =
(
4−k/2, 4−k

)

②

Ek =
{
x ∈ Ik : w1 (x) > 3

2k
3 2−2k−1

}
✱

s❡ ♣r✉❡❜❛ ❡♥ ❬❋▼✼✹❪ q✉❡

ĺım
k→∞

|Ek|
|Ik|

= 0 ✭✷✳✼✳✽✮

②

ĺım
k→∞

w1 (Ek)

w1 (Ik)
= 1✱ ✭✷✳✼✳✾✮

♣♦r ❧♦ q✉❡ w1 /∈ A∞(R)✱ ♣❡r♦ w1 ❞✉♣❧✐❝❛ s♦❜r❡ R✱ ♦ s❡❛✱ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s
r > 0 ② x ∈ R✱ s❡ t✐❡♥❡

✂ x+r

x−r
w1 (t) dt ≤ C

✂ x+ r
2

x− r
2

w1 (t) dt✳ ✭✷✳✼✳✶✵✮

❆❤♦r❛ ❞❡✜♥✐♠♦s
wn (x1, . . . , xn) = w1 (x1) ✳



✽✵ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧

❱❡❛♠♦s q✉❡ wn ❞✉♣❧✐❝❛ s♦❜r❡ Rn✳ ❙❡❛♥ n > 1✱ ξ ∈ Rn✱ r > 0 ②✱ ♣❛r❛ ❝❛❞❛ z ∈ Rn ②
l > 0✱ Q (z, l) ❡❧ ❝✉❜♦ ❞❡ ❝❡♥tr♦ z ② ❧❛❞♦s ❞❡ ❧♦♥❣✐t✉❞ l ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s✳
❊♥t♦♥❝❡s✱ ②❛ q✉❡

B (ξ, r) ⊂ Q (ξ, 2r)

②
Q
(
ξ, r/

√
n
)
⊂ B (ξ, r/2) ✱

t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ✭✷✳✼✳✶✵✮✱ s❡ ♣✉❡❞❡ ❞❡❞✉❝✐r q✉❡ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cn > 0 t❛❧ q✉❡
✂
B(ξ,r)

wn (x) dx

≤
✂
Q(ξ,2r)

wn (x) dx

=

✂ ξn+r

ξn−r
. . .

✂ ξ2+r

ξ2−r

✂ ξ1+r

ξ1−r
w1 (x1) dx1dx2 . . . dxn

≤
(

r√
n

)n−1 (
2
√
n
)n−1

Cn

✂ ξ1+
r

2
√
n

ξ1− r
2
√
n

w1 (x1) dx1

=
(
2
√
n
)n−1

Cn

✂ ξn+
r

2
√
n

ξn− r
2
√
n

. . .

✂ ξ2+
r

2
√
n

ξ2− r
2
√

n

✂ ξ1+
r

2
√
n

ξ1− r
2
√
n

w1 (x1) dx1dx2 . . . dxn

=
(
2
√
n
)n−1

Cn

✂
Q(ξ,r/

√
n)
wn (x) dx

≤
(
2
√
n
)n−1

Cn

✂
B(ξ,r/2)

wn (x) dx✳

P❛s❛♠♦s ❛❤♦r❛ ❛ ❝♦♥str✉✐r s✉❜❝♦♥❥✉♥t♦s ❞❡ Ω s♦❜r❡ ❧♦s ❝✉❛❧❡s wn ♥♦ ✈❡r✐✜q✉❡ ❧❛
❝♦♥❞✐❝✐ó♥ ✭✐✈✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✳ ❈♦♥ ❡st❡ ✜♥✱ ♣♦♥❡♠♦s ξk = 3 · 4−k−1 (1, 1, . . . , 1) ②
Ink = Q

(
ξk, 2 · 4−k−1

)
✭♥♦t❛r q✉❡ I1k = Ik✮✳ ❊♥t♦♥❝❡s✱

Ink ⊂ B
(
ξk, 4−k−1

√
n
)
= Bk✳

❉❛❞♦ β ∈ (0, 1)✱ ❝♦♠♦
{
ξk
}
k
⊂ [0, 1]n ② d ([0, 1]n ,Ωc) ❡s ❡str✐❝t❛♠❡♥t❡ ♣♦s✐t✐✈❛✱ ♣♦❞❡♠♦s

t♦♠❛r ✉♥ k0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ k ≥ k0✱

4−k−1
√
n < βd ([0, 1]n ,Ωc) ≤ βd

(
ξk,Ωc

)
✳

❆sí✱ Bk ∈ Fβ✱ ♣❛r❛ ❝❛❞❛ k ≥ k0✳ ▲✉❡❣♦✱ ♣♦r ✉♥ ❧❛❞♦✱

Ek × In−1
k = {x : x1 ∈ Ek✱ xj ∈ Ik✱ j = 2, . . . , n} ⊂ Ink ⊂ Bk

② ❛❞❡♠ás
∣∣Ek × In−1

k

∣∣
|Bk|

=
|Ek| |Ik|n−1

|B (0, 1)| (4−k−1
√
n)

n

=
2n

|B (0, 1)| (√n)n
|Ek|
|Ik|

✱



✷✳✼ ❘❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝❧❛s❡s Aβ∞ ② Bβp ✽✶

♣♦r ❧♦ ❝✉❛❧✱ ❞❡ ✭✷✳✼✳✽✮✱

ĺım
k→∞

∣∣Ek × In−1
k

∣∣
|Bk|

= 0✳

P♦r ♦tr♦ ❧❛❞♦✱

wn
(
Ek × In−1

k

)
=

✂
Ik

. . .

✂
Ik

✂
Ek

w1 (x1) dx1dx2 . . . dxn

= w1 (Ek) |Ik|n−1

②✱ ♣♦r ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ wn✱

wn (Bk) ≤ C ′
nwn (I

n
k )

= C ′
n

✂
Ik

. . .

✂
Ik

✂
Ik

w1 (x1) dx1dx2 . . . dxn

= C ′
n |Ik|n−1w1 (Ik) ✳

❉❡ ❡st❡ ♠♦❞♦ t❡♥❡♠♦s
wn
(
Ek × In−1

k

)

wn (Bk)
≥ w1 (Ek)

C ′
nw1 (Ik)

✱

❞♦♥❞❡✱ ♣♦r ✭✷✳✼✳✾✮✱ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ t✐❡♥❞❡ ❛ 1/C ′
n✱ ❧♦ ❝✉❛❧ s❡ ♣✉❡❞❡ s✉♣♦♥❡r ♥♦ ♠❛②♦r ❛ 1✳

P♦r ❧♦ t❛♥t♦✱ ❞❛❞♦ ❝✉❛❧q✉✐❡r α ∈ (0, 1)✱ ♣♦❞❡♠♦s ❤❛❧❧❛r k > k0✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱
t❛❧ q✉❡ ∣∣Ek × In−1

k

∣∣
|Bk|

< α

②
wn
(
Ek × In−1

k

)

wn (Bk)
>

1

2C ′
n

✱

❞♦♥❞❡ Ek × In−1
k ⊂ Bk ∈ Fβ✳ ❊♥t♦♥❝❡s✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✱ wnχΩ /∈ Aβ∞ (Ω)✳

❆❤♦r❛ ✈❡❛♠♦s q✉❡✱ ♣❛r❛ ❛❧❣ú♥ pn > 0✱ wnχΩ ∈ Bβp (Ω)✱ ♣❛r❛ t♦❞♦ p ≥ pn✳ ❈♦♠♦ wn
❞✉♣❧✐❝❛ s♦❜r❡ ❜♦❧❛s ❞❡ Rn✱ s✐ ❞❡♥♦t❛♠♦s Cn ❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ♠❛②♦r ❛
1✱ ♥♦ ❡s ❞✐❢í❝✐❧ ✈❡r q✉❡✱ ♣❛r❛ ❝❛❞❛ t > 1 ② ♣❛r❛ t♦❞❛ ❜♦❧❛ B✱ s❡ t✐❡♥❡

wn (B) ≤ Cnt
log2 Cnwn

(
t−1B

)
✳

❚♦♠❛♠♦s pn = log2Cn > 0✳ ❊♥t♦♥❝❡s✱ s✐ p ≥ pn ② ε = n + p− pn✱ r❡s✉❧t❛ 0 < ε < n + p
②✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❛rr✐❜❛✱

wn (B) ≤ Cnt
n+p−εwn

(
t−1B

)
✱

♣❛r❛ ❝❛❞❛ t > 1 ② t♦❞❛ ❜♦❧❛ B✳ ❆sí✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✺✳✷✷✱ wnχΩ ∈ Bβp (Ω)✳



✽✷ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣❡s♦s A∞ ❧♦❝❛❧❡s ② ❝♦♥❞✐❝✐ó♥ Bp ❧♦❝❛❧



❈❛♣ít✉❧♦ ✸

❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s
BMO

β
w

✸✳✶✳ Pr❡❧✐♠✐♥❛r❡s ② t❡♦r❡♠❛s ❞❡ ❛❝♦t❛❝✐ó♥

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦✱ X = Rn✱ d ❧❛ ❞✐st❛♥❝✐❛ ❡✉❝❧í❞❡❛ ②
µ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳ ❖❜t❡♥❡♠♦s ✉♥❛ ❡st✐♠❛❝✐ó♥ ❛ ♣r✐♦r✐ ✐♥t❡r✐♦r s♦❜r❡ ✉♥ ❞♦♠✐♥✐♦
Ω ✭❛❜✐❡rt♦ ❞❡ Rn ❝♦♥❡①♦ ② ❛❝♦t❛❞♦✮✱ ♣❛r❛ ❝✐❡rt♦s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❡❧í♣t✐❝♦s✱ ❝♦♥
♥♦r♠❛s ❡♥ ✉♥ ❡s♣❛❝✐♦ BMO r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♥ ♣❡s♦ Ap ❧♦❝❛❧ s♦❜r❡ Ω✳ ❈♦♥ ❡st❡ ♦❜❥❡t✐✈♦
❞❡♠♦str❛♠♦s ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ t❛❧❡s ♥♦r♠❛s ❞❡ ❝✐❡rt❛s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s
❝♦♥♠✉t❛❞♦r❡s✱ ❚❡♦r❡♠❛s ✸✳✶✳✶✾ ② ✸✳✶✳✷✶✱ ❡♥ ❧❛ s❡❝❝✐ó♥ ✸✳✸✱ ② ❚❡♦r❡♠❛ ✸✳✶✳✷✸✱ ❡♥ ❧❛ s❡❝✲
❝✐ó♥ ✸✳✹✳ ❈♦♥ ❡❧ ♣r♦♣ós✐t♦ ❞❡ ❡♥✉♥❝✐❛r t❛❧❡s t❡♦r❡♠❛s✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧❛s
❞❡✜♥✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s✳

❙❡❛♥ w ✉♥ ♣❡s♦ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ(Ω)✱ ❞♦♥❞❡ Ω ⊂ Rn ❡s ❛❜✐❡rt♦ ♣r♦♣✐♦✱ ρ(ξ) =
d (ξ,Ωc) ♣❛r❛ ❝❛❞❛ ξ ∈ Ω✳ ❙❡ ❝♦♥s✐❞❡r❛♥ ❧❛s s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✶✳ ❉✐r❡♠♦s q✉❡ f ∈ L1
loc(Ω) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ BMOβ

w,q✱ ❝♦♥ 1 ≤ q <∞✱
s✐ ❡①✐st❡ C ≥ 1 ❝♦♥st❛♥t❡ ✭q✉❡ ♣✉❡❞❡ ❞❡♣❡♥❞❡r ❞❡ β✱ q ② w✮✱ t❛❧ q✉❡

|B|
w(B)

(
1

|B|

✂
B

|f(x)− fB|qdx
) 1

q

≤ C

♣❛r❛ B ∈ Fβ
5
✱ ②

|B|
w(B)

(
1

|B|

✂
B

|f(x)|qdx
) 1

q

≤ C

♣❛r❛ B ∈ Fβ −Fβ
5
✳ ❙✐ f ∈ BMOβ

w,q s❡ ❞❡✜♥❡ [f ]BMOβ
w,q

❝♦♠♦ ❡❧ í♥✜♠♦ ❞❡ ❧❛s ❝♦♥st❛♥t❡s

q✉❡ ✈❡r✐✜❝❛♥ ❛♠❜❛s ❞❡s✐❣✉❛❧❞❛❞❡s✳ ❙❡ ❞❡♥♦t❛ BMOβ
q ❛ BMOβ

w,q ❝♦♥ w ≡ 1 s♦❜r❡ Ω✳



✽✹ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✳ ❈♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✷✳✶✳✻✱ s❡ ♣✉❡❞❡ ❞❡♠♦str❛r q✉❡ f ∈ BMOβ
w,q ❡s

❡q✉✐✈❛❧❡♥t❡ ❛ q✉❡ ❡①✐st❡♥ N ∈ N ✭N ≥ 2✮✱ CN ≥ 1 t❛❧❡s q✉❡

|B|
w(B)

(
1

|B|

✂
B

|f(x)− fB|qdx
) 1

q

≤ CN ✭✸✳✶✳✸✮

♣❛r❛ B ∈ F β
N
✱ ②

|B|
w(B)

(
1

|B|

✂
B

|f(x)|qdx
) 1

q

≤ CN ✭✸✳✶✳✹✮

♣❛r❛ B ∈ Fβ −F β
N
✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✺✳ ❉✐r❡♠♦s q✉❡ f ∈ BMOβ
q ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ LMOβ

q ✱ ❝♦♥ 1 ≤ q < ∞✱
s✐ ❡①✐st❡ C ≥ 1 t❛❧ q✉❡

(
1 + log

βρ(ξ)

r

)(
1

|B|

✂
B

|f(x)− fB|qdx
) 1

q

≤ C✱ ✭✸✳✶✳✻✮

♣❛r❛ t♦❞❛ B = B(ξ, r) ∈ Fβ✳ ❙✐ f ∈ LMOβ
q s❡ ❞❡✜♥❡ [f ]LMOβ

q
❝♦♠♦ ❡❧ í♥✜♠♦ ❞❡ ❧❛s

❝♦♥st❛♥t❡s q✉❡ ✈❡r✐✜❝❛♥ ✭✸✳✶✳✻✮✳ ❙❡ ❞❡♥♦t❛ LMOβ ❛ LMOβ
1 ✳

❙❡ ♣r♦❜❛rá ❡♥ ❧❛ s❡❝❝✐ó♥ ✸✳✷ q✉❡ s✐ w ∈ RHβ
q ✱ ❝♦♥ 1 < q <∞✱ s❡ t✐❡♥❡ q✉❡✱ ♣❛r❛ ❝❛❞❛

α, β ∈ (0, 1) ② s ∈ (1, q)✱ ❧♦s ❡s♣❛❝✐♦s BMOα
w✱ BMOβ

w ② BMOβ
w,s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❡♥ ❡❧

s✐❣✉✐❡♥t❡ s❡♥t✐❞♦✿ ❡①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s Cα,β ② Cβ,s t❛❧❡s q✉❡

C−1
α,β [f ]BMOα

w
≤ [f ]BMOβ

w
≤ Cα,β [f ]BMOα

w

②
[f ]BMOβ

w
≤ [f ]BMOβ

w,s
≤ Cβ,s [f ]BMOβ

w
✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ❧♦s ❡s♣❛❝✐♦s LMO s❡ t✐❡♥❡✱ ♣❛r❛ ❝❛❞❛ α, β ∈ (0, 1) ② s ∈ (1,∞)✱ ❧❛
✐❣✉❛❧❞❛❞ ❞❡ ❧♦s ❡s♣❛❝✐♦s LMOα✱ LMOβ ② LMOβ

s ✱ ♣❡r♦ ♥♦ s❡ ❞✐s♣♦♥❡ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❞❡
✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ s❡♠✐♥♦r♠❛s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cβ,s ≥ 1 t❛❧ q✉❡

[f ]
LMO

β/
√
n

s
≤ Cβ,s [f ]LMOβ .

❈♦♥s✐❞❡r❛r❡♠♦s ❛❤♦r❛ ✉♥ ♥ú❝❧❡♦ ✐♥t❡❣r❛❧ K : Rn−{0} → R q✉❡ ✈❡r✐✜❝❛ ❧❛s s✐❣✉✐❡♥t❡s
❝♦♥❞✐❝✐♦♥❡s✿ ❊①✐st❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x 6= 0✱

|K(x)| ≤ C

|x|n ❀ ✭✸✳✶✳✼✮

♣❛r❛ ❝❛❞❛ x 6= 0 ② λ > 0✱
K (λx) = λ−nK (x) ✱ ✭✸✳✶✳✽✮

♦ s❡❛✱ K ❡s ❤♦♠♦❣é♥❡♦ ❞❡ ❣r❛❞♦ −n❀ ❡①✐st❡♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ② δ ♣❛r❛ ❧❛s ❝✉❛❧❡s

|K(x− y)−K(x)| ≤ C
|y|δ

|x|n+δ , ✭✸✳✶✳✾✮



✸✳✶ Pr❡❧✐♠✐♥❛r❡s ② t❡♦r❡♠❛s ❞❡ ❛❝♦t❛❝✐ó♥ ✽✺

s✐❡♠♣r❡ q✉❡ |x| > 2|y|❀ ② ✂
Sn−1

K(y)dσ(y) = 0 ✳ ✭✸✳✶✳✶✵✮

❉❡♥♦t❛r❡♠♦s
CK = ı́nf{C : C ✈❡r✐✜❝❛ ✭✸✳✶✳✼✮ ② ✭✸✳✶✳✾✮}✳ ✭✸✳✶✳✶✶✮

❊s ❝♦♥♦❝✐❞♦ q✉❡ ❡❧ ♦♣❡r❛❞♦r ❞❡✜♥✐❞♦ ♣♦r

Th = ✈✳♣✳K ∗ h✱
❝♦♥ K s❛t✐s❢❛❝✐❡♥❞♦ ✭✸✳✶✳✼✮✱ ✭✸✳✶✳✾✮ ② ✭✸✳✶✳✶✵✮ ❝♦♥ ❝♦♥st❛♥t❡ CK ✱ ✈❡r✐✜❝❛

‖Th‖Lp ≤ CCK ‖h‖Lp

♣❛r❛ t♦❞❛ h ∈ Lp(Rn) ❝♦♥ 1 < p <∞ ② C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ K✳

❙❡ ❝♦♥s✐❞❡r❛rá ❡❧ s✐❣✉✐❡♥t❡ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧

T β,ηf(x) = ✈✳♣✳
✂
Ω

K(x− y)η

( |x− y|
βρ(x)

)
f(y)dy✱ ✭✸✳✶✳✶✷✮

❞♦♥❞❡ f ∈ L1
loc(Ω) ② η ∈ C∞ ([0,∞)) ❡s t❛❧ q✉❡ 0 ≤ η ≤ 1✱ η (t) = 0 s✐ t ≥ 1✱ ② η (t) = 1

s✐ 0 ≤ t ≤ 1/2✳ ❉✐r❡♠♦s q✉❡ T β,η ❡s ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✸✳ ❱❡❛♠♦s q✉❡✱ ♣♦r ✭✸✳✶✳✽✮ ② ✭✸✳✶✳✶✵✮✱ s❡ t✐❡♥❡
✂
r<|x−y|<R

K(x− y)η

( |x− y|
βρ(x)

)
dy = 0✱ ✭✸✳✶✳✶✹✮

♣❛r❛ t♦❞♦s 0 < r < R < ∞ ② x ∈ Rn✳ ❊♥ ❡❢❡❝t♦✱ ❤❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❛ ❝♦♦r❞❡♥❛❞❛s
♣♦❧❛r❡s ♦❜t❡♥❡♠♦s

✂
r<|x−y|<R

K(x− y)η

( |x− y|
βρ(x)

)
dy =

✂ R

r

✂
Sn−1

K(tu)η

( |tu|
βρ(x)

)
tn−1dσ(u)dt

=

✂ R

r

✂
Sn−1

t−nK(u)η

(
t

βρ(x)

)
tn−1dσ(u)dt

=

✂ R

r

✂
Sn−1

K(u)dσ(u)η

(
t

βρ(x)

)
t−1dt = 0

②❛ q✉❡

0 ≤
✂ R

r

η

(
t

βρ(x)

)
t−1dt ≤ log

R

r
<∞✳

◆♦t❡♠♦s t❛♠❜✐é♥ q✉❡ T β,ηf(x) ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛✱ s✐ f ∈ BMOβ
w ❝♦♥ w ∈ RHβ

q ♣❛r❛
❛❧❣ú♥ q > 1✱ ♣♦r

T β,ηf (x) = T β,η
(
fχSβ(B)

)
(x) ✭✸✳✶✳✶✺✮

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ B ❝♦♥ B ∈ Fβ✳ ❊♥ ❡❢❡❝t♦✱ s✐ E ⊂ Ω ❡s ❝♦♠♣❛❝t♦✱ 1 < s < q ② W = {Pj}
❡s ✉♥ ❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② ❝♦♠♦ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹ ❝♦♥ a = β/85✱ t❡♥❡♠♦s

(✂
E

|f |sdx
)1/s

≤
∑

j:Pj∩E 6=∅

(✂
Pj

|f |sdx
)1/s

≤ [f ]BMOβ
w,s

∑

j:Pj∩E 6=∅

w(Pj)

|Pj|1/s′
✱



✽✻ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❞♦♥❞❡ ❧❛ s✉♠❛ ❞❡ ❛rr✐❜❛ ❡s ✜♥✐t❛ ② ✭❝♦♠♦ ✈❡r❡♠♦s ♠ás ❛❞❡❧❛♥t❡ ❡♥ ❡❧ ▲❡♠❛ ✸✳✷✳✷✸✮

[f ]BMOβ
w,s

≤ C[f ]BMOβ
w

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ f ✳ ❊♥t♦♥❝❡s✱ fχE ∈ Ls(Ω) ② ❧✉❡❣♦✱ ♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✶✱
q✉❡❞❛ ♣r♦❜❛❞❛ ♥✉❡str❛ ❛✜r♠❛❝✐ó♥✳

❆❤♦r❛✱ r❡❝♦r❞❛♠♦s ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❞❛❞❛ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ♣❡r♦✱ ❡♥ ❡st❡ ❝❛s♦✱
❡①♣r❡s❛❞❛ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❡✉❝❧í❞❡♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✶✻✳ ❙❡❛♥ p > 0 ② w ✉♥ ♣❡s♦ ✭w ∈ L1
loc(Ω) ② ♥♦✲♥❡❣❛t✐✈♦ ❡♥ ❝❛s✐ t♦❞♦

♣✉♥t♦ ❞❡ Ω✮✳ ❉❡♥♦t❛r❡♠♦s w ∈ Bβp s✐

sup
B(ξ,r)∈Fβ

rn+p

w(B(ξ, r))

✂
Sβ(B(ξ,r))−B(ξ,r)

w(x)dx

|ξ − x|n+p <∞✳ ✭✸✳✶✳✶✼✮

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✽✳ ❊s ❢á❝✐❧ ♣r♦❜❛r q✉❡ w ∈ Bβp ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ q✉❡

sup
B(ξ,r)∈Fβ

rn+p

w(B(ξ, r))

✂
Nβ(B(ξ,r))−B(ξ,r)

w(x)dx

|ξ − x|n+p <∞✳

▼ás ❛ú♥✱ ❝♦♠♦ ❡s ♣r♦❜❛❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱ ❚❡♦r❡♠❛s ✷✳✺✳✼ ② ✷✳✺✳✷✷✱ w ∈ Bβp s✐✱ ② s♦❧♦
s✐✱ ❡①✐st❡♥ C > 0 ② 0 < ε < n+ p t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fβ ② t > 1✱ s❡ t✐❡♥❡

w(B) ≤ Ctn+p−εw
(
t−1B

)
✳

❊s ✐♠♣♦rt❛♥t❡ ✐♥❞✐❝❛r q✉❡ s✐ ❞✐❝❤❛ ❝♦♥❞✐❝✐ó♥ ✈❛❧❡ s♦❜r❡ ❜♦❧❛s ❞❡ Fβ✱ ♣❛r❛ ❛❧❣ú♥ β ∈ (0, 1)✱
✈❛❧❡ t❛♠❜✐é♥ s♦❜r❡ Fα✱ ♣❛r❛ ❝✉❛❧q✉✐❡r α ∈ (0, 1)✳ ❆❞❡♠ás✱ s❡ t✐❡♥❡ Aβs ⊂ Bβp ✱ ♣❛r❛ t♦❞♦
s ∈ [1, 1 + p/n)✳

❚❡♦r❡♠❛ ✸✳✶✳✶✾✳ ❙❡❛♥ T β,η✱ ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧✱ ② w ∈ RHβ
q ∩ Bβδ ♣❛r❛ ❛❧❣ú♥

q ∈ (1,∞)✱ ❞♦♥❞❡ δ ❡s ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ r❡❣✉❧❛r✐❞❛❞ ❡♥ ✭✸✳✶✳✾✮✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ C > 0 t❛❧
q✉❡✱ ♣❛r❛ t♦❞❛ f ∈ BMOβ

w✱ s❡ t✐❡♥❡
[
T β,ηf

]
BMOβ

w
≤ C[f ]BMOβ

w
✳

❯♥❛ ❛❝♦t❛❝✐ó♥ ❛♥á❧♦❣❛ ❛ ❧❛ ❛♥t❡r✐♦r s❡ t✐❡♥❡ s♦❜r❡ LMOβ✳

❚❡♦r❡♠❛ ✸✳✶✳✷✵✳ ❙❡❛♥ T β,η ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧ ② 0 < σ < mı́n
{

β√
n
, 1−β√

n

}
✳ ❊♥t♦♥✲

❝❡s✱ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ f ∈ LMOβ✱ s❡ t✐❡♥❡
[
T β,ηf

]
LMOβ ≤ C[f ]LMOβ+

√
nσ ✳

❋✐♥❛❧♠❡♥t❡✱ ❞❛❞♦s b ∈ LMOβ ② g ∈ BMOβ
w✱ s❡ ❞❡♥♦t❛

T β,ηb g = bT β,ηg − T β,η(bg)

❛❧ ❝♦♥♠✉t❛❞♦r ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❞❡ T β,η ② b✳ ❯s❛♥❞♦ ❧♦s t❡♦r❡♠❛s ❛♥t❡s ♠❡♥❝✐♦♥❛❞♦s s❡
♦❜t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡✳



✸✳✷ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✽✼

❚❡♦r❡♠❛ ✸✳✶✳✷✶✳ ❙❡❛♥ T β,η ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧✱ 0 < σ < mı́n
{

β√
n
, 1−β√

n

}
② w ∈ Aβ1 ✳

❊♥t♦♥❝❡s✱ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ f ∈ BMOβ
w✱ s❡ t✐❡♥❡

[
T β,ηb f

]
BMOβ

w

≤ C[b]LMOβ+
√
nσ [f ]BMOβ

w
✱

❞♦♥❞❡ C ♥♦ ❞❡♣❡♥❞❡ ❞❡ b✳

❙❡rá ♥❡❝❡s❛r✐♦ t❡♥❡r ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❛rr✐❜❛ ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ❝♦♥ ♥ú❝❧❡♦
✈❛r✐❛❜❧❡✳ ❊♥ ❡s❡ ❝❛s♦✱ ❡❧ ♥ú❝❧❡♦ K ❞❡❧ ♦♣❡r❛❞♦r ❧♦❝❛❧ ❞❡✜♥✐❞♦ ❡♥ ✭✸✳✶✳✶✷✮ s❡rá ✉♥❛ ❢✉♥❝✐ó♥
r❡❛❧ ❞❡✜♥✐❞❛ s♦❜r❡ Rn × (Rn − {0}) t❛❧ q✉❡✱ ♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Rn✱ ❧❛ ❢✉♥❝✐ó♥ z 7→ K(x, z)
❡s ✉♥ ♥ú❝❧❡♦ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞✳ ❉❡♥♦t❛♠♦s

Sβ,ηf(x) = ✈✳♣✳
✂
Ω

K(x, x− y)η

( |x− y|
βρ(x)

)
f(y)dy ✭✸✳✶✳✷✷✮

❛ ❡st❡ t✐♣♦ ❞❡ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❧♦❝❛❧✳

❚❡♦r❡♠❛ ✸✳✶✳✷✸✳ ❙❡❛ Sβ,η ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❧♦❝❛❧ ❝♦♠♦ ❡♥ ✭✸✳✶✳✷✷✮✱ ❞♦♥❞❡ ❛❞❡♠ás
K(x, ·) t✐❡♥❡ ❞❡r✐✈❛❝✐♦♥❡s ♣❛r❝✐❛❧❡s ❤❛st❛ ❡❧ ♦r❞❡♥ 2n✱ ♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ω✳ ❙❡ s✉♣♦♥❡
t❛♠❜✐é♥ q✉❡

M1 = máx
|α|≤2n

∥∥∥∥
∂αK

∂zα
(x, z)

∥∥∥∥
L∞(Ω×Sn−1)

<∞

②

M2 = máx
|α|≤2n

sup
z∈Sn−1

[
∂αK

∂zα
(·, z)

]

LMOβ(Ω)

<∞✳

❊♥t♦♥❝❡s✱ ❡①✐st❡♥ C,C ′ > 0 t❛❧❡s q✉❡✱ s✐ b ∈ LMOβ✱ Sβ,ηb ❡s ❡❧ ❝♦♥♠✉t❛❞♦r ❝♦rr❡s♣♦♥✲

❞✐❡♥t❡✱ 0 < σ < mı́n
{

β√
n
, 1−β√

n

}
✱ ② w ∈ Aβ1 ✱ ♣❛r❛ t♦❞❛ f ∈ BMOβ

w✱ s❡ t✐❡♥❡♥

[
Sβ,ηf

]
BMOβ

w
≤ C[f ]BMOβ

w

② [
Sβ,ηb f

]
BMOβ

w

≤ C ′[b]LMOβ+
√
nσ [f ]BMOβ

w
✱

❞♦♥❞❡ C,C ′ ❞❡♣❡♥❞❡♥ ❞❡ M1 ② M2✱ ② C
′ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ b✳

✸✳✷✳ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s

P❛r❛ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧♦s ❚❡♦r❡♠❛s ✸✳✶✳✶✾✱ ✸✳✶✳✷✵ ② ✸✳✶✳✷✶✱ s❡rá út✐❧ t❡♥❡r ✉♥❛ ❞❡s✲
✐❣✉❛❧❞❛❞ t✐♣♦ ❏♦❤♥✲◆✐r❡♥❜❡r❣ ❝♦♠♦ ❧❛ ❞❛❞❛ ❡♥ ❬▼❲✼✻❪✳ ❊st❛ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❛♣❧✐❝❛♥❞♦
❡❧ ❚❡♦r❡♠❛ ✸✳✷ ❡♥ ❬❚❚✶✻❪✱ ❡❧ ❝✉❛❧ ❡♥✉♥❝✐❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳



✽✽ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❙❡❛♥ (X, d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② µ ✉♥❛ ♠❡❞✐❞❛ r❡❣✉❧❛r ❞❡ ❇♦r❡❧ ♣❛r❛
❧❛ ❝✉❛❧ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

µ(B(x, 2r)) ≤ Cµ(B(x, r))✱

♣❛r❛ t♦❞♦s x ∈ X ② r > 0✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦ w ∈ Ap(X)✱ ❝♦♥ 1 ≤ p < ∞✱ t❡♥❡♠♦s
f ∈ BMO(X,w) s✐✱ ② s♦❧♦ s✐✱ ♣❛r❛ ❝❛❞❛ s ✜♥✐t♦ t❛❧ q✉❡ 1 < s ≤ p′✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡
Cs q✉❡ s❛t✐s❢❛❝❡ (

w(B)−1

✂
B

|f − fB|sw1−sdµ

)1/s

≤ Cs✱

♣❛r❛ t♦❞❛ ❜♦❧❛ B✳ ▼ás ❛ú♥✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C ≥ 1 ✭q✉❡ t❛♠❜✐é♥ ❞❡♣❡♥❞❡ ❞❡ s✮ q✉❡
✈❡r✐✜❝❛

C−1[f ]BMO(X,w) ≤ sup
B

(
w(B)−1

✂
B

|f − fB|sw1−sdµ

)1/s

≤ C[f ]BMO(X,w)✳

❊♥ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❞❡♥♦t❛♠♦s ♣♦r BMO(X,w) ❛❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s f ∈
L1
loc(X) s❛t✐s❢❛❝✐❡♥❞♦

[f ]BMO(X,w) = sup
x∈X,r>0

w(B(x, r))−1

✂
B(x,r)

|f − fB(x,r)|dµ <∞✳

❈❛❜❡ ❞❡st❛❝❛r q✉❡ ❡❧ ❝❛s♦ ❝♦♥ X = R✱ d ❧❛ ❞✐st❛♥❝✐❛ ❡✉❝❧í❞❡❛ ② µ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✱
❢✉❡ ♣r♦❜❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✷✱ ♣á❣✐♥❛ ✼✱ ❡♥ ❬▼♦r✵✸❪✳

❆❤♦r❛✱ ❜✉s❝❛♠♦s ✉♥❛ ✈❡rs✐ó♥ ♣❛r❛ ♣❡s♦s ❡♥ Alocp ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✶✳ P❛r❛ ❡❧❧♦ ❝♦♥s✐✲
❞❡r❛♠♦s ✉♥ ❡♥t♦r♥♦ ❝♦♥ ♠❛②♦r ❣❡♥❡r❛❧✐❞❛❞ q✉❡ Rn✳ ❆sí✱ ❡♥ ❧♦ s✉❜s❡❝✉❡♥t❡✱ s❡rá♥ (X, d)
❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ P ✭❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✮✱ Ω ❛❜✐❡rt♦ ♣r♦♣✐♦ ♥♦✲✈❛❝í♦ ❞❡ X✱
β ∈ (0, 1) ② µ ✉♥❛ ♠❡❞✐❞❛ r❡❣✉❧❛r ❞❡ ❇♦r❡❧ s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ ✐♥❞✉❝✐❞♦ (Ω, d|Ω) q✉❡
❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳

▲❡♠❛ ✸✳✷✳✷✳ ❍❛② ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s B ∈ Fβ/3✱ x ∈ B ② t > 0✱

µ(B(x, 2t) ∩ B) ≤ Cµ(B(x, t) ∩B)✳

❊♥ ♣❛rt✐❝✉❧❛r✱ (B, d|B, µ|B) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ B ∈ Fβ/3✳ P♦r ✉♥ ❧❛❞♦✱ s✐ r ❡s ❡❧ r❛❞✐♦ ❞❡ B ② t ≥ 2r✱ ♣❛r❛ t♦❞♦ x ∈ B
t❡♥❡♠♦s B ⊂ B(x, t) ② ❧✉❡❣♦

µ(B(x, 2t) ∩ B) ≤ µ(B) = µ(B(x, t) ∩ B)✳

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡❜✐❞♦ ❛ ❧❛ ♣r♦♣✐❡❞❛❞ P ✱ ❡①✐st❡ σ ∈ (0, 1) t❛❧ q✉❡✱ s✐ x ∈ B ② t < 2r✱ ❤❛②
✉♥ z ∈ X q✉❡ ✈❡r✐✜❝❛

B(z, σt) ⊂ B(x, t) ∩ B✳

❱❡❛♠♦s q✉❡
µ(B(x, t)) ≤ Cµ(B(x, t) ∩B)✱ ✭✸✳✷✳✸✮



✸✳✷ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✽✾

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x✱ t ② B✳ ❈♦♠♦ B ∈ Fβ/3✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✼ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱ ❡♥
❡st❡ ❝❛s♦ t❡♥❡♠♦s

t < 2r ≤ 2β

3
ρ(ξ) ≤ 2β

3− β
ρ(x) < βρ(x)✱

❞♦♥❞❡ ξ ❡s ❡❧ ❝❡♥tr♦ ❞❡ B✳ ❊♥t♦♥❝❡s B(x, t) ∈ Fβ✳ ❙✐ s✉♣♦♥❡♠♦s B(z, 2t) ∈ Fβ✱ ❤❛② ✉♥❛
❝♦♥st❛♥t❡ Cσ,β ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ s♦❜r❡ Fβ t❛❧ q✉❡

µ (B(x, t)) ≤ µ (B (z, 2t)) ≤ Cσ,βµ (B (z, σt)) ≤ Cσ,βµ (B(x, t) ∩ B) ✳

❙✐ ♣♦r ❡❧ ❝♦♥tr❛r✐♦ B (z, 2t) /∈ Fβ✱ t❡♥❡♠♦s 2t > βρ(z) ② ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cβ ❞❡
❞✉♣❧✐❝❛❝✐ó♥ ❞❡ µ s♦❜r❡ ❧❛s ♥✉❜❡s ❞❡ ❜♦❧❛s ✧❣r❛♥❞❡s✧❞❡ Fβ t❛❧ q✉❡

µ (B(x, t)) ≤ µ (Nβ (B (z, βρ (z)))) ≤ Cβµ (B (z, βρ (z)))

= Cβµ

(
B

(
z, 2

βρ (z)

2

))
≤ CβCσ,βµ

(
B

(
z, σ

βρ (z)

2

))

≤ CβCσ,βµ (B (z, σt)) ≤ CβCσ,βµ (B(x, t) ∩B) ✳

❉❡ ❡st❡ ♠♦❞♦✱ ♦❜t❡♥❡♠♦s ✭✸✳✷✳✸✮✳ ❆❤♦r❛✱ s♦❧♦ ♥♦s q✉❡❞❛ ✈❡r q✉❡

µ (B(x, 2t) ∩ B) ≤ Cµ (B(x, t)) ✱

②❛ q✉❡ ❝♦♥ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❥✉♥t♦ ❝♦♥ ✭✸✳✷✳✸✮ ❝♦♥❝❧✉✐r❡♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥✳ ❊♥ ❡❢❡❝t♦✱
s✐❡♥❞♦ Cσ,β ② Cβ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ ❛♥t❡r✐♦r❡s t❡♥❡♠♦s✱ ❝✉❛♥❞♦ B(x, 2t) ∈ Fβ✱

µ (B(x, 2t) ∩ B) ≤ µ (B (x, 2t)) ≤ Cσ,βµ (B(x, t))

②✱ ❝✉❛♥❞♦ B (x, 2t) /∈ Fβ✱ r❡s✉❧t❛

µ (B(x, 2t) ∩ B) ≤ µ(B) ≤ µ (Nβ (B (x, βρ (x)))) ≤ Cβµ (B (x, βρ (x)))

≤ CβCσ,βµ

(
B

(
x,
βρ (x)

2

))
≤ CβCσ,βµ (B(x, t)) ✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹✳ ❉❛❞♦ a ∈ (0, β/80)✱ s❡❛ W = {Pj} ⊂ Fa − Fa/4 ❝✉❜r✐♠✐❡♥t♦ t✐♣♦
❲❤✐t♥❡② ♣❛r❛ Ω ❝♦♠♦ ❡❧ ❞❛❞♦ ❡♥ ❬❍❙❱✶✹❪ ✭✈❡r ▲❡♠❛ ✶✳✵✳✻✮✱ ❡❧ ❝✉❛❧ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡
q✉❡ ❡①✐st❡ M =Ma,β ∈ N t❛❧ q✉❡✱ s✐ x ∈ Ω✱

# {j : Pj ∩Nβ (B (x, βρ (x))) 6= ∅} ≤M ✳ ✭✸✳✷✳✺✮

❆❤♦r❛✱ s❡❛♥ ν ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ s♦❜r❡ Ω q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ ② B ∈ Fβ − Fβ/N ✱ ♣❛r❛
❛❧❣ú♥ N ≥ 2✳ ❉❡♥♦t❛♠♦s W (B) = {P ∈ W : P ∩Nβ (B) 6= ∅}✳ ❙✐ P ∈ W (B)✱ ❡①✐st❡
BP ∈ Fβ − Fβ/5 t❛❧ q✉❡ P ∩ BP 6= ∅ ② BP ∩ B 6= ∅✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡♥ Cν,β✱ Cν,β,N ✱
Cν,β,a ≥ 1✱ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ P ② B✱ t❛❧❡s q✉❡

ν (B) ≤ ν (Nβ (BP )) ≤ Cν,βν (BP )

≤ Cν,βν (Nβ (P )) ≤ Cν,βCν,β,aν (P ) ✭✸✳✷✳✻✮

✭♦❜s❡r✈❛r q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ✈❛❧❡ ♣❛r❛ t♦❞❛ B ∈ Fβ✮ ②

ν (P ) ≤ ν (Nβ (BP )) ≤ Cν,βν (BP )

≤ Cν,βν (Nβ (B)) ≤ Cν,βCν,β,Nν (B) ✳ ✭✸✳✷✳✼✮



✾✵ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❊♥ ✈✐rt✉❞ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✶ ② ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✸✳✷✳✽✳ ❙❡❛♥ (X, d) ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ P ✭❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✮✱ Ω
❛❜✐❡rt♦ ♣r♦♣✐♦ ♥♦✲✈❛❝í♦ ❞❡ X✱ β ∈ (0, 1) ② µ ✉♥❛ ♠❡❞✐❞❛ r❡❣✉❧❛r ❞❡ ❇♦r❡❧ s♦❜r❡ ❡❧ ❡s♣❛❝✐♦
♠étr✐❝♦ ✐♥❞✉❝✐❞♦ (Ω, d|Ω) q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ ❧❛s ❜♦❧❛s ❞❡ Fβ✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦ w ∈ Aβp ✱ ❝♦♥
1 ≤ p < ∞✱ t❡♥❡♠♦s f ∈ BMOβ

w s✐✱ ② s♦❧♦ s✐✱ ♣❛r❛ ❝❛❞❛ s ✜♥✐t♦ t❛❧ q✉❡ 1 < s ≤ p′✱ ❤❛②
✉♥❛ ❝♦♥st❛♥t❡ Cs,β q✉❡ s❛t✐s❢❛❝❡

(
w(B)−1

✂
B

|f − fB|sw1−sdµ

)1/s

≤ Cs,β✱

♣❛r❛ t♦❞❛ ❜♦❧❛ B ∈ Fβ/8✱ ②

(
w(B)−1

✂
B

|f |sw1−sdµ

)1/s

≤ Cs,β✱

♣❛r❛ t♦❞❛ ❜♦❧❛ B ∈ Fβ −Fβ/8✳ ▼ás ❛ú♥✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C ≥ 1 ✭q✉❡ t❛♠❜✐é♥ ❞❡♣❡♥❞❡
❞❡ s ② β✮ q✉❡ ✈❡r✐✜❝❛

C−1[f ]BMOβ
w

≤ sup
B∈Fβ/8

(
w(B)−1

✂
B

|f − fB|sw1−sdµ

)1/s

+ sup
B∈Fβ−Fβ/8

(
w(B)−1

✂
B

|f |sw1−sdµ

)1/s

≤ C[f ]BMOβ
w
✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ f ∈ BMOβ
w ❝♦♥ [f ]BMOβ

w
≤ 1✳ ❙✐ B ∈ Fβ/8✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✷✳✷✱

(B, d|B, µ|B) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❞♦♥❞❡ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ❞✉♣❧✐❝❛❝✐ó♥ s♦♥
✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ B✳ ❚❛♠❜✐é♥✱ ❝♦♠♦ s❡ ✈é ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✷✺✱ w
❡s ✉♥ ♣❡s♦ Ap(B)✱ ♦ s❡❛✱ ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥ Ap s♦❜r❡ ❧❛s ❜♦❧❛s ❞❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦
✐♥❞✉❝✐❞♦ ❡♥ B ②✱ ❛❞❡♠ás✱ ❧❛ ❝♦♥st❛♥t❡ ❞❡ t❛❧ ❝♦♥❞✐❝✐ó♥ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B✳ ❱❡❛♠♦s
q✉❡ f |B ∈ BMO(B,w|B)✳ ❊♥ ❡❢❡❝t♦✱ s❡❛♥ x ∈ B✱ t > 0 ② r ❡❧ r❛❞✐♦ ❞❡ B✳ P♦r ✉♥ ❧❛❞♦✱ s✐
t ≥ 2r r❡s✉❧t❛ B ⊂ B(x, t) ② ❧✉❡❣♦✂

B∩B(x,t)

|f − fB∩B(x,t)|dµ =

✂
B

|f − fB|dµ

≤ w(B) = w(B ∩ B(x, t))✱

♣✉❡s B ∈ Fβ/8✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ t < 2r✱ ❞❡❜✐❞♦ ❛ ❧❛ ♣r♦♣✐❡❞❛❞ P ✱ ❡①✐st❡♥ σ ∈ (0, 1) ②
z ∈ X ✭❞♦♥❞❡ σ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x✱ t ② B✮ t❛❧❡s q✉❡

B(z, σt) ⊂ B ∩ B(x, t)✳

▲✉❡❣♦✱ ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛ ❝♦♠♦ s❡ ❞❡♠♦stró ✭✸✳✷✳✸✮✱ ♦❜t❡♥❡♠♦s

w(B(x, t)) ≤ Cw(B ∩ B(x, t))✱

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x✱ t ② B✱ ② B(x, t) ∈ F3β/8✳ ❆sí r❡s✉❧t❛✂
B∩B(x,t)

|f − fB∩B(x,t)|dµ ≤ 2

✂
B∩B(x,t)

|f − fB(x,t)|dµ



✸✳✷ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✾✶

≤ 2

✂
B(x,t)

|f − fB(x,t)|dµ

≤ 2w(B(x, t)) ≤ Cw(B ∩ B(x, t))✳

❉❡ ❡st❡ ♠♦❞♦✱ ♣r♦❜❛♠♦s q✉❡ f |B ∈ BMO(B,w|B)✳ ❆❤♦r❛✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✶
s♦❜r❡ (B, d|B, µ|B) ♦❜t❡♥❡♠♦s

(
w(B)−1

✂
B

|f − fB|sw1−sdµ

)1/s

≤ Cs,β✱

❞♦♥❞❡ Cs,β ♥♦ ❞❡♣❡♥❞❡ ❞❡ B ♦ f ✳ ❘❡❡♠♣❧❛③❛♥❞♦ f ♣♦r f/[f ]BMOβ
w
❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡

❛rr✐❜❛✱ ❝♦♥s❡❣✉✐♠♦s
(
w(B)−1

✂
B

|f − fB|sw1−sdµ

)1/s

≤ Cs,β[f ]BMOβ
w
✱ ✭✸✳✷✳✾✮

♣❛r❛ t♦❞❛ B ∈ Fβ/8✱ ❞♦♥❞❡ Cs,β ♥♦ ❞❡♣❡♥❞❡ ❞❡ B ♦ f ✳ ❆❤♦r❛ t♦♠❛♠♦s B ∈ Fβ −Fβ/8 ②
W ⊂ Fβ/85 − Fβ/340 ❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② ♣❛r❛ Ω ❝♦♠♦ ❡❧ ❞❛❞♦ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥
✸✳✷✳✹✳ ❊♥t♦♥❝❡s✱ ♣♦r ✭✸✳✷✳✾✮✱ ✭✸✳✷✳✼✮✱ ② ✭✸✳✷✳✺✮✱ t❡♥❡♠♦s

(✂
B

|f |sw1−sdµ

)1/s

≤
∑

P∈W:P∩B 6=∅

(✂
P

|f |sw1−sdµ

)1/s

≤
∑

P∈W:P∩B 6=∅

(✂
P

|f − fP |sw1−sdµ

)1/s

+
∑

P∈W:P∩B 6=∅

|fP |
(✂

P

w1−sdµ

)1/s

≤ C
∑

P∈W:P∩B 6=∅

w(P )1/s[f ]BMOβ
w

+
∑

P∈W:P∩B 6=∅

w(P )

µ(P )

(✂
P

w(1−s′)−1

dµ

)(s′−1)/s′

[f ]BMOβ
w

≤ C
∑

P∈W:P∩B 6=∅

(
w(P )1/s +

w(P )

µ(P )

µ(P )

w(P )1/s′

)
[f ]BMOβ

w

≤ CM w(B)1/s[f ]BMOβ
w
✱

❞♦♥❞❡ ❛❞❡♠ás ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷ ② q✉❡ w ∈ Aβs′ ✱ ②❛ q✉❡ p ≤ s′✳ P♦r
ú❧t✐♠♦✱ ❧❛s ❡st✐♠❛❝✐♦♥❡s r❡❝í♣r♦❝❛s s✉r❣❡♥ ❢á❝✐❧♠❡♥t❡ ❛❧ ♦❜t❡♥❡r✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
❞❡ ❍ö❧❞❡r✱

w(B)−1

✂
B

|f − fB|dµ ≤
(
w(B)−1

✂
B

|f − fB|sw1−sdµ

)1/s

②

w(B)−1

✂
B

|f |dµ ≤
(
w(B)−1

✂
B

|f |sw1−sdµ

)1/s

✱

♣❛r❛ t♦❞❛ ❜♦❧❛ B ⊂ Ω ② t♦❞♦ s ∈ (1,∞) ✭❡♥ ❡st❡ ❝❛s♦✱ ♥♦ s❡ ❤❛❝❡ ✉s♦ ❞❡ ♥✐♥❣✉♥❛
❝♦♥❞✐❝✐ó♥ s♦❜r❡ ❡❧ ♣❡s♦ w✮✳ ❊st♦ ❝♦♠♣❧❡t❛ ❧❛ ❞❡♠♦str❛❝✐ó♥✳



✾✷ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

P❛r❛ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ❞❛r❡♠♦s ❛❧❣✉♥❛s ♥♦t❛❝✐♦♥❡s✳ ❙❡❛ Q = Q(ξ, l) ❡❧ ❝✉❜♦ ❡♥ Rn

❞❡ ❝❡♥tr♦ ξ ❝✉②❛s ❛r✐st❛s t✐❡♥❡♥ ❧♦♥❣✐t✉❞ l ② s♦♥ ♣❛r❛❧❡❧❛s ❛ ❧♦s ❡❥❡s ❝♦♦r❞❡♥❛❞♦s✳ ❉❛❞♦
k ∈ N✱ ❞❡♥♦t❛♠♦s ♣♦r Dk

Q ❛ ❧❛ ❢❛♠✐❧✐❛ ❞❡ s✉❜❝✉❜♦s ❞✐á❞✐❝♦s ❞❡ Q ❞❡ ♥✐✈❡❧ k✱ ♦ s❡❛✱ ❧❛
❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❞❡ Q ❞✐✈✐❞✐❡♥❞♦ ❝❛❞❛ ✉♥❛ ❞❡ s✉s ❛r✐st❛s ❡♥ s❡❣♠❡♥t♦s
❞❡ ❧♦♥❣✐t✉❞ l/2k✳ P❛r❛ ✉♥ k ✜❥♦✱ ❞❡✜♥✐♠♦s

MQ,kf(x) = sup
x∈I∈Dj

Q✱ j≥k
|I|−1

✂
I

|f(y)|dy✱ ✭✸✳✷✳✶✵✮

♣❛r❛ ❝❛❞❛ x ∈ Ω ② f ∈ L1
loc(Ω)✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✶✶✳ P❛r❛ ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s ❡s ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❡♥ ❡❧ ❝♦♥t❡①t♦
❡✉❝❧í❞❡♦✱ s✐ w ∈ RHβ

s ❡♥t♦♥❝❡s w ❡s ✉♥ ♣❡s♦ ❞✉♣❧✐❝❛♥t❡ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ Fβ✳ ❊♥ ❡❢❡❝t♦✱
s❡❛♥ B ∈ Fβ ② E ⊂ B ♠❡❞✐❜❧❡✳ P♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r t❡♥❡♠♦s

w(E) =

✂
B

wχE dx ≤
(✂

B

wsdx

)1/s

|E|1/s′ ≤ Cw(B)

( |E|
|B|

)1/s′

✱

❞♦♥❞❡ s❡ ♣✉❡❞❡ s✉♣♦♥❡r C > 1✳ ▲✉❡❣♦✱ ❞❛❞♦ ε ∈ (0, 1)✱ ❡①✐st❡ α = (ε/C)s
′ ∈ (0, 1) t❛❧

q✉❡✱ s✐ |E| ≤ α|B| s❡ t✐❡♥❡
w(E)

w(B)
≤ Cα1/s′ = ε✳

❉❡ ❡st❡ ♠♦❞♦✱ w ❡s ❝♦♠♣❛r❛❜❧❡ ❛ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ s♦❜r❡ Fβ✳ P♦r ❧♦ t❛♥t♦✱ ❝♦♠♦ s❡
✈❡ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ q✉❡ ✭✐✐✮ ✐♠♣❧✐❝❛ ✭✐✮ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✹✳✾✱ t❡♥❡♠♦s q✉❡ w ❞✉♣❧✐❝❛
s♦❜r❡ Fβ✳

❆❤♦r❛✱ ♣❛r❛ ❞❡♠♦str❛r ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱ s❡❣✉✐♠♦s ❧❛s ✐❞❡❛s ❞❛❞❛s ❡♥ ❬❋P❲✾✽❪✳

▲❡♠❛ ✸✳✷✳✶✷✳ ❙❡❛♥ 1 < s < ∞✱ 0 < β < 1✱ w ∈ RHβ
s ② f ∈ BMOβ

w ❝♦♥ [f ]BMOβ
w
= 1✳

❊♥t♦♥❝❡s✱ ❞❛❞❛ B = B(ξ, r) ∈ Fβ/(2
√
n)✱ s✐ ❞❡♥♦t❛♠♦s Q = Q(ξ, 2r)✱ ❡①✐st❡♥ kβ ∈ N ②

❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1✱ C2 ② C t❛❧❡s q✉❡

∣∣{x ∈ Q : MQ,kβ(f − fQ)(x) > Nλ
}∣∣ ≤ εCC2

N − C1

∣∣{x ∈ Q : MQ,kβ(f − fQ)(x) > λ
}∣∣

+
C

(λε)s

(
w(B)

|B|

)s
|B|✱

♣❛r❛ t♦❞♦s λ ≥ C2
w(Q)
|Q| ✱ N > C1 ② ε > 0✱ ❞♦♥❞❡ C1✱ C2 ② C ♥♦ ❞❡♣❡♥❞❡♥ ❞❡ B ♦ f ✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡♥♦t❡♠♦s l = 2r ② s❡❛ I = Q(x, l/2k) ∈ Dk
Q✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ t❡♥❡♠♦s

B ⊂ Q ⊂ √
nB✱ ❝♦♥

√
nB ∈ Fβ/2✳ ❊♥t♦♥❝❡s I ⊂ Bβ/2(ξ) ②✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✼✱ r❡s✉❧t❛
√
nl/2k

2
=

√
nr

2k
≤ (β/2)ρ(ξ)

2k
≤ (β/2)ρ(x)

2k(1− β/2)
✳

❆sí✱ t♦♠❛♥❞♦ kβ = 1+
[
log2

1
1−β/2

]
t❡♥❡♠♦s B(x,

√
nl/2k+1) ∈ Fβ/2✱ ♣❛r❛ t♦❞♦ k ≥ kβ✱ ♦

s❡❛✱ ♣❛r❛ ❝❛❞❛ I ∈ Dk
Q✱ ❝♦♥ k ≥ kβ✱ ❧❛ ❜♦❧❛ ❝✐r❝✉♥s❝r✐♣t❛ ❡♥ I ❡stá ❡♥ Fβ/2✳ ❆❤♦r❛✱ ♣❛r❛



✸✳✷ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✾✸

❝❛❞❛ I ∈ ∪
k≥kβ

Dk
Q∪{Q}✱ ❞❡♥♦t❡♠♦s ξI ❛❧ ❝❡♥tr♦ ❞❡ I ② BI = B(ξI , rI)✱ s✐❡♥❞♦ rI = r/2k s✐

I ∈ Dk
Q ✭♥♦t❛r q✉❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ξQ = ξ ② rQ = r✮✳ ❈♦♠♦ f ∈ BMOβ

w ❝♦♥ [f ]BMOβ
w
= 1✱

BI ⊂ I ⊂ √
nBI ② w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ ✭✈❡r ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✶✶✮✱ ✈❡♠♦s q✉❡

1

|I|

✂
I

|f − fI |dy ≤ 2

|I|

✂
I

|f − f√nBI
|dy

≤ 21−nnn/2|B(0, 1)|
|√nBI |

✂
√
nBI

|f − f√nBI
|dy

≤ 21−nnn/2|B(0, 1)|Cw(I)|I| ✱ ✭✸✳✷✳✶✸✮

♣❛r❛ ❝❛❞❛ I ∈ ∪
k≥kβ

Dk
Q ∪ {Q}✳ P♦r ❧♦ t❛♥t♦✱ ❡s❝♦❣❡♠♦s C2 = 21−nnn/2|B(0, 1)|C ②✱ ❞❛❞♦

λ ≥ C2
w(Q)
|Q| ✱ ❝♦♥s✐❞❡r❡♠♦s ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ Q t✐♣♦ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❡♥ ❝✉❜♦s ❞❡

Dk
Q✱ ❝♦♥ k ≥ kβ✳ ❉❡♥♦t❡♠♦s ést❛ ♣♦r

{
Qk
j

}
j,k≥kβ

✱ ❞♦♥❞❡ ♣❛r❛ ❝❛❞❛ j ② k ≥ kβ✱ Qk
j ∈ Dk

Q

② ❡s ❡s❝♦❣✐❞♦ ❞❡ ♠♦❞♦ q✉❡

λ < |Qk
j |−1

✂
Qk

j

|f(y)− fQ|dy ✭✸✳✷✳✶✹✮

②✱ ❝✉❛♥❞♦ k > kβ✱

|I|−1

✂
I

|f(y)− fQ|dy ≤ λ ✭✸✳✷✳✶✺✮

♣❛r❛ ❝❛❞❛ I ∈ Di
Q✱ ❝♦♥ kβ ≤ i ≤ k − 1✱ t❛❧ q✉❡ Qk

j ⊂ I✱ ② ❝✉❛♥❞♦ k = kβ t❡♥❡♠♦s

|Q|−1

✂
Q

|f(y)− fQ|dy ≤ λ✱ ✭✸✳✷✳✶✻✮

❞❡❜✐❞♦ ❛ ✭✸✳✷✳✶✸✮✳ ▼ás ❛ú♥✱ ❞❡ ✭✸✳✷✳✶✺✮ ② ✭✸✳✷✳✶✻✮✱ s❡ ❞❡❞✉❝❡

|Qk
j |−1

✂
Qk

j

|f(y)− fQ|dy ≤ 2n(kβ+1)λ✳ ✭✸✳✷✳✶✼✮

❙❡❛ C1 = 2n(kβ+1)✳ ❉❛❞♦ t > 0✱ ❞❡♥♦t❡♠♦s

Et(Q) =
{
x ∈ Q : MQ,kβ(f − fQ)(x) > t

}
✳

❊♥t♦♥❝❡s✱ ❡s ❝❧❛r♦ q✉❡
Eλ(Q) =

⋃

j,k≥kβ
Qk
j

②✱ ❝♦♠♦ ENλ(Q) ⊂ Eλ(Q) ♣❛r❛ N > C1✱ r❡s✉❧t❛

|ENλ(Q)| ≤
∑

j,k

∣∣{x ∈ Qk
j : MQ,kβ(f − fQ)(x) > Nλ

}∣∣ ✳ ✭✸✳✷✳✶✽✮



✾✹ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❆❤♦r❛✱ ✜❥❡♠♦s Qk
j ② x ∈ Qk

j t❛❧ q✉❡ MQ,kβ(f − fQ)(x) > Nλ✳ ❊♥t♦♥❝❡s✱ ❤❛② ✉♥ I ∈ Dk
Q✱

❝♦♥ k ≥ kβ✱ x ∈ I ②

|I|−1

✂
I

|f(y)− fQ|dy > Nλ✳

❙✐ k = kβ✱ ♣♦r ❧❛ ❞❡✜♥✐❢❝✐ó♥ ❞❡ MQ,kβ ✭✈❡r ✭✸✳✷✳✶✵✮✮✱ t❡♥❡♠♦s I ⊂ Qk
j ✳ ❈✉❛♥❞♦ k > kβ✱

✭✸✳✷✳✶✺✮ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❛rr✐❜❛ ✐♠♣❧✐❝❛♥ q✉❡ I ⊂ Qk
j ✳ P♦r ❧♦ t❛♥t♦✱ s✐ ❞❡♥♦t❛♠♦s ♣♦r

M ❛❧ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ s♦❜r❡ ❝✉❜♦s✱ ♦❜t❡♥❡♠♦s

Nλ < |I|−1

✂
I

|f(y)− fQ|dy = |I|−1

✂
I

|f(y)− fQ|χQk
j
(y)dy

≤ |I|−1

✂
I

|f(y)− fQk
j
|χQk

j
(y)dy + |fQk

j
− fQ|

≤ M
((
f − fQk

j

)
χQk

j

)
(x) + |Qk

j |−1

✂
Qk

j

|f(y)− fQ|dy

≤ M
((
f − fQk

j

)
χQk

j

)
(x) + 2n(kβ+1)λ✱

♣♦r ✭✸✳✷✳✶✼✮✳ ❉❡ ❡st❡ ♠♦❞♦✱ ✈♦❧✈✐❡♥❞♦ ❛ ✭✸✳✷✳✶✽✮ ❝♦♥s❡❣✉✐♠♦s

|ENλ(Q)| ≤
∑

j,k

∣∣∣
{
x ∈ Qk

j : M
((
f − fQk

j

)
χQk

j

)
(x) > (N − C1)λ

}∣∣∣ ✳

❆❤♦r❛✱ ❞❡♥♦t❡♠♦s

J =

{
j, k : ελ

|Qk
j |

w
(
Qk
j

) > 1

}
✳

❊♥t♦♥❝❡s✱ |ENλ(Q)| s❡ ❡st✐♠❛ ❝♦♥ ❧❛ s✉♠❛ ❞❡
∑

j,k∈J

∣∣∣
{
x ∈ Qk

j : M
((
f − fQk

j

)
χQk

j

)
(x) > (N − C1)λ

}∣∣∣ ✭✸✳✷✳✶✾✮

② ∑

j,k/∈J

∣∣∣
{
x ∈ Qk

j : M
((
f − fQk

j

)
χQk

j

)
(x) > (N − C1)λ

}∣∣∣ ✳ ✭✸✳✷✳✷✵✮

P♦r ✉♥ ❧❛❞♦✱ ❞❡❜✐❞♦ ❛ q✉❡ M ❡s ❞❡ t✐♣♦ ❞é❜✐❧ ✭✶✱✶✮ ② ❝♦♥s✐❞❡r❛♥❞♦ ✭✸✳✷✳✶✸✮✱ ✭✸✳✷✳✶✾✮ s❡
❡st✐♠❛ ❝♦♥

∑

j,k∈J

C

(N − C1)λ

✂
Qk

j

∣∣∣f − fQk
j

∣∣∣ dy ≤ CC2

(N − C1)λ

∑

j,k∈J
w
(
Qk
j

)

≤ CC2ελ

(N − C1)λ

∑

j,k∈J

∣∣Qk
j

∣∣

≤ CC2ε

N − C1

|Eλ(Q)| ✳ ✭✸✳✷✳✷✶✮

P♦r ♦tr♦ ❧❛❞♦✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ② t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ w ∈ RHβ
s ②

❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✶✶✱ ✭✸✳✷✳✷✵✮ s❡ ❡st✐♠❛ ❝♦♥

∑

j,k/∈J

∣∣Qk
j

∣∣ ≤
∑

j,k/∈J

∣∣Qk
j

∣∣
(
w
(
Qk
j

)

ελ
∣∣Qk

j

∣∣

)s



✸✳✷ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✾✺

≤ C

(ελ)s

∑

j,k

∣∣Qk
j

∣∣1−sw
(
BQk

j

)s

≤ C

(ελ)s

∑

j,k

∣∣Qk
j

∣∣1−s
✂
B

Qk
j

wsdx
∣∣Qk

j

∣∣s/s′

≤ C

(ελ)s

✂
Q

wsdx ≤ C

(ελ)s
∣∣√nB

∣∣
(
w (

√
nB)

|√nB|

)s

≤ C

(ελ)s
|B|
(
w (B)

|B|

)s
✳ ✭✸✳✷✳✷✷✮

P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✸✳✷✳✷✶✮ ② ✭✸✳✷✳✷✷✮ s❡ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

▲❡♠❛ ✸✳✷✳✷✸✳ ❙❡❛♥ 0 < α < β < 1 ② w ✉♥ ♣❡s♦ q✉❡ ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳ ❊♥t♦♥❝❡s✱
BMOα

w = BMOβ
w ② ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cα,β ≥ 1 t❛❧ q✉❡

C−1
α,β [f ]BMOα

w
≤ [f ]BMOβ

w
≤ Cα,β [f ]BMOα

w
✳

❆❞❡♠ás✱ s✐ w ∈ RHβ
q ❝♦♥ 1 < q <∞ ② s ∈ (1, q)✱ BMOβ

w = BMOβ
w,s ② ❤❛② ✉♥❛ ❝♦♥st❛♥t❡

Cβ,s ≥ 1 t❛❧ q✉❡
[f ]BMOβ

w
≤ [f ]BMOβ

w,s
≤ Cβ,s [f ]BMOβ

w
✳

❉❡♠♦str❛❝✐ó♥✳ Pr♦❜❡♠♦s ❧❛ ♣r✐♠❡r❛ ❞❡s✐❣✉❛❧❞❛❞✳ ❙❡❛ N ∈ N t❛❧ q✉❡

β

2N
≤ α <

β

2N−1
✳

P♦r ✉♥ ❧❛❞♦✱ ❝♦♠♦ Fα ⊂ Fβ✱ ❡s tr✐✈✐❛❧ q✉❡

w(B)−1

✂
B

|f − fB|dµ ≤ [f ]BMOβ
w
✱

♣❛r❛ ❝❛❞❛ B ∈ Fα/2✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ B ∈ Fα −Fα/2 ❡♥t♦♥❝❡s B ∈ Fβ −Fβ/2N+1 ✱ ♣♦r ❧♦
❝✉❛❧✱ ❞❡❜✐❞♦ ❛ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✱ t❡♥❡♠♦s

w(B)−1

✂
B

|f |dµ ≤ CN [f ]BMOβ
w
✱

❝♦♥ CN ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B ② f ✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❝♦♥s❡❣✉✐♠♦s

[f ]BMOα
w
≤ CN [f ]BMOβ

w
✳

❙❡❛ ❛❤♦r❛ B ∈ Fβ/2N+1 ✳ ❊♥t♦♥❝❡s✱ B ∈ Fα/2✱ ♣♦r ❧♦ ❝✉❛❧

w(B)−1

✂
B

|f − fB|dµ ≤ [f ]BMOα
w
✳

❙✐ B ∈ Fβ −Fβ/2N+1 ✱ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② W ♣❛r❛ a = α/85✱ ❞❛❞♦
♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹✳ ❆sí✱ ♣♦r ✭✸✳✷✳✼✮✱ ✭✸✳✷✳✺✮✱ ② ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✱ r❡s✉❧t❛✂

B

|f |dµ ≤
∑

P∈W:P∩B 6=∅

✂
P

|f |dµ



✾✻ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

≤ C
∑

P∈W:P∩B 6=∅

w(P )[f ]BMOα
w

≤ CM w(B)[f ]BMOα
w
✳

P♦r ❧♦ t❛♥t♦✱ ❝♦♥s❡❣✉✐♠♦s
[f ]BMOβ

w
≤ Cα,β [f ]BMOα

w
✱

❝♦♥s✐❞❡r❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✳

❆❤♦r❛✱ s❡❛♥ w ∈ RHβ
q ✱ s ∈ (1, q)✱ f ∈ BMOβ

w ❝♦♥ [f ]BMOβ
w

= 1✱ B = B(ξ, r) ∈
Fβ/(2

√
n) ② Q = Q(ξ, 2r)✳ ❈♦♥ ❧❛ ♥♦t❛❝✐ó♥ ✉s❛❞❛ ❡♥ ❡❧ ▲❡♠❛ ✸✳✷✳✶✷✱ ♥♦t❡♠♦s q✉❡

s

✂ ∞

0

ts−1 |Et(Q)| dt = s

✂ NC2
w(Q)
|Q|

0

ts−1 |Et(Q)| dt

+s

✂ ∞

NC2
w(Q)
|Q|

ts−1 |Et(Q)| dt

≤ |Q| (NC2)
s

(
w(Q)

|Q|

)s

+sN s

✂ ∞

C2
w(Q)
|Q|

λs−1 |ENλ(Q)| dλ✳

▲✉❡❣♦✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✷✳✶✷ ❝♦♥ q ❡♥ ✈❡③ ❞❡ s ② N = 2C1✱ ❧❛ ✐♥t❡❣r❛❧ ❞❡❧ ú❧t✐♠♦
tér♠✐♥♦ ❞❡ ❛rr✐❜❛ s❡ ❡st✐♠❛ ❝♦♠♦✂ ∞

C2
w(Q)
|Q|

λs−1 |ENλ(Q)| dλ ≤ εC

✂ ∞

C2
w(Q)
|Q|

λs−1 |Eλ(Q)| dλ

+Crn
(
w(Q)

|Q|

)q ✂ ∞

C2
w(Q)
|Q|

λs−1

(λε)q
dλ

≤ εC

✂ ∞

0

λs−1 |Eλ(Q)| dλ

+
Cε−qrn

q − s

(
w(Q)

|Q|

)q (
C2
w(Q)

|Q|

)s−q
✳

❉❡ ❡st❡ ♠♦❞♦✱ t♦♠❛♥❞♦ ε = (2CN s)−1 ♣♦❞❡♠♦s ♦❜t❡♥❡r

s

✂ ∞

0

ts−1 |Et(Q)| dt ≤ C|B|
(
w(B)

|B|

)s
✳

❆❤♦r❛✱ ♥♦t❛♠♦s q✉❡✱ ♣♦r ❚❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✱ ♣❛r❛ t♦❞♦ k ∈ N t❡♥❡✲
♠♦s

f(x)− fQ ≤ MQ,k(f − fQ)(x)✱

❝✳ t✳ ♣✳ x ∈ Q✳ P♦r ❧♦ t❛♥t♦

(✂
B

|f(x)− fB|sdx
)1/s

≤ 2

(✂
Q

|f(x)− fQ|sdx
)1/s



✸✳✷ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✾✼

≤ 2

(✂
Q

MQ,kβ (f − fQ) (x)
sdx

)1/s

= 2

(
s

✂ ∞

0

ts−1 |Et(Q)| dt
)1/s

≤ C|B|1/sw(B)

|B| ✱

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B ② f ✳ ❉❡ ❡st❡ ♠♦❞♦ ❤❡♠♦s ♣r♦❜❛❞♦ q✉❡

|B|
w(B)

(
|B|−1

✂
B

|f(x)− fB|sdx
)1/s

≤ C ✭✸✳✷✳✷✹✮

♣❛r❛ B ∈ Fβ/(2
√
n)✳ ❆❤♦r❛ t♦♠❛♠♦s B ∈ Fβ − Fβ/(2

√
n) ② W ⊂ Fβ/(85

√
n) − Fβ/(340

√
n)

❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② ❝♦♠♦ ❡❧ ❞❛❞♦ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹✳ ❊♥t♦♥❝❡s✱ ♣♦r ✭✸✳✷✳✷✹✮✱
✭✸✳✷✳✼✮✱ ✭✸✳✷✳✻✮ ② ✭✸✳✷✳✺✮ t❡♥❡♠♦s

(✂
B

|f |sdx
)1/s

≤
∑

P∈W:P∩B 6=∅

(✂
P

|f |sdx
)1/s

≤
∑

P∈W:P∩B 6=∅

(✂
P

|f − fP |sdx
)1/s

+
∑

P∈W:P∩B 6=∅

|fP ||P |1/s

≤ C

(
∑

P∈W:P∩B 6=∅

w(P )

|P | |P |1/s
)(

[f ]BMOβ
w,s

+ [f ]BMOβ
w

)

≤ CM
w(B)

|B| |B|1/s[f ]BMOβ
w
✱

❞♦♥❞❡ ❛❞❡♠ás ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ f ❛r❜✐tr❛r✐❛ ② ♥♦ ♥✉❧❛
❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✱ t♦♠❛♥❞♦ f = f/[f ]BMOβ

w
❡♥ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ② ✭✸✳✷✳✷✹✮ ♣r♦❜❛♠♦s

q✉❡
[f ]BMOβ

w,s
≤ Cβ,s [f ]BMOβ

w
✳

P♦r ú❧t✐♠♦✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✱ s❡ ♦❜t✐❡♥❡ ❢á❝✐❧♠❡♥t❡

[f ]BMOβ
w
≤ [f ]BMOβ

w,s
✱

♣❛r❛ ❝❛❞❛ s ∈ (1,∞)✳ ❊st♦ ✜♥❛❧✐③❛ ❧❛ ♣r✉❡❜❛✳

❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ s❡rá út✐❧ ♣❛r❛ ❞❡♠♦str❛r ❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✵✳

▲❡♠❛ ✸✳✷✳✷✺✳ P❛r❛ t♦❞♦s α, β ∈ (0, 1) ② q ∈ [1,∞)✱ t❡♥❡♠♦s LMOα
q = LMOβ

q ②✱ s✐
s > 1✱ LMOβ = LMOβ

s ✳ ▼ás ❛ú♥✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cβ,s ≥ 1 t❛❧ q✉❡

[f ]
LMO

β/
√
n

s
≤ Cβ,s [f ]LMOβ .



✾✽ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ ❧❡♠❛ s✐❣✉❡ ❧♦s ♣❛s♦s ❞❡ ❧❛ ❞❡❧ ▲❡♠❛ ✸✳✷✳✷✸✳ ❆♥t❡s ❞❡ s✉ ♣r✉❡❜❛
❝♦♥s✐❞❡r❛r❡♠♦s ❧♦s ❞♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s✳

▲❡♠❛ ✸✳✷✳✷✻✳ ❙❡❛♥ B = B(ξ, r) ∈ Fβ✱ N ≥ 1✱ ② {Bj = B(ξj, rj)} ❢❛♠✐❧✐❛ ❞✐s❥✉♥t❛ t❛❧
q✉❡ Bj ⊂ B✱ ♣❛r❛ ❝❛❞❛ j✱ ② NBj ∈ Fβ✳ ❊♥t♦♥❝❡s

∑

j

(
1 + log

βρ(ξj)

Nrj

)−s
(Nrj)

n ≤ C

(
1 + log

βρ(ξ)

r

)−s
rn✱

♣❛r❛ ❝❛❞❛ s > 0✱ ❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B ② {Bj}✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ rj ≤ r✱ t❡♥❡♠♦s

1 + log
βρ(ξ)

r
≤ 1 + log

βρ(ξ)

Nrj
+ logN

≤ (1 + logN)

(
1 + log

β(1− β)−1ρ(ξj)

Nrj

)

≤ (1 + logN)

(
1 + log

1

1− β

)(
1 + log

βρ(ξj)

Nrj

)
✱

❞♦♥❞❡ ❛❞❡♠ás ❛♣❧✐❝❛♠♦s ❡❧ ▲❡♠❛ ✷✳✷✳✼✳ ❊♥t♦♥❝❡s✱ r❡s✉❧t❛

∑

j

(
1 + log

βρ(ξj)

Nrj

)−s
(Nrj)

n ≤ C

(
1 + log

βρ(ξ)

r

)−s∑

j

|Bj|

≤ C

(
1 + log

βρ(ξ)

r

)−s
|∪Bj|

≤ C

(
1 + log

βρ(ξ)

r

)−s
rn✱

❞♦♥❞❡ C ❞❡♣❡♥❞❡ ❞❡ n✱ N ✱ s ② β✳

▲❡♠❛ ✸✳✷✳✷✼✳ ❙❡❛♥ 0 < s < ∞✱ 0 < β < 1 ② f ∈ LMOβ ❝♦♥ [f ]LMOβ = 1✳ ❊♥t♦♥❝❡s✱
❞❛❞❛ B = B(ξ, r) ∈ Fβ/

√
n✱ s✐ ❞❡♥♦t❛♠♦s Q = Q(ξ, 2r)✱ ❡①✐st❡♥ kβ ∈ N ② ❝♦♥st❛♥t❡s

♣♦s✐t✐✈❛s C1✱ C2 ② C t❛❧❡s q✉❡

∣∣{x ∈ Q : MQ,kβ(f − fQ)(x) > Nλ
}∣∣ ≤ εCC2

N − C1

∣∣{x ∈ Q : MQ,kβ(f − fQ)(x) > λ
}∣∣

+
C

(λε)s

(
1 + log

βρ(ξ)√
nr

)−s
rn✱

♣❛r❛ t♦❞♦s λ ≥ C2

(
1 + log βρ(ξ)√

nr

)−1

✱ N > C1 ② ε > 0✱ ❞♦♥❞❡ C1✱ C2 ② C ♥♦ ❞❡♣❡♥❞❡♥ ❞❡

B ♦ f ✳

❉❡♠♦str❛❝✐ó♥✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ ❧❡♠❛ ❡s ✐❞é♥t✐❝❛ ❛ ❧❛ ❞❡❧ ▲❡♠❛ ✸✳✷✳✶✷✳ ❉❡♥♦t❡♠♦s
l = 2r ② s❡❛ I = Q(x, l/2k) ∈ Dk

Q✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✸✳✷✳✶✷ ❝♦♥



✸✳✷ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✾✾

β/
√
n ❡♥ ❧✉❣❛r ❞❡ β/(2

√
n)✱ t♦♠❛♥❞♦ kβ = 1+

[
log2

1
1−β

]
t❡♥❡♠♦s B(x,

√
nl/2k+1) ∈ Fβ✱

♣❛r❛ t♦❞♦ k ≥ kβ✱ ♦ s❡❛✱ ♣❛r❛ ❝❛❞❛ I ∈ Dk
Q✱ ❝♦♥ k ≥ kβ✱ ❧❛ ❜♦❧❛ ❝✐r❝✉♥s❝r✐♣t❛ ❡♥ I ❡stá ❡♥

Fβ✳ ❆❤♦r❛✱ ♣❛r❛ ❝❛❞❛ I ∈ ∪
k≥kβ

Dk
Q ∪ {Q}✱ ❞❡♥♦t❡♠♦s ξI ❛❧ ❝❡♥tr♦ ❞❡ I ② BI = B(ξI , rI)✱

s✐❡♥❞♦ rI = r/2k s✐ I ∈ Dk
Q ✭♥♦t❛r q✉❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ξQ = ξ ② rQ = r✮✳ ❈♦♠♦ f ∈ LMOβ✱

✈❡♠♦s q✉❡

1

|I|

✂
I

|f − fI |dy ≤ 2

|I|

✂
I

|f − f√nBI
|dy

≤ 21−nnn/2|B(0, 1)|
|√nBI |

✂
√
nBI

|f − f√nBI
|dy

≤ 21−nnn/2|B(0, 1)|
(
1 + log

βρ(ξI)√
nrI

)−1

✱ ✭✸✳✷✳✷✽✮

♣❛r❛ ❝❛❞❛ I ∈ ∪
k≥kβ

Dk
Q ∪ {Q}✳ P♦r ❧♦ t❛♥t♦✱ ❡s❝♦❣❡♠♦s C2 = 21−nnn/2|B(0, 1)| ②✱ ❞❛❞♦

λ ≥ C2

(
1 + log βρ(ξ)√

nr

)−1

✱ ❝♦♥s✐❞❡r❡♠♦s ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ Q t✐♣♦ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞

❡♥ ❝✉❜♦s ❞❡ Dk
Q✱ ❝♦♥ k ≥ kβ✳ ❉❡♥♦t❡♠♦s ❛ ést❛ ♣♦r

{
Qk
j

}
j,k≥kβ

②✱ ❞❛❞♦ t > 0✱ s❡❛

Et(Q) =
{
x ∈ Q : MQ,kβ(f − fQ)(x) > t

}
✳

❊♥t♦♥❝❡s✱ ♣❛r❛ N > C1 = 2n(kβ+1)✱ s✐❣✉✐❡♥❞♦ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✸✳✷✳✶✷ ❝♦♥s❡❣✉✐✲
♠♦s

|ENλ(Q)| ≤
∑

j,k

∣∣∣
{
x ∈ Qk

j : M
((
f − fQk

j

)
χQk

j

)
(x) > (N − C1)λ

}∣∣∣ ✳

❆❤♦r❛✱ s❡❛

J =



j, k : ελ


1 + log

βρ
(
ξQk

j

)

√
nrQk

j


 > 1



 ✳

❊♥t♦♥❝❡s✱ |ENλ(Q)| s❡ ❡st✐♠❛ ❝♦♥ ❧❛ s✉♠❛ ❞❡
∑

j,k∈J

∣∣∣
{
x ∈ Qk

j : M
((
f − fQk

j

)
χQk

j

)
(x) > (N − C1)λ

}∣∣∣ ✭✸✳✷✳✷✾✮

② ∑

j,k/∈J

∣∣∣
{
x ∈ Qk

j : M
((
f − fQk

j

)
χQk

j

)
(x) > (N − C1)λ

}∣∣∣ ✳ ✭✸✳✷✳✸✵✮

P♦r ✉♥ ❧❛❞♦✱ ❞❡❜✐❞♦ ❛ q✉❡ M ❡s ❞❡ t✐♣♦ ❞é❜✐❧ ✭✶✱✶✮ ② ❝♦♥s✐❞❡r❛♥❞♦ ✭✸✳✷✳✷✽✮✱ ✭✸✳✷✳✷✾✮ s❡
❡st✐♠❛ ❝♦♥

∑

j,k∈J

C

(N − C1)λ

✂
Qk

j

∣∣∣f − fQk
j

∣∣∣ dy ≤ CC2

(N − C1)λ

∑

j,k∈J

∣∣Qk
j

∣∣

1 + log
βρ

(
ξ
Qk
j

)

√
nr

Qk
j

≤ CC2ελ

(N − C1)λ

∑

j,k∈J

∣∣Qk
j

∣∣



✶✵✵ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

≤ CC2ε

N − C1

|Eλ(Q)| ✳ ✭✸✳✷✳✸✶✮

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✷✳✷✻✱ ✭✸✳✷✳✸✵✮ s❡ ❡st✐♠❛ ❝♦♥

∑

j,k/∈J

∣∣Qk
j

∣∣ ≤ 2nn−n/2

(ελ)s
∑

j,k/∈J

(√
nrQk

j

)n

1 + log

βρ
(
ξQk

j

)

√
nrQk

j




−s

≤ C

(ελ)s

(
1 + log

βρ(ξ)√
nr

)−s
rn✳ ✭✸✳✷✳✸✷✮

P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✸✳✷✳✸✶✮ ② ✭✸✳✷✳✸✷✮ s❡ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✸✳✷✳✷✺✳ Pr✐♠❡r♦ ✈❡❛♠♦s q✉❡✱ ❞❛❞♦s q ≥ 1 ② 0 < α < β < 1✱
❡♥t♦♥❝❡s LMOβ

q = LMOα
q ✳ ❈♦♠♦ Fα ⊂ Fβ✱ ❝❧❛r❛♠❡♥t❡ [f ]LMOα

q
≤ [f ]LMOβ

q
✱ ♣❛r❛ ❝❛❞❛

f ∈ LMOβ
q ✳ ❈♦♥s✐❞❡r❡♠♦s ❛❤♦r❛ f ∈ LMOα

q ② B = B(ξ, r) ∈ Fβ✳ P♦r ✉♥ ❧❛❞♦✱ s✐ B ∈ Fα

r❡s✉❧t❛

(
1 + log

βρ(ξ)

r

)(
1

|B|

✂
B

|f − fB|qdx
)1/q

≤
(
1 + log

β

α

)(
1 + log

αρ(ξ)

r

)(
1

|B|

✂
B

|f − fB|qdx
)1/q

≤
(
1 + log

β

α

)
[f ]LMOα

q
✳

P♦r ♦tr♦ ❧❛❞♦✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❡❧ ▲❡♠❛ ✸✳✷✳✷✸ ② ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✱ s✐ B ∈ Fβ−Fα

t❡♥❡♠♦s

(
1 + log

βρ(ξ)

r

)(
1

|B|

✂
B

|f − fB|qdx
)1/q

≤
(
1 + log

β

α

)(
1

|B|

✂
B

|f − fB|qdx
)1/q

≤
(
1 + log

β

α

)
Cα,β,q[f ]BMOβ

q
✳

P♦r ❧♦ t❛♥t♦✱ ♦❜t❡♥❡♠♦s

[f ]LMOβ
q
≤
(
1 + log

β

α

)
Cα,β,qmáx

{
[f ]LMOα

q
, [f ]BMOβ

q

}
✳

❉❡ ❡st❡ ♠♦❞♦✱ r❡s✉❧t❛ f ∈ LMOβ
q ✳

❆❤♦r❛✱ s❡❛♥ s > 1✱ f ∈ LMOβ ❝♦♥ [f ]LMOβ = 1✱ B = B(ξ, r) ∈ Fβ/
√
n ② Q = Q(ξ, 2r)✳

❈♦♥ ❧❛ ♥♦t❛❝✐ó♥ ✉s❛❞❛ ❡♥ ❡❧ ▲❡♠❛ ✸✳✷✳✷✼✱ r❡s✉❧t❛

s

✂ ∞

0

ts−1 |Et(Q)| dt = s

✂ NC2

(
1+log

βρ(ξ)√
nr

)−1

0

ts−1 |Et(Q)| dt

+s

✂ ∞

NC2

(
1+log

βρ(ξ)√
nr

)−1
ts−1 |Et(Q)| dt



✸✳✷ ❊q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❡s♣❛❝✐♦s ❇▼❖ ② ▲▼❖ ❧♦❝❛❧❡s ✶✵✶

≤ |Q| (NC2)
s

(
1 + log

βρ(ξ)√
nr

)−s

+sN s

✂ ∞

C2

(
1+log

βρ(ξ)√
nr

)−1
λs−1 |ENλ(Q)| dλ✳ ✭✸✳✷✳✸✸✮

▲✉❡❣♦✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✷✳✷✼ ❝♦♥ 2s ❡♥ ✈❡③ ❞❡ s ② N = 2C1✱ ❧❛ ✐♥t❡❣r❛❧ ❞❡❧ ú❧t✐♠♦
tér♠✐♥♦ ❞❡ ✭✸✳✷✳✸✸✮ s❡ ♣✉❡❞❡ ❡st✐♠❛r ❝♦♠♦

✂ ∞

C2

(
1+log

βρ(ξ)√
nr

)−1
λs−1 |ENλ(Q)| dλ ≤ εC

✂ ∞

C2

(
1+log

βρ(ξ)√
nr

)−1
λs−1 |Eλ(Q)| dλ

+
Crn

(
1 + log βρ(ξ)√

nr

)2s
✂ ∞

C2

(
1+log

βρ(ξ)√
nr

)−1

λs−1

(λε)2s
dλ

≤ εC

✂ ∞

0

λs−1 |Eλ(Q)| dλ

+
Cε−2ss−1C−s

2 rn
(
1 + log βρ(ξ)√

nr

)2s
(
1 + log

βρ(ξ)√
nr

)s
✳

❉❡ ❡st❡ ♠♦❞♦✱ t♦♠❛♥❞♦ ε = (2CN s)−1 ❞❡ ✭✸✳✷✳✸✸✮ ♦❜t❡♥❡♠♦s

s

✂ ∞

0

ts−1 |Et(Q)| dt ≤ C|B|
(
1 + log

βρ(ξ)√
nr

)−s
✳

❆❤♦r❛✱ ♥♦t❛♠♦s q✉❡✱ ♣♦r ❚❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✱ ♣❛r❛ t♦❞♦ k ∈ N t❡♥❡✲
♠♦s

f(x)− fQ ≤ MQ,k(f − fQ)(x)✱

❝✳ t✳ ♣✳ x ∈ Q✳ P♦r ❧♦ t❛♥t♦
(✂

B

|f(x)− fB|sdx
)1/s

≤ 2

(✂
Q

|f(x)− fQ|sdx
)1/s

≤ 2

(✂
Q

MQ,kβ (f − fQ) (x)
sdx

)1/s

= 2

(
s

✂ ∞

0

ts−1 |Et(Q)| dt
)1/s

≤ C|B|1/s
(
1 + log

βρ(ξ)√
nr

)−1

✱

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B ② f ✳ ▲✉❡❣♦

[f ]
LMO

β/
√
n

s
≤ C✱

♣❛r❛ t♦❞❛ f ∈ LMOβ ❝♦♥ [f ]LMOβ = 1✳ P❛r❛ f ∈ LMOβ ♥♦ ♥✉❧❛✱ ❝♦♥s✐❞❡r❛♠♦s
f/[f ]LMOβ ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ♦❜t❡♥✐❡♥❞♦ ❛sí

[f ]
LMO

β/
√
n

s
≤ C[f ]LMOβ ✳



✶✵✷ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❚❛♠❜✐é♥✱ ❧❛ ❡st✐♠❛❝✐ó♥ ❛♥t❡r✐♦r ♥♦s ❞✐❝❡ q✉❡ LMOβ ⊂ LMO
β/

√
n

s ✳ P❡r♦✱ ♣♦r ❧♦ ♣r♦❜❛❞♦
♣r❡✈✐❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡❞✉❝✐r q✉❡ LMOβ ⊂ LMOβ

s ✳ ❆❞❡♠ás✱ ❡s ❢á❝✐❧ ✈❡r q✉❡✱ ❛♣❧✐❝❛♥❞♦
❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✱

[f ]LMOβ ≤ [f ]LMOβ
s
✳

P♦r ❧♦ t❛♥t♦✱ r❡s✉❧t❛ LMOβ = LMOβ
s ✳

✸✳✸✳ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s

❝♦♥♠✉t❛❞♦r❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡♥♦t❛r❡♠♦s ❛❧ ♦♣❡r❛❞♦r T β,η ❡♥ ✭✸✳✶✳✶✷✮ ♣♦r T ✱ CK s❡rá ❧❛ ❝♦♥st❛♥t❡
❡♥ ✭✸✳✶✳✶✶✮✱ ② ♣r♦❜❛r❡♠♦s ❧♦s ❚❡♦r❡♠❛s ✸✳✶✳✶✾✱ ✸✳✶✳✷✵ ② ✸✳✶✳✷✶✳

▲❡♠❛ ✸✳✸✳✶✳ ❙❡❛♥ f ② g ❢✉♥❝✐♦♥❡s ❞❡ L1
loc(Ω)✱ ② B ∈ Fβ ❝✉②♦ ❝❡♥tr♦ ❡s ξ✳ ❊♥t♦♥❝❡s

✂
B

|gTf | dx ≤ CCK

(
∥∥fχSβ(B)

∥∥
p
‖gχB‖p′ +

‖gχB‖1
∥∥fχSβ(B)

∥∥
1

|B (ξ, βρ (ξ))|

)

❞♦♥❞❡ C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ f ✱ g✱ B ② K✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ✭✸✳✶✳✶✺✮ ❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✸ r❡s✉❧t❛
✂
B

|gTf | dx =

✂
B

∣∣gT
(
fχSβ(B)

)∣∣ dx

≤
✂
B

✈✳♣✳

∣∣∣∣∣g(x)
✂
Sβ(B)

K (x− y) f (y) dy

∣∣∣∣∣ dx

+

✂
B

∣∣∣∣∣g(x)
✂
Sβ(B)

K (x− y)

(
η

( |x− y|
βρ (x)

)
− 1

)
f (y) dy

∣∣∣∣∣ dx

≤
∥∥✈✳♣✳K ∗

(
fχSβ(B)

)∥∥
p
‖gχB‖p′

+

✂
B

|g(x)|
✂
Sβ(B)−B(x,βρ(x)/2)

|K (x− y) f (y)| dydx

≤ CK
∥∥fχSβ(B)

∥∥
p
‖gχB‖p′ + CK

✂
B

2n|g(x)|
(βρ (x))n

✂
Sβ(B)

|f (y)| dydx

≤ CK
∥∥fχSβ(B)

∥∥
p
‖gχB‖p′ +

CK2
n ‖gχB‖1

((1− β) βρ (ξ))n
∥∥fχSβ(B)

∥∥
1

≤ CCK

(
∥∥fχSβ(B)

∥∥
p
‖gχB‖p′ +

‖gχB‖1
∥∥fχSβ(B)

∥∥
1

|B (ξ, βρ (ξ))|

)
✳
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❊❧ ❧❡♠❛ s✐❣✉✐❡♥t❡ ✭❡❧ ❝✉❛❧ s❡ ♣r♦❜ó ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✮ s❡rá ✉s❛❞♦ ♣❛r❛ ❞❡♠♦str❛r ❧♦s
r❡s✉❧t❛❞♦s ❞❡ ❛❝♦t❛❝✐♦♥❡s ❞❡ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s✳

▲❡♠❛ ✸✳✸✳✷✳ ❉❛❞♦s β ∈ (0, 1)✱ σ ∈ (0, 1− β)✱ θ ∈
(
0, σ (β2 + β)

−1
]
✱ s❡ t✐❡♥❡

Sβ (B(ξ, r)) ⊂ B(ξ, (β + σ)ρ(ξ))✱

s✐❡♠♣r❡ q✉❡ B(ξ, r) ∈ Fθβ✳

▲❡♠❛ ✸✳✸✳✸✳ ❉❛❞♦s σ ② θ ❝♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✸✳✸✳✷✱ s❡❛♥ B = B(ξ, r) ∈ Fθβ/5 ② f ∈ L1
loc(Ω)

❝♦♥ s✉♣♣✭f✮⊂ Ω− 5B✳ ❊♥t♦♥❝❡s✱

✂
B

|Tf − (Tf)B| dx ≤ CCKr
n+δ

✂
B(ξ,(β+σ)ρ(ξ))−5B

|f (x)|
|x− ξ|n+δ dx✱

❞♦♥❞❡ δ ❡s ❧❛ ❝♦♥st❛♥t❡ ❡♥ ✭✸✳✶✳✾✮ ② C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ B✱ f ✱ ② K✳

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦✱ ❞❡♥♦t❛♠♦s Kβ,η(x, y) = K(x− y)η
(

|x−y|
βρ(x)

)
✱ ♣❛r❛ x ∈ Ω ② y 6= x✳

❙❡ ♣r✉❡❜❛ ❡♥ ❬❍❙❱✶✾❪✱ ♣á❣✐♥❛s ✶✷ ② ✶✸✱ q✉❡ s❡ s❛t✐s❢❛❝❡

∣∣Kβ,η(x, y)−Kβ,η(z, y)
∣∣ ≤ CCK

|x− z|δ
|x− y|n+δ ✱ ✭✸✳✸✳✹✮

s✐❡♠♣r❡ q✉❡ |x− y| > 2|x− z|✱ ❞♦♥❞❡ C ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ n✱ β ② η✳ ❆❤♦r❛✱ t❡♥❡♠♦s
✂
B

|Tf − (Tf)B| dz ≤ |B|−1

✂
B

✂
B

|Tf (z)− Tf (x)| dxdz

≤ |B|−1

✂
B

✂
B

✂
Sβ(B)−5B

∣∣Kβ,η (z, y)−Kβ,η (x, y)
∣∣ |f (y)| dydxdz

≤
✂
B

✂
Sβ(B)−5B

∣∣Kβ,η (z, y)−Kβ,η (ξ, y)
∣∣ |f (y)| dydz

+

✂
B

✂
Sβ(B)−5B

∣∣Kβ,η (ξ, y)−Kβ,η (x, y)
∣∣ |f (y)| dydx

= 2

✂
B

✂
Sβ(B)−5B

∣∣Kβ,η (z, y)−Kβ,η (ξ, y)
∣∣ |f (y)| dydz✳

P♦r ❧♦ t❛♥t♦✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡✱ s✐ z ∈ B ② y /∈ 5B✱ |y − ξ| > 2|z − ξ|✱ ♣♦r ✭✸✳✸✳✹✮ ②
❡❧ ▲❡♠❛ ✸✳✸✳✷ r❡s✉❧t❛

✂
B

|Tf − (Tf)B| dz ≤ CCK

✂
B

✂
Sβ(B)−5B

|z − ξ|δ
|y − ξ|n+δ |f (y)| dydz

≤ CCKr
n+δ

✂
B(ξ,(β+σ)ρ(ξ))−5B

|f (y)|
|y − ξ|n+δ dy✳



✶✵✹ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❊♥ ❡❧ ❧❡♠❛ s✐❣✉✐❡♥t❡✱ ② ❡♥ ❧♦ s✉❜s❡❝✉❡♥t❡✱ ❞❡♥♦t❛r❡♠♦s

B (x, γρ(x)) = Bγ(x)

♣❛r❛ x ∈ Ω ② 0 < γ < 1✳

▲❡♠❛ ✸✳✸✳✺✳ ❙❡❛♥ σ✱ θ✱ B ❝♦♠♦ ❡♥ ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r ② k0 ∈ N t❛❧ q✉❡

5k0r ≤ (β + σ) ρ (ξ) < 5k0+1r✳ ✭✸✳✸✳✻✮

❊♥t♦♥❝❡s✱ s✐ f ∈ L1
loc(Ω)✱ t❡♥❡♠♦s

✂
Bβ+σ(ξ)−5B

|f (y)− f5B|
|y − ξ|n+δ dy ≤ Cn

(
5k0r

)−δ

|Bβ+σ (ξ) |

✂
Bβ+σ(ξ)

∣∣f (y)− fBβ+σ(ξ)

∣∣ dy

+Cnr
−δ

k0−1∑

k=1

k∑

j=1

5−δk

|5j+1B|

✂
5j+1B

|f (y)− f5j+1B| dy✳

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦✱ ✈❡♠♦s q✉❡ ❧❛ ✐♥t❡❣r❛❧ ❡♥ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡
❛rr✐❜❛ ❡s ❧❛ s✉♠❛ ❞❡ ✂

Bβ+σ(ξ)−5k0B

|f (y)− f5B|
|y − ξ|n+δ dy ✭✸✳✸✳✼✮

②
k0−1∑

k=1

✂
5k+1B−5kB

|f (y)− f5B|
|y − ξ|n+δ dy✳ ✭✸✳✸✳✽✮

❆❤♦r❛✱ ♣❛r❛ ❝❛❞❛ k = 1, . . . , k0 − 1✱ t❡♥❡♠♦s

|f5k+1B − f5B| ≤
k∑

j=1

|f5j+1B − f5jB|

≤
k∑

j=1

5n

|5j+1B|

✂
5j+1B

|f (y)− f5j+1B| dy✳ ✭✸✳✸✳✾✮

P♦r ❧♦ t❛♥t♦✱ ❝♦♠♦ 5j+1B ∈ Fβ+σ s✐ 1 ≤ j ≤ k✱ ♣❛r❛ ✭✸✳✸✳✽✮ ♦❜t❡♥❡♠♦s

k0−1∑

k=1

✂
5k+1B−5kB

|f (y)− f5B|
|y − ξ|n+δ dy

≤
k0−1∑

k=1

(
5kr
)−n−δ ✂

5k+1B

|f (y)− f5k+1B| dy

+

k0−1∑

k=1

(
5kr
)−n−δ |f5k+1B − f5B| |5k+1B|

≤
k0−1∑

k=1

(
5kr
)−n−δ ✂

5k+1B

|f (y)− f5k+1B| dy



✸✳✸ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✶✵✺

+Cnr
−δ

k0−1∑

k=1

k∑

j=1

5−δk

|5j+1B|

✂
5j+1B

|f (y)− f5j+1B| dy

≤ Cnr
−δ

k0−1∑

k=1

k∑

j=1

5−δk

|5j+1B|

✂
5j+1B

|f (y)− f5j+1B| dy✳

P❛r❛ ✭✸✳✸✳✼✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ✭✸✳✸✳✻✮ ② ✭✸✳✸✳✾✮ ❝♦♥ k = k0 − 1✱ t❡♥❡♠♦s

✂
Bβ+σ(ξ)−5k0B

|f (y)− f5B|
|y − ξ|n+δ dy ≤

(
5k0r

)−n−δ ✂
Bβ+σ(ξ)

|f (y)− f5k0B| dy

+
(
5k0r

)−n−δ |f5k0B − f5B| |Bβ+σ (ξ)|

≤ Cn

(
5k0r

)−δ

|Bβ+σ (ξ) |

✂
Bβ+σ(ξ)

∣∣f (y)− fBβ+σ(ξ)

∣∣ dy

+Cn
(
5k0r

)−δ k0−1∑

j=1

5n

|5j+1B|

✂
5j+1B

|f (y)− f5j+1B| dy✳

P♦r ú❧t✐♠♦✱ s✉♠❛♥❞♦ ❧❛s ❞♦s ❞❡s✐❣✉❛❧❞❛❞❡s ❛♥t❡r✐♦r❡s ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✸✳✸✳✶✵✳ ❙❡❛♥ 1 ≤ q < q0✱ w ∈ RHβ
q0
✱ f ∈ BMOβ

w ② N ≥ 2✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛
B ∈ Fβ −Fβ/N s❡ t✐❡♥❡

(✂
Nβ(B)

|f |q dx
)1/q

≤ C [f ]BMOβ
w

w (B)

|B|1−1/q

❞♦♥❞❡ C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ f ② B✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❛❧❣ú♥ a ∈ (0, β/80) ✜❥♦✱ s❡❛ W(B) ❝♦♠♦ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹✳
❊♥t♦♥❝❡s✱ ♣♦r ✭✸✳✷✳✻✮✱ ✭✸✳✷✳✼✮✱ ✭✸✳✷✳✺✮✱ ❡❧ ▲❡♠❛ ✸✳✷✳✷✸✱ ② ②❛ q✉❡ 1

q
≤ 1✱ r❡s✉❧t❛

(✂
Nβ(B)

|f |q dx
)1/q

≤
∑

P∈W(B)

(✂
P

|f |q dx
)1/q

≤ [f ]BMOa
w,q

∑

P∈W(B)

w (P )

|P |1−1/q

≤ CM [f ]BMOβ
w

w (B)

|B|1−1/q
✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✶✾✳ ❚♦♠❛♠♦s f ∈ BMOβ
w ② ❝♦♥s✐❞❡r❛♠♦s σ ② θ✱ ❞❛❞♦s

♣♦r ❡❧ ▲❡♠❛ ✸✳✸✳✷✱ ②N ∈ N t❛❧ q✉❡N ≥ máx {5, θ−1}✳ Pr✐♠❡r♦✱ s✉♣♦♥❡♠♦s B ∈ Fβ−Fβ/N



✶✵✻ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

② t♦♠❛♠♦s 1 < s < q ♣❛r❛ ❛❧❣ú♥ q ∈ (1,∞) t❛❧ q✉❡ w ∈ RHβ
q ✳ ❊♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✸✳✶

❝♦♥ p = s ② g = χΩ✱ ② ❡❧ ▲❡♠❛ ✸✳✸✳✶✵ ❝♦♥ s ② 1 ❡♥ ❧✉❣❛r ❞❡ q✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ r❡s✉❧t❛
✂
B

|Tf | dx ≤ CCK
(∥∥fχSβ(B)

∥∥
s
|B|1−1/s +

∥∥fχSβ(B)

∥∥
1

)

≤ CCKw (B) [f ]BMOβ
w
✱ ✭✸✳✸✳✶✶✮

♣❛r❛ t♦❞❛ B ∈ Fβ − Fβ/N ✳ ❆❤♦r❛✱ t♦♠❛♠♦s B ∈ Fβ/N ✱ ♣♦r ❧♦ q✉❡ B ∈ Fθβ ② 5B ∈ Fβ✳
P♦❞❡♠♦s ❡s❝r✐❜✐r

f = (f − f5B)χ5B + (f − f5B)χΩ−5B + f5B.

❉❡♥♦t❛♠♦s f1 = (f − f5B)χ5B ② f2 = (f − f5B)χSβ(B)−5B✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ Tf1 ② Tf2
❡stá♥ ❜✐❡♥ ❞❡✜♥✐❞❛s ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω ② T (f5B) = 0 ♣♦r ✭✸✳✶✳✶✹✮✱ ❞❡ ✭✸✳✶✳✶✺✮ r❡s✉❧t❛

✂
B

|Tf − (Tf2)B| dx

=

✂
B

|T ((f − f5B)χ5B) + T ((f − f5B)χΩ−5B)− (Tf2)B| dx

=

✂
B

|Tf1 + Tf2 − (Tf2)B| dx

≤
✂
B

|Tf1| dx+
✂
B

|Tf2 − (Tf2)B| dx. ✭✸✳✸✳✶✷✮

P❛r❛ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ ✭✸✳✸✳✶✷✮ ❝♦♥s✐❞❡r❛♠♦s 1 < s < q✳ ❊♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✸✳✶
❝♦♥ p = s✱ f1 ❡♥ ✈❡③ ❞❡ f ② g = χΩ✱ s❡ t✐❡♥❡

✂
B

|Tf1| dx ≤ CCK
(∥∥f1χSβ(B)

∥∥
s
|B|1−1/s +

∥∥f1χSβ(B)

∥∥
1

)

≤ CCK

((✂
5B

|f − f5B|s dx
)1/s

|B|1/s′ +
✂
5B

|f − f5B| dx
)

≤ CCKw (5B)

(
[f ]BMOβ

w,s

|B|1/s′

|5B|1−1/s
+ [f ]BMOβ

w

)

≤ CCKw (B)
(
[f ]BMOβ

w,s
+ [f ]BMOβ

w

)

❞♦♥❞❡✱ ♣❛r❛ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✱ s❡ ✉só q✉❡ w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳ ▲✉❡❣♦✱ ❛♣❧✐❝❛♥❞♦ ❡❧
▲❡♠❛ ✸✳✷✳✷✸ s❡ ♦❜t✐❡♥❡ ✂

B

|Tf1| dx ≤ CCK [f ]BMOβ
w
w (B) ✳ ✭✸✳✸✳✶✸✮

❙♦❧♦ ♥♦s q✉❡❞❛ ❡st✐♠❛r ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡ ✭✸✳✸✳✶✷✮✳ P❛r❛ ❡❧❧♦✱ ❞❡♥♦t❛♠♦s B = B (ξ, r)
② ❝♦♥s✐❞❡r❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✸✳✸ ❝♦♥ f2 ❡♥ ❧✉❣❛r ❞❡ f ✱ ❥✉♥t♦ ❝♦♥ ❡❧ ▲❡♠❛ ✸✳✸✳✺✱ s❡ t✐❡♥❡

✂
B

|Tf2 − (Tf2)B| dz ≤ CCKr
n+δ

✂
Bβ+σ(ξ)−5B

|f (y)− f5B|
|y − ξ|n+δ dy

≤ CCK
rn5−δk0

|Bβ+σ (ξ) |

✂
Bβ+σ(ξ)

∣∣f (y)− fBβ+σ(ξ)

∣∣ dy
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+CCKr
n

k0−1∑

k=1

k∑

j=1

5−δk

|5j+1B|

✂
5j+1B

|f (y)− f5j+1B| dy✱

❞♦♥❞❡ k0 ❡s ❡❧ ❞❛❞♦ ♣♦r ❡❧ ▲❡♠❛ ✸✳✸✳✺✳ ❆❤♦r❛✱ ♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✽✱ ❡①✐st❡♥ C > 0
② ε ∈ (0, n+ δ) t❛❧❡s q✉❡✱ ♣❛r❛ t♦❞♦ t > 1 ② V ∈ Fβ+σ✱ s❡ t✐❡♥❡

w(V ) ≤ Ctn+δ−εw
(
t−1V

)
✳ ✭✸✳✸✳✶✹✮

❊♥t♦♥❝❡s✱ ♦❜t❡♥❡♠♦s
✂
B

|Tf2 − (Tf2)B| dz ≤ CCK
rn5−δk0

|Bβ+σ (ξ) |

✂
Bβ+σ(ξ)

|f (y)| dy

+CCKr
n

k0−1∑

k=1

k∑

j=1

5−δkw (5j+1B)

|5j+1B| [f ]BMOβ+σ
w

≤ CCK
rn5−δk0w (Bβ+σ (ξ))

|Bβ+σ (ξ) |
[f ]BMOβ+σ

w

+CCKw (B) [f ]BMOβ+σ
w

k0−1∑

k=1

k∑

j=1

5−δk
(
5j+1

)δ−ε

▲✉❡❣♦✱ ♣❛r❛ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ✉s❛♥❞♦ ✭✸✳✸✳✻✮ ② ✭✸✳✸✳✶✹✮ s❡
s✐❣✉❡

rn5−δk0w (Bβ+σ (ξ))

|Bβ+σ (ξ) |
≤ C

(
(β + σ)ρ(ξ)

r

)n+δ−ε
rn5−δk0w (B)

((β + σ)ρ(ξ))n

≤ C

(
(β + σ)ρ(ξ)

r

)δ−ε
5−δk0w (B)

≤ C

(
(β + σ)ρ(ξ)

r

)−ε
w (B) ≤ Cw(B)

P❛r❛ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦✱ s✐ δ ≤ ε✱ r❡s✉❧t❛

k0−1∑

k=1

k∑

j=1

5−δk
(
5j+1

)δ−ε ≤
∞∑

k=1

k5−δk

❞♦♥❞❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❡s ✉♥❛ s❡r✐❡ ❝♦♥✈❡r❣❡♥t❡✳ ❈✉❛♥❞♦ δ > ε✱ ❝❛❧❝✉❧❛♥❞♦ ❧❛ s✉♠❛ ❞❡ ❧❛
s❡r✐❡ ❣❡♦♠étr✐❝❛ s❡ t✐❡♥❡

k0−1∑

k=1

k∑

j=1

5−δk
(
5j+1

)δ−ε
= 5δ−ε

k0−1∑

k=1

5−δk
k∑

j=1

(
5j
)δ−ε

= 25δ−ε
k0−1∑

k=1

5−δk
(
5δ−ε

)k − 1

5δ−ε − 1

<
25δ−ε

5δ−ε − 1

∞∑

k=1

5−εk✱



✶✵✽ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❞♦♥❞❡ ♦tr❛ ✈❡③ t❡♥❡♠♦s ✉♥❛ s❡r✐❡ ❝♦♥✈❡r❣❡♥t❡✳ P♦r ❧♦ t❛♥t♦✱ ❝♦♥ ❡st❛s ❡st✐♠❛❝✐♦♥❡s ② ❡❧
▲❡♠❛ ✸✳✷✳✷✸ ♦❜t❡♥❡♠♦s

✂
B

|Tf2 − (Tf2)B| dz ≤ CCKw (B) [f ]BMOβ
w
✳ ✭✸✳✸✳✶✺✮

▲✉❡❣♦✱ ❛ ♣❛rt✐r ❞❡ ✭✸✳✸✳✶✷✮ ❝♦♥ ✭✸✳✸✳✶✸✮ ② ✭✸✳✸✳✶✺✮ s❡ s✐❣✉❡

✂
B

|Tf − (Tf2)B| dz ≤ CCKw (B) [f ]BMOβ
w
✱ ✭✸✳✸✳✶✻✮

♣❛r❛ t♦❞❛ B ∈ Fβ/N ✳ P♦r ú❧t✐♠♦✱ ②❛ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r a ∈ R✱
✁
B
|Tf − (Tf)B| dx ≤

2
✁
B
|Tf − a| dx✱ ❞❡ ✭✸✳✸✳✶✶✮ ❥✉♥t♦ ❝♦♥ ✭✸✳✸✳✶✻✮ s❡ ❞❡❞✉❝❡

[Tf ]BMOβ
w
≤ CCK [f ]BMOβ

w
✳

▲❡♠❛ ✸✳✸✳✶✼✳ ❙❡❛♥ 0 < γ < β < 1 ② f ∈ L1
loc(Ω)✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ C ≥ 1✱ ❞❡♣❡♥❞✐❡♥t❡

s♦❧♦ ❞❡ n✱ β ② γ✱ t❛❧ q✉❡

∣∣T β,ηf(x)− T γ,ηf(x)
∣∣ ≤ CCK

|Bβ(x)|

✂
Bβ(x)

|f |dy✱

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ω✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ η ❡♥ ✭✸✳✶✳✶✷✮✱ ❞❛❞♦ x ∈ Ω✱ t❡♥❡♠♦s

η

( |x− y|
βρ (x)

)
− η

( |x− y|
γρ (x)

)
= 0 ✭✸✳✸✳✶✽✮

s✐ y /∈ B (x, βρ (x)) ♦ y ∈ B
(
x, γ

2
ρ (x)

)
✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ω✱ ♣♦r ✭✸✳✶✳✶✷✮ t❡♥❡♠♦s

∣∣T β,ηf(x)− T γ,ηf(x)
∣∣ ≤ ✈✳♣✳

✂
Ω

∣∣Kβ,η (x, y)−Kγ,η (x, y)
∣∣ |f (y)| dy

≤
✂

γ
2
ρ(x)≤|x−y|<βρ(x)

|K (x− y)| |f (y)| dy

≤ CK

✂
γ
2
ρ(x)≤|x−y|<βρ(x)

|f (y)|
|x− y|ndy

≤ CK

(γ
2
ρ (x)

)−n ✂
|x−y|<βρ(x)

|f (y)| dy

=

(
2β

γ

)n
CK (βρ (x))−n

✂
|x−y|<βρ(x)

|f (y)| dy✳



✸✳✸ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✶✵✾

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✵✳ ❚♦♠❛♠♦s f ∈ LMOβ✱ θ ❝♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✸✳✸✳✷✱ B ∈
Fθβ/

√
n✱ ② ❞❡♥♦t❛♠♦s T γ = T γ,η s✐ 0 < γ < 1✳ ❊♥t♦♥❝❡s✱ f ∈ BMOβ ♣♦r ❧♦ q✉❡ T

β√
nf

❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ♣❛r❛ ❝✳ t✳ ♣✳ ❞❡ Ω ② ✈❛❧❡ ✭✸✳✶✳✶✺✮ ❝♦♥ β√
n
❡♥ ❧✉❣❛r ❞❡ β✳ P♦r ✉♥ ❧❛❞♦✱

s✉♣♦♥❡♠♦s B = B (ξ, r) ∈ F θβ√
n
− F θβ

320
√
n
✳ ▲✉❡❣♦✱ ♣♦r ✭✸✳✶✳✶✹✮ ② ❧♦s ▲❡♠❛s ✸✳✸✳✷✱ ✸✳✸✳✶ ②

✸✳✷✳✷✺✱ r❡s✉❧t❛
✂
B

∣∣∣T
β√
nf
∣∣∣ dx =

✂
B

∣∣∣T
β√
n

((
f − fBσ+β/

√
n(ξ)

))∣∣∣ dx

≤ CCK

(✂
Bσ+β/

√
n(ξ)

∣∣∣f − fBσ+β/
√
n(ξ)

∣∣∣
2

dx

)1/2

|B|1/2

+CCK

✂
Bσ+β/

√
n(ξ)

∣∣∣f − fBσ+β/
√
n(ξ)

∣∣∣ dx

≤ CCK

(
[f ]

LMO
σ+β/

√
n

2

+ [f ]LMOσ+β/
√
n

) ∣∣Bσ+β/
√
n (ξ)

∣∣

≤ CCK

(
320 (σ

√
n+ β)

θβ

)n
[f ]LMOβ+

√
nσ

∣∣∣B θβ
320

√
n
(ξ)
∣∣∣

≤ CCK [f ]LMOβ+
√

nσ |B|✳

❆sí ❤❡♠♦s ♦❜t❡♥✐❞♦ ✂
B

∣∣∣T
β√
nf
∣∣∣ dx ≤ CCK [f ]LMO

√
nσ+β |B|✱ ✭✸✳✸✳✶✾✮

♣❛r❛ t♦❞❛ B = B (ξ, r) ∈ F θβ√
n
− F θβ

320
√
n
✳ P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♠♦s B ∈ Fβ − F θβ

320
√

n

② W = {Pj} ⊂ F θβ
80

√
n
− F θβ

320
√
n
❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② ❝♦♠♦ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹✱

❝♦♥ a = θβ
80

√
n
✳ ❊♥t♦♥❝❡s✱ ♣♦r ✭✸✳✸✳✶✾✮✱ ✭✸✳✷✳✼✮ ② ✭✸✳✷✳✺✮✱ t❡♥❡♠♦s

✂
B

∣∣∣T
β√
nf
∣∣∣ dx ≤

∑

P∈W(B)

✂
P

∣∣∣T
β√
nf
∣∣∣ dx

≤ CCK [f ]LMO
√

nσ+β

∑

P∈W(B)

|P |

≤ CMCK [f ]LMO
√
nσ+β |B| ✳

❉❡ ❡st❡ ♠♦❞♦✱ r❡s✉❧t❛

1 + log βρ(ξ)
r

|B|

✂
B

∣∣∣T
β√
nf
∣∣∣ dx ≤ CCK

(
1 + log

320
√
n

θ

)
[f ]LMO

√
nσ+β ✳

❆❤♦r❛✱ ❝♦♥s✐❞❡r❛♠♦s T β ②✱ ❞❡ ♥✉❡✈♦✱ T βf ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ♣❛r❛ ❝✳ t✳ ♣✳ ❞❡ Ω ② ✈❛❧❡
✭✸✳✶✳✶✺✮✳ ❙✐❡♥❞♦ B ❝♦♠♦ ❛♥t❡s✱ ♣♦r ❧❛ ❡st✐♠❛❝✐ó♥ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s

✂
B

∣∣T βf
∣∣ dx ≤

✂
B

∣∣∣T βf − T
β√
nf
∣∣∣ dx

+
CCK |B|

1 + log βρ(ξ)
r

[f ]LMOβ+
√
nσ ✳



✶✶✵ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

▲✉❡❣♦✱ ♣♦r ✭✸✳✶✳✶✹✮ ② ❡❧ ▲❡♠❛ ✸✳✸✳✶✼ ♦❜t❡♥❡♠♦s
✂
B

∣∣∣T βf − T
β√
nf
∣∣∣ dx =

✂
B

∣∣∣T β
(
f − fBβ(x)

)
− T

β√
n
(
f − fBβ(x)

)∣∣∣ dx

≤ CCK

✂
B

(βρ (x))−n
✂
|x−y|<βρ(x)

∣∣f (y)− fBβ(x)

∣∣ dydx

≤ CCK |B| [f ]LMOβ ≤ CCK
1 + log 320

√
n

θ

1 + log βρ(ξ)
r

|B| [f ]LMOβ

≤ CCK |B|
1 + log βρ(ξ)

r

[f ]LMOβ+σ
√
n ✳

❉❡ ❡st❡ ♠♦❞♦✱ r❡s✉❧t❛
✂
B

∣∣T βf
∣∣ dx ≤ CCK |B|

1 + log βρ(ξ)
r

[f ]LMOβ+
√
nσ ✱ ✭✸✳✸✳✷✵✮

♣❛r❛ t♦❞❛ B = B (ξ, r) ∈ Fβ − F θβ
320

√
n
✳ ❊♥t♦♥❝❡s✱ s♦❧♦ ♥♦s q✉❡❞❛ t♦♠❛r B = B (ξ, r) ∈

F θβ
320

√
n
✳ ❙❡❛♥ f1 ② f2 ❝♦♠♦ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✶✾✳ ❆sí✱ ❞❡ ♥✉❡✈♦ ♦❜t❡♥❡♠♦s

✭✸✳✸✳✶✷✮✳ ❊♥ ✉♥ ♣r✐♥❝✐♣✐♦✱ ♣♦r ❧♦s ▲❡♠❛s ✸✳✸✳✶ ② ✸✳✷✳✷✺ r❡s✉❧t❛

✂
B

∣∣T βf1
∣∣ dx ≤ CCK

((✂
5B

|f − f5B|2 dx
)1/2

|B|1/2 +
✂
5B

|f − f5B| dx
)

≤ CCK |B|
1 + log

(σ+β/
√
n)ρ(ξ)

5r

(
[f ]

LMO
σ+β/

√
n

2

+ [f ]LMOσ+β/
√
n

)

≤ (1 + log (5
√
n))CCK |B|

1 + log βρ(ξ)
r

[f ]LMO
√

nσ+β ✳ ✭✸✳✸✳✷✶✮

▲✉❡❣♦✱ s✐ k0 ❡s ❡❧ ❡♥t❡r♦ ♣♦s✐t✐✈♦ ❞❛❞♦ ♣♦r ❡❧ ▲❡♠❛ ✸✳✸✳✺ ❝♦♥
√
nσ ❡♥ ❧✉❣❛r ❞❡ σ✱ ♣❛r❛ ❧❛

✐♥t❡❣r❛❧ ❞❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❡♥ ✭✸✳✸✳✶✷✮✱ ♣♦r ❧♦s ▲❡♠❛s ✸✳✸✳✸ ② ✸✳✸✳✺ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✮✱
t❡♥❡♠♦s✂

B

∣∣T βf2 −
(
T βf2

)
B

∣∣ dz ≤ CCKr
n+δ

✂
B√

nσ+β(ξ)−5B

|f (y)− f5B|
|y − ξ|n+δ dy

≤ CCKr
n 5−k0δ

|Bβ+
√
nσ (ξ) |

✂
Bβ+

√
nσ(ξ)

∣∣∣f (y)− fBβ+
√
nσ(ξ)

∣∣∣ dy

+CCKr
n

k0−1∑

k=1

k∑

j=1

5−δk

|5j+1B|

✂
5j+1B

|f (y)− f5j+1B| dy✱

♣♦r ❧♦ q✉❡ ést❛ q✉❡❞❛ ❛❝♦t❛❞❛ ♣♦r

CCKr
n


5−k0δ +

k0−1∑

k=1

k∑

j=1

5−δk

1 + log
(β+

√
nσ)ρ(ξ)

5j+1r


 [f ]LMOβ+

√
nσ ✳ ✭✸✳✸✳✷✷✮



✸✳✸ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✶✶✶

P♦r ✉♥ ❧❛❞♦✱ ❡st✐♠❛♠♦s ❡❧ ❢❛❝t♦r 5−δk0 q✉❡ ❛♣❛r❡❝❡ ❛rr✐❜❛✳ P❛r❛ ❡❧❧♦✱ ❞❡✜♥✐♠♦s ❧❛ ❢✉♥❝✐ó♥
r❡❛❧

h (t) =
tδ

1 + log t

❝♦♥ t ≥ 1✳ ❨❛ q✉❡ h ❡s ❝♦♥t✐♥✉❛ ❡♥ s✉ ❞♦♠✐♥✐♦ ② ĺım
t→∞

h (t) = ∞✱ ❡①✐st❡ Cδ > 0 t❛❧ q✉❡

h (t) ≥ Cδ✱ s✐❡♠♣r❡ q✉❡ t ≥ 1✳ ❊♥t♦♥❝❡s✱ ♣♦r ❡st♦ ú❧t✐♠♦ ② ✭✸✳✸✳✻✮ t❡♥❡♠♦s

5δk0 >

(
β + σ

√
n

5β

)δ (
βρ (ξ)

r

)δ

≥
(
β + σ

√
n

5β

)δ
Cδ

(
1 + log

βρ (ξ)

r

)
✳ ✭✸✳✸✳✷✸✮

P♦r ♦tr♦ ❧❛❞♦✱ ✈❡♠♦s q✉❡ ♣❛r❛ j ≥ 1 s❡ t✐❡♥❡

1 + log
βρ (ξ)

r
< j (1 + log 25)

(
1 + log

(β +
√
nσ) ρ (ξ)

5j+1r

)
✳ ✭✸✳✸✳✷✹✮

P♦r ❧♦ t❛♥t♦✱ ❧❧❡✈❛♥❞♦ ✭✸✳✸✳✷✸✮ ② ✭✸✳✸✳✷✹✮ ❛ ✭✸✳✸✳✷✷✮✱ s❡ ♦❜t✐❡♥❡

✂
B

∣∣T βf2 −
(
T βf2

)
B

∣∣ dz ≤ CCKr
n

1 + log βρ(ξ)
r

(
1 +

∞∑

k=1

k∑

j=1

j5−δk
)
[f ]LMOβ+

√
nσ

≤ CCK |B|
1 + log βρ(ξ)

r

[f ]LMOβ+
√
nσ ✳ ✭✸✳✸✳✷✺✮

❋✐♥❛❧♠❡♥t❡✱ ❞❡ ✭✸✳✸✳✷✶✮ ② ✭✸✳✸✳✷✺✮ ❥✉♥t♦ ❝♦♥ ✭✸✳✸✳✶✷✮✱ s❡ ❝♦♥s✐❣✉❡

✂
B

∣∣T βf −
(
T βf

)
B

∣∣ dz ≤ CCK |B|
1 + log βρ(ξ)

r

[f ]LMOβ+
√
nσ ✱ ✭✸✳✸✳✷✻✮

♣❛r❛ t♦❞❛ B = B (ξ, r) ∈ F θβ
320

√
n
✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❝♦♥ ✭✸✳✸✳✷✵✮ ② ✭✸✳✸✳✷✻✮✱ s❡ ❝♦♥❝❧✉②❡ ❧❛

❞❡♠♦str❛❝✐ó♥✳

P❛r❛ ♣r♦❜❛r ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❝♦♥♠✉t❛❞♦r❡s ❞❡ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s s❡rá♥ út✐❧❡s
❧♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s✳

▲❡♠❛ ✸✳✸✳✷✼✳ ❙❡❛♥ T β,η ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❧♦❝❛❧ ② w ∈ Aβ1 ✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ C > 0 t❛❧
q✉❡✱ s✐ f ∈ BMOβ

w ② B = B (ξ, r) ∈ Fβ/25✱ s❡ t✐❡♥❡

|f5B|+
∣∣T β,η (fχΩ−5B) (ξ)

∣∣ ≤ CCK
1 + log βρ(ξ)

r

|B| w (B) [f ]BMOβ
w
✳

❉❡♠♦str❛❝✐ó♥✳ ❚♦♠❛♠♦s k0 ∈ N t❛❧ q✉❡

5k0r ≤ βρ (ξ) < 5k0+1r✳ ✭✸✳✸✳✷✽✮



✶✶✷ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❊♥t♦♥❝❡s

k0 < log 5k0 ≤ log
βρ (ξ)

r
✳ ✭✸✳✸✳✷✾✮

❊♥ ✉♥ ♣r✐♥❝✐♣✐♦ t❡♥❡♠♦s

|f5B| ≤ |5B|−1

✂
5B

|f − f5k0B| dy +
∣∣5k0B

∣∣−1
✂
5k0B

|f | dy✳ ✭✸✳✸✳✸✵✮

P❛r❛ ❡st✐♠❛r ✭✸✳✸✳✸✵✮ ♦❜s❡r✈❛♠♦s q✉❡ ♣♦r s❡r w ∈ Aβ1 ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡✱
♣❛r❛ ❝❛❞❛ V ∈ Fβ ② ❝❛❞❛ E s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ ❞❡ V ✱ t❡♥❡♠♦s

w (V )

|V | ≤ C
w (E)

|E| ✳ ✭✸✳✸✳✸✶✮

❆sí✱ ♣♦r ✭✸✳✸✳✸✶✮ ② ✭✸✳✸✳✷✽✮✱ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❡♥ ✭✸✳✸✳✸✵✮ s❡ ❡st✐♠❛ ❝♦♠♦

∣∣5k0B
∣∣−1

✂
5k0B

|f | dy ≤ w
(
5k0B

)

|5k0B| [f ]BMOβ
w

≤ C
w (B)

|B| [f ]BMOβ
w
✳

P❛r❛ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❡♥ ✭✸✳✸✳✸✵✮ t❡♥❡♠♦s

|5B|−1

✂
5B

|f − f5k0B| dy ≤ C
w (B)

|B| [f ]BMOβ
w
+

k0−1∑

j=1

|f5j+1B − f5jB| ✱

❞♦♥❞❡✱ ♣♦r ✭✸✳✸✳✸✶✮ ② ✭✸✳✸✳✷✾✮ r❡s✉❧t❛

k0−1∑

j=1

|f5j+1B − f5jB| ≤ 5n+1

k0−1∑

j=1

w (5j+1B)

|5j+1B| [f ]BMOβ
w

≤ 5n+1C (k0 − 1)
w (B)

|B| [f ]BMOβ
w

≤ 5n+1C

(
log

βρ (ξ)

r

)
w (B)

|B| [f ]BMOβ
w
✱

② ❧✉❡❣♦

|5B|−1

✂
5B

|f − f5k0B| dy ≤ 5n+1C

(
1 + log

βρ (ξ)

r

)
w (B)

|B| [f ]BMOβ
w
✳

❊♥t♦♥❝❡s✱ s✉♠❛♥❞♦ ❧❛s ❞♦s ❞❡s✐❣✉❛❧❞❛❞❡s ♦❜t❡♥✐❞❛s✱ s❡ ❝♦♥s✐❣✉❡

|f5B| ≤
(
1 + 5n+1

)
C
1 + log βρ(ξ)

r

|B| w (B) [f ]BMOβ
w
✳ ✭✸✳✸✳✸✷✮

❆❤♦r❛✱ ✈❡♠♦s q✉❡ ❡❧ ✈❛❧♦r T β,η (fχΩ−5B) (ξ) ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦✳ ❉❡ ❤❡❝❤♦✱ t❡♥❡♠♦s
∣∣∣∣
✂
5r≤|ξ−y|<βρ(ξ)

Kβ,η (ξ, y) f (y) dy

∣∣∣∣ ≤ CK

✂
5r≤|ξ−y|<βρ(ξ)

|ξ − y|−n |f (y)| dy



✸✳✸ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✶✶✸

≤ CK
w (B (ξ, βρ (ξ)))

(5r)n
[f ]BMOβ

w
<∞✱

♣♦r ❧♦ q✉❡ ♣♦❞❡♠♦s ❡s❝r✐❜✐r

T β,η (fχΩ−5B) (ξ) = ĺım
ε→0+

✂
|ξ−y|≥ε

Kβ,η (ξ, y) fχΩ−5B (y) dy

=

✂
5r≤|ξ−y|<βρ(ξ)

Kβ,η (ξ, y) f (y) dy✳

▲✉❡❣♦✱ ♣♦r ✉♥ ❧❛❞♦ t❡♥❡♠♦s

∣∣T β,η (fχΩ−5B) (ξ)
∣∣ ≤

∣∣∣∣
✂
5r≤|ξ−y|<5k0r

Kβ,η (ξ, y) f (y) dy

∣∣∣∣

+

∣∣∣∣
✂
5k0r≤|ξ−y|<βρ(ξ)

Kβ,η (ξ, y) f (y) dy

∣∣∣∣ ✱ ✭✸✳✸✳✸✸✮

❞♦♥❞❡✱ ♣♦r ✭✸✳✸✳✷✽✮✱ ✭✸✳✶✳✼✮✱ ② ✭✸✳✸✳✸✶✮✱ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡ ❧❛ s✉♠❛ ❛♥t❡r✐♦r s❡ ❡st✐♠❛
❝♦♠♦

∣∣∣∣
✂
5k0r≤|ξ−y|<βρ(ξ)

Kβ,η (ξ, y) f (y) dy

∣∣∣∣ ≤ CK

(
βρ (ξ)

5

)−n ✂
|ξ−y|<βρ(ξ)

|f (y)| dy

≤ 5n|B(0, 1)|CK
w (B (ξ, βρ (ξ)))

|B (ξ, βρ (ξ))| [f ]BMOβ
w

≤ 5n|B(0, 1)|CCK
w (B)

|B| [f ]BMOβ
w
✳

✭✸✳✸✳✸✹✮

P♦r ♦tr♦ ❧❛❞♦✱ ♣♦r ✭✸✳✶✳✶✹✮✱ ✭✸✳✸✳✸✶✮ ② ✭✸✳✸✳✷✾✮✱ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ ❧❛ s✉♠❛ ❞❡ ✭✸✳✸✳✸✸✮
s❡ ❡st✐♠❛ ❝♦♠♦
∣∣∣∣
✂
5r≤|ξ−y|<5k0r

Kβ,η (ξ, y) f (y) dy

∣∣∣∣ ≤
k0−1∑

j=1

∣∣∣∣
✂
5j+1B−5jB

Kβ,η (ξ, y) f (y) dy

∣∣∣∣

=

k0−1∑

j=1

∣∣∣∣
✂
5j+1B−5jB

Kβ,η (ξ, y) (f (y)− f5j+1B) dy

∣∣∣∣

≤ CK

k0−1∑

j=1

(
5jr
)−n

✂
5j+1B

|f (y)− f5j+1B| dy

≤ 5n+1|B(0, 1)|CK
k0−1∑

j=1

w (5j+1B)

|5j+1B| [f ]BMOβ
w

≤ 5n+1|B(0, 1)|CCK
(
log

βρ (ξ)

r

)
w (B)

|B| [f ]BMOβ
w
✳

✭✸✳✸✳✸✺✮

❊♥t♦♥❝❡s✱ s✉♠❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✸✳✸✷✮✱ ✭✸✳✸✳✸✸✮✱ ✭✸✳✸✳✸✹✮✱ ✭✸✳✸✳✸✺✮✱ ② ❝♦♥s✐❞❡r❛♥❞♦
q✉❡ CK ♣✉❡❞❡ t♦♠❛rs❡ ♥♦ ♠❡♥♦r ❛ 1✱ ♦❜t❡♥❡♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❜✉s❝❛❞❛ ❝♦♥ ✉♥❛ ❝♦♥st❛♥t❡
C q✉❡ ❞❡♣❡♥❞❡ ❞❡ n✱ w✱ ② β✱ ♣❡r♦ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ♥ú❝❧❡♦ K✳



✶✶✹ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

P❛r❛ ❧♦ q✉❡ s✐❣✉❡✱ s✐ f ∈ BMOβ✱ ❞❡♥♦t❛♠♦s

Oβ(f) = sup
B∈Fβ

|B|−1

✂
B

|f − fB| dx✱

❧♦ ❝✉❛❧ ❡s ✉♥❛ ❝❛♥t✐❞❛❞ ✜♥✐t❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

Oβ(f) ≤ mı́n(2[f ]BMOβ , [f ]LMOβ)✳

▲❡♠❛ ✸✳✸✳✸✻✳ ❙❡❛♥ f ∈ BMOβ ②✱ ♣❛r❛ a ∈ (0, β/80)✱ W = {Pj} ⊂ Fa−Fa/4 ❝✉❜r✐♠✐❡♥t♦
t✐♣♦ ❲❤✐t♥❡② ♣❛r❛ Ω ❝♦♠♦ ❡❧ ❞❛❞♦ ❡♥ ❬❍❙❱✶✹❪ ✭▲❡♠❛ ✶✳✵✳✻✮✳ ❙✐ N ≥ 2✱ ❡①✐st❡ C > 0 t❛❧
q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fβ −Fβ/N ✱ s❡ t✐❡♥❡

∑

P∈W(B)

|fP − fB| ≤ COβ(f)✱

❞♦♥❞❡ W(B) = {P ∈ W : P ∩Nβ(B) 6= ∅}✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❬❍❙❱✶✹❪ ♣á❣✐♥❛ ✻✶✾✱ ♣❛r❛ ❝❛❞❛ P ∈ W (B) ❡①✐st❡♥ mP ∈ N✱ ❝♦♥
mP ≤ M ✭M ❞❛❞♦ ♣♦r ✭✸✳✷✳✺✮✮✱ ②

{
BP
i

}
i=1,...,mP

⊂ W ✈❡r✐✜❝❛♥❞♦ q✉❡✱ ♣❛r❛ ❝❛❞❛ i =

1, . . . ,mP − 1✱ BP
i ∩ BP

i+1 6= ∅✱ P = BP
1 ✱ ② ❡❧ ❝❡♥tr♦ ❞❡ B ❡stá ❡♥ BP

mP
✳ ▲✉❡❣♦✱ ♣♦r ❡❧

▲❡♠❛ ✷✳✸ ❞❡ ❬❍❙❱✶✹❪ ✭▲❡♠❛ ✶✳✵✳✻✮✱ s❡ ❞❡❞✉❝❡♥

BP
i ⊂ 5BP

i+1✱ B
P
i+1 ⊂ 5BP

i ✭✸✳✸✳✸✼✮

②
BP
mP

⊂ B✳ ✭✸✳✸✳✸✽✮

❊♥t♦♥❝❡s

∑

P∈W(B)

|fP − fB| ≤
∑

P∈W(B)

mP−1∑

i=1

∣∣∣fBP
i
− fBP

i+1

∣∣∣

+
∑

P∈W(B)

∣∣∣fBP
mP

− fB

∣∣∣ ✳ ✭✸✳✸✳✸✾✮

❆❤♦r❛✱ ②❛ q✉❡ ♣♦r ✭✸✳✸✳✸✽✮ t❡♥❡♠♦sBP
mP

∈ W(B)✱ ♣♦r ✭✸✳✷✳✻✮✱ ❧❛ s❡❣✉♥❞❛ s✉♠❛ ❡♥ ✭✸✳✸✳✸✾✮
s❡ ❡st✐♠❛ ❝♦♠♦

∑

P∈W(B)

∣∣∣fBP
mP

− fB

∣∣∣ ≤
∑

P∈W(B)

∣∣BP
mP

∣∣−1
✂
BP

mP

|f (y)− fB| dy

≤ CM

|B|

✂
B

|f (y)− fB| dy ≤ CMOβ(f)✳ ✭✸✳✸✳✹✵✮

P❛r❛ ❧❛ ♣r✐♠❡r❛ s✉♠❛ ❡♥ ✭✸✳✸✳✸✾✮✱ s✐ 1 ≤ i ≤ mP − 1✱ ♣♦r ✭✸✳✸✳✸✼✮ t❡♥❡♠♦s
∣∣∣fBP

i
− fBP

i+1

∣∣∣ ≤
∣∣∣fBP

i
− f5BP

i

∣∣∣+
∣∣∣f5BP

i
− fBP

i+1

∣∣∣



✸✳✸ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✶✶✺

≤
∣∣BP

i

∣∣−1
✂
BP

i

∣∣∣f (y)− f5BP
i

∣∣∣ dy

+
∣∣BP

i+1

∣∣−1
✂
BP

i+1

∣∣∣f (y)− f5BP
i

∣∣∣ dy

≤
(∣∣BP

i

∣∣−1
+
∣∣BP

i+1

∣∣−1
) ∣∣5BP

i

∣∣Oβ(f)

≤ COβ(f)✱

② ❧✉❡❣♦✱ ♣♦r ✭✸✳✷✳✺✮
∑

P∈W(B)

mP−1∑

i=1

∣∣∣fBP
i
− fBP

i+1

∣∣∣ ≤ CM2Oβ(f)✳ ✭✸✳✸✳✹✶✮

P♦r ❧♦ t❛♥t♦✱ ❝♦♥ ✭✸✳✸✳✹✵✮ ② ✭✸✳✸✳✹✶✮ ❡♥ ✭✸✳✸✳✸✾✮✱ ❡❧ r❡s✉❧t❛❞♦ q✉❡❞❛ ♣r♦❜❛❞♦✳

▲❡♠❛ ✸✳✸✳✹✷✳ ❙❡❛♥ q ∈ (1,∞) ② w ∈ RHβ
q ✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦s N ≥ 2 ② 1 ≤ t < q✱ ❡①✐st❡

C > 0 t❛❧ q✉❡✱ s✐ b ∈ LMOβ✱ f ∈ BMOβ
w✱ ② B ∈ Fβ −Fβ/N ✱ s❡ t✐❡♥❡

(✂
Nβ(B)

|(b (y)− bB) f(y)|t dy
)1/t

≤ C
w (B)

|B|1−1/t
[b]LMOβ [f ]BMOβ

w
✳

❉❡♠♦str❛❝✐ó♥✳ ❚♦♠❛♠♦s W = {Pj} ⊂ F β
85

√
n
−F β

340
√
n
❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② ♣❛r❛ Ω

❞❛❞♦ ♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹ ❝♦♥ a = β (85
√
n)

−1✳ ❊♥t♦♥❝❡s✱ t❡♥❡♠♦s

(✂
Nβ(B)

|(b (y)− bB) f(y)|t dy
)1/t

≤
∑

P∈W(B)

(✂
P

|(b (y)− bP ) f(y)|t dy
)1/t

+
∑

P∈W(B)

|bP − bB|
(✂

P

|f(y)|t dy
)1/t

✳ ✭✸✳✸✳✹✸✮

P❛r❛ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ ❧❛ s✉♠❛ ❡♥ ✭✸✳✸✳✹✸✮✱ ❝♦♥s✐❞❡r❛♠♦s s ∈ (t, q) ② ♦❜t❡♥❡♠♦s

∑

P∈W(B)

(✂
P

|(b (y)− bP ) f(y)|t dy
)1/t

≤
∑

P∈W(B)

(✂
P

|b (y)− bP |t(s/t)
′
dy

)1/(t(s/t)′)(✂
P

|f (y)|s dy
)1/s

≤ C [b]
LMO

β/
√

n

t(s/t)′
[f ]BMOβ

w,s

∑

P∈W(B)

w (P )

|P | |P |1/t

≤ CM
w (B)

|B|1−1/t
[b]LMOβ [f ]BMOβ

w
✱ ✭✸✳✸✳✹✹✮



✶✶✻ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

♣♦r ❡❧ ▲❡♠❛ ✸✳✷✳✷✸✱ ❡❧ ▲❡♠❛ ✸✳✷✳✷✺✱ ✭✸✳✷✳✻✮✱ ✭✸✳✷✳✼✮✱ ② ✭✸✳✷✳✺✮✳ P❛r❛ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡
❧❛ s✉♠❛ ❡♥ ✭✸✳✸✳✹✸✮✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✷✳✷✸✱ ✭✸✳✷✳✻✮✱ ✭✸✳✷✳✼✮✱ ② ❡❧ ▲❡♠❛ ✸✳✸✳✸✻✱ ❝♦♥s❡❣✉✐♠♦s

∑

P∈W(B)

|bP − bB|
(✂

P

|f |t dy
)1/t

≤ C [f ]BMOβ
w,t

∑

P∈W(B)

w (P )

|P | |P |1/t |bP − bB|

≤ C [f ]BMOβ
w

w (B)

|B|1−1/t

∑

P∈W(B)

|bP − bB|

≤ C[b]LMOβ [f ]BMOβ
w

w (B)

|B|1−1/t
✳ ✭✸✳✸✳✹✺✮

❊♥t♦♥❝❡s✱ ✉s❛♥❞♦ ✭✸✳✸✳✹✹✮ ② ✭✸✳✸✳✹✺✮ ❡♥ ✭✸✳✸✳✹✸✮✱ ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✶✳ ❙❡❛♥ T β✱ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❝♦♠♦ ❡♥ ✭✸✳✶✳✶✷✮✱ ② θ✱ ❝♦♠♦
❡♥ ❡❧ ▲❡♠❛ ✸✳✸✳✷✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ β/

√
n✳ ❉❛❞❛ f ∈ BMOβ

w✱ ♣r✐♠❡r♦ t♦♠❛♠♦s B ∈
Fβ −F θβ

320
√
n
✳ ❊♥t♦♥❝❡s

T βb f = bT βf − T β(bf) + bBT
βf − bBT

βf ✱

♣♦r ❧♦ q✉❡ s❡ t✐❡♥❡
✂
B

∣∣∣T βb f
∣∣∣ dx ≤

✂
B

∣∣(b− bB)T
βf
∣∣ dx+

✂
B

∣∣T β ((b− bB)f)
∣∣ dx✳ ✭✸✳✸✳✹✻✮

P♦r ✉♥ ❧❛❞♦✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✸✳✹✷ ❝♦♥ t = 1 ② ❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✶✾✱ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ ❧❛
s✉♠❛ ❡♥ ✭✸✳✸✳✹✻✮ s❡ ❡st✐♠❛ ♣♦r

✂
B

∣∣(b− bB)T
βf
∣∣ dx ≤ Cw (B) [b]LMOβ [T βf ]BMOβ

w

≤ CCKw (B) [b]LMOβ [f ]BMOβ
w
✱

❝♦♥ 1 < s < q ② w ∈ RHβ
q ✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ B t✐❡♥❡ ❝❡♥tr♦ ξ✱ ♣❛r❛ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❡♥

✭✸✳✸✳✹✻✮✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✸✳✶ ❝♦♥ (b− bB) f ❡♥ ❧✉❣❛r ❞❡ f ② ❡❧ ▲❡♠❛ ✸✳✸✳✹✷✱ s❡ t✐❡♥❡

✂
B

∣∣T β ((b− bB) f)
∣∣ dx

≤ CCK

(
∥∥(b− bB)fχSβ(B)

∥∥
s
‖χB‖s′ +

‖χB‖1
∥∥(b− bB)fχSβ(B)

∥∥
1

|B (ξ, βρ (ξ))|

)

≤ CCK

(
[b]LMOβ [f ]BMOβ

w

w (B)

|B|1/s′
‖χB‖s′ + [b]LMOβ [f ]BMOβ

w
w (B)

)

= CCKw (B) [b]LMOβ [f ]BMOβ
w
✳



✸✳✸ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✶✶✼

P♦r ❧♦ t❛♥t♦✱ ❡♥ ✭✸✳✸✳✹✻✮ s❡ ♦❜t✐❡♥❡
✂
B

∣∣∣T βb f
∣∣∣ dx ≤ CCK [b]LMOβ [f ]BMOβ

w
w (B) ✱ ✭✸✳✸✳✹✼✮

♣❛r❛ t♦❞❛ B ∈ Fβ − F θβ
320

√
n
✳ ❆❤♦r❛✱ s❡❛♥ B = B (ξ, r) ∈ F θβ

320
√

n
✱ f1 = (f − f5B)χ5B ②

f2 = (f − f5B)χSβ(B)−5B✳ ❈♦♠♦

f = (f − f5B)χ5B + (f − f5B)χΩ−5B + f5B✱

♣♦r ✭✸✳✶✳✶✺✮ ② ✭✸✳✶✳✶✹✮✱ ♣❛r❛ ❝✳ t✳ ♣✳ ❞❡ B✱ s❡ t✐❡♥❡

T βb f = T βb
(
fχSβ(B)

)
= T βb f1 + T βb f2 + f5BT

β
b χSβ(B)

= T βb f1 + T βb f2 + f5B

(
bT βχBβ+σ

√
n(ξ)

− T βb
)

= T βb f1 + T βb f2 − f5BT
βb✱

② ❧✉❡❣♦

T βb f −
(
T βb f

)
B

= T βb f1 −
(
T βb f1

)
B
+ T βb f2 −

(
T βb f2

)
B

−f5B
(
T βb−

(
T βb

)
B

)

= T βb f1 −
(
T βb f1

)
B
+ (b− bB)T

βf2

−T β ((b− bB) f2)− |B|−1

✂
B

(b (y)− bB)T
βf2 (y) dy

+ |B|−1

✂
B

T β ((b− bB) f2) (y) dy

−f5B
(
T βb−

(
T βb

)
B

)
✳

P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ ❝✳ t✳ ♣✳ x ∈ B✱ T βb f(x)−
(
T βb f

)
B
❡s ✐❣✉❛❧ ❛

T βb f1 (x)−
(
T βb f1

)
B
+ (b (x)− bB)

(
T βf2 (x)− T βf2 (ξ)

)

− |B|−1

✂
B

(b (y)− bB)
(
T βf2 (y)− T βf2 (ξ)

)
dy

+(b (x)− bB)T
βf2 (ξ)− |B|−1

✂
B

(b (y)− bB)T
βf2 (ξ) dy

+ |B|−1

✂
B

(
T β ((b− bB) f2) (y)− T β ((b− bB) f2) (x)

)
dy

−f5B
(
T βb (x)−

(
T βb

)
B

)
✳

❉❡ ❡st❡ ♠♦❞♦✱
✁
B

∣∣∣T βb f (x)−
(
T βb f

)
B

∣∣∣ dx s❡ ❡st✐♠❛ ❝♦♥ ❧❛ s✉♠❛ ❞❡ ❧♦s tér♠✐♥♦s

2

✂
B

∣∣∣T βb f1 (x)
∣∣∣ dx, ✭✸✳✸✳✹✽✮



✶✶✽ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

2

✂
B

|b (y)− bB|
∣∣T βf2 (y)− T βf2 (ξ)

∣∣ dy, ✭✸✳✸✳✹✾✮

2
∣∣T βf2 (ξ)

∣∣
✂
B

|b (y)− bB| dy + |f5B|
✂
B

∣∣T βb (x)−
(
T βb

)
B

∣∣ dx, ✭✸✳✸✳✺✵✮

②

|B|−1

✂
B

✂
B

∣∣T β ((b− bB) f2) (y)− T β ((b− bB) f2) (x)
∣∣ dydx✳ ✭✸✳✸✳✺✶✮

P♦r ❧♦ t❛♥t♦✱ s✐ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s tér♠✐♥♦s ❛♥t❡r✐♦r❡s s❡ ❡st✐♠❛♥ ❝♦♥

CC2
Kw (B) [b]LMOβ+

√
nσ [f ]BMOβ

w
✱

♦❜t❡♥❞r❡♠♦s✂
B

∣∣∣T βb f (x)−
(
T βb f

)
B

∣∣∣ dx ≤ CC2
Kw (B) [b]LMOβ+

√
nσ [f ]BMOβ

w
✱ ✭✸✳✸✳✺✷✮

♣❛r❛ t♦❞❛ B ∈ F θβ
320

√
n
✳ ▲✉❡❣♦✱ ❝♦♥ ✭✸✳✸✳✹✼✮ ② ✭✸✳✸✳✺✷✮ ❡❧ t❡♦r❡♠❛ q✉❡❞❛rá ♣r♦❜❛❞♦✳ ❊♠✲

♣❡③❛♠♦s ❝♦♥ ✭✸✳✸✳✹✽✮✳ ❉❡ ✐❣✉❛❧ ♠❛♥❡r❛ q✉❡ ♣❛r❛ ✭✸✳✸✳✹✻✮✱ t❡♥❡♠♦s
✂
B

∣∣∣T βb f1
∣∣∣ dx ≤

✂
B

∣∣(b− bB)T
βf1
∣∣ dx+

✂
B

∣∣T β ((b− bB) f1)
∣∣ dx✳

P♦r ✉♥ ❧❛❞♦✱ ❡♥ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ ❧❛ s✉♠❛ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✸✳✶ ❝♦♥
g = b− bB ② f1 ❡♥ ❧✉❣❛r ❞❡ f ✱ ❡❧ ▲❡♠❛ ✸✳✷✳✷✺ ② ❡❧ ▲❡♠❛ ✸✳✷✳✷✸✱ r❡s✉❧t❛

✂
B

∣∣(b− bB)T
βf1
∣∣ dx

≤ CCK
∥∥f1χSβ(B)

∥∥
s
‖(b− bB)χB‖s′

+CCK
‖(b− bB)χB‖1

∥∥f1χSβ(B)

∥∥
1

|B (ξ, βρ (ξ))|

≤ CCK |5B|1−1/s

(✂
5B

|f − f5B|sdx
)1/s

[b]
LMO

β/
√

n

s′

+CCK

✂
5B

|f − f5B|dx [b]LMOβ

≤ CCK

(
[f ]BMOβ

w,s
+ [f ]BMOβ

w

)
w(5B)[b]LMOβ

≤ CCKw(B)[f ]BMOβ
w
[b]LMOβ ✱

❞♦♥❞❡ ✉s❛♠♦s ❛❞❡♠ás q✉❡ w ❞✉♣❧✐❝❛ s♦❜r❡ Fβ✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ s < t < q✱ ❛♣❧✐❝❛♥❞♦
♥✉❡✈❛♠❡♥t❡ ❡❧ ▲❡♠❛ ✸✳✸✳✶ ❝♦♥ (b− bB)f1 ❡♥ ❧✉❣❛r ❞❡ f ✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ❝♦♥ t/s
② t✱ ✭✸✳✷✳✷✹✮ ② ❧♦s ▲❡♠❛s ✸✳✷✳✷✺ ② ✸✳✷✳✷✸✱ ❡♥ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ s❡ t✐❡♥❡

✂
B

∣∣T β ((b− bB) f1)
∣∣ dx

≤ CCK
∥∥(b− bB)f1χSβ(B)

∥∥
s
‖χB‖s′ + CCK

‖χB‖1
∥∥(b− bB)f1χSβ(B)

∥∥
1

|B (ξ, βρ (ξ))|



✸✳✸ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✶✶✾

≤ CCK (‖(b− b5B)f1‖s + ‖(b5B − bB)f1‖s) ‖χB‖s′
+CCK (‖(b− b5B)f1‖1 + ‖(b5B − bB)f1‖1)

≤ CCK

(✂
5B

|b− b5B|s(t/s)
′
dx

)1/(s(t/s)′)(✂
5B

|f − f5B|tdx
)1/t

|B|1/s′

+
CCK
|5B|

✂
5B

|b− b5B|dx
(✂

5B

|f − f5B|sdx
)1/s

|B|1/s′

+CCK

(✂
5B

|b− b5B|t
′
dx

)1/t′ (✂
5B

|f − f5B|tdx
)1/t

+
CCK
|5B|

✂
5B

|b− b5B|dx
✂
5B

|f − f5B|dx

≤ CCK

(✂
5B

|f − f5B|tdx
)1/t(

|5B|(1/s)(1−s/t)+1−1/s[b]
LMO

β/
√
n

s(t/s)′
+ |5B|1/t′ [b]

LMO
β/

√
n

t′

)

+CCKw(5B)[b]LMOβ

(
[f ]BMOβ

w,s
+ [f ]BMOβ

w

)

≤ CCK |5B|
(
|5B|−1

✂
5B

|f − f5B|tdx
)1/t

[b]LMOβ + CCKw(5B)[b]LMOβ [f ]BMOβ
w

≤ CCKw(5B)
(
[f ]BMOβ

w,t
+ [f ]BMOβ

w

)
[b]LMOβ ≤ CCKw(B)[f ]BMOβ

w
[b]LMOβ ✳

P❛r❛ ✭✸✳✸✳✹✾✮ s❡ ♦❜s❡r✈❛ q✉❡✱ ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛ ❝♦♠♦ s❡ ♦❜t✐❡♥❡ ✭✸✳✸✳✶✺✮✱ s❡ ♣r✉❡❜❛
q✉❡

rn+δ
✂
Bβ+

√
nσ(ξ)−5B

|f (y)− f5B|
|y − ξ|n+δ dy ≤ Cw(B)[f ]

BMO
β+

√
nσ

w

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ K✳ ▲✉❡❣♦✱ ♣♦r ✭✸✳✸✳✹✮ ❥✉♥t♦ ❝♦♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ② ❧♦s
▲❡♠❛s ✸✳✸✳✷ ② ✸✳✷✳✷✸✱ t❡♥❡♠♦s

✂
B

|b (y)− bB|
∣∣T βf2 (y)− T βf2 (ξ)

∣∣ dy

≤
✂
B

|b (y)− bB|
✂
Sβ(B)−5B

∣∣Kβ (y, z)−Kβ (ξ, z)
∣∣ |f (z)− f5B| dzdy

≤ CCK

✂
B

|b (y)− bB|
✂
Sβ(B)−5B

|ξ − y|δ |f (z)− f5B|
|ξ − z|n+δ

dzdy

≤ CCKr
δ

✂
B

|b (y)− bB|
(
r−n−δw (B) [f ]

BMO
β+

√
nσ

w

)
dy

≤ CCKw (B) [b]LMOβ [f ]BMOβ
w
✳

P❛r❛ ✭✸✳✸✳✺✵✮✱ ❛♣❧✐❝❛♠♦s ✭✸✳✶✳✶✹✮✱ ❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✵✱ ❡❧ ▲❡♠❛ ✸✳✸✳✷✼ ② ❝♦♥s❡❣✉✐♠♦s

∣∣T βf2 (ξ)
∣∣
✂
B

|b (y)− bB| dy + |f5B|
✂
B

∣∣T βb (x)−
(
T βb

)
B

∣∣ dx

≤
∣∣T β (fχΩ−5B) (ξ)− f5BT

β (χΩ−5B) (ξ)
∣∣ |B| [b]LMOβ

1 + log βρ(ξ)
r



✶✷✵ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

+ |f5B|
|B|
[
T βb

]
LMOβ

1 + log βρ(ξ)
r

≤ CCK
(∣∣T β (fχΩ−5B) (ξ)

∣∣+ |f5B|
) |B| [b]LMOβ+

√
nσ

1 + log βρ(ξ)
r

≤ CC2
Kw (B) [f ]BMOβ

w
[b]LMOβ+

√
nσ ✳

P❛r❛ ✭✸✳✸✳✺✶✮✱ ❡st✐♠❛♠♦s ❧❛ ✐♥t❡❣r❛❧ ❞♦❜❧❡ q✉❡ ❛♣❛r❡❝❡ ❛❧❧í✳ ❈♦♥s✐❞❡r❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✸✳✸
❝♦♥ (b− bB) f2 ❡♥ ❧✉❣❛r ❞❡ f ✱ t❡♥❡♠♦s

✂
B

✂
B

∣∣T β ((b− bB) f2) (y)− T β ((b− bB) f2) (x)
∣∣ dydx

≤ 2|B|
✂
B

∣∣T β ((b− bB) f2) (z)−
(
T β ((b− bB) f2)

)
B

∣∣ dz

≤ CCKr
2n+δ

✂
Bβ+

√
nσ(ξ)−5B

|b(z)− bB| |f (z)− f5B|
|z − ξ|n+δ dz✳ ✭✸✳✸✳✺✸✮

❆❤♦r❛✱ s❡❛ j0 ∈ N t❛❧ q✉❡

5j0−1r ≤ θβρ (ξ)

320
√
n
< 5j0r✳ ✭✸✳✸✳✺✹✮

❙❡ ♦❜s❡r✈❛ ❞❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ q✉❡ 5j0B ∈ F θβ
5
√
n
✳ ▲✉❡❣♦✱ ❧❛ ✐♥t❡❣r❛❧ q✉❡ ❛♣❛r❡❝❡ ❡♥ ✭✸✳✸✳✺✸✮

❡s ❧❛ s✉♠❛ ❞❡ ✂
Bβ+

√
nσ(ξ)−5j0B

|b (z)− bB| |f (z)− f5B|
|ξ − z|n+δ

dz ✭✸✳✸✳✺✺✮

② ✂
5j0B−5B

|b (z)− bB| |f (z)− f5B|
|ξ − z|n+δ

dz✳ ✭✸✳✸✳✺✻✮

P♦r ✉♥ ❧❛❞♦✱ ✭✸✳✸✳✺✺✮ s❡ ❡st✐♠❛ ❝♦♥

(
5j0r

)−n−δ
(✂

Bβ+
√
nσ(ξ)

|b (z)− bB|s
′
dz

)1/s′ (✂
Bβ+

√
nσ(ξ)

|f (z)− f5B|s dz
)1/s

✳

P❛r❛ ❧❛ ♣r✐♠❡r❛ ✐♥t❡❣r❛❧ ❞❡ ❛rr✐❜❛✱ ❛♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✸✳✹✷ ❝♦♥ χΩ ❡♥ ❧✉❣❛r ❞❡ f ② w✱
❥✉♥t♦ ❝♦♥ ✭✸✳✸✳✾✮ ② ✭✸✳✸✳✺✹✮✱ ❝♦♥s❡❣✉✐♠♦s

(✂
Bβ+

√
nσ(ξ)

|b (z)− bB|s
′
dz

)1/s′

≤
(✂

Nβ+
√
nσ(5j0B)

|b (z)− b5j0B|s
′
dz

)1/s′

+ |b5j0B − bB|
∣∣Bβ+

√
nσ(ξ)

∣∣1/s′

≤ C [b]LMOβ+
√
nσ

∣∣5j0B
∣∣1/s′

+5n
∣∣Bβ+

√
nσ (ξ)

∣∣1/s′ j0 [b]LMOβ

≤ C [b]LMOβ+
√
nσ j0

∣∣Bβ+
√
nσ (ξ)

∣∣1/s′ ✳ ✭✸✳✸✳✺✼✮



✸✳✸ ❆❝♦t❛❝✐♦♥❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❧♦❝❛❧❡s ② s✉s ❝♦♥♠✉t❛❞♦r❡s ✶✷✶

P❛r❛ ❧❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ s❡ ♦❜s❡r✈❛ q✉❡✱ ♣♦r s❡r w ∈ Aβ1 ✱ ❞❡ ✭✸✳✸✳✾✮ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r

|f5kB − f5B| ≤ Ck
w (B)

|B| [f ]BMOβ
w
✱ ✭✸✳✸✳✺✽✮

♣❛r❛ ❝❛❞❛ k ∈ N t❛❧ q✉❡ 5kB ∈ Fβ✳ ❊♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✷✳✷✸✱ ✭✸✳✸✳✺✽✮✱ ❧❛ ❖❜s❡r✈❛✲
❝✐ó♥ ✸✳✶✳✷✱ ② ✭✸✳✸✳✺✹✮✱ r❡s✉❧t❛

(✂
Bβ+

√
nσ(ξ)

|f (z)− f5B|s dz
)1/s

≤
(✂

Bβ+
√

nσ(ξ)

|f (z)− f5j0B|s dz
)1/s

+ |f5j0B − f5B|
∣∣Bβ+

√
nσ (ξ)

∣∣1/s

≤
(✂

Bβ+
√
nσ(ξ)

|f (z)|s dz
)1/s

+ |f5j0B|
∣∣Bβ+

√
nσ (ξ)

∣∣1/s

+Cj0
w (B)

|B| [f ]BMOβ
w

∣∣Bβ+
√
nσ (ξ)

∣∣1/s

≤ C

(
w
(
Bβ+

√
nσ (ξ)

)
∣∣Bβ+

√
nσ (ξ)

∣∣ +
w (5j0B)

|5j0B|

)
[f ]BMOβ

w

∣∣Bβ+
√
nσ (ξ)

∣∣1/s

+Cj0
w (B)

|B| [f ]BMOβ
w

∣∣Bβ+
√
nσ (ξ)

∣∣1/s

≤ Cj0
w (B)

|B| [f ]BMOβ
w

∣∣Bβ+
√
nσ (ξ)

∣∣1/s ✳ ✭✸✳✸✳✺✾✮

P♦r ❧♦ t❛♥t♦✱ ❝♦♥ ✭✸✳✸✳✺✹✮✱ ✭✸✳✸✳✺✼✮ ② ✭✸✳✸✳✺✾✮ ♦❜t❡♥❡♠♦s
✂
Bβ+

√
nσ(ξ)−5j0B

|b (z)− bB| |f (z)− f5B|
|ξ − z|n+δ

dz

≤ Cj20

|5j0B| (5j0r)δ
w (B)

|B| [f ]BMOβ
w
[b]LMOβ+

√
nσ

∣∣Bβ+
√
nσ (ξ)

∣∣

≤ Cj20
5j0δ

r−n−δw (B) [f ]BMOβ
w
[b]LMOβ+

√
nσ

<

(
C

∞∑

j=1

j2

5jδ

)
r−n−δw (B) [f ]BMOβ

w
[b]LMOβ+

√
nσ ✳ ✭✸✳✸✳✻✵✮

P♦r ♦tr♦ ❧❛❞♦✱ ✭✸✳✸✳✺✻✮ s❡ ❡st✐♠❛ ❝♦♥

j0−1∑

j=1

(
5jr
)−n−δ

(✂
5j+1B

|b (z)− bB|s
′
dz

)1/s′ (✂
5j+1B

|f (z)− f5B|s dz
)1/s

❆❤♦r❛✱ s✐ 1 ≤ j ≤ j0 − 1✱ ❛♣❧✐❝❛♥❞♦ ✭✸✳✸✳✾✮ ② ❡❧ ▲❡♠❛ ✸✳✷✳✷✺✱ ♣r✐♠❡r♦ ❝♦♥s❡❣✉✐♠♦s
(✂

5j+1B

|b (z)− bB|s
′
dz

)1/s′

≤
(✂

5j+1B

|b (z)− b5j+1B|s
′
dz

)1/s′



✶✷✷ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

+ |b5j+1B − bB|
∣∣5j+1B

∣∣1/s′

≤ [b]
LMO

β/
√
n

s′

∣∣5j+1B
∣∣1/s′

+Cj [b]LMOβ

∣∣5j+1B
∣∣1/s′

≤ Cj [b]LMOβ

∣∣5jB
∣∣1/s′ ✳ ✭✸✳✸✳✻✶✮

▲✉❡❣♦✱ ♣♦r ✭✸✳✸✳✺✽✮✱ ✭✸✳✸✳✸✶✮ ② ❡❧ ▲❡♠❛ ✸✳✷✳✷✸✱ s❡ ♦❜t✐❡♥❡

(✂
5j+1B

|f (z)− f5B|s dz
)1/s

≤
(✂

5j+1B

|f (z)− f5j+1B|s dz
)1/s

+ |f5j+1B − f5B|
∣∣5j+1B

∣∣1/s

≤ w (5j+1B)

|5j+1B| [f ]BMOβ
w,s

∣∣5j+1B
∣∣1/s

+Cj
w (B)

|B| [f ]BMOβ
w

∣∣5j+1B
∣∣1/s

≤ Cj
w (B)

|B| [f ]BMOβ
w

∣∣5jB
∣∣1/s ✳ ✭✸✳✸✳✻✷✮

❊♥t♦♥❝❡s✱ ♣♦r ✭✸✳✸✳✻✶✮ ② ✭✸✳✸✳✻✷✮ s❡ ❝♦♥s✐❣✉❡
✂
5j0B−5B

|b (z)− bB| |f (z)− f5B|
|ξ − z|n+δ

dz

≤ C

j0−1∑

j=1

(
5jr
)−n−δ

j2
w (B)

|B| [b]LMOβ [f ]BMOβ
w

∣∣5jB
∣∣

<

(
C

∞∑

j=1

j2

5jδ

)
r−n−δw (B) [f ]BMOβ

w
[b]LMOβ ✳ ✭✸✳✸✳✻✸✮

❉❡ ❡st❡ ♠♦❞♦✱ ❧❧❡✈❛♥❞♦ ✭✸✳✸✳✻✵✮ ② ✭✸✳✸✳✻✸✮ ❛ ✭✸✳✸✳✺✸✮✱ ❧♦❣r❛♠♦s ❡st✐♠❛r ✭✸✳✸✳✺✶✮ ❝♦♥

CCKw (B) [f ]BMOβ
w
[b]LMOβ+

√
nσ ✱

❞♦♥❞❡ C ♥♦ ❞❡♣❡♥❞❡ ❞❡❧ ♥ú❝❧❡♦ K✳

✸✳✹✳ ❆❝♦t❛❝✐♦♥❡s ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡s❛rr♦❧❧❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♥♦s ♣❡r♠✐t✐rá♥ ♣r♦❜❛r ❡❧ ❚❡♦r❡✲
♠❛ ✸✳✶✳✷✸✳ ❈♦♠♦ ❡s ②❛ s❛❜✐❞♦ ❡♥ ❡❧ ❝❛s♦ ♥♦ ❧♦❝❛❧✱ ♣❛r❛ ❡st✉❞✐❛r ❛❝♦t❛❝✐♦♥❡s ❞❡ ✐♥t❡❣r❛❧❡s
s✐♥❣✉❧❛r❡s ❝♦♠♦ ❡♥ ✭✸✳✶✳✷✷✮ s❡ ❝♦♥s✐❞❡r❛rá ✉♥ s✐st❡♠❛ ♦rt♦♥♦r♠❛❧ ❝♦♠♣❧❡t♦ ❞❡ ❛r♠ó♥✐❝♦s
❡s❢ér✐❝♦s ♣❛r❛ L2(Sn−1) ❝♦♠♦ ❡❧ ❞❛❞♦ ❡♥ ❬❈❋▲✾✶❪ ② ❬❙❙✵✻❪✳ ▲❧❛♠❛r❡♠♦s ❛r♠ó♥✐❝♦s ❡s❢é✲
r✐❝♦s ❞❡ ❣r❛❞♦ m ∈ N ∪ {0} ❛ ❧❛s r❡str✐❝❝✐♦♥❡s ❛ Sn−1 = {x ∈ Rn : |x| = 1} ❞❡ ♣♦❧✐♥♦♠✐♦s
❛r♠ó♥✐❝♦s ❤♦♠♦❣é♥❡♦s ❞❡ ❣r❛❞♦ m✳ ❉❡♥♦t❡♠♦s ❛ ❡st❡ ❡s♣❛❝✐♦ Hm ②✱ ❝♦♠♦ ❝❛❞❛ ✉♥♦ ❞❡



✸✳✹ ❆❝♦t❛❝✐♦♥❡s ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ✶✷✸

❡st♦s ❡s ✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛❧✱ ♣♦♥❡♠♦s gm =❞✐♠(Hm)✳ ❊s s❛❜✐❞♦ q✉❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ t♦❞❛s ❧❛s
❝♦♠❜✐♥❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ✜♥✐t❛s ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ ∪

m∈N∪{0}
Hm ❡s ❞❡♥s♦ ❡♥ L2 (Sn−1)✳ ❉❡ ❡st❡

♠♦❞♦✱ ❡①✐st❡
{Ym,k}m∈N∪{0}, k=1,...,gm

✱

s✐st❡♠❛ ♦rt♦♥♦r♠❛❧ ❝♦♠♣❧❡t♦ ❞❡ L2 (Sn−1) ❞❡ ❛r♠ó♥✐❝♦s ❡s❢ér✐❝♦s✳ ❊st❡ s✐st❡♠❛ s❛t✐s❢❛❝❡
❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s ♣❛rt✐❝✉❧❛r❡s q✉❡ ❡st✉❞✐❛r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✶✳ P❛r❛ t♦❞♦s m ∈ N✱ k = 1, . . . , gm ② ζ ∈ Sn−1✱

gm ≤ Cmn−2✱ ✭✸✳✹✳✷✮

|Ym,k(ζ)| ≤ Cm
n
2
−1✳ ✭✸✳✹✳✸✮

❉❡♠♦str❛❝✐ó♥✳ ✭✸✳✹✳✷✮ ♣✉❡❞❡ ❞❡❞✉❝✐rs❡ ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ gm ❝♦♠♦ ❞✐❢❡r❡♥❝✐❛ ❞❡ ♥ú♠❡r♦s
❝♦♠❜✐♥❛t♦r✐♦s ✭✈❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❬❙❲✶✻❪ ♣á❣✐♥❛ ✶✹✵✮✳ ✭✸✳✹✳✸✮ s❡ ♣r✉❡❜❛ ❡♥ ❬❈❩✽✾❪✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✹✳ P❛r❛ t♦❞♦s m ∈ N ② k = 1, . . . , gm t❡♥❡♠♦s
✂
Sn−1

Ym,k(ζ)dσ(ζ) = 0 ✭✸✳✹✳✺✮

② ∣∣∣∣
Ym,k((x− y)′)

|x− y|n − Ym,k(x
′)

|x|n
∣∣∣∣ ≤ Cm

n
2

|y|
|x|n+1

✭✸✳✹✳✻✮

s✐❡♠♣r❡ q✉❡ |x| > 2|y|✱ ❞♦♥❞❡ z′ = z/|z|✱ ♣❛r❛ z ∈ Rn − {0}✳ ▼ás ❛ú♥✱

Km,k(x) =
Ym,k(x

′)

|x|n ✱ ✭✸✳✹✳✼✮

♣❛r❛ x ∈ Rn − {0}✱ ❞❡✜♥❡ ✉♥ ♥ú❝❧❡♦ ❞❡ ❈✲❩ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ② s✉❛✈✐❞❛❞
❞♦♠✐♥❛❞❛s ♣♦r ❧❛ ❝♦♥st❛♥t❡ Cm

n
2 ②✱ ♣❛r❛ 1 < p < ∞✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cn,p✱ q✉❡

❞❡♣❡♥❞❡ s♦❧♦ ❞❡ n ② p✱ t❛❧ q✉❡✱ ❡❧ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❞❡✜♥✐❞♦ ♣♦r

Rm,kf = ✈✳♣✳Km,k ∗ f

♣❛r❛ f ∈ Lp(Rn)✱ s❛t✐s❢❛❝❡
‖Rm,kf‖p ≤ Cn,pm

n
2 ‖f‖p ✳ ✭✸✳✹✳✽✮

❖❜s❡r✈❛❝✐ó♥ ✸✳✹✳✾✳ ▲❛ ❛❝♦t❛❝✐ó♥ s♦❜r❡ Lp ❞❡❧ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❡s ❞✐r❡❝t❛ ❞❡s❞❡ ❡❧
❤❡❝❤♦ ❞❡ q✉❡ Km,k ❡s ✉♥ ♥ú❝❧❡♦ ❞❡ ❈✲❩✳ ▲♦ q✉❡ ❛q✉í ✐♠♣♦rt❛ ♣❛r❛ ♣♦st❡r✐♦r❡s ❛♣❧✐❝❛❝✐♦♥❡s
❡s ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ✭♣♦s✐❜❧❡✮ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡❧ ♦♣❡r❛❞♦r ❝♦♥ r❡s♣❡❝t♦ ❛ m✳ ❉❡s❞❡ ✭✸✳✹✳✸✮
② ✭✸✳✹✳✻✮ ♣❛r❡❝❡ ♦❜✈✐♦ q✉❡ t❛❧ ❝♦♥st❛♥t❡ ♣✉❡❞❡ t♦♠❛rs❡ ❝♦♠♦ ✉♥ ♠ú❧t✐♣❧♦ ❞❡ m

n
2 ✳ ❙✐♥

❡♠❜❛r❣♦✱ ❡♥ ❬❈❋▲✾✶❪✱ ❛❧ ❛♣❧✐❝❛r ❡st❡ t✐♣♦ ❞❡ ❡st✐♠❛❝✐ó♥ ❝♦♥ ❡❧ ♦♣❡r❛❞♦r Rm,k✱ ♠❡♥❝✐♦♥❛♥
✭s✐♥ ❞❡♠♦str❛❝✐ó♥✮ q✉❡ ❧❛ ❝♦♥st❛♥t❡ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡m ② k✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡♥ ❬❈❩✽✾❪ s❡
❡♥✉♥❝✐❛ ❧❛ ❡st✐♠❛❝✐ó♥ ✭✸✳✹✳✽✮ ❝♦♠♦ ✉♥ r❡s✉❧t❛❞♦ ❞❡♠♦str❛❜❧❡ ❝♦♥ ❧♦ ❤❡❝❤♦ ❡♥ ❡s❡ ❛rtí❝✉❧♦✱
♣❡r♦ t❛❧ ♣r✉❡❜❛ ♥♦ ❡stá ❤❡❝❤❛ ♥✐ ❤❛❝❡ ✉♥❛ ♠❡♥❝✐ó♥ ✐♠♣❧í❝✐t❛ s♦❜r❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥
r❡s♣❡❝t♦ ❛m ❞❡ t❛❧ ❝♦♥st❛♥t❡✳ P♦r t❛❧ ♠♦t✐✈♦ ❞❛r❡♠♦s ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥
❛♥t❡r✐♦r✳



✶✷✹ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❉❡♠♦str❛❝✐ó♥ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✹✳ ❉❡♥♦t❡♠♦s ❝♦♥ Ym✱ ❝♦♥ m ≥ 1✱ ❛ ❝✉❛❧q✉✐❡r ❛r✲
♠ó♥✐❝♦ ❡s❢ér✐❝♦ ❛r❜✐tr❛r✐♦ ❞❡ ❣r❛❞♦ m ❞❡❧ s✐st❡♠❛ {Yh,k}h∈N, k=1,...,gh

✳ ❊♥t♦♥❝❡s✱ ❤❛② ✉♥
♣♦❧✐♥♦♠✐♦ Pm ❛r♠ó♥✐❝♦ ❤♦♠♦❣é♥❡♦ ❞❡ ❣r❛❞♦ m t❛❧ q✉❡

Ym(x
′) =

Pm(x)

|x|m

♣❛r❛ ❝❛❞❛ x ∈ Rn−{0}✳ P♦r ✉♥ ❧❛❞♦✱ ♣♦r ♣r♦♣✐❡❞❛❞ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❛r♠ó♥✐❝❛s s♦❜r❡ Rn✱
❡❧ ♣r♦♠❡❞✐♦ s♦❜r❡ ✉♥❛ ❡s❢❡r❛ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❛r♠ó♥✐❝❛ ❡s ✐❣✉❛❧ ❛❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡♥
❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❡s❢❡r❛✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❝♦♠♦ Pm ❡s ❤♦♠♦❣é♥❡♦ ❞❡ ❣r❛❞♦ m✱ s❡ t✐❡♥❡✂

Sn−1

Ymdσ =

✂
Sn−1

Pmdσ = |Sn−1|Pm(0) = 0✱

♣♦r ❧♦ q✉❡ ♣r♦❜❛♠♦s ✭✸✳✹✳✺✮✳ P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ s❡ ✐♥❞✐❝❛ ❡♥ ❬❈❩✽✾❪ ✭♣á❣✐♥❛ ✾✵✸✮✱ t❡♥❡♠♦s
q✉❡

DjPm = λPm−1

❞♦♥❞❡ Dj ❡s ❧❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ✈❛r✐❛❜❧❡ xj✱ Pm−1 ❡s
✉♥ ♣♦❧✐♥♦♠✐♦ ❛r♠ó♥✐❝♦ ❤♦♠♦❣é♥❡♦ ❞❡ ❣r❛❞♦ m− 1 ② |λ| ≤ Cm✱ ❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡
m✳ ❊♥t♦♥❝❡s

Ym−1(x
′) =

Pm−1(x)

|x|m−1

❡s ✉♥ ❛r♠ó♥✐❝♦ ❡s❢ér✐❝♦ ❞❡ ❣r❛❞♦ m− 1 ②✱ ♣♦r ✭✸✳✹✳✸✮✱

|(DjYm) (x)| =
∣∣Dj

(
| · |−mPm

)
(x)
∣∣

≤
∣∣Dj

(
| · |−m

)
(x)Pm(x)

∣∣+ |x|−m|λPm−1(x)|

≤ m|xj|
|x|m+2

|Pm(x)|+
Cm

|x|m |Pm−1(x)|

≤ m

|x| |Ym(x
′)|+ Cm

|x| |Ym−1(x
′)|

≤ Cm

|x|
(
m

n
2
−1 + (m− 1)

n
2
−1
)
≤ Cmn/2

|x| ✱

♣❛r❛ t♦❞♦ x 6= 0✳ ❉❡ ❡st❡ ♠♦❞♦✱ ♦❜t❡♥❡♠♦s
∣∣(Dj

(
| · |−nYm

))
(x)
∣∣ ≤

∣∣Dj

(
| · |−n

)
(x)Ym(x

′)
∣∣+ |x|−n| (DjYm) (x)|

≤ n|xj|
|x|n+2

|Ym(x′)|+ C|x|−n−1mn/2 ≤ Cmn/2

|x|n+1
✱ ✭✸✳✹✳✶✵✮

❛♣❧✐❝❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ✭✸✳✹✳✸✮✳ ❆❤♦r❛✱ s✐❡♥❞♦ Km,k ❝♦♠♦ ❡♥ ✭✸✳✹✳✼✮✱ ❞❛❞♦s x ❡ y t❛❧❡s q✉❡
|x| > 2|y|✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❙❝❤✇❛rt③✱ ❡①✐st❡ ✉♥ ♣✉♥t♦
ξ ❡♥ ❡❧ s❡❣♠❡♥t♦ q✉❡ ✉♥❡ x− y ② x t❛❧ q✉❡

|Km,k(x− y)−Km,k(x)| ≤ |DKm,k(ξ)||y|✳
P♦r ❧♦ t❛♥t♦✱ ②❛ q✉❡ |ξ| > |x|/2✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❛rr✐❜❛ ❥✉♥t♦ ❝♦♥ ✭✸✳✹✳✶✵✮ s❡ ♦❜t✐❡♥❡

|Km,k(x− y)−Km,k(x)| ≤
Cmn/2

|x|n+1
|y|✱



✸✳✹ ❆❝♦t❛❝✐♦♥❡s ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ✶✷✺

❞♦♥❞❡ C s♦❧♦ ❞❡♣❡♥❞❡ ❞❡ n✳ ❉❡ ❡st❡ ♠♦❞♦ ❤❡♠♦s ♣r♦❜❛❞♦ ✭✸✳✹✳✻✮✳

P❛r❛ ♣r♦❜❛r ✭✸✳✹✳✽✮ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✺✳✺ ❡♥ ❬❉❩✵✶❪ ♣á❣✐♥❛ ✾✹✳ ❙✐❣✉✐❡♥❞♦
❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❞✐❝❤♦ r❡s✉❧t❛❞♦ ② t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ✭✸✳✹✳✺✮✱ ✭✸✳✹✳✸✮ ② ✭✸✳✹✳✻✮✱ ✈❡♠♦s
q✉❡✱ ♣❛r❛ ❝❛❞❛ ε > 0✱ ∣∣∣K̂m,k,ε(ξ)

∣∣∣ ≤ Cmn/2✱

❞♦♥❞❡ Km,k,ε = Km,kχB(0,ε)c ② C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ε✱ k ② m✳ ❊♥t♦♥❝❡s✱ ♣♦r ❧❛ ✐❞❡♥t✐❞❛❞
❞❡ P❧❛♥❝❤❡r❡❧

‖Rm,kf‖L2 ≤ ĺım
ε→0+

‖Km,k,ε ∗ f‖L2 = ĺım
ε→0+

∥∥∥K̂m,k,εf̂
∥∥∥
L2

≤ ĺım
ε→0+

∥∥∥K̂m,k,ε

∥∥∥
∞
‖f‖L2 ≤ Cmn/2 ‖f‖L2 ✳

P♦r ú❧t✐♠♦✱ ❡❧ ❚❡♦r❡♠❛ ✹✳✸✳✸ ❡♥ ❬●r❛✵✽❪ ♣á❣✐♥❛ ✷✾✵✱ ♥♦s ❞✐❝❡ q✉❡ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cn,p✱
q✉❡ ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ n ② p✱ t❛❧ q✉❡

‖Rm,k‖Lp→Lp ≤ Cn,p
(
mn/2 + ‖Rm,k‖L2→L2

)
✳

P♦r ❧♦ t❛♥t♦✱ ❥✉♥t❛♥❞♦ ❡st❛s ❞♦s ú❧t✐♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♦❜t❡♥❡♠♦s ✭✸✳✹✳✽✮✳

❆❤♦r❛✱ s✐ K ❡s ❡❧ ♥ú❝❧❡♦ ❡♥ ✭✸✳✶✳✷✷✮✱ ❞❡✜♥✐♠♦s

bm,k(x) =

✂
Sn−1

K(x, ζ)Ym,k(ζ)dσ(ζ)✱

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ω✳ ❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛❧ ▲❡♠❛ ✹✳✸ ❡♥ ❬❙❙✵✻❪ s❡ ♣r✉❡❜❛ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱
♣♦r ❧♦ q✉❡ ♦♠✐t✐♠♦s s✉ ❞❡♠♦str❛❝✐ó♥✳

▲❡♠❛ ✸✳✹✳✶✶✳ ❙✐ K s❛t✐s❢❛❝❡ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✸✱ bm,k ∈ L∞(Ω)∩LMOβ(Ω)
② ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖bm,k‖∞ + [bm,k]LMOβ ≤ C(M1 +M2)m
−2n✱

♣❛r❛ t♦❞♦s m ∈ N ② k = 1, . . . , gm✳

P❛r❛ f ∈ BMOβ
w✱ ❞❡♥♦t❛♠♦s

Rβ,η
m,kf(x) = ĺım

ε→0+

✂
|x−y|>ε

Km,k(x− y)η

( |x− y|
βρ(x)

)
f(y)dy✱

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ω✱ ❝♦♥ Km,k ❝♦♠♦ ❡♥ ✭✸✳✹✳✼✮✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ s❡ ♣r✉❡❜❛ ❡❧ ❚❡♦r❡♠❛ ✷✳✶✵
❡♥ ❬❈❋▲✾✶❪✱ s❡ ♦❜t✐❡♥❡

▲❡♠❛ ✸✳✹✳✶✷✳ ❇❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✸✱ s❡ t✐❡♥❡♥

Sβ,ηf(x) =
∞∑

m=1

gm∑

k=1

bm,k(x)R
β,η
m,kf(x)



✶✷✻ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

②

Sβ,ηb f(x) =
∞∑

m=1

gm∑

k=1

bm,k(x)R
β,η
m,k,bf(x)

♣❛r❛ f ∈ BMOβ
w ② b ∈ L∞(Ω) ∩ LMOβ(Ω)✱ ❞♦♥❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❡s ❡♥ ❝✳ t✳ ♣✳ x ∈ Ω✳

P❛r❛ ♣r♦❜❛r ❡st❡ ❧❡♠❛ ♥❡❝❡s✐t❛r❡♠♦s ❛♥t❡s ♦tr♦s r❡s✉❧t❛❞♦s✳ Pr✐♠❡r❛ ❤❛r❡♠♦s ❧❛ s✐✲
❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✹✳✶✸✳ P❛r❛ ❝❛❞❛ m ∈ N ② k = 1, . . . , gm✱ ❝♦♥s✐❞❡r❡♠♦s ❡❧ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧
s✐♥❣✉❧❛r ❧♦❝❛❧ Rβ,η

m,k ❞❛❞♦ ❛rr✐❜❛ ② b ∈ LMOβ✳ ❊♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✶ s❡
✈❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ f ∈ BMOβ

w✱
[
Rβ,η
m,k,bf

]
BMOβ

w

≤ CC2
Km,k

[b]LMOβ+
√
nσ [f ]BMOβ

w

♣❛r❛ ❝❛❞❛ σ s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❤✐❝♦✱ ❞♦♥❞❡ CKm,k
❡s ❝♦♠♦ ❡♥ ✭✸✳✶✳✶✶✮ ② C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡

❞❡ Km,k ② f ✭✈❡r ✭✸✳✸✳✺✷✮✮✳ ❊♥t♦♥❝❡s✱ ♣♦r ❧❛s ♣r♦♣♦s✐❝✐♦♥❡s ✸✳✹✳✶ ② ✸✳✹✳✹ ❞❡❞✉❝✐♠♦s q✉❡
[
Rβ,η
m,k,bf

]
BMOβ

w

≤ Cmn [b]LMOβ+
√
nσ [f ]BMOβ

w
✳

▲❡♠❛ ✸✳✹✳✶✹✳ ❙❡❛♥ T ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧ ❝♦♠♦ ❡♥ ✭✸✳✶✳✶✷✮✱ E ⊂ Ω ♠❡❞✐❜❧❡ ②
f ✉♥❛ ❢✉♥❝✐ó♥ t❛❧ q✉❡ Tf ❡stá ❞❡✜♥✐❞❛ ❝✳ t✳ ♣✳ ❡♥ Ω ❝♦♥ s♦♣(f) ⊂ E✳ ❊♥t♦♥❝❡s

Tf = (Tf)χNβ(E)✱

❞♦♥❞❡ Nβ(E) ❡s ❧❛ ✉♥✐ó♥ ❞❡ t♦❞❛s ❧❛s ❜♦❧❛s ❡♥ Fβ q✉❡ ✐♥t❡rs❡❝t❛♥ ❛ E✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛❞♦s x ∈ Ω ❡ y ∈ E✱ s✐ t✉✈✐❡r❛♠♦s y ∈ Bβ(x) ❡♥t♦♥❝❡s E ∩ Bβ(x) 6= ∅✱
❧♦ q✉❡ ✐♠♣❧✐❝❛ x ∈ Nβ(E)✳ P♦r ❧♦ t❛♥t♦✱ s✐ x /∈ Nβ(E) ❡♥t♦♥❝❡s E ∩ Bβ(x) = ∅✱ ♣♦r ❧♦
q✉❡

η

( |x− y|
βρ(x)

)
f(y) = 0

♣❛r❛ t♦❞♦ y ∈ Ω✳ ❉❡ ❡st❡ ♠♦❞♦ ❡s ❝❧❛r♦ q✉❡ s♦♣(Tf) ⊂ Nβ(E)✳

❊♥ ❬❍❙❱✶✾❪ s❡ ♣r✉❡❜❛ q✉❡ ❧♦s ♦♣❡r❛❞♦r❡s t✐♣♦ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧ s♦♥ ❛❝♦t❛❞♦s
s♦❜r❡ Lpw(Ω) ❝✉❛♥❞♦ w ❡s ✉♥ ♣❡s♦ Aβp ✱ ❝♦♥ 1 < p < ∞✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣♦r ❧❛s té❝♥✐❝❛s ②
❛r❣✉♠❡♥t♦s ✉s❛❞♦s ❛❧❧í✱ ♥♦ ❡s ❢á❝✐❧ ❞❡ ✈❡r ❝♦♠♦ ❡s ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛s ❝♦♥st❛♥t❡s ❞❡
❛❝♦t❛❝✐ó♥ ❝♦♥ ❧❛s ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ t❛♠❛ñ♦ ② s✉❛✈✐❞❛❞ ❞❡❧ ♥ú❝❧❡♦✳ P❛r❛ ♥✉❡str♦ ❝❛s♦✱
❡s♦ ♥♦s ✐♥t❡r❡s❛ ❝✉❛♥❞♦ w = 1✳ P♦r t❛❧ ♠♦t✐✈♦ ❞❛♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✳

▲❡♠❛ ✸✳✹✳✶✺✳ ❙❡❛♥ T ✉♥❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r β✲❧♦❝❛❧ ❝♦♠♦ ❡♥ ✭✸✳✶✳✶✷✮ ❝✉②♦ ♥ú❝❧❡♦ ❞❡ ❈✲❩
❡s K ②✱ ♣❛r❛ 1 < p <∞✱ f ∈ Lp(Ω)✳ ❊♥t♦♥❝❡s

‖Tf‖Lp(Ω) ≤ CCK ‖f‖Lp(Ω) ✱

❞♦♥❞❡ CK ❡s ❝♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✸✳✸✳✶ ② C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ K ② f ✳



✸✳✹ ❆❝♦t❛❝✐♦♥❡s ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ✶✷✼

❉❡♠♦str❛❝✐ó♥✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡

η

( |x− y|
βρ(x)

)
= 0

❝✉❛♥❞♦ y /∈ Bβ(x)✱ ②

η

( |x− y|
βρ(x)

)
= 1

❝✉❛♥❞♦ y ∈ Bβ/2(x)✱ ❞❡s❞❡ ✭✸✳✶✳✶✷✮ ❝♦♥s❡❣✉✐♠♦s

‖Tf‖Lp(Ω) =

(✂
Ω

∣∣∣∣✈✳♣✳
✂
Ω

K(x− y)η

( |x− y|
βρ(x)

)
f(y)dy

∣∣∣∣
p

dx

)1/p

≤
(✂

Ω

∣∣∣∣∣

✂
Bβ(x)

K(x− y)

(
η

( |x− y|
βρ(x)

)
− 1

)
f(y)dy

∣∣∣∣∣

p

dx

)1/p

+

(✂
Ω

∣∣∣∣✈✳♣✳
✂
Rn

K(x− y)f(y)χΩ(y)dy

∣∣∣∣
p

dx

)1/p

≤
(✂

Ω

(✂
Bβ(x)−Bβ/2(x)

|K(x− y)| |f(y)| dy
)p

dx

)1/p

+ ‖✈✳♣✳K ∗ (fχΩ)‖Lp(Rn) ✱

❞♦♥❞❡✱ ♣♦r ✭✸✳✶✳✼✮✱

✂
Ω

(✂
Bβ(x)−Bβ/2(x)

|K(x− y)| |f(y)| dy
)p

dx ≤ Cp
K

✂
Ω

(
Cn

|Bβ(x)|

✂
Bβ(x)

|f(y)| dy
)p

dx

≤ Cp
nC

p
K

✂
Ω

Mβf(x)
pdx

≤ Cn,p,βC
p
K

✂
Ω

|f(x)|pdx✱

♣♦r ❛❝♦t❛❝✐ó♥ ❞❡❧ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ❧♦❝❛❧ Mβ s♦❜r❡ Lp(Ω)✳ ▲✉❡❣♦✱ ❝♦♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s
♦❜t❡♥✐❞❛s ❧❛ ❝♦♥❝❧✉s✐ó♥ ❡s ❝❧❛r❛✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✹✳✶✻✳ ❉❛❞♦s T β,η ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❧♦❝❛❧ ❝♦♠♦ ❡♥ ✭✸✳✶✳✶✷✮ ② ε > 0✱ ❞❡♥♦t❡✲
♠♦s Kε = KχB(0,ε)c ②

T β,η,εf(x) =

✂
Ω

Kε(x− y)η

( |x− y|
βρ(x)

)
f(y)dy✱

♣❛r❛ x ∈ Ω ② f ∈ L∞(Ω)✳ ❈♦♠♦ ‖Kε ∗ h‖p ≤ CK,p ‖h‖p ② |Kε| ≤ |K|✱ ❡❧ ▲❡♠❛ ✸✳✹✳✶✺ ❡s
✈á❧✐❞♦ ♣❛r❛ T β,η,ε ❝♦♥ ❧❛s ♠✐s♠❛s ❝♦♥st❛♥t❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ K✳ ❉❡ ✐❣✉❛❧ ♠❛♥❡r❛✱ ❡❧
▲❡♠❛ ✸✳✹✳✶✹ t❛♠❜✐é♥ ✈❛❧❡ ❝♦♥ T β,η,ε✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✸✳✹✳✶✷✳ Pr♦❜❛r❡♠♦s s♦❧♦ ❧❛ ❡①♣❛♥s✐ó♥ ❡♥ s❡r✐❡ ♣❛r❛ ❧❛ ✐♥t❡❣r❛❧
s✐♥❣✉❧❛r ❧♦❝❛❧ ❞❡ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ❝♦♠♦ ❡♥ ✭✸✳✶✳✷✷✮✱ ②❛ q✉❡ ❧❛ ❡①♣❛♥s✐ó♥ ♣❛r❛ s✉ ❝♦rr❡s✲
♣♦♥❞✐❡♥t❡ ❝♦♥♠✉t❛❞♦r s❡ ❞❡❞✉❝❡ ❞✐r❡❝t❛♠❡♥t❡ ❞❡ ❧❛ ♣r✐♠❡r❛✳ ❈♦♠♦✱ ♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ω✱



✶✷✽ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❧❛ ❢✉♥❝✐ó♥ z 7→ |z|nK(x, z) ❡stá ❡♥ L2(Sn−1) ② {Ym,k}m∈N∪{0}, k=1,...,gm
❡s ✉♥ s✐st❡♠❛ ♦rt♦✲

♥♦r♠❛❧ ❝♦♠♣❧❡t♦ ❞❡ L2 (Sn−1)✱ t❡♥❡♠♦s

|z|nK(x, z) =
∞∑

m=1

gm∑

k=1

bm,k(x)Ym,k(z
′)✳

❉❡ ❡st❡ ♠♦❞♦ r❡s✉❧t❛

Sβ,ηf(x) = ✈✳♣✳
✂
Ω

∞∑

m=1

gm∑

k=1

bm,k(x)Km,k(x− y)η

( |x− y|
βρ(x)

)
f(y)dy

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ω✳ ❆❤♦r❛✱ ♣❛r❛ ❝❛❞❛ ε > 0✱ ❞❡♥♦t❛♠♦s

Sβ,η,εf(x) =

✂
|x−y|>ε

∞∑

m=1

gm∑

k=1

bm,k(x)Km,k(x− y)η

( |x− y|
βρ(x)

)
f(y)dy✳

❊♥t♦♥❝❡s✱ ②❛ q✉❡ ❧❛ ❢✉♥❝✐ó♥ y 7→ η
(

|x−y|
βρ(x)

)
t✐❡♥❡ s♦♣♦rt❡ ❡♥ Bβ(x) ② ♣♦❞❡♠♦s s✉♣♦♥❡r

ε < βρ(x)✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✹✳✶✶✱ ✭✸✳✹✳✷✮ ② ✭✸✳✹✳✸✮✱ ♦❜t❡♥❡♠♦s
∣∣∣∣∣

N∑

m=1

gm∑

k=1

bm,k(x)Km,k(x− y)χB(x,ε)c(y)η

( |x− y|
βρ(x)

)
f(y)

∣∣∣∣∣

≤
N∑

m=1

gm∑

k=1

|bm,k(x)|
|Ym,k(x− y)|

|x− y|n χBβ(x)−B(x,ε)(y)|f(y)|

≤ C(M1 +M2)

εn
χBβ(x)−B(x,ε)(y)|f(y)|

N∑

m=1

mn−2m−2nm
n
2
−1

<
C(M1 +M2)

εn
χBβ(x)−B(x,ε)(y)|f(y)|

∞∑

m=1

m−n
2
−3✱

♣❛r❛ ❝❛❞❛ N ∈ N✱ ❞♦♥❞❡✂
Ω

χBβ(x)−B(x,ε)(y)|f(y)|dy ≤ w(Bβ(x))[f ]BMOβ
w
<∞✳

❆sí✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ❝♦♥s❡❣✉✐♠♦s

Sβ,η,εf(x) =
∞∑

m=1

gm∑

k=1

bm,k(x)

✂
|x−y|>ε

Km,k(x− y)η

( |x− y|
βρ(x)

)
f(y)dy✳ ✭✸✳✹✳✶✼✮

❆❤♦r❛✱ ❞❡♥♦t❡♠♦s

Rβ,η,ε
m,k f(x) =

✂
|x−y|>ε

Km,k(x− y)η

( |x− y|
βρ(x)

)
f(y)dy

② ✈❡❛♠♦s q✉❡

Sβ,ηf =
∞∑

m=1

gm∑

k=1

bm,k

(
ĺım
ε→0+

Rβ,η,ε
m,k f

)
=

∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kf
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❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ Lp(Ω)✱ ♣❛r❛ 1 ≤ p <∞ ② f ∈ C2
c (Ω)✳ P❛r❛ ❡♠♣❡③❛r✱ t♦♠❡♠♦s 0 < δ < ε

② f ∈ C2
c (Ω)✳ P♦r ✭✸✳✶✳✶✹✮✱ s❛❜❡♠♦s q✉❡

✂
δ<|x−y|≤ε

Km,k(x− y)η

( |x− y|
βρ(x)

)
dy = 0

♣❛r❛ ❝❛❞❛ x ∈ Ω✳ ❊♥t♦♥❝❡s

Rβ,η,ε
m,k f(x)−Rβ,η,δ

m,k f(x) =

✂
δ<|x−y|≤ε

Km,k(x− y)η

( |x− y|
βρ(x)

)
f(y)dy

−
✂
δ<|x−y|≤ε

Km,k(x− y)η

( |x− y|
βρ(x)

)
f(x)dy

② ❧✉❡❣♦✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❙❝❤✇❛rt③✱ r❡s✉❧t❛

∣∣∣Rβ,η,ε
m,k f(x)−Rβ,η,δ

m,k f(x)
∣∣∣ ≤

✂
δ<|x−y|≤ε

|Km,k(x− y)| |f(y)− f(x)|dy

≤ Cm
n
2
−1 ‖Df‖∞

✂
δ<|x−y|≤ε

|x− y|−n+1dy

≤ C|Sn−1|mn
2
−1 ‖Df‖∞ (ε− δ)✱

❞♦♥❞❡ ❛❞❡♠ás ❛♣❧✐❝❛♠♦s ✭✸✳✹✳✼✮ ② ✭✸✳✹✳✸✮✳ ❆sí✱ ♣♦r ✭✸✳✹✳✶✼✮ ② ❡❧ ▲❡♠❛ ✸✳✹✳✶✹ ♦❜t❡♥❡♠♦s

∥∥∥∥∥S
β,η,εf −

∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kf

∥∥∥∥∥
Lp(Ω)

≤
∞∑

m=1

gm∑

k=1

‖bm,k‖∞
∥∥∥Rβ,η,ε

m,k f −Rβ,η
m,kf

∥∥∥
Lp(Nβ(s♦♣(f)))

≤
∞∑

m=1

gm∑

k=1

‖bm,k‖∞ ĺım
δ→0+

∥∥∥Rβ,η,ε
m,k f −Rβ,η,δ

m,k f
∥∥∥
Lp(Nβ(s♦♣(f)))

≤ εC ‖Df‖∞ |Nβ(s♦♣(f))|1/p
∞∑

m=1

m−n
2
−3✳

P♦r ❧♦ t❛♥t♦✱

Sβ,ηf = ĺım
ε→0+

Sβ,η,εf =
∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kf ✭✸✳✹✳✶✽✮

❡♥ Lp(Ω)✱ ♣❛r❛ t♦❞❛ f ∈ C2
c (Ω)✳ ❆❤♦r❛✱ ♣♦r ❡❧ ❛r❣✉♠❡♥t♦ ✉s✉❛❧ ❞❡ ❞❡♥s✐❞❛❞✱ ❡①t❡♥❞❡♠♦s

Sβ,η s♦❜r❡ Lp(Ω)✳ ❙❡❛ f ∈ Lp(Ω) ② t♦♠❡♠♦s {fh} ② {gh}✱ s✉❝❡s✐♦♥❡s ❡♥ C2
c (Ω)✱ t❛❧❡s q✉❡

ĺım
h→∞

‖f − fh‖Lp(Ω) = 0

②
ĺım
h→∞

‖f − gh‖Lp(Ω) = 0✳



✶✸✵ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❊♥t♦♥❝❡s✱ ♣♦r ✭✸✳✹✳✶✽✮✱ ✭✸✳✹✳✽✮ ② ❡❧ ▲❡♠❛ ✸✳✹✳✶✺✱ ♣♦r ✉♥ ❧❛❞♦ t❡♥❡♠♦s

∥∥Sβ,ηfh − Sβ,ηgh
∥∥
Lp(Ω)

≤
∞∑

m=1

gm∑

k=1

‖bm,k‖∞
∥∥∥Rβ,η

m,kfh −Rβ,η
m,kgh

∥∥∥
Lp(Ω)

≤
∞∑

m=1

gm∑

k=1

‖bm,k‖∞CCKm,k
‖fh − gh‖Lp(Ω)

≤ C

( ∞∑

m=1

m−n
2
−2

)
‖fh − gh‖Lp(Ω) ✱

♣♦r ❧♦ q✉❡
ĺım
h→∞

∥∥Sβ,ηgh − Sβ,ηfh
∥∥
Lp(Ω)

= 0✱

② ♣♦r ♦tr♦ ❧❛❞♦✱

∥∥Sβ,ηfi − Sβ,ηfh
∥∥
Lp(Ω)

≤
∞∑

m=1

gm∑

k=1

‖bm,k‖∞
∥∥∥Rβ,η

m,kfi −Rβ,η
m,kfh

∥∥∥
Lp(Ω)

≤
∞∑

m=1

gm∑

k=1

‖bm,k‖∞CCKm,k
‖fi − fh‖Lp(Ω)

≤ C

( ∞∑

m=1

m−n
2
−2

)
‖fi − fh‖Lp(Ω) ✱

♣❛r❛ t♦❞♦s h, i ∈ N✱ ♣♦r ❧♦ ❝✉❛❧
{
Sβ,ηfh

}
❡s ❞❡ ❈❛✉❝❤② ❡♥ Lp(Ω) ② ♣♦❞❡♠♦s ❞❡✜♥✐r

Sβ,ηf = ĺım
h→∞

Sβ,ηfh ✭✸✳✹✳✶✾✮

❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ Lp(Ω)✳ ❆❤♦r❛✱ ❝♦♥s✐❞❡r❛♠♦s f ∈ BMOβ
w ② W ={Pj} ⊂ Fβ/85−Fβ/340 ✉♥

❝✉❜r✐♠✐❡♥t♦ t✐♣♦ ❲❤✐t♥❡② ❝♦♠♦ ❡❧ ❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✹✳ ❋✐❥❛♠♦s Pj ∈ W ② ❞❡♥♦t❛♠♦s
fj = fχSβ(Pj)✳ P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✸✱ fj ∈ Lp(Ω) ❝♦♥ 1 < p < ∞✳ ▲✉❡❣♦✱ ♣♦❞❡♠♦s
t♦♠❛r {fj,h}h∈N✱ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ C2

c (Ω)✱ t❛❧ q✉❡

ĺım
h→∞

‖fj − fj,h‖Lp(Ω) = 0✳

P♦r ✉♥ ❧❛❞♦✱ ♣♦r ✭✸✳✹✳✶✽✮✱ ✭✸✳✹✳✽✮ ② ❡❧ ▲❡♠❛ ✸✳✹✳✶✺✱ t❡♥❡♠♦s

∥∥∥∥∥S
β,ηfj,h −

∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kfj

∥∥∥∥∥
Lp(Ω)

≤
∞∑

m=1

gm∑

k=1

‖bm,k‖∞
∥∥∥Rβ,η

m,kfj,h −Rβ,η
m,kfj

∥∥∥
Lp(Ω)



✸✳✹ ❆❝♦t❛❝✐♦♥❡s ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ✶✸✶

≤
∞∑

m=1

gm∑

k=1

‖bm,k‖∞CCKm,k
‖fj,h − fj‖Lp(Ω)

≤ C

( ∞∑

m=1

m−n
2
−2

)
‖fj,h − fj‖Lp(Ω) ✱

♣❛r❛ ❝❛❞❛ h ∈ N✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣♦r ✭✸✳✹✳✶✾✮✱ Sβ,ηfj ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡
Lp(Ω) ② ❛❞❡♠ás

∥∥∥∥∥S
β,ηfj −

∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kfj

∥∥∥∥∥
Lp(Ω)

≤
∥∥Sβ,ηfj − Sβ,ηfj,h

∥∥
Lp(Ω)

+

∥∥∥∥∥S
β,ηfj,h −

∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kfj

∥∥∥∥∥
Lp(Ω)

❞♦♥❞❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r t✐❡♥❞❡ ❛ 0 ❝✉❛♥❞♦ h t✐❡♥❞❡ ❛ ∞✳ ❉❡ ❡st❡
♠♦❞♦ s❡ ❞❡❞✉❝❡

Sβ,ηfj =
∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kfj

❡♥ Lp(Ω)✱ ♣♦r ❧♦ q✉❡ ❧❛ ✐❣✉❛❧❞❛❞ t❛♠❜✐é♥ ✈❛❧❡ ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✳ P♦r ú❧t✐♠♦✱ ♣♦r ❧♦s ♠✐s♠♦s
❛r❣✉♠❡♥t♦s ✉s❛❞♦s ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✸ ♣❛r❛ ♣r♦❜❛r ✭✸✳✶✳✶✺✮✱ ♦❜t❡♥❡♠♦s

Sβ,ηf = Sβ,ηfj =
∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kfj =

∞∑

m=1

gm∑

k=1

bm,kR
β,η
m,kf

❡♥ ❝✳ t✳ ♣✳ ❞❡ Pj✱ ♣❛r❛ ❝❛❞❛ j✱ ❝♦♥ ❧♦ q✉❡ ❝♦♥❝❧✉✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥✳

❚❛♠❜✐é♥ s❡rá út✐❧ ❡❧ ❧❡♠❛ s✐❣✉✐❡♥t❡✳

▲❡♠❛ ✸✳✹✳✷✵✳ ❙✐ w ∈ Aβ1 ✱ ♣❛r❛ t♦❞♦s f ∈ BMOβ
w ② g ∈ L∞ ∩ LMOβ✱ t❡♥❡♠♦s fg ∈

BMOβ
w✳ ▼ás ❛ú♥✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C✱ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ f ② g✱ ✈❡r✐✜❝❛♥❞♦

[fg]BMOβ
w
≤ C[f ]BMOβ

w
(‖g‖∞ + [g]LMOβ) ✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ✉♥ ❧❛❞♦✱ s✐ B ∈ Fβ −Fβ/2 r❡s✉❧t❛
✂
B

|fg|dx ≤ ‖g‖∞w(B)[f ]BMOβ
w
✳

P♦r ♦tr♦ ❧❛❞♦✱ t♦♠❡♠♦s B = B(ξ, r) ∈ Fβ/2 ② k0 ∈ N t❛❧ q✉❡

2k0r ≤ βρ(ξ) < 2k0+1r✳

❊♥t♦♥❝❡s✱ ②❛ q✉❡ w ∈ Aβ1 t❡♥❡♠♦s

✂
B

|f |dx ≤
✂
B

|f − fB|dx+ |B|
k0−1∑

k=1

1

|2kB|

✂
2kB

|f − f2k+1B|dx+ |B| |f2k0B|



✶✸✷ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

≤ w(B)[f ]BMOβ
w
+ 2n|B|[f ]BMOβ

w

k0−1∑

k=1

w(2k+1B)

|2k+1B|

+2n
|B|

|2k0+1B|

✂
Bβ(ξ)

|f |dx

≤ w(B)[f ]BMOβ
w
+ C(k0 − 1)w(B)[f ]BMOβ

w

+2n
|B|w(Bβ(ξ))

|Bβ(ξ)|
[f ]BMOβ

w

≤ Ck0w(B)[f ]BMOβ
w
✳

P♦r ❧♦ t❛♥t♦✱ ②❛ q✉❡ k0 log 2 ≤ log βρ(ξ)
r

✱ r❡s✉❧t❛

✂
B

|fg − fBgB| dx ≤
✂
B

|g||f − fB|dx+ |fB|
✂
B

|g − gB|dx

≤
(
‖g‖∞ +

Ck0
|B|

✂
B

|g − gB|dx
)
w(B)[f ]BMOβ

w

≤
(
‖g‖∞ +

C log βρ(ξ)
r

|B|

✂
B

|g − gB|dx
)
w(B)[f ]BMOβ

w

≤ C (‖g‖∞ + [g]LMOβ)w(B)[f ]BMOβ
w
✱

❝♦♥ ❧♦ ❝✉❛❧ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❧❛ ❞❡♠♦str❛❝✐ó♥✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✸✳ ❙❡❛♥ λ ∈ (0, 1 − β)✱ θ ≤ mı́n
{

1
10
, λ
β2+β

}
② B ∈ Fθβ

❝✉②♦ ❝❡♥tr♦ ❡s ξ✳ Pr✐♠❡r♦ ♣r♦❜❡♠♦s q✉❡ ❧❛s s❡r✐❡s

∞∑

m=1

gm∑

k=1

✂
B

bm,k(x)R
β,η
m,kf(x)dx

②
∞∑

m=1

gm∑

k=1

✂
B

bm,k(x)R
β,η
m,k,bf(x)dx

❝♦♥✈❡r❣❡♥ ♣❛r❛ f ∈ BMOβ
w✳ ❨❛ q✉❡✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✸✳✷✱ Sβ(B) ⊂ Bβ+λ(ξ)✱ s✐ t♦♠❛♠♦s

g ∈ BMOβ
w ② ❛❧❣ú♥ p > 1 ② s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❡r❝❛♥♦ ❛ 1✱ ♣♦r ❧♦s ▲❡♠❛s ✸✳✸✳✶ ② ✸✳✷✳✷✸

❥✉♥t♦ ❝♦♥ ✭✸✳✹✳✸✮ ② ✭✸✳✹✳✽✮ t❡♥❡♠♦s

✂
B

∣∣∣Rβ,η
m,kg

∣∣∣ dx ≤ CCKm,k

(
∥∥gχSβ(B)

∥∥
p
‖χB‖p′ +

‖χB‖1
∥∥gχSβ(B)

∥∥
1

|Bβ (ξ)|

)

≤ Cmn/2
(∥∥gχBβ+λ(ξ)

∥∥
p

∥∥χBβ+λ(ξ)

∥∥
p′
+
∥∥gχBβ+λ(ξ)

∥∥
1

)

≤ Cmn/2w(Bβ+λ(ξ))
(
[g]BMOβ+λ

w,p
+ [g]BMOβ+λ

w

)

≤ Cmn/2w(Bβ+λ(ξ))[g]BMOβ
w
✳



✸✳✹ ❆❝♦t❛❝✐♦♥❡s ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ✶✸✸

❊♥t♦♥❝❡s✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❛ f ② bf ✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✹✳✷✵✱ ♦❜t❡♥❡♠♦s✂
B

∣∣∣Rβ,η
m,k,bf(x)

∣∣∣ dx ≤
✂
B

∣∣∣b(x)Rβ,η
m,kf(x)

∣∣∣ dx+
✂
B

∣∣∣Rβ,η
m,k(bf)(x)

∣∣∣ dx

≤ Cmn/2w(Bβ+λ(ξ))
(
‖b‖∞ [f ]BMOβ

w
+ [bf ]BMOβ

w

)

≤ Cmn/2w(Bβ+λ(ξ)) (‖b‖∞ + [b]LMOβ) [f ]BMOβ
w
✳

❉❡ ❡st❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ N ∈ N✱ r❡s✉❧t❛

N∑

m=1

∣∣∣∣∣

gm∑

k=1

✂
B

bm,k(x)R
β,η
m,k,bf(x)dx

∣∣∣∣∣

≤
N∑

m=1

gm∑

k=1

‖bm,k‖∞
✂
B

∣∣∣Rβ,η
m,k,bf(x)

∣∣∣ dx

≤ C (‖b‖∞ + [b]LMOβ) [f ]BMOβ
w
w (Bβ+λ(ξ))

∞∑

m=1

m−n
2
−2 ✱

♣♦r ❧♦ ❝✉❛❧
∞∑

m=1

∣∣∣∣∣

gm∑

k=1

✂
B

bm,k(x)R
β,η
m,k,bf(x)dx

∣∣∣∣∣ <∞✳

❉❡ ✐❣✉❛❧ ♠❛♥❡r❛ s❡ ✈❡ q✉❡

∞∑

m=1

∣∣∣∣∣

gm∑

k=1

✂
B

bm,k(x)R
β,η
m,kf(x)dx

∣∣∣∣∣ <∞✳

❆❤♦r❛✱ s✐❡♥❞♦ B ❝♦♠♦ ❛♥t❡s✱ ♣♦r ❧♦s ▲❡♠❛s ✸✳✹✳✶✷✱ ✸✳✹✳✷✵ ② ✸✳✹✳✶✶✱ ✭✸✳✹✳✷✮✱ ❡❧ ❚❡♦r❡♠❛
✸✳✶✳✷✶ ② ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✹✳✶✸✱ ♦❜t❡♥❡♠♦s

✂
B

∣∣∣∣∣S
β,η
b f −

∞∑

m=1

gm∑

k=1

(
bm,kR

β,η
m,k,bf

)
B

∣∣∣∣∣ dy

≤
∞∑

m=1

gm∑

k=1

✂
B

∣∣∣bm,kRβ,η
m,k,bf −

(
bm,kR

β,η
m,k,bf

)
B

∣∣∣ dy

≤ Cw(B)
∞∑

m=1

gm∑

k=1

(
‖bm,k‖∞ + [bm,k]LMOβ

) [
Rβ,η
m,k,bf

]
BMOβ

w

≤ C(M1 +M2)w(B)
∞∑

m=1

gmm
−2nmn [b]LMOβ+

√
nσ [f ]BMOβ

w

≤ C(M1 +M2)w(B)

( ∞∑

m=1

m−2

)
[b]LMOβ+

√
nσ [f ]BMOβ

w
✳

❉❡ ✐❣✉❛❧ ♠❛♥❡r❛✱ ♣❛r❛ B ∈ Fβ −Fθβ s❡ ❝♦♥s✐❣✉❡
✂
B

∣∣∣Sβ,ηb f
∣∣∣ dy ≤ w(B)

∞∑

m=1

gm∑

k=1

[
bm,kR

β,η
m,k,bf

]
BMOβ

w



✶✸✹ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

≤ C(M1 +M2)w(B)

( ∞∑

m=1

m−2

)
[b]LMOβ+

√
nσ [f ]BMOβ

w
✳

P♦r ❧♦ t❛♥t♦✱ ❞❡❞✉❝✐♠♦s q✉❡
[
Sβ,ηb f

]
BMOβ

w

≤ C[b]LMOβ+
√
nσ [f ]BMOβ

w
✳

❉❡ ✐❣✉❛❧ ♠❛♥❡r❛ s❡ ♦❜t✐❡♥❡ t❛♠❜✐é♥
[
Sβ,ηf

]
BMOβ

w
≤ C[f ]BMOβ

w
✳

✸✳✺✳ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥

❊♥ ❡st❛ s❡❝❝✐ó♥✱ ② ❞❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡✱ s✉♣♦♥❞r❡♠♦s q✉❡ Ω ❡s ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦
② n ≥ 3✳ ❈♦♠♦ ❡♥ ❬❙❙✵✻❪ ② ❬❈❋▲✾✶❪✱ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ♦♣❡r❛❞♦r ❡❧í♣t✐❝♦ L ❞❡✜♥✐❞♦ ♣♦r

Lu(x) =
∑

1≤i,j≤n
ai,j(x)

∂2u

∂xi∂xj
(x) ✭✸✳✺✳✶✮

❡♥ ❝✳ t✳ ♣✳ ❞❡ Rn✱ ❞♦♥❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j s❛t✐s❢❛❝❡♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

ai,j = aj,i ✭✸✳✺✳✷✮

♣❛r❛ t♦❞♦s i, j✱ ② ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ ν ∈ (0, 1] t❛❧ q✉❡

ν|ξ|2 ≤
∑

1≤i,j≤n
ai,j(x)ξiξj ≤ ν−1|ξ|2✱ ✭✸✳✺✳✸✮

♣❛r❛ t♦❞♦ ξ ∈ Rn ② ❝✳ t✳ ♣✳ x ∈ Rn✳ ❆❞❡♠ás✱ s✉♣♦♥❞r❡♠♦s ai,j ∈ L∞(Ω) ∩ LMOβ(Ω) ②

máx
1≤i,j≤n

(
‖ai,j‖∞ + [ai,j]LMOβ

)
≤ ν−1✳ ✭✸✳✺✳✹✮

❊❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡s ❡❧ s✐❣✉✐❡♥t❡✳

❚❡♦r❡♠❛ ✸✳✺✳✺✳ ❙❡❛ L ❡❧ ♦♣❡r❛❞♦r ❡❧í♣t✐❝♦ ❞❡✜♥✐❞♦ ❡♥ ✭✸✳✺✳✶✮ ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ai,j ∈
L∞(Ω) ∩ LMOβ

0 (Ω) ✭✈❡r ❉❡✜♥✐❝✐ó♥ ✸✳✺✳✷✶✮✳ ❈♦♥s✐❞❡r❡♠♦s✱ ❛❞❡♠ás Ω′ ❛❜✐❡rt♦ t❛❧ q✉❡
Ω′ ⊂ Ω ② w ∈ Aβ1 (Ω

′)✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ s✐ u ∈ W 2,p
loc (Ω)✱ ♣❛r❛ ❛❧❣ú♥

p ∈ (1,∞)✱ ② Dαu ∈ BMOβ
w(Ω

′) ♣❛r❛ ❝❛❞❛ ♠✉❧t✐✲í♥❞✐❝❡ α ❝♦♥ |α| ≤ 2✱ s❡ t✐❡♥❡

[
D2u

]
BMOβ

w(Ω′)
≤ C

(
[u]BMOβ

w(Ω′) +
n∑

i=1

[Diu]BMOβ
w(Ω′) + [Lu]BMOβ

w(Ω′)

)
✱

❞♦♥❞❡ D2u =
∑

1≤i,j≤n

∣∣∣ ∂2u
∂xi∂xj

∣∣∣✱ Diu = ∂u
∂xi

② C ❞❡♣❡♥❞❡ ❞❡ β✱ w✱ n✱ ν✱ Ω′✱ Ω ② ❧♦s ❝♦❡✜❝✐❡♥t❡s

ai,j✳



✸✳✺ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ✶✸✺

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✻✳ ❊♥ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♣❡❞✐♠♦s u ∈ W 2,1
loc (Ω) ♣❛r❛ ❛♣❧✐❝❛r ❞✐r❡❝t❛♠❡♥t❡

❡❧ ❚❡♦r❡♠❛ ✶✳✵✳✷✺ ✭❢ór♠✉❧❛ ❞❡ r❡♣r❡s❡♥t❛❝✐ó♥ ♣❛r❛ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✮✱ ②❛
q✉❡ s✐ ✉♥❛ ❢✉♥❝✐ó♥ ❡stá ❡♥ BMOβ

w(Ω) ❡s♦ ♥♦ ✐♠♣❧✐❝❛ q✉❡ ❡sté ❡♥ BMOβ
w(Ω

′)✳

P❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✺✳✺ r❡❝♦r❞❛r❡♠♦s ② ❞❡♠♦str❛r❡♠♦s ❛❧❣✉♥♦s r❡✲
s✉❧t❛❞♦s ♥❡❝❡s❛r✐♦s✳ ❙❡❛ Γ ❧❛ ❢✉♥❝✐ó♥ s♦❜r❡ Rn×Rn t❛❧ q✉❡✱ ♣❛r❛ ❝✳ t✳ ♣✳ x0✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥
y 7−→ Γ(x0, y) ❡s ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Lx0 =

∑
1≤i,j≤n

ai,j(x0)
∂2

∂yi∂yj
✳ ❉❡♥♦t❡♠♦s t❛♠✲

❜✐é♥

Γi(x, y) =
∂Γ

∂yi
(x, y)✱ Γi,j(x, y) =

∂2Γ

∂yi∂yj
(x, y)✳

❊s s❛❜✐❞♦ q✉❡ ❧❛s ❞❡r✐✈❛❞❛s Γi,j(x, y) s♦♥ ♥ú❝❧❡♦s ❞❡ ❈✲❩ ❡♥ ❧❛ ✈❛r✐❛❜❧❡ y✳ ▼ás ❛ú♥✱ ❝♦♠♦
❡♥ ❬❙❙✵✻❪ s❡ t✐❡♥❡ ❧♦ s✐❣✉✐❡♥t❡✿

▲❡♠❛ ✸✳✺✳✼✳ ▲❛s ❢✉♥❝✐♦♥❡s Γi,j(x, y) s❛t✐s❢❛❝❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❡❞✐❞❛s ♣❛r❛ ❧♦s ♥ú❝❧❡♦s
❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✸✱ ❞♦♥❞❡ ❧❛s ❝♦♥st❛♥t❡s M1 ② M2 ❞❡♣❡♥❞❡♥ ❞❡ n✱ ν✱ ② β✳

P❛r❛ ♣r♦❜❛r ❡st❡ ❧❡♠❛ ❝♦♠♦ ❡♥ ❬❙❙✵✻❪✱ ♥❡❝❡s✐t❛♠♦s ❛♥t❡s ♦❜t❡♥❡r ♦tr♦s r❡s✉❧t❛❞♦s
s♦❜r❡ ❢✉♥❝✐♦♥❡s ❡♥ LMOβ✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✽✳ ❙❡❛♥ f ② g ❡♥ LMOβ(Ω) ∩ L∞(Ω)✳ ❊♥t♦♥❝❡s✱ fg ∈ LMOβ(Ω) ②
❛❞❡♠ás

[fg]LMOβ ≤ 2 (‖f‖∞ [g]LMOβ + ‖g‖∞ [f ]LMOβ) ✳

❉❡♠♦str❛❝✐ó♥✳ ❙✐ B = B(ξ, r) ∈ Fβ t❡♥❡♠♦s
✂
B

|fg − fBgB|dx ≤
✂
B

|fg − fgB|dx+
✂
B

|fgB − fBgB|dx

≤ ‖f‖∞
✂
B

|g − gB|dx+ ‖g‖∞
✂
B

|f − fB|dx✱

② ❧✉❡❣♦
✂
B

|fg − (fg)B|dx ≤ 2

✂
B

|fg − fBgB|dx

≤ 2

(
‖f‖∞

✂
B

|g − gB|dx+ ‖g‖∞
✂
B

|f − fB|dx
)

≤ 2|B|
1 + log βρ(ξ)

r

(‖f‖∞ [g]LMOβ + ‖g‖∞ [f ]LMOβ) ✳

❆❤♦r❛ ❞❛r❡♠♦s ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r✳ P❛r❛ ❡❧❧♦✱ ❞❡♥♦t❛♠♦s

‖f‖LMOβ,∞ = ‖f‖∞ + [f ]LMOβ

s✐ f ∈ LMOβ(Ω) ∩ L∞(Ω)✳



✶✸✻ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✾✳ ❙❡❛♥ f1✱ f2✱ ✳ ✳ ✳ ✱ fk ❡♥ LMOβ(Ω) ∩ L∞(Ω)✳ ❊♥t♦♥❝❡s

[f1f2 . . . fk]LMOβ ≤
(
k−1∑

j=1

2j

)
‖f1‖LMOβ,∞ ‖f2‖LMOβ,∞ . . . ‖fk‖LMOβ,∞ ✳ ✭✸✳✺✳✶✵✮

❉❡♠♦str❛❝✐ó♥✳ ❊❧ ❝❛s♦ ♣❛r❛ k = 2 s❡ ❞❡❞✉❝❡ ❞✐r❡❝t❛♠❡♥t❡ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r✳ ■♥✲
❞✉❝t✐✈❛♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s q✉❡ ✈❛❧❡ ✭✸✳✺✳✶✵✮ ❝♦♥ k = m > 2✳ ❊♥t♦♥❝❡s✱ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥
❛♥t❡r✐♦r

[f1 . . . fmfm+1]LMOβ

≤ 2 ‖f1 . . . fm‖LMOβ,∞ ‖fm+1‖LMOβ,∞

≤ 2

(
‖f1 . . . fm‖∞ +

(
m−1∑

j=1

2j

)
‖f1‖LMOβ,∞ . . . ‖fm‖LMOβ,∞

)
‖fm+1‖LMOβ,∞

≤ 2

(
‖f1‖∞ . . . ‖fm‖∞ +

(
m−1∑

j=1

2j

)
‖f1‖LMOβ,∞ . . . ‖fm‖LMOβ,∞

)
‖fm+1‖LMOβ,∞

≤
(
2 +

m−1∑

j=1

2j+1

)
‖f1‖LMOβ,∞ . . . ‖fm‖LMOβ,∞ ‖fm+1‖LMOβ,∞

=

(
m∑

j=1

2j

)
‖f1‖LMOβ,∞ . . . ‖fm‖LMOβ,∞ ‖fm+1‖LMOβ,∞ ✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✶✳ ❙❡❛♥ f ∈ LMOβ(Ω) ② c > 0 t❛❧❡s q✉❡ f ≥ c ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✳
❊♥t♦♥❝❡s✱ 1/f ② f 1/2 ❡stá♥ ❡♥ LMOβ✳ ▼ás ❛ú♥✱

[1/f ]LMOβ ≤ 2c−2 [f ]LMOβ ✱

② [
f 1/2

]
LMOβ ≤ c−1/2 [f ]LMOβ ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ B ∈ Fβ✳ ❨❛ q✉❡ |fB| = fB ≥ c✱ ♣♦r ✉♥ ❧❛❞♦ t❡♥❡♠♦s
✂
B

∣∣∣∣
1

f
− 1

fB

∣∣∣∣ dx =

✂
B

∣∣∣∣
fB − f

fBf

∣∣∣∣ dx ≤ c−2

✂
B

|f − fB|dx✳

P♦r ♦tr♦ ❧❛❞♦ ✂
B

|f − fB|dx =

✂
B

∣∣∣∣
(
f 1/2

)2 −
(
(fB)

1/2
)2∣∣∣∣ dx

=

✂
B

∣∣∣f 1/2 − (fB)
1/2
∣∣∣
(
f 1/2 + (fB)

1/2
)
dx

≥ 2c1/2
✂
B

∣∣∣f 1/2 − (fB)
1/2
∣∣∣ dx✳

▲✉❡❣♦✱ ❧❛s ❡st✐♠❛❝✐♦♥❡s ❜✉s❝❛❞❛s s✉r❣❡♥ ❢á❝✐❧♠❡♥t❡✳



✸✳✺ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ✶✸✼

❆❤♦r❛✱ ❜✉s❝❛♠♦s ❛♣❧✐❝❛r ❧❛s ❡st✐♠❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❛ ❧❛s ❞❡r✐✈❛❝✐♦♥❡s ♣❛r❝✐❛❧❡s ❞❡
s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ Γ(·, y) ❝✉❛♥❞♦ ést❛ s❡ ❡①♣r❡s❛ ❡♥ ❧❛ ❢♦r♠❛ ❞❛❞❛ ❡♥ ❬❈❋▲✾✶❪ ② ❬❙❙✵✻❪✱ ❛
s❛❜❡r

Γ(x, y) =
1

(n− 2)|Sn|(det a(x))1/2

(
∑

1≤i,j≤n

(
a−1
)
i,j
(x)yiyj

) 2−n
2

✱ ✭✸✳✺✳✶✷✮

❞♦♥❞❡ a = (ai,j)✱ a−1 =
(
(a−1)i,j

)
② Sn = {x ∈ Rn : |x| = 1} ✭r❡❝♦r❞❛r q✉❡ n > 2✮✳

P♦r t❛❧ ♠♦t✐✈♦✱ ② ❞❛❞❛s ❧❛s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ✈❡r✐✜❝❛ ❧❛ ♠❛tr✐③ a✱ ❝♦♥s✐❞❡r❛♠♦s ❝✐❡rt❛s
❞❡✜♥✐❝✐♦♥❡s ② r❡s✉❧t❛❞♦s s♦❜r❡ ❧❛ t❡♦rí❛ ❞❡ ♠❛tr✐❝❡s ❡♥ ❡❧ ➪❧❣❡❜r❛ ▲✐♥❡❛❧✳ ▲❛s s✐❣✉✐❡♥t❡s
♥♦t❛s s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r ❡♥ ❬❙❤❛✶✺❪✳

❉❡✜♥✐❝✐ó♥ ✸✳✺✳✶✸✳ ❯♥❛ ♠❛tr✐③ A ∈ Cn×n ❡s ❞✐❛❣♦♥❛❧✐③❛❜❧❡ s✐ ❤❛② ✉♥❛ ♠❛tr✐③ P ∈ Cn×n

✐♥✈❡rs✐❜❧❡ t❛❧ q✉❡ P−1AP ❡s ❞✐❛❣♦♥❛❧✳

❈✉❛♥❞♦ A ❡s ❞✐❛❣♦♥❛❧✐③❛❜❧❡✱ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❞✐❛❣♦♥❛❧ ❞❡ P−1AP s♦♥ ❧♦s ❛✉t♦✈❛❧♦r❡s
❞❡ A✿ ❡st♦s s♦♥ ❧♦s ♥ú♠❡r♦s λ ∈ C t❛❧❡s q✉❡ ❤❛② ✉♥ ✈❡❝t♦r v ∈ Cn − {0} q✉❡ ✈❡r✐✜❝❛
Av = λv✳ ❚❛❧ ✈❡❝t♦r ❡s ✉♥ ❛✉t♦✈❡❝t♦r ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ λ✳ ❘❡❝♦r❞❛♠♦s t❛♠❜✐é♥ q✉❡
λ ∈ C ❡s ✉♥ ❛✉t♦✈❛❧♦r s✐ ② s♦❧♦ s✐ det (A− λIn) = 0✳ ❆❞❡♠ás✱ ❡♥ ♥✉❡str♦ ❝❛s♦ ✭Cn×n✮
t♦❞❛s ❧❛s ♠❛tr✐❝❡s s♦♥ ❞✐❛❣♦♥❛❧✐③❛❜❧❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✺✳✶✹✳ A ∈ Cn×n ❡s ❤❡r♠✐t✐❛♥❛ s✐ A = A
T
✱ ❡s ❞❡❝✐r✱ A ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛

tr❛♥s♣✉❡st❛ ❞❡ s✉ ❝♦♥❥✉❣❛❞❛✳

❊❧ s✐❣✉✐❡♥t❡ ❤❡❝❤♦ ♥♦s s❡r✈✐rá ♣❛r❛ ❞❡♠♦str❛r ❡❧ ▲❡♠❛ ✸✳✺✳✼✳ ▲❛ ✈❡rs✐ó♥ ♠ás ❢✉❡rt❡ ❡s
❡❧ ❚❡♦r❡♠❛ ✻✳✾ ❡♥ ❬❙❤❛✶✺❪✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✺✳ ❙✐ A ∈ Cn×n ❡s ❤❡r♠✐t✐❛♥❛ t♦❞♦s s✉s ❛✉t♦✈❛❧♦r❡s s♦♥ ♥ú♠❡r♦s
r❡❛❧❡s✳

❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ s✐❣✉❡ ❞❡❧ ❚❡♦r❡♠❛ ✻✳✶✺ ❡♥ ❬❙❤❛✶✺❪✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✻✳ ❙✐ A ∈ Cn×n ❡s ❤❡r♠✐t✐❛♥❛✱ ❝♦♥ λ1 ② λn ❡❧ ♠❡♥♦r ② ❡❧ ♠❛②♦r ❞❡
s✉s ❛✉t♦✈❛❧♦r❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥t♦♥❝❡s

[λ1, λn] =
{
vTAv : |v| = 1

}
✱

② ❡♥ ♣❛rt✐❝✉❧❛r
λ1|v|2 ≤ vTAv ≤ λn|v|2✱

♣❛r❛ t♦❞♦ v ∈ Cn − {0}✳

❉❡✜♥✐❝✐ó♥ ✸✳✺✳✶✼✳ ❙❡ ❞✐❝❡ q✉❡ ✉♥❛ ♠❛tr✐③ ❤❡r♠✐t✐❛♥❛ A ∈ Cn×n ❡s ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ s✐
vTAv > 0✱ ♣❛r❛ t♦❞♦ v ∈ Cn − {0}✳

▲❛ ✈❡rs✐ó♥ ♠ás ❢✉❡rt❡ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ s✐❣✉✐❡♥t❡ ❡s ❡❧ ❚❡♦r❡♠❛ ✻✳✷✺ ❡♥ ❬❙❤❛✶✺❪✳



✶✸✽ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✽✳ ❙✐ A ∈ Cn×n ❡s ❤❡r♠✐t✐❛♥❛ ❡♥t♦♥❝❡s ❧❛s s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s
s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ A ❡s ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳

✭✐✐✮ ❚♦❞♦s ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A s♦♥ ♣♦s✐t✐✈♦s✳

✭✐✐✐✮ ❍❛② ✉♥❛ P ∈ Cn×n ✐♥✈❡rs✐❜❧❡ t❛❧ q✉❡ A = P
T
P ✳

❆❤♦r❛ ♣♦❞❡♠♦s ♣r♦❜❛r ❡❧ ▲❡♠❛ ✸✳✺✳✼✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✸✳✺✳✼✳ Pr✐♠❡r♦ ✈❡♠♦s q✉❡ det a ∈ LMOβ✳ ❙✐ A ∈ Cn×n✱ ❞❡ ✭✶✳✼✮
❡♥ ❧❛ ♣á❣✐♥❛ ✶✶ ❞❡ ❬❙❤❛✶✺❪✱ ❡s ❝❧❛r♦ q✉❡ detA ❡s ✉♥❛ s✉♠❛ ❝♦♥ s✐❣♥♦s ❛❧t❡r♥❛❞♦s ❞❡
♣r♦❞✉❝t♦s ❞❡ n ❝♦♠♣♦♥❡♥t❡s ❞✐st✐♥t❛s ❞❡ A✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❞❡❞✉❝✐♠♦s q✉❡

[det a]LMOβ ≤
∑

(i1,j1)...(in,jn)

[ai1,j1 . . . ain,jn ]LMOβ

❞♦♥❞❡ ❧❛ s✉♠❛ s❡ t♦♠❛ s♦❜r❡ t♦❞♦s ❧♦s ♣❛r❡s ♦r❞❡♥❛❞♦s (ik, jk)✱ ❝♦♥ k = 1, . . . , n ②
1 ≤ ik, jk ≤ n✱ ❞✐st✐♥t♦s ❡♥tr❡ sí ✭❡♥ r❡❛❧✐❞❛❞✱ ❧❛ s✉♠❛ ♣♦❞rí❛ t♦♠❛rs❡ ❡♥tr❡ ♠❡♥♦s
♣r♦❞✉❝t♦s ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ ♠❛tr✐③ a✮✳ ❨❛ q✉❡ ❤❛② ❛ ❧♦ s✉♠♦

(
n2

n

)
=

(n2)!

n! (n2 − n)!

tér♠✐♥♦s✱ ♣♦r ✭✸✳✺✳✶✵✮ ② ✭✸✳✺✳✹✮ t❡♥❡♠♦s

[det a]LMOβ ≤
∑

(i1,j1)...(in,jn)

(
n−1∑

j=1

2j

)
‖ai1,j1‖LMOβ,∞ . . . ‖ain,jn‖LMOβ,∞

≤ (n2)!

n! (n2 − n)!

(
n−1∑

j=1

2j

)
ν−n✳ ✭✸✳✺✳✶✾✮

❆❤♦r❛✱ ✜❥❡♠♦s x ∈ Rn ② a(x) = a✳ P♦r ✭✸✳✺✳✷✮ a ❡s ❤❡r♠✐t✐❛♥❛ ②✱ ♣♦r ✭✸✳✺✳✸✮✱ s❛❜❡✲
♠♦s q✉❡ a t✐❡♥❡ ❛✉t♦✈❛❧♦r❡s λ1✱ . . .✱ λn ❡♥ R ✭② ❛❞❡♠ás ♣♦s✐t✐✈♦s✮✳ ❙❡❛ λ ✉♥♦ ❞❡ ❡st♦s
❛✉t♦✈❛❧♦r❡s ② u ✉♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛✉t♦✈❡❝t♦r✳ ❈♦♠♦ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❧✐♥❡❛❧❡s

(a− λIn) y = 0

t✐❡♥❡ s♦❧✉❝✐♦♥❡s ♥♦ tr✐✈✐❛❧❡s ❡♥ Rn ✭det(a − λIn) = 0✮✱ s❛❜❡♠♦s q✉❡ u ∈ Rn✳ ▲✉❡❣♦✱ ♣♦r
✭✸✳✺✳✸✮ r❡s✉❧t❛

λ|u|2 = λuTu = uTau ≥ ν|u|2✳
❉❡ ❡st❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ k = 1, . . .✱ n✱ λk ≥ ν✳ ❊♥t♦♥❝❡s✱ ②❛ q✉❡ ❤❛② ✉♥❛ ♠❛tr✐③ P
✐♥✈❡rs✐❜❧❡ t❛❧ q✉❡ P−1aP ❡s ❞✐❛❣♦♥❛❧ ② ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❞✐❛❣♦♥❛❧ s♦♥ λ1✱ . . .✱ λn✱
❝♦♥s❡❣✉✐♠♦s

det a = det
(
P−1aP

)
= λ1 . . . λn ≥ νn✳



✸✳✺ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ✶✸✾

P♦r ❧♦ t❛♥t♦✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✶ ② ❞❡❞✉❝✐♠♦s q✉❡ (det a)1/2 ②✱ ❧✉❡❣♦✱
(det a)−1/2 ❡stá♥ ❡♥ LMOβ✳ ❆❤♦r❛✱ ♣♦r ✉♥ ❧❛❞♦✱ q✉❡r❡♠♦s ✈❡r q✉❡✱ ♣❛r❛ ❝❛❞❛ k, l =
1, . . . , n✱ (a−1)k,l ∈ L∞ ∩ LMOβ✳ ❉❡♥♦t❡♠♦s a(i|j) ❛ ❧❛ ♠❛tr✐③ q✉❡ s❡ ♦❜t✐❡♥❡ ❞❡ a
s✉♣r✐♠✐❡♥❞♦ ❧❛ i✲és✐♠❛ ✜❧❛ ❞❡ a ② ❧❛ j✲és✐♠❛ ❝♦❧✉♠♥❛✳ ❊♥t♦♥❝❡s

(a−1)k,l =
(−1)l+k det a(l|k)

det a
✱

♣♦r ❧♦ q✉❡ ∥∥(a−1)k,l
∥∥
∞ ≤ ν−n ‖det a(l|k)‖∞

②✱ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✾✱
[
(a−1)k,l

]
LMOβ ≤ 2 ‖det a(l|k)‖LMOβ,∞

∥∥(det a)−1
∥∥
LMOβ,∞ ✱

❞♦♥❞❡ ∥∥(det a)−1
∥∥
LMOβ,∞ ≤ ν−n + 2ν−2n [det a]LMOβ ≤ ν−n + 2Cnν

−3n✱

♣♦r ✭✸✳✺✳✶✾✮ ② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✶✳ ❆❤♦r❛✱ ❝♦♠♦ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ a(l|k) s♦♥ ❝♦♠♣♦✲
♥❡♥t❡s ❞❡ ❧❛ ♠❛tr✐③ a✱ ❡s ❝❧❛r♦ q✉❡

‖det a(l|k)‖LMOβ,∞ ≤
∑

(i1,j1)...(in,jn)

‖ai1,j1 . . . ain,jn‖LMOβ,∞ ≤ Cnν
−n✱

❞♦♥❞❡ ❧❛ s✉♠❛ s❡ t♦♠❛ s♦❜r❡ t♦❞♦s ❧♦s ♣❛r❡s ♦r❞❡♥❛❞♦s (ik, jk)✱ ❝♦♥ k = 1, . . . , n ②
1 ≤ ik, jk ≤ n✱ ❞✐st✐♥t♦s ❡♥tr❡ sí✳ ❆sí✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Cn,ν ✱ q✉❡ ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ n ② ν✱
✈❡r✐✜❝❛♥❞♦ ∥∥(a−1)k,l

∥∥
LMOβ,∞ ≤ Cn,ν ✭✸✳✺✳✷✵✮

♣❛r❛ t♦❞♦s k, l = 1, . . . , n✳ P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ✭✸✳✺✳✷✮✱ ✭✸✳✺✳✸✮ ② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✽✱
s❛❜❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ x ∈ Rn ✜❥♦✱ ❤❛② ✉♥❛ ♠❛tr✐③Q(x) = Q ✐♥✈❡rs✐❜❧❡ t❛❧ q✉❡ a = QTQ✳
P♦r ❧♦ t❛♥t♦✱ ②❛ q✉❡

a−1 = Q−1
(
QT
)−1

=
((
Q−1

)T)T (
Q−1

)T

s✐❡♥❞♦ (Q−1)
T ✐♥✈❡rs✐❜❧❡✱ ❞❡❞✉❝✐♠♦s q✉❡ a−1 ❡s ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✽✳

▼ás ❛ú♥✱ ✈❡❛♠♦s q✉❡ a−1 s❛t✐s❢❛❝❡ ✭✸✳✺✳✸✮✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ a ❡stá♥
♦r❞❡♥❛❞♦s ❞❡ ❧❛ ❢♦r♠❛

λ1 ≤ λ2 ≤ . . . ≤ λn✳

❙✐ λ ❡s ✉♥♦ ❞❡ ❡st♦s ❛✉t♦✈❛❧♦r❡s ② u ✉♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛✉t♦✈❡❝t♦r✱ ♣♦r ✭✸✳✺✳✸✮ r❡s✉❧t❛

λ|u|2 = λuTu = uTau ≤ ν−1|u|2✳

❉❡ ❡st❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ k = 1, . . .✱ n✱ λk ≤ ν−1✳ ❊♥t♦♥❝❡s✱ ②❛ q✉❡ λ−1
n ✱ λ−1

n−1✱ ✳ ✳ ✳ ✱ λ
−1
1

s♦♥ ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ a−1✱ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✻ ♦❜t❡♥❡♠♦s

ν|ξ|2 ≤ λ−1
n |ξ|2 ≤ ξTa−1ξ ≤ λ−1

1 |ξ|2 ≤ ν−1|ξ|2✱

♣❛r❛ t♦❞♦ ξ ∈ Rn ✭♥♦t❛r q✉❡ ❡♥ r❡❛❧✐❞❛❞ a−1 = a−1(x)✱ ♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Rn✱ ♣♦r ❧♦ q✉❡
λk = λk(x)✱ ♣❡r♦ ν ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x✮✳ ❋✐♥❛❧♠❡♥t❡✱ ❡❧ r❡st♦ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ s✐❣✉❡
❝♦♠♦ ❧❛ ❞❡❧ ▲❡♠❛ ✺✳✺ ❡♥ ❬❙❙✵✻❪✳



✶✹✵ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

P❛r❛ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❡♥ ✭✸✳✺✳✶✮✱ ❛❞❡♠ás ❞❡ ❧❛s ❤✐♣ót❡s✐s ②❛
♣❡❞✐❞❛s✱ ❞❡s❡❛r❡♠♦s q✉❡ ❡st♦s ❡sté♥ ❡♥ ✉♥ s✉❜❡s♣❛❝✐♦ ❞❡ LMOβ✳

❉❡✜♥✐❝✐ó♥ ✸✳✺✳✷✶✳ P❛r❛ f ∈ LMOβ ② 0 < σ ≤ β ❞❡✜♥✐♠♦s

Ψβ(f, σ) = sup
B(ξ,r)∈Fσ

1 + log βρ(ξ)
r

|B(ξ, r)|

✂
B(ξ,r)

|f(x)− fB(ξ,r)|dx✳ ✭✸✳✺✳✷✷✮

❉❡❝✐♠♦s q✉❡ f ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ LMOβ
0 ✱ ② ❡s❝r✐❜✐♠♦s f ∈ LMOβ

0 ✱ s✐

ĺım
σ→0+

Ψβ(f, σ) = 0✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✷✸✳ ❊s tr✐✈✐❛❧ q✉❡ LMOβ
0 = LMOγ

0 ♣❛r❛ t♦❞♦s β, γ ❡♥ (0, 1)✳ ❆❞❡♠ás✱ s✐
α ∈ (0, 1] t❡♥❡♠♦s Lipα

(
Ω
)
⊂ LMOβ

0 ✳ ❊♥ ❡❢❡❝t♦✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐ó♥

h(t) =

(
1 + log

1

t

)
tα

❝♦♥ 0 < t < e1−1/α✳ P♦r ✉♥ ❧❛❞♦ t❡♥❡♠♦s

h′(t) = t(−t−2)tα + αtα−1

(
1 + log

1

t

)

= tα−1

(
α

(
1 + log

1

t

)
− 1

)

s✐❡♥❞♦ α
(
1 + log 1

t

)
−1 > 0 ❡♥ ❡❧ ❞♦♠✐♥✐♦ ❝♦♥s✐❞❡r❛❞♦ ♣❛r❛ t✳ ❉❡ ❡st❡ ♠♦❞♦✱ h ❡s ❝r❡❝✐❡♥t❡

❡♥
(
0, e1−1/α

)
✳ P♦r ♦tr♦ ❧❛❞♦✱

ĺım
t→0+

h(t) = ĺım
t→0+

1 + log 1
t

t−α
= ĺım

t→0+

t(−t−2)

(−α)t−α−1

=
1

α
ĺım
t→0+

tα = 0✳

❊♥t♦♥❝❡s✱ s✐ 0 < σ ≤ mı́n
{
β, e1−1/α

}
✱ f ∈ Lipα

(
Ω
)
② B = B(ξ, r) ∈ Fσ✱ ❝♦♠♦ r

ρ(ξ)
≤

σ < e1−1/α✱ s❡ s✐❣✉❡

1 + log βρ(ξ)
r

|B|

✂
B

|f − fB| dx ≤ 1 + log ρ(ξ)
r

|B|2
✂
B

✂
B

|f(x)− f(y)| dydx

≤
(
1 + log

ρ(ξ)

r

)
(2r)α[f ]Lipα

≤ (2ρ(ξ))α
(
1 + log

1

r/ρ(ξ)

)
(r/ρ(ξ))α[f ]Lipα

≤ (2ρ(ξ))α
(
1 + log

1

σ

)
σα[f ]Lipα ✱ ✭✸✳✺✳✷✹✮

♣♦r ❧♦ ❝✉❛❧
Ψβ(f, σ) ≤ (2❞✐❛♠(Ω))αh(σ) [f ]Lipα ✱



✸✳✺ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ✶✹✶

♣❛r❛ σ ∈
(
0,mı́n

{
β, e1−1/α

})
✱ s✐❡♥❞♦ ❞✐❛♠(Ω) = sup

x,y∈Ω
|x − y|✳ ❈♦♠♦ f ∈ BMOβ ♣♦r s❡r

❛❝♦t❛❞❛✱ s✐ s❡ t♦♠❛ σ = βe1−1/α ❡♥ ✭✸✳✺✳✷✹✮ ② B = B(ξ, r) ∈ Fβe1−1/α ✱ s❡ t✐❡♥❡

1 + log βe1−1/αρ(ξ)
r

|B|

✂
B

|f − fB| dx ≤ Ψβ
(
f, βe1−1/α

)

≤ (2❞✐❛♠(Ω))αh(βe1−1/α) [f ]Lipα ✱

♣♦r ❧♦ q✉❡ f ∈ LMOβe1−1/α
= LMOβ ②

ĺım
σ→0+

Ψβ(f, σ) ≤ (2❞✐❛♠(Ω))α ĺım
σ→0+

h(σ) [f ]Lipα = 0✳

P♦r ❧♦ t❛♥t♦✱ f ∈ LMOβ
0 ✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✷✺✳ ❙❡❛♥ Ω′✱ ❛❜✐❡rt♦ t❛❧ q✉❡ Ω′ ⊂ Ω✱ ② f ∈ LMOβ
0 (Ω)∩L∞ (Ω)✳ ❊♥t♦♥❝❡s✱

tr✐✈✐❛❧♠❡♥t❡ f ∈ BMOβ(Ω′) ②❛ q✉❡

[f ]BMOβ(Ω′) ≤ 2 ‖f‖∞ ✳

❆❞❡♠ás✱ ②❛ q✉❡ ❞✐st(ξ, (Ω′)c) ≤ ρ(ξ)✱ ♣❛r❛ ❝❛❞❛ ξ ∈ Ω′✱ s❡ t✐❡♥❡♥

[f ]LMOβ(Ω′) ≤ [f ]LMOβ(Ω)

②
Ψβ

Ω′(f, σ) ≤ Ψβ
Ω(f, σ)✱

♣♦r ❧♦ q✉❡ f ∈ LMOβ
0 (Ω

′)✳

❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ♥♦s ♣r♦♣♦r❝✐♦♥❛rá ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ♣♦r ❢✉♥❝✐♦♥❡s s✉❛✈❡s ♣❛r❛ ❡❧
❡s♣❛❝✐♦ LMOβ

0 (Ω) ∩ L∞ (Ω)✳

▲❡♠❛ ✸✳✺✳✷✻✳ ❙❡❛♥ Ωj = {x ∈ Ω : ρ(x) > 2−j} ② ρj(x) =❞✐st
(
x, (Ωj)

c)
✱ ♣❛r❛ ❝❛❞❛ j ∈ N✳

❙✐ Ωj 6= ∅ ② f ∈ LMOβ✱ s❡ ❞❡✜♥❡

[f ]LMOβ,j = sup
x∈Ωj

✱0<r≤βρj+1(x)

1 + log
βρj+1(x)

r

|B(x, r)|

✂
B(x,r)

|f(y)− fB(x,r)|dy✳

❊♥t♦♥❝❡s✱ s✐ Ωk0 6= ∅ ② f ∈ LMOβ
0 ✱ ❡①✐st❡ {fk}k≥k0+2 ⊂ C∞

(
Ωk0

)
t❛❧ q✉❡

ĺım
k→∞

[f − fk]LMOβ,k0 = 0✳

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ♦❜s❡r✈❡♠♦s q✉❡ s✐ x ∈ Ωk0 ✱ t❡♥❡♠♦s x− 2−kz ∈ Ωk0+1✱ ♣❛r❛ t♦❞♦
z ∈ B(0, 1) ② ♣❛r❛ ❝❛❞❛ k ≥ k0 + 1✳ ❊♥ ❡❢❡❝t♦✱ s✐ y /∈ Ω✱ z ∈ B(0, 1) ② k ≥ k0 + 1✱ r❡s✉❧t❛

ρ(x) ≤ |x− 2−kz − y|+ |2−kz| < |x− 2−kz − y|+ 2−k0−1

< |x− 2−kz − y|+ ρ(x)

2
✳



✶✹✷ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❆sí✱ t♦♠❛♥❞♦ s✉♣r❡♠♦ s♦❜r❡ y /∈ Ω ❡♥ ❧♦ ❛♥t❡r✐♦r✱ ♦❜t❡♥❡♠♦s

2−k0−1 <
ρ(x)

2
≤ ρ

(
x− 2−kz

)
✳ ✭✸✳✺✳✷✼✮

❊♥ ♣❛rt✐❝✉❧❛r✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❛rr✐❜❛ ♥♦s ❞✐❝❡ q✉❡ x− 2−kz ∈ Ω✱ s✐❡♠♣r❡ q✉❡ x ∈ Ωk0 ✱
z ∈ B(0, 1) ② k ≥ k0 + 1✳ ❆❤♦r❛✱ t♦♠❛♠♦s ✉♥❛ ❢✉♥❝✐ó♥ ♥♦✲♥❡❣❛t✐✈❛ ϕ ∈ C∞

0 (Rn) ❝♦♥
s♦♣(ϕ) ⊂ B(0, 1) ②

✁
ϕ dx = 1✳ ❉❡♥♦t❛♠♦s ϕk(z) = 2nkϕ(2kz) ②✱ ♣♦r ❧♦ ♦❜s❡r✈❛❞♦

♣r❡✈✐❛♠❡♥t❡✱ ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ fk = f ∗ ϕk ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ s♦❜r❡ Ωj ♠❡❞✐❛♥t❡

f ∗ ϕk(x) =
✂
Ω

f(z)ϕk(x− z)dz =

✂
B(0,1)

f(x− 2−kz)ϕ(z)dz

♣❛r❛ x ∈ Ωj ② k ≥ j + 1✱ ❝♦♥ j ≥ k0✳ ❙❡❛ B = B(ξ, r) ❝♦♥ ξ ∈ Ωk0 ② r ≤ σρk0+1(ξ)✱ ♣❛r❛
0 < σ ≤ β/2✳ ❊♥t♦♥❝❡s✱ s✐ k ≥ k0 + 2✱ t❡♥❡♠♦s

✂
B

|fk(x)− (fk)B| dx

=

✂
B

∣∣∣∣
✂
B(0,1)

f(x− 2−kz)ϕ(z)dz − |B|−1

✂
B

✂
B(0,1)

f(y − 2−kz)ϕ(z)dzdy

∣∣∣∣ dx

≤
✂
B

✂
B(0,1)

∣∣∣∣f(x− 2−kz)− |B|−1

✂
B

f(y − 2−kz)dy

∣∣∣∣ϕ(z)dzdx

=

✂
B(0,1)

ϕ(z)

✂
B

∣∣∣∣f(x− 2−kz)− |B|−1

✂
B

f(y − 2−kz)dy

∣∣∣∣ dxdz

=

✂
B(0,1)

ϕ(z)

✂
B(ξ−2−kz,r)

∣∣f(ζ)− fB(ξ−2−kz,r)

∣∣ dζdz✳

▲✉❡❣♦✱ ❞❛❞♦ q✉❡ ρk0+1 ≤ ρ✱ ♣♦r ✭✸✳✺✳✷✼✮ r❡s✉❧t❛

1 + log
βρk0+1(ξ)

r

|B|

✂
B

|fk(x)− (fk)B| dx

≤
✂
B(0,1)

ϕ(z)
1 + log 2βρ(ξ−2−kz)

r

|B(ξ − 2−kz, r)|

✂
B(ξ−2−kz,r)

∣∣f(ζ)− fB(ξ−2−kz,r)

∣∣ dζdz

≤ (1 + log 2)Ψβ(f, σ)✱

❞❡ ❧♦ ❝✉❛❧ s❡ ♦❜t✐❡♥❡

1 + log
βρk0+1(ξ)

r

|B|

✂
B

|(f − fk)− (f − fk)B| dx

≤ 1 + log βρ(ξ)
r

|B|

✂
B

|f − fB| dx+
1 + log

βρk0+1(ξ)

r

|B|

✂
B

|fk − (fk)B| dx

≤ (2 + log 2)Ψβ(f, σ)✳ ✭✸✳✺✳✷✽✮

❆❤♦r❛✱ ❝♦♥s✐❞❡r❛♠♦s σρk0+1(ξ) < r ≤ βρk0+1(ξ) ② ♦❜s❡r✈❛♠♦s q✉❡ s✐ y /∈ Ωk0+1 ② x ∈ Ωk0

t❡♥❡♠♦s
2−k0−1 = 2−k0 − 2−k0−1 < ρ(x)− ρ(y) ≤ |x− y|✱
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❞❡ ❧♦ ❝✉❛❧ s❡ ❞❡❞✉❝❡ q✉❡ ρk0+1(x) ≥ 2−k0−1 ♣❛r❛ x ∈ Ωk0 ✳ ❊♥t♦♥❝❡s

1 + log
βρk0+1(ξ)

r

|B|

✂
B

|(f − fk)− (f − fk)B| dx

≤ 2
(
1 + log β

σ

)

|B(0, 1)| (σρk0+1(ξ))
n

✂
B

|f − fk| dx

≤ 2(k0+1)n+1
(
1 + log β

σ

)

|B(0, 1)|σn
✂
Ωk0+1

|f − fk| dx✳ ✭✸✳✺✳✷✾✮

❆sí✱ ❝♦♥ ✭✸✳✺✳✷✽✮ ② ✭✸✳✺✳✷✾✮ s❡ s✐❣✉❡ q✉❡

[f − fk]LMOβ,k0 ≤ (2 + log 2)Ψβ(f, σ) +
2(k0+1)n+1

(
1 + log β

σ

)

|B(0, 1)|σn ‖f − fk‖L1(Ωk0+1)

♣❛r❛ 0 < σ ≤ β/2 ② k ≥ k0 + 2✳ ❋✐♥❛❧♠❡♥t❡✱ ♣♦r ✉♥ ❧❛❞♦✱ ②❛ q✉❡ f ∈ LMOβ
0 ✱ t❡♥❡✲

♠♦s f ∈ BMOβ ⊂ L1 (Ωj)✱ ♣❛r❛ ❝❛❞❛ j ≥ k0✱ ② ♣♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ ❡s ❜✐❡♥ s❛❜✐❞♦✱

ĺım
k→∞

‖f − fk‖L1(Ωk0+1) = 0 ❝♦♥ fk ∈ C∞ (Ωk0+1
)
⊂ C∞

(
Ωk0

)
♣❛r❛ k ≥ k0 + 2✱ ❝♦♥ ❧♦ q✉❡

❝♦♥❝❧✉✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✸✵✳ ❊♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✸✳✺✳✷✻ ✈❡♠♦s q✉❡ s✐ ❛❞❡♠ás f ∈ L∞(Ω)✱
❧❛s ❢✉♥❝✐♦♥❡s fk ❝♦♥str✉✐❞❛s ❛❧❧í ✈❡r✐✜❝❛♥

|fk(x)| ≤ ‖f‖∞
✂
B(0,1)

ϕ(z)dz = ‖f‖∞

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ωk0 ② k ≥ k0 + 1✳ ❆sí✱ ‖fk‖L∞(Ωk0) ≤ ‖f‖L∞(Ω) ♣❛r❛ ❝❛❞❛ k ≥ k0 + 1✳

▼ás ❛ú♥✱ s✐ ei ❡s ❡❧ i✲és✐♠♦ ✈❡❝t♦r ❝❛♥ó♥✐❝♦ ② h ∈ (−1, 1)✱ t❡♥❡♠♦s

fk(x+ hei)− fk(x)

h
=

2nk

h

✂
Ω

f(z)
(
ϕ
(
2k(x+ hei − z)

)
− ϕ

(
2k(x− z)

))
dz✱

❞♦♥❞❡✱ s✐ D ❞❡♥♦t❛ ❡❧ ♦♣❡r❛❞♦r ❣r❛❞✐❡♥t❡✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❱❛❧♦r ▼❡❞✐♦ ❞❡❧ ❈á❧❝✉❧♦
❉✐❢❡r❡♥❝✐❛❧ r❡s✉❧t❛

∣∣f(z)
(
ϕ
(
2k(x+ hei − z)

)
− ϕ

(
2k(x− z)

))∣∣ ≤ ‖f‖∞ ‖Dϕ‖∞ 2k|h|✳

❆sí✱ ❝♦♠♦ Ω ❡s ❛❝♦t❛❞♦✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❧❛ ❈♦♥✈❡r❣❡♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡
♦❜t❡♥❡♠♦s

Difk(x) = ĺım
h→0

fk(x+ hei)− fk(x)

h

=

✂
Ω

f(z)2nkDiϕ
(
2k(x− z)

)
dz

=

✂
B(0,1)

f(x− 2−kz)Diϕ(z)dz

② ❧✉❡❣♦
‖Difk‖∞ ≤ |B(0, 1)| ‖Diϕ‖∞ ‖f‖∞ ✳
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w

P♦r ❧♦ t❛♥t♦✱ ♣r♦❜❛♠♦s q✉❡
‖Dfk‖∞ ≤ C ‖f‖∞ ✱

❞♦♥❞❡ C ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ k ② f ✳

❊♥ ✈✐st❛ ❞❡ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s ② r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s✱ ❞❡ ❛❤♦r❛ ② ❡♥ ❛❞❡❧❛♥t❡✱ s✉♣♦♥❡✲
♠♦s q✉❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♦♣❡r❛❞♦r L ❡♥ ✭✸✳✺✳✶✮ ❡stá♥ ❡♥ L∞(Ω) ∩ LMOβ

0 (Ω)✳

P❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✺✳✺ s❡rá t❛♠❜✐é♥ ❝❧❛✈❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✸✳✺✳✸✶✳ ❙❡❛♥ L✱ Ω ② Ω′ ❝♦♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✺✳✺ ② w ∈ Aβ1 (Ω
′)✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡♥

C > 0 ② r0 ∈ (0, β) t❛❧❡s q✉❡✱ ♣❛r❛ ❝❛❞❛ B(x0, r) ∈ Fβ/8(Ω)✱ ❝♦♥ x0 ∈ Ω′ ② r < r0✱ ② t♦❞❛

u ∈ W 2,p
0 (B(x0, r))✱ ♣❛r❛ ❛❧❣ú♥ p ∈ (1,∞)✱ ❝♦♥ Dαu ∈ BMOβ

w(Ω
′) ♣❛r❛ |α| ≤ 2✱ s❡ t✐❡♥❡

∑

1≤i,j≤n

[
∂2u

∂xi∂xj

]

BMOβ
w(Ω′)

≤ C

(
1 + log

1

r

)
[Lu]BMOβ

w(Ω′) ✱

❞♦♥❞❡ C ❞❡♣❡♥❞❡ ❞❡ β✱ w✱ n✱ ν ② Ω✳

❆♥t❡s ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❛♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s✳

▲❡♠❛ ✸✳✺✳✸✷✳ ❙❡❛♥ Ω′ ❝♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✸✳✺✳✸✶ ② Γi ❝♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✸✳✺✳✼✳ ❊♥t♦♥❝❡s✱✁
Sn−1 Γi(·, y)yjdσ(y) ∈ L∞(Ω′) ∩ LMOβ(Ω′) ❝♦♥

∥∥∥∥
✂
Sn−1

Γi(·, y)yjdσ(y)
∥∥∥∥
LMOβ,∞(Ω′)

≤ Cn,ν✳

❉❡♠♦str❛❝✐ó♥✳ ❈❛❧❝✉❧❛♥❞♦ ❞✐r❡❝t❛♠❡♥t❡ ❡♥ ✭✸✳✺✳✶✷✮✱ t❡♥❡♠♦s

Γi(x, y) =
∂Γ

∂yi
(x, y)

=
−1/2

|Sn|(det a(x))1/2

(
∑

1≤k,l≤n

(
a−1
)
k,l

(x)ykyl

)−n
2 ∑

1≤k,l≤n

(
a−1
)
k,l

(x)
∂ (ykyl)

∂yi

=
−1

|Sn|(det a(x))1/2

(
∑

1≤k,l≤n

(
a−1
)
k,l

(x)ykyl

)−n
2 n∑

k=1

(
a−1
)
k,i

(x)yk✳

❆❤♦r❛✱ ✜❥❛♠♦s y ∈ Sn−1 ②✱ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✾✱ ✈❡♠♦s q✉❡ ‖Γi(·, y)‖LMOβ,∞(Ω′) s❡
❡st✐♠❛ ❝♦♥ ❧❛ ❝♦♥st❛♥t❡ 7/|Sn| ♠✉❧t✐♣❧✐❝❛❞❛ ♣♦r ❡❧ ♣r♦❞✉❝t♦ ❞❡

∥∥(det a)−1/2
∥∥
LMOβ,∞(Ω′)

✱

∥∥∥∥∥∥

(
∑

1≤k,l≤n

(
a−1
)
k,l
ykyl

)−n
2

∥∥∥∥∥∥
LMOβ,∞(Ω′)
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② ∥∥∥∥∥

n∑

k=1

(
a−1
)
k,i
yk

∥∥∥∥∥
LMOβ,∞(Ω′)

✳

Pr✐♠❡r♦ ♥♦t❛♠♦s q✉❡✱ ❝♦♠♦ Fβ(Ω
′) ⊂ Fβ(Ω)✱ t❡♥❡♠♦s

máx
1≤i,j≤n

‖ai,j‖LMOβ,∞(Ω′) ≤ ν−1

♣♦r ✭✸✳✺✳✹✮✳ ❊♥t♦♥❝❡s✱ ❡s ❝❧❛r♦ q✉❡✱ ❝♦♠♦ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✸✳✺✳✼✱ s❡ ♦❜t✐❡♥❡
∥∥(det a)−1/2

∥∥
LMOβ,∞(Ω′)

≤ Cn,ν ✱

❞♦♥❞❡ Cn,ν ❞❡♥♦t❛ ✉♥❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ n ② ν✳ ❆❞❡♠ás✱ ♣♦r ✭✸✳✺✳✷✵✮ r❡s✉❧t❛
∥∥∥∥∥

n∑

k=1

(
a−1
)
k,i
yk

∥∥∥∥∥
LMOβ,∞(Ω′)

≤
n∑

k=1

∥∥(a−1)k,i
∥∥
LMOβ,∞(Ω′)

≤ nCn,ν ✳

❉❡ ♠❛♥❡r❛ s✐♠✐❧❛r t❡♥❡♠♦s
∥∥∥∥∥
∑

1≤k,l≤n

(
a−1
)
k,l
ykyl

∥∥∥∥∥
LMOβ,∞(Ω′)

≤
∑

1≤k,l≤n

∥∥∥
(
a−1
)
k,l

∥∥∥
LMOβ,∞(Ω′)

≤ n2Cn,ν

②✱ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✾✱
∥∥∥∥∥

(
∑

1≤k,l≤n

(
a−1
)
k,l
ykyl

)n∥∥∥∥∥
LMOβ,∞(Ω′)

≤
(
n−1∑

j=0

2j

)∥∥∥∥∥
∑

1≤k,l≤n

(
a−1
)
k,l
ykyl

∥∥∥∥∥

n

LMOβ,∞(Ω′)

≤
(
n−1∑

j=0

2j

)
n2nCn

n,ν ✳

❆❤♦r❛✱ ❝♦♠♦ a−1 s❛t✐s❢❛❝❡ ✭✸✳✺✳✸✮✱ r❡s✉❧t❛
(
∑

1≤k,l≤n

(
a−1
)
k,l
ykyl

)n

≥ νn|y|2n = νn

❡♥ ❝✳ t✳ ♣✳ ❞❡ Rn✳ ❊♥t♦♥❝❡s✱ ❛♣❧✐❝❛♥❞♦ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳✶✶ ♦❜t❡♥❡♠♦s
∥∥∥∥∥∥

(
∑

1≤k,l≤n

(
a−1
)
k,l
ykyl

)−n
2

∥∥∥∥∥∥
LMOβ,∞(Ω′)

≤ Cn,ν ✳

❉❡ ❡st❡ ♠♦❞♦✱ s❡ s✐❣✉❡ q✉❡

‖Γi(·, y)‖LMOβ,∞(Ω′) ≤ Cn,ν ✱
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w

♣❛r❛ t♦❞♦ y ∈ Sn−1✳ ▲✉❡❣♦✱ ♣♦r ✉♥ ❧❛❞♦ ✈❡♠♦s q✉❡
∥∥∥∥
✂
Sn−1

Γi(·, y)yjdσ(y)
∥∥∥∥
∞

≤
✂
Sn−1

‖Γi(·, y)‖∞ |yj|dσ(y) ≤ Cn,ν ✳

P♦r ♦tr♦ ❧❛❞♦✱ s✐ B = B(ξ, s) ∈ Fβ(Ω
′) r❡s✉❧t❛

✂
B

∣∣∣∣
✂
Sn−1

Γi(x, y)yjdσ(y)−
✂
Sn−1

(Γi(·, y))B yjdσ(y)
∣∣∣∣ dx

≤
✂
Sn−1

✂
B

|Γi(x, y)− (Γi(·, y))B| dx|yj|dσ(y)

≤ |B|
1 + log βρ′(ξ)

s

✂
Sn−1

[Γi(·, y)]LMOβ(Ω′) dσ(y) ≤
Cn,ν |B|

1 + log βρ′(ξ)
s

✳

❉❡ ❡st❡ ♠♦❞♦✱ ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ❜✉s❝❛❞♦✳

▲❡♠❛ ✸✳✺✳✸✸✳ ❙❡❛♥ Ω′ ❝♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✸✳✺✳✸✶✱ k0 ∈ N t❛❧ q✉❡ Ω′ ⊂ Ωk0✱ ❞♦♥❞❡ Ωk0 ❡s
❝♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✸✳✺✳✷✻✱ ② B0 = B(x0, r)✳ ❊♥t♦♥❝❡s✱ s✐ a ❡s ✉♥ ❝♦❡✜❝✐❡♥t❡ ❞❡❧ ♦♣❡r❛❞♦r
❡❧í♣t✐❝♦ ❞❛❞♦ ❡♥ ✭✸✳✺✳✶✮✱ ❡①✐st❡♥ ❢✉♥❝✐♦♥❡s br ② akr ✱ ❝♦♥ kr ≥ k0 + 3✱ t❛❧❡s q✉❡ akr ∈
C∞
(
Ωk0+1

)
✱ br = akr s♦❜r❡ 2B0✱

[a− akr ]LMOβ′ (Ω′) < r✱

❝♦♥ β′ = β +
√
nσ ♣❛r❛ ❛❧❣ú♥ σ ❝♦♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✸✱ ②

[br]LMOβ′ (Ω′) ≤ C

(
1 + log

1

r

)
r✱

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ r✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❡❧ ▲❡♠❛ ✸✳✺✳✷✻✱ ❡①✐st❡ {ak}k≥k0+3 s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ C∞
(
Ωk0+1

)

t❛❧ q✉❡
ĺım
k→∞

[a− ak]LMOβ′,k0 = 0✳

❊♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♦ d (x, (Ω′)c) ≤ ρk0+1(x)✱ ♣❛r❛ ❝❛❞❛ x ∈ Ω′✱ s❡ t✐❡♥❡ [a− ak]LMOβ′ (Ω′) ≤
[a− ak]LMOβ′,k0 ♣❛r❛ ❝❛❞❛ k ≥ k0+3✱ ② ❧✉❡❣♦ ❡①✐st❡ kr ≥ k0+3 t❛❧ q✉❡ akr ∈ C∞

(
Ωk0+1

)

②
[a− akr ]LMOβ′ (Ω′) < r✳

❆❤♦r❛✱ ❞❡✜♥✐♠♦s br s♦❜r❡ Ωk0+1 ❝♦♠♦

br(x) = akr(x)

s✐ x ∈ 2B0✱ ②

br(x) = akr

(
x0 + 2r

x− x0
|x− x0|

)
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s✐ x /∈ 2B0✳ P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✸✵✱ s❛❜❡♠♦s q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s ak s❡ ♣✉❡❞❡♥ t♦♠❛r
❞❡ ♠♦❞♦ q✉❡ ‖Dak‖L∞(Ωk0+1) ≤ C ‖a‖L∞(Ω)✱ ❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ k✳ ❱❡❛♠♦s q✉❡

br ∈ Lip1
(
Ωk0+1

)
❝♦♥

[br]Lip1(Ωk0+1) ≤ C ‖a‖∞ ✭✸✳✺✳✸✹✮

②
sup

x,y∈Ωk0+1

|br(x)− br(y)| ≤ C ‖a‖∞ r✱ ✭✸✳✺✳✸✺✮

❝♦♥ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ r✳ Pr✐♠❡r♦✱ s❡❛♥ x ❡ y ❡♥ 2B0✳ P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✸✵ t❡♥❡♠♦s

|br(x)− br(y)| = |akr(x)− akr(y)| ≤ ‖Dakr‖∞ |x− y|
≤ C ‖a‖∞ |x− y|✳

P♦r ♦tr❛ ♣❛rt❡✱ s✐ x ❡ y ♥♦ ❡stá♥ ❡♥ 2B0✱ r❡s✉❧t❛

|br(x)− br(y)| =

∣∣∣∣akr
(
x0 + 2r

x− x0
|x− x0|

)
− akr

(
x0 + 2r

y − x0
|y − x0|

)∣∣∣∣

≤ ‖Dakr‖∞ 2r

∣∣∣∣
x− x0
|x− x0|

− y − x0
|y − x0|

+
y − x0
|x− x0|

− y − x0
|x− x0|

∣∣∣∣

≤ C ‖a‖∞ 2r

( |x− y|
|x− x0|

+ |y − x0|
∣∣∣∣

1

|x− x0|
− 1

|y − x0|

∣∣∣∣
)

= C ‖a‖∞ 2r

( |x− y|
|x− x0|

+
||y − x0| − |x− x0||

|x− x0|

)

< C ‖a‖∞ |x− y|✳

❆❤♦r❛✱ s✉♣♦♥❣❛♠♦s x ∈ 2B0 ❡ y /∈ 2B0✳ ❙❡❛ z ❡❧ ♣✉♥t♦ ❞❡ ✐♥t❡rs❡❝❝✐ó♥ ❡♥tr❡ ❧❛ ❢r♦♥t❡r❛
❞❡ 2B0 ② ❡❧ s❡❣♠❡♥t♦ ❞❡ r❡❝t❛ q✉❡ ✉♥❡ ❛ x ❡ y✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ |x− y| = |x− z|+ |z− y|✱
t❡♥❡♠♦s

|br(x)− br(y)| ≤ |br(x)− br(z)|+ |br(z)− br(y)|
≤ C ‖a‖∞ (|x− z|+ |z − y|) = C ‖a‖∞ |x− y|✳

❆sí✱ ♦❜t❡♥❡♠♦s ✭✸✳✺✳✸✹✮✳ P❛r❛ ♣r♦❜❛r ✭✸✳✺✳✸✺✮✱ ❞❡♥♦t❡♠♦s xr = x✱ s✐ x ∈ 2B0✱ ② xr =
x0 + 2r x−x0

|x−x0| ❝✉❛♥❞♦ x /∈ 2B0✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ x ∈ Ωk0+1✱ xr ∈ 2B0 ②✱ ♥✉❡✈❛♠❡♥t❡
♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✸✵✱ r❡s✉❧t❛

|br(x)− br(y)| = |akr(xr)− akr(y
r)| ≤ ‖Dakr‖∞ |xr − yr|

≤ 4r ‖Dakr‖∞ ≤ Cr ‖a‖∞ ✳

❊st✐♠❡♠♦s ❛❤♦r❛ [br]LMOβ′ (Ω′)✳ ❙❡❛ B(ξ, s) ∈ Fβ′(Ω′)✳ P♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✷✸ ❝♦♥
α = 1 ② σ = r✱ ❝✉❛♥❞♦ s ≤ rρ′(ξ)✱ ♣♦r ✭✸✳✺✳✸✹✮✱ ♦❜t❡♥❡♠♦s

1 + log β′ρ′(ξ)
s

|B(ξ, s)|

✂
B(ξ,s)

|br(x)− (br)B(ξ,s) | dx ≤ 2❞✐❛♠(Ω′)h(r) [br]Lip1
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w

≤ C❞✐❛♠(Ω)

(
1 + log

1

r

)
r ‖a‖∞ ✳

❈✉❛♥❞♦ s > rρ′(ξ)✱ ♣♦r ✭✸✳✺✳✸✺✮✱ s❡ t✐❡♥❡

1 + log β′ρ′(ξ)
s

|B(ξ, s)|

✂
B(ξ,s)

|br(x)− (br)B(ξ,s) | dx

≤ 1 + log β′ρ′(ξ)
s

|B(ξ, s)|2
✂
B(ξ,s)

✂
B(ξ,s)

|br(x)− br(y)| dydx

≤ C

(
1 + log

ρ′(ξ)

s

)
r ‖a‖∞

≤ C

(
1 + log

1

r

)
r ‖a‖∞ ✳

❉❡ ❡st❡ ♠♦❞♦✱ r❡s✉❧t❛

[br]LMOβ′ (Ω′) ≤ Ca,Ω

(
1 + log

1

r

)
r✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✸✳✺✳✸✶✳ ❈♦♠♦ u t✐❡♥❡ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ❝♦♥t❡♥✐❞♦ ❡♥ B0✱ s❡ ❧❛
♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ❞❡✜♥✐❞❛ ❡♥ t♦❞♦ Rn✳ ❉❡♥♦t❡♠♦s Di,j = ∂2

∂xi∂xj
✳ ❙❡ ♦❜s❡r✈❛ q✉❡✱ ❞❡s❞❡

❡❧ ▲❡♠❛ ✶✳✵✳✷✻ ✭▲❡♠❛ ✷ ❡♥ ❬▲♦r✼✷❪✮✱ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❢ór♠✉❧❛ ❞❡ r❡♣r❡s❡♥t❛❝✐ó♥ ❡♥ ❡❧
❚❡♦r❡♠❛ ✶✳✵✳✷✺✱ s♦❧♦ ♥❡❝❡s✐t❛♠♦s ✭✸✳✺✳✷✮ ② ✭✸✳✺✳✸✮ ♣❛r❛ ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j✳ ❊♥t♦♥❝❡s✱

Di,ju(x) = ✈✳♣✳
✂
Rn

Γi,j(x, x− y)

(
n∑

k,l=1

(ak,l(x)− ak,l(y))Dk,lu(y)

)
dy

+✈✳♣✳
✂
Rn

Γi,j(x, x− y)Lu(y)dy + Lu(x)

✂
Sn−1

Γi(x, y)yjdσ(y)

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ B0✳ ❆❤♦r❛✱ ②❛ q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s Γi,j s♦♥ ♥ú❝❧❡♦s ❞❡ ❈✲❩ ❡♥ ❧❛ s❡❣✉♥❞❛
✈❛r✐❛❜❧❡✱ ❞❡♥♦t❛♠♦s ❧❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❝♦♥ ♥ú❝❧❡♦ ✈❛r✐❛❜❧❡✱ ② ❛ s✉s ❝♦♥♠✉t❛❞♦r❡s✱ ❝♦♠♦

Si,jf(x) = ✈✳♣✳
✂
Rn

Γi,j(x, x− y)f(y)dy

②

Si,jak,lf(x) = ✈✳♣✳
✂
Rn

Γi,j(x, x− y)(ak,l(x)− ak,l(y))f(y)dy✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲✉❡❣♦✱ ❧❛ ❢ór♠✉❧❛ ❞❡ r❡♣r❡s❡♥t❛❝✐ó♥ q✉❡❞❛ ❝♦♠♦

Di,ju(x) =
n∑

k,l=1

Si,jak,l (Dk,lu) (x) + Si,j (Lu) (x) + Lu(x)

✂
Sn−1

Γi(x, y)yjdσ(y)✳

❈♦♥s✐❞❡r❡♠♦s ❛❤♦r❛ ❧❛ ❢✉♥❝✐ó♥ η ❡♥ ✭✸✳✶✳✶✷✮✱ ❧❛ ❝✉❛❧ ❡s C∞([0,∞)) ② t❛❧ q✉❡ 0 ≤ η ≤ 1✱ ❝♦♥

η(t) = 0 s✐ t ≥ 1✱ ② η(t) = 1 s✐ 0 ≤ t ≤ 1
2
✳ ❉❡♥♦t❡♠♦s B0 = B(x0, r) ② ηx0,r(x) = η

(
|x−x0|

2r

)
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♣❛r❛ x ∈ Rn✳ ❊♥t♦♥❝❡s✱ ❞❛❞♦ q✉❡ s♦♣(Di,ju) ⊂ B0 ② ηx0,r = 1 s♦❜r❡ B0✱ ♣❛r❛ x ∈ B0

r❡s✉❧t❛

Di,ju(x) = ηx0,r(x)Di,ju(x)

=
n∑

k,l=1

ηx0,r(x)S
i,j
ak,l

(Dk,lu) (x) + ηx0,r(x)S
i,j (Lu) (x)

+ηx0,r(x)Lu(x)

✂
Sn−1

Γi(x, y)yjdσ(y)✳ ✭✸✳✺✳✸✻✮

◆♦t❡♠♦s q✉❡✱ ♣♦r s❡r B0 ∈ Fβ/8✱ s✐ x ∈ 2B0 ❡ y ∈ B0 t❡♥❡♠♦s

|x− y| < 3β

8
ρ(x0) ≤

3β

8(1− β/4)
ρ(x) <

β

2
ρ(x)✱

♣♦r ❧♦ q✉❡ η
(

|x−y|
βρ(x)

)
= 1✳ ❊♥t♦♥❝❡s✱ s✐ x ∈ 2B0 r❡s✉❧t❛

Si,jak,l (Dk,lu) (x) = ✈✳♣✳
✂
B0

Γi,j(x, x− y)(ak,l(x)− ak,l(y))Dk,lu(y)dy

= ✈✳♣✳
✂
B0

Γi,j(x, x− y)η

( |x− y|
βρ(x)

)
(ak,l(x)− ak,l(y))Dk,lu(y)dy

=
(
Si,jak,l

)β,η
(Dk,lu) (x)

②✱ ❝♦♠♦ s♦♣(ηx0,r) ⊂ 2B0✱

ηx0,r(x)S
i,j
ak,l

(Dk,lu) (x) = ηx0,r(x)
(
Si,jak,l

)β,η
(Dk,lu) (x)

♣❛r❛ x /∈ 2B0✳ ❆sí✱ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ✈❛❧❡ ❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✳ ❉❡ ✐❣✉❛❧ ♠❛♥❡r❛

ηx0,rS
i,j (Lu) = ηx0,r

(
Si,j
)β,η

(Lu)

❡♥ ❝✳ t✳ ♣✳ ❞❡ Ω✳ ❉❡ ❡st❡ ♠♦❞♦✱ ✈❡♠♦s q✉❡ ❧❛s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❡♥ ✭✸✳✺✳✸✻✮✱ ② s✉s
❝♦♥♠✉t❛❞♦r❡s✱ s♦♥ ♦♣❡r❛❞♦r❡s β✲❧♦❝❛❧❡s✳ ❆❤♦r❛✱ s✉♣♦♥❡♠♦s 0 < r ≤ β ② ❡st✐♠❛♠♦s
♣r✐♠❡r♦ [ηx0,r]LMOβ(Ω′)✳ ❙❡❛ B(ξ, s) ∈ Fβ(Ω

′) ② ❞❡♥♦t❡♠♦s ρ′(ξ) =❞✐st(ξ, (Ω′)c)✳ ❈✉❛♥❞♦

s < rρ′(ξ)✱ ②❛ q✉❡ ηx0,r ❡s ▲✐♣s❝❤✐t③ 1 ❝♦♥ [ηx0,r]Lip1 ≤
‖η′‖∞
2r

✱ ❞❡s❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✷✸
❝♦♥ α = 1 ② σ = r ♦❜t❡♥❡♠♦s

1 + log βρ′(ξ)
s

|B(ξ, s)|

✂
B(ξ,s)

∣∣∣ηx0,r − (ηx0,r)B(ξ,s)

∣∣∣ dx ≤ 2❞✐❛♠(Ω′)h(r) [ηx0,r]Lip1

≤ ❞✐❛♠(Ω)

(
1 + log

1

r

)
‖η′‖∞ ✳

❈✉❛♥❞♦ s ≥ rρ′(ξ)✱ ♣♦r s❡r 0 ≤ ηx0,r ≤ 1 r❡s✉❧t❛

1 + log βρ′(ξ)
s

|B(ξ, s)|

✂
B(ξ,s)

∣∣∣ηx0,r − (ηx0,r)B(ξ,s)

∣∣∣ dx ≤ 2

(
1 + log

βρ′(ξ)

s

)



✶✺✵ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

≤ 2

(
1 + log

1

r

)
✳

P♦r ❧♦ t❛♥t♦✱ s❡ s✐❣✉❡

[ηx0,r]LMOβ(Ω′) ≤ Cη,Ω

(
1 + log

1

r

)
✭✸✳✺✳✸✼✮

❝♦♥ Cη,Ω = máx {2, ❞✐❛♠(Ω) ‖η′‖∞}✳ ❊♥t♦♥❝❡s✱ ②❛ q✉❡ [·]BMOβ
w

❡s s✉❜✲❛❞✐t✐✈❛✱ ♣♦r ❡❧
▲❡♠❛ ✸✳✹✳✷✵ t❡♥❡♠♦s

[Di,ju]BMOβ
w(Ω′)

≤
n∑

k,l=1

[
ηx0,rS

i,j,β,η
ak,l

(Dk,lu)
]
BMOβ

w(Ω′)
+ C

(
1 + log

1

r

)[
Si,j,β,η (Lu)

]
BMOβ

w(Ω′)

+C

(
1 + log

1

r

)[
Lu

✂
Sn−1

Γi(·, y)yjdσ(y)
]

BMOβ
w(Ω′)

✳ ✭✸✳✺✳✸✽✮

P♦r ❡❧ ▲❡♠❛ ✸✳✺✳✸✷ ✈❡♠♦s q✉❡
✁
Sn−1 Γi(·, y)yjdσ(y) ∈ L∞(Ω′) ∩ LMOβ(Ω′) ❝♦♥

∥∥∥∥
✂
Sn−1

Γi(·, y)yjdσ(y)
∥∥∥∥
LMOβ,∞(Ω′)

≤ Cn,ν ✳ ✭✸✳✺✳✸✾✮

P♦r ♦tr❛ ♣❛rt❡✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✸✱ Si,j,β,η ❡s ❛❝♦t❛❞♦ s♦❜r❡ BMOβ
w(Ω

′)✱ ♣♦r ❧♦ q✉❡✱
s✐ ❞❡♥♦t❛♠♦s

∥∥Si,j,β,η
∥∥ = sup

[f ]
BMO

β
w(Ω′)

=1

[
Si,j,β,ηf

]
BMOβ

w(Ω′)
✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✹✳✷✵ ② ✭✸✳✺✳✸✾✮

t❡♥❡♠♦s

[
Si,j,β,η (Lu)

]
BMOβ

w(Ω′)
+

[
Lu

✂
Sn−1

Γi(·, y)yjdσ(y)
]

BMOβ
w(Ω′)

≤
(∥∥Si,j,β,η

∥∥+ Cn,ν,β
)
[Lu]BMOβ

w(Ω′) ✳ ✭✸✳✺✳✹✵✮

P❛r❛ ❡❧ ♦tr♦ tér♠✐♥♦ q✉❡ ♥♦s q✉❡❞❛ ❡st✐♠❛r ❡♥ ✭✸✳✺✳✸✽✮ ❛♣❧✐❝❛♠♦s ❡❧ ▲❡♠❛ ✸✳✺✳✷✻✳ P♦r
❝♦♥✈❡♥✐❡♥❝✐❛ ❡♥ ❧❛ ♥♦t❛❝✐ó♥✱ ❡s❝r✐❜✐♠♦s

Si,j = S✱ ak,l = a✱ f = Dk,lu✱

② ❡st✐♠❛♠♦s [
ηx0,rS

β,η
a f

]
BMOβ

w(Ω′)
✳

❚♦♠❡♠♦s k0 t❛❧ q✉❡ Ω′ ⊂ Ωk0 ② s❡❛♥ br ② akr ❧❛s ❢✉♥❝✐♦♥❡s ❞❛❞❛s ♣♦r ❡❧ ▲❡♠❛ ✸✳✺✳✸✸✳
◆♦t❡♠♦s q✉❡ ♣♦r s❡r br = akr s♦❜r❡ 2B0 ② s♦♣(f) ⊂ B0✱ s❡ t✐❡♥❡

Sβ,ηakr−brf(x) = (akr(x)− br(x))S
β,ηf(x)− Sβ,η ((akr − br) fχB0) (x)

= (akr(x)− br(x))S
β,ηf(x)

② ❧✉❡❣♦
ηx0,r(x)S

β,η
akr−brf(x) = ηx0,r(x) (akr(x)− br(x))S

β,ηf(x) = 0



✸✳✺ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ✶✺✶

♣❛r❛ ❝✳ t✳ ♣✳ x ∈ Ωk0+1✳ ❊♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✹✳✷✵✱ ❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✸ ② ✭✸✳✺✳✸✼✮ r❡s✉❧t❛

[
ηx0,rS

β,η
a f

]
BMOβ

w(Ω′)

≤
[
ηx0,rS

β,η
a−akrf

]
BMOβ

w(Ω′)
+
[
ηx0,rS

β,η
br
f
]
BMOβ

w(Ω′)

≤ C ‖ηx0,r‖LMOβ,∞(Ω′)

([
Sβ,ηa−akrf

]
BMOβ

w(Ω′)
+
[
Sβ,ηbr f

]
BMOβ

w(Ω′)

)

≤ CCSβ,η

(
1 + log

1

r

)(
[a− akr ]LMOβ′ (Ω′) + [br]LMOβ′ (Ω′)

)
[f ]BMOβ

w(Ω′) ✳

❉❡ ❡st❡ ♠♦❞♦✱ ♦❜t❡♥❡♠♦s

[
ηx0,rS

β,η
a f

]
BMOβ

w(Ω′)
≤ Cβ,a,η,ΩCSβ,η

(
1 + log

1

r

)2

r [f ]BMOβ
w(Ω′) ✳ ✭✸✳✺✳✹✶✮

▲✉❡❣♦✱ ❧❧❡✈❛♥❞♦ ✭✸✳✺✳✹✶✮ ② ✭✸✳✺✳✹✵✮ ❛ ✭✸✳✺✳✸✽✮ s❡ s✐❣✉❡

[Di,ju]BMOβ
w(Ω′) ≤

(
1 + log

1

r

)2

rCSi,j,β,η

∑

1≤k,l≤n
Cβ,ak,l,η,Ω [Dk,lu]BMOβ

w(Ω′)

+C

(
1 + log

1

r

)(∥∥Si,j,β,η
∥∥+ Cn,ν,β

)
[Lu]BMOβ

w(Ω′) ✳

❊♥t♦♥❝❡s✱ ❞❡♥♦t❛♥❞♦
C0 = máx

1≤k,l≤n
Cβ,ak,l,η,Ω✱

C1 =
∑

1≤i,j≤n
CSi,j,β,η

②
C2 =

∑

1≤i,j≤n

(∥∥Si,j,β,η
∥∥+ Cn,ν,β

)
✱

s❡ t✐❡♥❡

∑

1≤i,j≤n
[Di,ju]BMOβ

w(Ω′) ≤ C0C1

(
1 + log

1

r

)2

r
∑

1≤k,l≤n
[Dk,lu]BMOβ

w(Ω′)

+CC2

(
1 + log

1

r

)
[Lu]BMOβ

w(Ω′) ✳

P♦r ú❧t✐♠♦✱ ❝♦♠♦ ĺım
t→0+

(
1 + log 1

t

)2
t = 0✱ ❡①✐st❡ r0 ∈ (0, β) t❛❧ q✉❡ s✐ 0 < r < r0 ❡♥t♦♥❝❡s

(
1 + log 1

r

)2
r < (2C0C1)

−1✱ ② ❛sí r❡s✉❧t❛

∑

1≤i,j≤n
[Di,ju]BMOβ

w(Ω′) ≤ 2CC2

(
1 + log

1

r

)
[Lu]BMOβ

w(Ω′) ✳



✶✺✷ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✹✷✳ ◆♦ s❡ ♣✐❞❡ q✉❡ ❧❛ ❜♦❧❛ s♦♣♦rt❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ u ❡sté ❝♦♠♣❛❝t❛♠❡♥t❡
❝♦♥t❡♥✐❞❛ ❡♥ Ω′✱ ♠ás ❛ú♥✱ ♣❛r❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ t❡♥❞r❡♠♦s q✉❡ ést❛ ✐♥t❡rs❡❝t❛ ❛❧ ❝♦♠♣❧❡♠❡♥t♦
❞❡ Ω′✳

❙❡ ♣r✉❡❜❛ ❛❤♦r❛ ❡❧ ❚❡♦r❡♠❛ ✸✳✺✳✺✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✺✳✺✳ ❈✉❜r✐♠♦s Ω′ ❝♦♥ ❜♦❧❛s ❞❡ Fβ/8(Ω) ❝♦♥ ❝❡♥tr♦ ❡♥ Ω′ ②
r❛❞✐♦ ♠❡♥♦r q✉❡ ❡❧ r0 ❞❛❞♦ ❡♥ ❡❧ ▲❡♠❛ ✸✳✺✳✸✶✱ ② ♥♦s q✉❡❞❛♠♦s ❝♦♥ ✉♥ s✉❜❝✉❜r✐♠✐❡♥t♦ ✜♥✐✲
t♦ ❞❡ ❝❛r❞✐♥❛❧ N = N(Ω′)✳ ❙❡❛ {ψk}k=1,...,N ✉♥❛ ♣❛rt✐❝✐ó♥ ❞❡ ❧❛ ✉♥✐❞❛❞ s✉❛✈❡ s✉❜♦r❞✐♥❛❞❛
❛ ést❡ s✉❜❝✉❜r✐♠✐❡♥t♦ ✭✈❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❬❆❞❛✼✺❪✱ ♣á❣✐♥❛ ✺✶✮✳ ❈❛❞❛ ψk t✐❡♥❡ s♦♣♦rt❡ ❡♥
✉♥❛ ❜♦❧❛ Bk = B(xk, rk) ❝♦♥ xk ∈ Ω′✱ rk = mı́n

{
r0
2
, β
16
ρ(xk)

}
② Ω′ ⊂ ∪

1≤k≤N
Bk✳ ❉❡✜♥✐♠♦s

uk = ψku ② ❛♣❧✐❝❛♠♦s ❡❧ ▲❡♠❛ ✸✳✺✳✸✶ ❛ ❝❛❞❛ ✉♥❛ ❞❡ ❡st❛s ❢✉♥❝✐♦♥❡s✳ ❨❛ q✉❡ u =
∑

1≤k≤N
uk✱

r❡s✉❧t❛

∑

1≤i,j≤n
[Di,ju]BMOβ

w(Ω′) ≤
N∑

k=1

∑

1≤i,j≤n
[Di,juk]BMOβ

w(Ω′)

≤ C
N∑

k=1

(
1 + log

1

rk

)
[Luk]BMOβ

w(Ω′) ✳

P♦r ✉♥ ❝á❧❝✉❧♦ ❞✐r❡❝t♦✱ ❥✉♥t♦ ❝♦♥ ✭✸✳✺✳✷✮✱ ✈❡♠♦s q✉❡

Luk = ψkLu+ 2
∑

1≤i,j≤n
ai,jDiψkDju+ uLψk

②✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✹✳✷✵ ❥✉♥t♦ ❝♦♥ ✭✸✳✺✳✹✮✱ t❡♥❡♠♦s

[Luk]BMOβ
w(Ω′) ≤ C ‖ψk‖LMOβ,∞(Ω′) [Lu]BMOβ

w(Ω′)

+Cν−1
∑

1≤i,j≤n
‖Diψk‖LMOβ,∞(Ω′) [Dju]BMOβ

w(Ω′)

+C ‖Lψk‖LMOβ,∞(Ω′) [u]BMOβ
w(Ω′) ✳

❊♥t♦♥❝❡s✱ ♣♦r ❝♦♥✈❡♥✐❡♥❝✐❛ ❡♥ ❧❛ ♥♦t❛❝✐ó♥✱ ❡♥t❡♥❞✐❡♥❞♦ q✉❡ ❧❛s ♥♦r♠❛s LMOβ,∞ ② BMOβ
w

s❡ t♦♠❛♥ s♦❜r❡ Ω′✱ ♦❜t❡♥❡♠♦s

∑

1≤i,j≤n
[Di,ju]BMOβ

w
≤ C

N∑

k=1

(
1 + log

1

rk

)
‖ψk‖LMOβ,∞ [Lu]BMOβ

w

+C
N∑

k=1

(
1 + log

1

rk

) ∑

1≤i,j≤n
‖Diψk‖LMOβ,∞ [Dju]BMOβ

w

+C
N∑

k=1

(
1 + log

1

rk

)
‖Lψk‖LMOβ,∞ [u]BMOβ

w

≤ C ′
(
[u]BMOβ

w
+

n∑

j=1

[Dju]BMOβ
w
+ [Lu]BMOβ

w

)



✸✳✻ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥ ② s✉ ❛♣❧✐❝❛❝✐ó♥ ✶✺✸

❝♦♥

C ′ = C
N∑

k=1

(
1 + log

1

rk

)(
‖Lψk‖LMOβ,∞ +

n∑

i=1

‖Diψk‖LMOβ,∞ + ‖ψk‖LMOβ,∞

)
✳

✸✳✻✳ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥ ② s✉

❛♣❧✐❝❛❝✐ó♥

❊♥ ❧♦ s✉❜s❡❝✉❡♥t❡ s❡ ❞❡♥♦t❛rá♥

[f ]BMOβ
v
= [f ]β,v

②
[f ]BMOβ

v,s
= [f ]β,v,s

♣❛r❛ 0 < β < 1✱ v ∈ L1
loc(Ω) ♥♦✲♥❡❣❛t✐✈♦ ❝✳t✳♣✳ ❞❡ Ω ② s > 1✳ ❚❛♠❜✐é♥✱ ❝✉❛♥❞♦ s❡❛

♥❡❝❡s❛r✐♦ ✐♥❞✐❝❛r ❡❧ ❛❜✐❡rt♦ Ω ❝♦♥s✐❞❡r❛❞♦✱ ❞❡♥♦t❛r❡♠♦s

[f ]β,v = [f ]β,v,Ω

②
[f ]β,v,s = [f ]β,v,s,Ω✳

❆s✐♠✐s♠♦✱ ❡♥ ❡st❛ s❡❝❝✐ó♥ ❡st✐♠❛r❡♠♦s ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥ Diu q✉❡ ❛♣❛r❡❝❡♥
❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✺✳✺ ❛ ✜♥ ❞❡ ♦❜t❡♥❡r ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛❝✐ó♥✳

❚❡♦r❡♠❛ ✸✳✻✳✶✳ ❙❡❛♥ Ω ❛❜✐❡rt♦ ❛❝♦t❛❞♦ ♥♦ ✈❛❝í♦ ❞❡ Rn ② L ✉♥ ♦♣❡r❛❞♦r ❡❧í♣t✐❝♦ ❝♦♥
❝♦❡✜❝✐❡♥t❡s ai,j ∈ L∞(Ω) ∩ LMOβ

0 (Ω)✱ ❝♦♠♦ ❡♥ ✭✸✳✺✳✶✮✳ ❉❛❞♦ Ω0 ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ t❛❧

q✉❡ Ω0 ⊂ Ω✱ ❞❡♥ót❡s❡ ρ0(x) = d (x,Ωc
0)✳ ❊♥t♦♥❝❡s✱ s✐ w ∈ Aβ1 (Ω0)✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡

C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ u ∈ W 2,p
loc (Ω) ∩ BMOβ

w(Ω0)✱ ♣❛r❛ ❛❧❣ú♥ p ∈ (1,∞)✱ ❝♦♥ Di,ju ∈
BMOβ

w/ρ20
(Ω0)✱ ♣❛r❛ ❝❛❞❛ i, j = 1, . . . , n✱ s❡ t✐❡♥❡

[
D2u

]
β,w/ρ20,Ω0

≤ C
(
[u]β,w,Ω0

+ [Lu]β,w/ρ20,Ω0

)
✱

❞♦♥❞❡ C ❞❡♣❡♥❞❡ ❞❡ β✱ w✱ n✱ ν✱ Ω0✱ Ω ② ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j✳

❈♦♥ ❡st❡ ♣r♦♣ós✐t♦ ❞❡♠♦str❛r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧♦s ❧❡♠❛s ♥❡❝❡s❛r✐♦s✳ ❊❧ s✐❣✉✐❡♥t❡
❧❡♠❛ ❡st❛❜❧❡❝❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ♣❡s❛❞❛ ❞❡ t✐♣♦ P♦✐♥❝❛ré✳

▲❡♠❛ ✸✳✻✳✷✳ ❙❡❛♥ f ∈ W 1,1
loc (Ω) ② v ∈ Aβp ❝♦♥ 1 < p <∞✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡

C > 0✱ q✉❡ ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ β✱ n✱ p✱ ② v✱ t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ B = B (ξ, r) ∈ Fβ/4✱ s❡ t✐❡♥❡

‖f − fB‖Lp
v(B) ≤ Cr ‖|Df |‖Lp

v(4B) ✱

❞♦♥❞❡ ‖·‖Lp
v(B) =

(✁
B
| · |pv dx

) 1
p ② |Df | =

( ∑
1≤i≤n

|Dif |2
)1/2

✳



✶✺✹ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❉❡♠♦str❛❝✐ó♥✳ P♦r ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s C∞ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❙♦❜♦❧❡✈✱ s❡ ♣✉❡❞❡ s✉✲
♣♦♥❡r f ∈ C1(Ω′)✱ ♣❛r❛ ❛❧❣ú♥ ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ Ω′ t❛❧ q✉❡ Ω′ ⊂ Ω ② B ⊂ Ω′✳ ❊♥t♦♥❝❡s✱ ♣♦r
✉♥❛ ❢ór♠✉❧❛ ❞❛❞❛ ❡♥ ❬❊✈❛✶✵❪ ✭♣á❣✐♥❛ ✷✻✼✮✱ s❡ t✐❡♥❡

✂
B(x,2r)

|f(x)− f(y)|dy ≤ 2nrn

n

✂
B(x,2r)

|Df(y)|
|x− y|n−1

dy✱

♣❛r❛ ❝❛❞❛ x ∈ B✳ ❆❤♦r❛✱ ♣❛r❛ ❝❛❞❛ x ∈ B✱ ❞❛❞♦ q✉❡ 2B ∈ Fβ/2✱ s❡ t✐❡♥❡ B(x, 2r) ∈ Fβ✱
♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✺✱ ② ❛❞❡♠ás B ⊂ B(x, 2r) ⊂ 4B✱ ♣♦r ❧♦ ❝✉❛❧ s❡ ❞❡❞✉❝❡

|f(x)− fB| ≤ 1

|B|

✂
B(x,2r)

|f(x)− f(y)|dy

≤ Cn

✂
B(x,2r)

|Df(y)|χ4B(y)

|x− y|n−1
dy

= Cn

∞∑

k=0

✂
B(x,r/2k−1)−B(x,r/2k)

|Df(y)|χ4B(y)

|x− y|n−1
dy

≤ Cn

∞∑

k=0

( r
2k

)1−n ✂
B(x,r/2k−1)

|Df(y)|χ4B(y)dy

≤ 2nCn

∞∑

k=0

r

2k
Mβ (|Df |χ4B) (x)✳

P♦r ❧♦ t❛♥t♦✱ r❡s✉❧t❛

(✂
B

|f(x)− fB|pv(x)dx
) 1

p

≤ Cr

(✂
Ω

Mβ (|Df |χ4B) (x)
pv(x)dx

) 1
p

≤ Cr

(✂
4B

|Df(x)|pv(x)dx
) 1

p

✱

❞♦♥❞❡ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ❞❡❜✐❞♦ ❛ q✉❡ Mβ ❡s ❢✉❡rt❡ ✭♣✱♣✮ ♣♦r s❡r v ∈ Aβp ✭✈❡r
❬❍❙❱✶✹❪✮✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✻✳✸✳ ❈♦♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ② ▼✐♥❦♦✇s❦✐✱ s❡ ✈❡ q✉❡✱ ♣❛r❛ t♦❞❛
B ❜♦❧❛ ❞❡ Rn✱ ‖f − fB,v‖Lp

v(B) ≤ 2 ‖f − fB‖Lp
v(B)✱ ❞♦♥❞❡ fB,v = 1

v(B)

✁
B
f(x)v(x)dx✳ ❊♥✲

t♦♥❝❡s s❡ ♣✉❡❞❡ ❞❡❞✉❝✐r ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ P♦✐♥❝❛ré ❞❛❞❛ ❛rr✐❜❛✿
❙❡❛♥ f ∈ W 1,1

loc (Ω) ② v ∈ Aβp ✱ ❝♦♥ 1 < p <∞✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0✱ q✉❡
❞❡♣❡♥❞❡ s♦❧♦ ❞❡ β✱ n✱ p✱ ② v✱ t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ B ∈ Fβ/4✱ s❡ t✐❡♥❡

‖f − fB,v‖Lp
v(B) ≤ C ‖|Df | ρ‖Lp

v(4B) ✳

❆❤♦r❛✱ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ s❡rá út✐❧✳

▲❡♠❛ ✸✳✻✳✹✳ ❙❡❛♥ w ∈ Aβ1 ② u ∈ BMOβ
w t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ i, j = 1, . . . , n✱ Di,ju ∈

BMOβ
w/ρ2✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , n✱ Diu ∈ BMOβ

w/ρ✳ ▼ás ❛ú♥✱ ❞❛❞♦ ε ∈
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(0,
√
β/8)✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ Cε ≥ 1✱ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ u✱ ✈❡r✐✜❝❛♥❞♦

[Dku]β,w/ρ ≤ Cε [u]β,w + ε

[
∑

1≤i,j≤n
|Di,ju|

]

β,w/ρ2

✱

♣❛r❛ ❝❛❞❛ k = 1, . . . , n✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❡♠♦s 0 < σ < β/8✱ B ∈ Fβ − Fσ ② ❧❛ ❡st✐♠❛❝✐ó♥ s✐❣✉✐❡♥t❡ ❞❛❞❛
❡♥ ❬❍❙❱✶✹❪✱ ♣á❣✐♥❛ ✻✷✺✿

|Dku(x)| ≤ C
(
(λρ(x))−1 M1/2u(x) + λρ(x)M1/2D

2u(x)
)
✱

♣❛r❛ t♦❞♦s x ∈ Ω✱ k = 1, . . . , n✱ ② λ > 0✱ ❞♦♥❞❡ M1/2 ❡s ❧❛ ♠❛①✐♠❛❧ s♦❜r❡ ❧❛ ❢❛♠✐❧✐❛ F1/2

② D2u =
∑

1≤i,j≤n
|Di,ju|✳ ❙✉♣♦♥❣❛♠♦s β ≤ 1/2 ② ❞❡♥♦t❡♠♦s B = B(ξ, r)✳ ◆♦ ❡s ❞✐❢í❝✐❧ ✈❡r

q✉❡✱ s✐ x ∈ B✱ s❡ t✐❡♥❡
Mγf(x) = Mγ

(
fχNγ(B)

)
(x)✱

♣❛r❛ ❝✉❛❧q✉✐❡r f ∈ L1
loc(Ω) ② γ ∈ (0, 1)✳ ❚❛♠❜✐é♥✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✷✳✼✱ ❡s ❢á❝✐❧ ✈❡r q✉❡

s✐ ✉♥ ♣❡s♦✱ ❞✐❣❛♠♦s v✱ ✈❡r✐✜❝❛ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❧♦❝❛❧ Aβp ♦ RHβ
s ✱ ❡♥t♦♥❝❡s vρ

a s❛t✐s❢❛❝❡
❡①❛❝t❛♠❡♥t❡ ❧❛ ♠✐s♠❛ ❝♦♥❞✐❝✐ó♥✱ ♣❛r❛ ❝✉❛❧q✉✐❡r a ∈ R✳ ❆sí✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛❧❣ú♥ s > 1 ②
s✉✜❝✐❡♥t❡ ❝❡r❝❛♥♦ ❛ 1 t❛❧ q✉❡ w ∈ RHβ

s ✱ ♣♦r ❧♦s ▲❡♠❛s ✷✳✷✳✼ ② ✸✳✸✳✶✵✱ r❡s✉❧t❛
✂
B

|Dku(x)| dx ≤ Cλ−1((1− β)ρ(ξ))−1

✂
B

M1/2u(x)dx

+Cλ(1 + β)ρ(ξ)

✂
B

M1/2D
2u(x)dx

≤ C

λρ(ξ)

(✂
Ω

M1/2

(
uχN1/2(B)

)
(x)sdx

)1/s

|B|1/s′

+Cλρ(ξ)

(✂
Ω

M1/2

((
D2u

)
χN1/2(B)

)
(x)sdx

)1/s

|B|1/s′

≤ C

λρ(ξ)

(✂
N1/2(B)

u(x)sdx

)1/s

|B|1/s′

+Cλρ(ξ)

(✂
N1/2(B)

(
D2u

)
(x)sdx

)1/s

|B|1/s′

≤ C|B|1/s′

λρ(ξ)
[u]1/2,w

w (B)

|B|1−1/s
+ Cλρ(ξ)|B|1/s′

[
D2u

]
1/2,w/ρ2

(w/ρ2) (B)

|B|1−1/s
✱

❞♦♥❞❡ ❛❞❡♠ás ❛♣❧✐❝❛♠♦s q✉❡ M1/2 ❡s ❛❝♦t❛❞♦ s♦❜r❡ Ls(Ω)✳ P♦r ❧♦ t❛♥t♦✱ t❡♥✐❡♥❞♦ ❡♥
❝✉❡♥t❛ ❡❧ ▲❡♠❛ ✸✳✷✳✷✸ ② ❛♣❧✐❝❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ❡❧ ▲❡♠❛ ✷✳✷✳✼ ❡♥ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✱
♦❜t❡♥❡♠♦s

(w/ρ) (B)−1

✂
B

|Dku(x)| dx ≤ C

λ
[u]β,w + Cλ

[
D2u

]
β,w/ρ2

✱ ✭✸✳✻✳✺✮

♣❛r❛ ❝❛❞❛ B ∈ Fβ −Fσ✱ ❞♦♥❞❡ C ♥♦ ❞❡♣❡♥❞❡ ❞❡ λ ♣❡r♦ s✐ ❞❡ σ✳



✶✺✻ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❙❡❛ ❛❤♦r❛ r ≤ σρ(ξ)✳ ❊♥t♦♥❝❡s B = B(ξ, r) ∈ Fβ/8✳ P♦r s❡r w ∈ Aβ1 ✱ ♣❛r❛ ❝✉❛❧q✉✐❡r
p > 1✱ t❡♥❡♠♦s w/ρ2 ∈ Aβp′ ②✱ ❝♦♠♦ ♦❝✉rr❡ ❝♦♥ ❧❛s ❝❧❛s❡s ✉s✉❛❧❡s ❞❡ ♣❡s♦s ❞❡ ▼✉❝❦❡♥❤♦✉♣t✱

v = (w/ρ2)
1−p ∈ Aβp ✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✻✳✷✱ s✐ f ∈ W 1,1

loc (Ω)✱ s❡ t✐❡♥❡

‖f − fB‖Lp
v(B) ≤ Cr ‖|Df |‖Lp

v(4B) ✳

❉❡ ❡st❡ ♠♦❞♦✱ s✐
∑n

i=1 |Dif | ∈ BMOβ
w/ρ2 ✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✽ r❡s✉❧t❛

‖|Df |‖Lp
v(4B) ≤

(✂
Bβ(ξ)

(
n∑

i=1

|Dif |
)p (

w/ρ2
)1−p

dx

) 1
p

≤ C

(
(w/ρ2) (Bβ(ξ))

|Bβ(ξ)|

) 1
p

|Bβ(ξ)|
1
p

[
n∑

i=1

|Dif |
]

β,w/ρ2

≤ C

(
(w/ρ2) (B)

|B|

) 1
p

(βρ(ξ))
n
p

[
n∑

i=1

|Dif |
]

β,w/ρ2

≤ C

(
(w/ρ) (B)

|B|

) 1
p

ρ(ξ)
n
p
− 1

p

[
n∑

i=1

|Dif |
]

β,w/ρ2

✱ ✭✸✳✻✳✻✮

❞♦♥❞❡ ❛❞❡♠ás✱ ❡♥ ❧❛ t❡r❝❡r❛ ❞❡s✐❣✉❛❧❞❛❞✱ ✉s❛♠♦s q✉❡ w ∈ Aβ1 ②✱ ❡♥ ❧❛ ❝✉❛rt❛✱ ❡❧ ▲❡✲
♠❛ ✷✳✷✳✼✳ ▲✉❡❣♦✱ ❞❡ ✭✸✳✻✳✻✮ ② ❛♣❧✐❝❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ❡❧ ▲❡♠❛ ✷✳✷✳✼✱ s❡ ♦❜t✐❡♥❡

✂
B

|f − fB|dx ≤
(✂

B

|f(x)− fB|p
(
w/ρ2

)1−p
dx

)1/p (
w/ρ2

)
(B)1/p

′

≤ Cr ‖|Df |‖Lp
v(4B) ρ(ξ)

−1/p′ (w/ρ) (B)1/p
′

≤ Cr (w/ρ) (B)1/p
′
(
(w/ρ) (B)

|B|

) 1
p

ρ(ξ)
n
p
−1

[
n∑

i=1

|Dif |
]

β,w/ρ2

= C

(
r

ρ(ξ)

)1−n/p
(w/ρ) (B)

[
n∑

i=1

|Dif |
]

β,w/ρ2

≤ Cσ1−n/p (w/ρ) (B)

[
n∑

i=1

|Dif |
]

β,w/ρ2

✳ ✭✸✳✻✳✼✮

❆sí✱ t♦♠❛♥❞♦ f = Dku ❡♥ ✭✸✳✻✳✼✮ s❡ ❞❡❞✉❝❡ ❧❛ ❡st✐♠❛❝✐ó♥

(w/ρ) (B)−1

✂
B

|Dku(x)− (Dku)B|dx ≤ Cσ1−n
p

[
∑

1≤i,j≤n
|Di,ju|

]

β,w/ρ2

✱ ✭✸✳✻✳✽✮

♣❛r❛ B ∈ Fσ✳ ▲✉❡❣♦✱ ✉♥❛ ✈❡③ ✜❥❛❞♦ ✉♥ ✈❛❧♦r ❞❡ σ✱ ❞❡ ✭✸✳✻✳✺✮ ② ✭✸✳✻✳✽✮ s❡ t❡♥❞rá

[Dku]β,w/ρ ≤
Cσ
λ

[u]β,w +
(
Cσλ+ Cσ1−n

p

) [
D2u

]
β,w/ρ2

✳



✸✳✻ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥ ② s✉ ❛♣❧✐❝❛❝✐ó♥ ✶✺✼

P♦r ❧♦ t❛♥t♦✱ s✐ ❝♦♥s✐❞❡r❛♠♦s ❡♥ ✭✸✳✻✳✼✮ p = 2n✱ ❞❛❞♦ 0 < ε <
√
β/8✱ ❡s❝♦❣❡♠♦s ♣r✐♠❡r♦

σ =
(
ε
2C

)2
② ❧✉❡❣♦ λ = ε

2Cσ
✱ ♦❜t❡♥✐❡♥❞♦ ❛sí

[Dku]β,w/ρ ≤
2C2

σ

ε
[u]β,w + ε

[
D2u

]
β,w/ρ2

✱

❝✉❛♥❞♦ β ≤ 1
2
✳ P♦r ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❧❛s ♥♦r♠❛s ❇▼❖ ❧♦❝❛❧❡s ✭▲❡♠❛ ✸✳✷✳✷✸✮ s❡ ♣✉❡❞❡

❝♦♥s❡❣✉✐r ❧❛ ❡st✐♠❛❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ♣❛r❛ 1
2
< β < 1✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✻✳✶✳ ❈♦♠♦ w/ρ20 ∈ Aβ1 (Ω0)✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✺✳✺ s❡ t✐❡♥❡

[
D2u

]
β,w/ρ20,Ω0

≤ C

(
[u]β,w/ρ20,Ω0

+
n∑

i=1

[Diu]β,w/ρ20,Ω0
+ [Lu]β,w/ρ20,Ω0

)
✳

❙❡❛ d0 =❞✐❛♠(Ω0) = sup
x,y∈Ω0

d(x, y)✳ ❆❤♦r❛✱ ♦❜s❡r✈❛♠♦s q✉❡✱ ❝♦♠♦ ρ0 ≤ d0✱ ♣❛r❛ ❝✉❛❧q✉✐❡r

k ∈ N ② B ∈ Fβ(Ω0)✱ s❡ t✐❡♥❡

(
w/ρk0

)
(B) ≥ 1

d0

(
w/ρk−1

0

)
(B)✱

♣♦r ❧♦ q✉❡ s❡ ❞❡❞✉❝❡
[·]β,w/ρk0 ,Ω0

≤ d0 [·]β,w/ρk−1
0 ,Ω0

✳

❊♥t♦♥❝❡s✱ s❡ s✐❣✉❡

[
D2u

]
β,w/ρ20,Ω0

≤ C

(
d20 [u]β,w,Ω0

+ d0

n∑

i=1

[Diu]β,w/ρ0,Ω0
+ [Lu]β,w/ρ20,Ω0

)
✳

▲✉❡❣♦✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✻✳✹✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦✱ ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ Cε q✉❡ ♥♦ ❞❡♣❡♥❞❡ ❞❡ u ♦ Ω0✱ t❛❧ q✉❡

[
D2u

]
β,w/ρ20,Ω0

≤ C
(
d20 [u]β,w,Ω0

+ d0n
(
Cε [u]β,w,Ω0

+ ε
[
D2u

]
β,w/ρ20,Ω0

)
+ [Lu]β,w/ρ20,Ω0

)

= C
(
d20 + d0nCε

)
[u]β,w,Ω0

+ εd0nC
[
D2u

]
β,w/ρ20,Ω0

+ C [Lu]β,w/ρ20,Ω0
✳

P♦r ❧♦ t❛♥t♦✱ t♦♠❛♥❞♦ ε ≤ (2Cd0n)
−1✱ s❡ ♦❜t✐❡♥❡

[
D2u

]
β,w/ρ20,Ω0

≤ 2C
(
d20 + d0nCε + 1

) (
[u]β,w,Ω0

+ [Lu]β,w/ρ20,Ω0

)
✳

❆❤♦r❛✱ ❞❛❞♦s ✉♥ ♣❡s♦ w ∈ L1
loc(Ω) ② a ∈ R− {0}✱ ♣❛r❛ f ∈ L1

loc(Ω)✱ ❞❡✜♥✐♠♦s
[f ]β,w,ρa = [f ]β,w,ρa,Ω ❝♦♠♦ ❡❧ í♥✜♠♦ ❞❡ ❧❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C t❛❧❡s q✉❡

sup
B∈Fβ/5

1

w(B)

✂
B

|f(x)− fB,ρa | ρ(x)adx ≤ C



✶✺✽ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

②

sup
B∈Fβ−Fβ/5

1

w(B)

✂
B

|f(x)| ρ(x)adx ≤ C✱

❞♦♥❞❡ fB,ρa = 1
ρa(B)

✁
B
f(x)ρ(x)adx✳ ❱❡r❡♠♦s q✉❡ ❡st❡ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ♥♦ ❡s ♠ás q✉❡

❡❧ ❡s♣❛❝✐♦ BMOβ
w/ρa ✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✻✳✾✳ ❙✐ w ∈ L1
loc(Ω) ❡s ✉♥ ♣❡s♦ ② f ∈ L1

loc(Ω)✱ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ C > 0✱
q✉❡ s♦❧♦ ❞❡♣❡♥❞❡ ❞❡ β ② a✱ t❛❧ q✉❡

C−1 [f ]β,w,ρa ≤ [f ]β,w/ρa ≤ C [f ]β,w,ρa ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ B ∈ Fβ✳ P♦r ❡❧ ▲❡♠❛ ✷✳✷✳✼ s❡ t✐❡♥❡♥

C−1

(w/ρa)(B)

✂
B

|f | dx ≤ 1

w(B)

✂
B

|f | ρadx ≤ C

(w/ρa)(B)

✂
B

|f | dx

②

C−1

(w/ρa)(B)

✂
B

|f − fB| dx ≤ 1

w(B)

✂
B

|f − fB| ρadx ≤ C

(w/ρa)(B)

✂
B

|f − fB| dx

❝♦♥ C ❞❡♣❡♥❞✐❡♥❞♦ s♦❧♦ ❞❡ a ② β✳ ❆❤♦r❛✱ ♥✉❡✈❛♠❡♥t❡ ❞❡❜✐❞♦ ❛❧ ▲❡♠❛ ✷✳✷✳✼✱ ♣♦r ✉♥ ❧❛❞♦
s❡ t✐❡♥❡ ✂

B

|f − fB| ρadx ≤
✂
B

|f − fB,ρa | ρadx+ |fB,ρa − fB| ρa(B)

≤
✂
B

|f − fB,ρa | ρadx+
1

|B|

✂
B

|f − fB,ρa | dx ρa(B)

≤ C

✂
B

|f − fB,ρa | ρadx✱

②✱ ♣♦r ♦tr♦ ❧❛❞♦✱
✂
B

|f − fB,ρa | ρadx ≤
✂
B

|f − fB| ρadx+ |fB − fB,ρa | ρa(B)

≤ 2

✂
B

|f − fB| ρadx✳

❉❡ ❡st❡ ♠♦❞♦✱ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❡s ❝❧❛r❛✳

❈♦♠♦ ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st❛ ♣r♦♣♦s✐❝✐ó♥ ② ❡❧ ❚❡♦r❡♠❛ ✸✳✻✳✶✱ s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡
❝♦r♦❧❛r✐♦✳

❈♦r♦❧❛r✐♦ ✸✳✻✳✶✵✳ ❇❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✸✳✻✳✶ s❡ ♦❜t✐❡♥❡

[
D2u

]
β,w,ρ20,Ω0

≤ C
(
[u]β,w,Ω0

+ [Lu]β,w,ρ20,Ω0

)
✱

❞♦♥❞❡ C ❞❡♣❡♥❞❡ ❞❡ β✱ w✱ n✱ ν✱ Ω0✱ Ω✱ ② ❧♦s ❝♦❡✜❝✐❡♥t❡s ai,j✳



✸✳✻ ❊st✐♠❛❝✐ó♥ ♣❛r❛ ❞❡r✐✈❛❞❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥ ② s✉ ❛♣❧✐❝❛❝✐ó♥ ✶✺✾

❖❜s❡r✈❛❝✐ó♥ ✸✳✻✳✶✶✳ ❙❡❛♥ Ω✱ Ω0✱ ρ ② ρ0 ❝♦♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✻✳✶✳ ❈♦♠♦ ρ0 ≤ ρ✱ t❡♥❡♠♦s
Fβ(Ω0) ⊂ Fβ(Ω)✱ ② ❧✉❡❣♦✱ Aβp (Ω) ⊂ Aβp (Ω0)✱ ♣❛r❛ t♦❞♦ p ≥ 1✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♥♦ ❡s
♥❡❝❡s❛r✐❛♠❡♥t❡ ❝✐❡rt♦ q✉❡ BMOβ

w(Ω) s❡❛ ✉♥ s✉❜❡s♣❛❝✐♦ ❞❡ BMOβ
w(Ω0)✳ ❉❡ ❤❡❝❤♦✱ ❧♦s

♣r♦♠❡❞✐♦s ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ f ∈ BMOβ
w(Ω) s♦❜r❡ ❜♦❧❛s ✧♠❛①✐♠❛s✧❞❡ Fβ(Ω0) ♣♦❞rí❛♥ ♥♦

❡st❛r ❛❝♦t❛❞♦s ✉♥✐❢♦r♠❡♠❡♥t❡✳
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w



❈♦♥❝❧✉s✐♦♥❡s

❈❛♣ít✉❧♦ ✷✳ ❍❡♠♦s ❧♦❣r❛❞♦ ♦❜t❡♥❡r ❧♦s r❡s✉❧t❛❞♦s ❛♥á❧♦❣♦s ❛ ❧♦s ♦❜t❡♥✐❞♦s ♣♦r ❋✉❥✐✐
❡♥ ❬❋✉❥✼✼❪✱ ♣❛r❛ ❧❛ ❝❧❛s❡ ✉s✉❛❧ A∞ ❞❡ ▼✉❝❦❡♥❤♦✉♣t ❡♥ Rn✱ ♣❛r❛ ♥✉❡str♦s ♣❡s♦s Aloc∞ ❡♥
✉♥ ❡♥t♦r♥♦ ♠étr✐❝♦ ♠ás ❣❡♥❡r❛❧ q✉❡ ❡❧ ❡✉❝❧í❞❡♦✳ ❆s✐♠✐s♠♦✱ ❝♦♥s❡❣✉✐♠♦s ❝❛r❛❝t❡r✐③❛r ❛
♥✉❡str❛ ❝❧❛s❡ ❧♦❝❛❧ ❝♦♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ❞❡❧ ❚❡♦r❡♠❛ ✶ ❡♥ ❬❋✉❥✼✼❪✳ ❊♥
♣❛rt✐❝✉❧❛r✱ ♥♦s ❢✉❡ út✐❧ ♦❜t❡♥❡r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❍ö❧❞❡r ✐♥✈❡rs❛ ♣❛r❛ ♣❡s♦s ❧♦❝❛❧❡s✱ ❧❛
❝✉❛❧ ❡s ✉♥❛ ♣r♦♣✐❡❞❛❞ ♠✉② ✐♠♣♦rt❛♥t❡ q✉❡ s❛t✐s❢❛❝❡♥ ❧❛s ❝❧❛s❡s ❞❡ ▼✉❝❦❡♥❤♦✉♣t✳ ❈❛❜❡
♠❡♥❝✐♦♥❛r ✐♠♣♦rt❛♥❝✐❛ ❞❡ ❧❛ ♣r♦♣✐❡❞❛❞ P ② s✉ ✈í♥❝✉❧♦ ❝♦♥ ❧❛ ❞✉♣❧✐❝❛❝✐ó♥✳ ❊st❛ ♣r♦♣✐❡❞❛❞✱
❥✉♥t♦ ❝♦♥ ❧❛ ❞✉♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ♠❡❞✐❞❛ s♦❜r❡ ❜♦❧❛s ❧♦❝❛❧❡s✱ ♥♦s ♣❡r♠✐t❡ ✐♥❞✉❝✐r ✉♥❛ ❡s✲
tr✉❝t✉r❛ ❞❡ ❡s♣❛❝✐♦ ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ s♦❜r❡ ❜♦❧❛s β✲❧♦❝❛❧❡s ♣❛r❛ β s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❤✐❝♦
✭❝♦♥ ❝♦♥st❛♥t❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❝❛❞❛ ❜♦❧❛✮✳ ❆❞❡♠ás✱ ❡♥ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ♥✉❡str♦s ♣❡s♦s
♣✉❡❞❛♥ ❤❡r❡❞❛r t❛❧ ❞✉♣❧✐❝❛❝✐ó♥ ♣♦s✐❜✐❧✐t❛ q✉❡ ♥♦ ❤❛②❛ ♥❡❝❡s✐❞❛❞ ❞❡ ♣❡❞✐r❧❡ ❡st❛ ♣r♦♣✐❡❞❛❞
❛❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② ❛♣❧✐❝❛r ❧❛s r❡s✉❧t❛❞♦s ❡♥ ❬▼❙✽✵❪ ♣❛r❛ tr❛❜❛❥❛r s♦❜r❡ ❡s♣❛❝✐♦s ❞❡ t✐♣♦
❤♦♠♦❣é♥❡♦ q✉❡ s✐ t❡♥❣❛♥ ❡st❛ ♣r♦♣✐❡❞❛❞ ② ❛sí✱ ❧✉❡❣♦✱ ❧❧❡✈❛r ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥
❡st❡ ❡♥t♦r♥♦ ♠étr✐❝♦ ❛ ♥✉❡str♦ ❡♥t♦r♥♦ ♦r✐❣✐♥❛❧✳ ▼❡♥❝✐♦♥❛♠♦s t❛♠❜✐é♥ q✉❡✱ ❛sí ❝♦♠♦ ❡♥
❬❍❙❱✶✾❪✱ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❧❛ té❝♥✐❝❛ ❞❡ ✐♥❞✉❝✐r ❡♥ ❧❛s ❜♦❧❛s ❧♦❝❛❧❡s ✉♥ ❡s♣❛❝✐♦ ❞❡
t✐♣♦ ❤♦♠♦❣é♥❡♦✱ ♥♦s ♣❡r♠✐t❡ ✈❡r ❛ ♥✉❡str♦s ♣❡s♦s ❝♦♠♦ ♣❡s♦s q✉❡ s❛t✐s❢❛❝❡♥ ❝♦♥❞✐❝✐♦♥❡s
❞❡ ▼✉❝❦❡♥❤♦✉♣t s♦❜r❡ ❝❛❞❛ ❜♦❧❛✱ ❧♦ ❝✉❛❧✱ ❥✉♥t♦ ❝♦♥ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❝✉❜r✐♠✐❡♥t♦s t✐♣♦
❲❤✐t♥❡② ❝♦♥ ❜♦❧❛s ❧♦❝❛❧❡s ♣❛r❛ ❡❧ ❛❜✐❡rt♦ Ω ❝♦♥s✐❞❡r❛❞♦✱ ♠✉❡str❛ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❞❡s✲
❝♦♠♣♦♥❡r ❛ Ω ❡♥ ♣❡q✉❡ñ♦s ❡s♣❛❝✐♦s ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦✱ ❡st✉❞✐❛r ❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❝✉❡st✐ó♥
❛❧❧í✱ ② ❧✉❡❣♦ ❡♥s❛♠❜❧❛r ❡❧ ❡s♣❛❝✐♦ ♣❛r❛ ♦❜t❡♥❡r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❜✉s❝❛❞❛s ❡♥ ❡❧ ❝♦♥❥✉♥t♦
t♦t❛❧✳ ❊st♦ ❛ ✈❡❝❡s ❡s út✐❧ ❝✉❛♥❞♦ ②❛ s❡ ❝♦♥♦❝❡♥ r❡s✉❧t❛❞♦s ② ♣r♦♣✐❡❞❛❞❡s ❜✉s❝❛❞❛s s♦❜r❡
❡s♣❛❝✐♦s ❞❡ t✐♣♦ ❤♦♠♦❣é♥❡♦ ❛❝♦t❛❞♦s✳ P♦r ♦tr❛ ♣❛rt❡✱ ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ ✉♥❛ ❝❧❛s❡ Bp ❧♦❝❛❧
♥♦s ❤❛ ♣❡r♠✐t✐❞♦ ❝♦♥s❡❣✉✐r ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ♣❛r❛ ♣❡s♦s ❡♥ Aβ∞ ∩ Bβ1 ♣♦r ♠❡❞✐♦ ❞❡
❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ L∞

w (Ω) ❡♥ BMOβ
w ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❘✐❡s③ β✲❧♦❝❛❧❡s✳ ❊♥ r❡❧❛❝✐ó♥

❛ ❡st❛s ❝❧❛s❡s✱ ❡s ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡ ✈❡rs✐♦♥❡s ♥♦✲❧♦❝❛❧❡s ✭❡♥ Rn✮
s❡ ❞❡✜♥❡♥ ♠❡❞✐❛♥t❡ ✐♥t❡❣r❛❝✐ó♥ s♦❜r❡ ❧♦s ❝♦♠♣❧❡♠❡♥t♦s ❞❡ ❜♦❧❛s ❝♦♥ r❡s♣❡❝t♦ ❛ t♦❞♦ ❡❧
❡s♣❛❝✐♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❝♦♥tr❛♣♦s✐❝✐ó♥ ❛ ❡st♦✱ ❡♥ ♥✉❡str❛s ❝❧❛s❡s β✲❧♦❝❛❧❡s ❡s s✉✜❝✐❡♥t❡
t♦♠❛r ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❝❛❞❛ ❜♦❧❛ β✲❧♦❝❛❧ B ❝♦♥ r❡s♣❡❝t♦ ❛ ❛❧❣ú♥ ❝♦♥❥✉♥t♦ q✉❡ s❡ ♣✉❡✲
❞❡ ❝♦♥s✐❞❡r❛r ❝♦♠♦ ✉♥ ✏❡♥❣♦r❞❛❞♦✑ ❞❡ ❧❛ ♠✐s♠❛✱ ❛ s❛❜❡r✱ Eβ(B)✱ Sβ(B) ♦ Nβ(B)✳ ❊st♦s
❝♦♥❥✉♥t♦s r❡s✉❧t❛♥ s❡r s✉st✐t✉t♦s ❞❡ ❧❛s ❞✐❧❛t❛❝✐♦♥❡s ❞❡ ❜♦❧❛s β✲❧♦❝❛❧❡s ✏❣r❛♥❞❡s✑ ✭❜♦❧❛s
❡♥ Fβ −Fβ/N ✱ ♣❛r❛ ❛❧❣ú♥ N > 1 ✜❥♦✮✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥t❡❣r❛❧❡s s♦❜r❡ ❧♦s ❝♦♠♣❧❡♠❡♥t♦s
❝♦♥ r❡s♣❡❝t♦ ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s t✐♣♦s ❞❡ ❝♦♥❥✉♥t♦s ❣❡♥❡r❛♥ ❝❧❛s❡s ❞❡ ♣❡s♦s Bp ❧♦❝❛❧❡s
❡q✉✐✈❛❧❡♥t❡s ② ♥♦s ♣❡r♠✐t❡♥ ❝♦♥s✐❞❡r❛r s♦❧♦ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❞✐❝❤♦s ♣❡s♦s ❧♦❝❛❧♠❡♥t❡✱
s✐♥ ✐♠♣♦rt❛r♥♦s s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝❡r❝❛ ❞❡ ❧❛ ❢r♦♥t❡r❛ ❞❡❧ ❛❜✐❡rt♦ Ω✳



✶✻✷ ❊st✐♠❛❝✐♦♥❡s ❛ ♣r✐♦r✐ ❡♥ ❡s♣❛❝✐♦s BMOβ
w

❈❛♣ít✉❧♦ ✸✳ ❆♣❧✐❝❛♥❞♦ ❧❛s té❝♥✐❝❛s ✉s❛❞❛s ❡♥ ❬❋❋❘❱✷✵❪✱ ♦❜t✉✈✐♠♦s ❧❛ ❛❝♦t❛❝✐ó♥ s♦❜r❡
BMOβ

w ❞❡ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s β✲❧♦❝❛❧❡s✱ ❝✉②♦ ♥ú❝❧❡♦ t✐❡♥❡ ✐♥t❡❣r❛❧ ♥✉❧❛ s♦❜r❡ ❛♥✐❧❧♦s✱ ❝♦♥
✉♥❛ ❝♦♥❞✐❝✐ó♥ s♦❜r❡ ❡❧ ♣❡s♦ w q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ Aβ∞∩Bβδ ✭♣♦r ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❝❛♣ít✉❧♦
❛♥t❡r✐♦r✮✱ ❞♦♥❞❡ δ ❡s ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ r❡❣✉❧❛r✐❞❛❞ ❞❡ ❧❛ ✐♥t❡❣r❛❧ s✐♥❣✉❧❛r ❝♦♥s✐❞❡r❛❞❛✱ ② ♠ás
❞é❜✐❧ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ Aβp ✱ ♣❛r❛ 1 ≤ p < 1+ δ/n✳ ❚❛♠❜✐é♥ ♦❜t❡♥❡♠♦s ❧❛ ♠✐s♠❛ ❛❝♦t❛❝✐ó♥
♣❛r❛ s✉s ❝♦♥♠✉t❛❞♦r❡s ❝♦♥ ✉♥ ♠✉❧t✐♣❧✐❝❛❞♦r ♣❡rt❡♥❡❝✐❡♥t❡ ❛ ✉♥❛ ✈❡rs✐ó♥ ❧♦❝❛❧ ❛❞❡❝✉❛❞❛
❞❡ ❧♦s ❡s♣❛❝✐♦s LMO ❝♦♥s✐❞❡r❛❞♦s ❡♥ ❬❙❙✵✻❪✳ ❆q✉í ❤❡♠♦s ♣❡❞✐❞♦ q✉❡ ❡❧ ♣❡s♦ ❡sté ❡♥ ❧❛
❝❧❛s❡ Aβ1 ②❛ q✉❡ ❡st❛ ❝♦♥❞✐❝✐ó♥ ♣❛r❡❝❡ s❡r ♥❡❝❡s❛r✐❛ ♣❛r❛ q✉❡ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥
LMOβ(Ω)∩L∞(Ω) ❝♦♥ ❢✉♥❝✐♦♥❡s ❡♥ BMOβ

w ❡sté ❡♥ BMOβ
w✳ ❙✐❣✉✐❡♥❞♦ ❧♦s ♠✐s♠♦s ♣❛s♦s

q✉❡ ❡♥ ❬❈❋▲✾✶❪ ❧❧❡❣❛♠♦s ❛ ❧❛s ❛❝♦t❛❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♣❛r❛ ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s ❝♦♥
♥ú❝❧❡♦ ✈❛r✐❛❜❧❡ ② s✉s ❝♦♥♠✉t❛❞♦r❡s✳ ❚❛♠❜✐é♥ ❤❡♠♦s ♦❜t❡♥✐❞♦ ❛♣r♦①✐♠❛❝✐ó♥ ♣♦r ❢✉♥❝✐♦♥❡s
s✉❛✈❡s✱ ♣❛r❛ ❢✉♥❝✐♦♥❡s ❡♥ LMOβ

0 ✱ ❡♥ ❝✐❡rt❛s ♥♦r♠❛s ❞❡ t✐♣♦ LMOβ ✐♥t❡r✐♦r❡s✳ ❆q✉í s❡ ❤❛
✉s❛❞♦ ❡❧ ❝❧ás✐❝♦ ❛r❣✉♠❡♥t♦ ❞❡ ❝♦♥✈♦❧✉❝✐ó♥ ♣❛r❛ ❝♦♥str✉✐r t❛❧❡s ❢✉♥❝✐♦♥❡s s✉❛✈❡s✱ ❡❧ ❝✉❛❧ s❡
✉s❛ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❧♦❝❛❧ ❝✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ❞♦♠✐♥✐♦s ✐♥t❡r✐♦r❡s ❡♥ ❡❧ ❞♦♠✐♥✐♦ t♦t❛❧ Ω✳
❚♦❞♦s ❡st♦s r❡s✉❧t❛❞♦s ❧♦s ❛♣❧✐❝❛♠♦s ♣❛r❛ ♦❜t❡♥❡r ❡st✐♠❛❝✐♦♥❡s ❛♣r✐♦r✐ ❡♥ ♥♦r♠❛s BMOβ

w

✐♥t❡r✐♦r❡s ♣❛r❛ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❡❧í♣t✐❝❛s ❡♥ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥
❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ LMOβ(Ω)∩L∞(Ω)✱ s✐❡♥❞♦ ❡st❡ t✐♣♦ ❞❡ ❡st✐♠❛❝✐ó♥ ✉♥❛ ✈❡rs✐ó♥ ♣❡s❛❞❛
t❛♥t♦ ❞✉❛❧ ❝♦♠♦ ❧♦❝❛❧ ❞❡ ❧❛ ♦❜t❡♥✐❞❛ ❡♥ ❬❙❙✵✻❪ s✐♥ ♣❡s♦s✳ ❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ♥♦t❛♠♦s q✉❡
❧❛s ✐♥t❡❣r❛❧❡s s✐♥❣✉❧❛r❡s✱ q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❬❙❙✵✻❪✱
s♦♥ ❡♥ ❡s❡♥❝✐❛ ❞❡❧ t✐♣♦ β✲❧♦❝❛❧ ❝✉❛♥❞♦ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥
s♦♣♦rt❡ ❡♥ ✉♥❛ ❜♦❧❛ β✲❧♦❝❛❧✱ ❝♦♥s✐❞❡r❛❞❛s ❛❧ ❞❡♠♦str❛r t❛❧❡s ❡st✐♠❛❝✐♦♥❡s ❛♣r✐♦r✐ ♣❛r❛
❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✱ s❡ ❡✈❛❧ú❛♥ s♦❧♦ ❡♥ ♣✉♥t♦s ❞❡ ❧❛ ❜♦❧❛✳ P♦r ú❧t✐♠♦✱ ❧♦❣r❛♠♦s
t❛♠❜✐é♥ ❡st✐♠❛r ❧❛s ♥♦r♠❛s ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥ q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❞✐❝❤❛s
❡st✐♠❛❝✐♦♥❡s✱ ❝♦♥ ❧♦ q✉❡ ❝♦♥s❡❣✉✐♠♦s q✉❡ ❡♥ ♥✉❡str❛ ❡st✐♠❛❝✐ó♥ ✜♥❛❧ s♦❧♦ ❛♣❛r❡③❝❛♥
❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✱ ♠❡❥♦r❛♥❞♦ ❛sí ❧♦ ❤❡❝❤♦ ❡♥ ❬❙❙✵✻❪✳ ◆♦t❛♠♦s ❛❞❡♠ás q✉❡
❧❛s ♥♦r♠❛s BMOβ

w/ρk
✱ ❝♦♥ k ∈ N ② ρ ❧❛ ❢✉♥❝✐ó♥ ❞✐st❛♥❝✐❛ ❛❧ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ Ω✱ s♦♥

❡q✉✐✈❛❧❡♥t❡s ❛ ✉♥ ❝✐❡rt♦ t✐♣♦ ❞❡ ♥♦r♠❛ BMOw ❞♦♥❞❡ ❧❛s ✐♥t❡❣r❛❧❡s ❞❡ ❧❛s ♦s❝✐❧❛❝✐♦♥❡s ② ❧♦s
♣r♦♠❡❞✐♦s s♦♥ ✏♠♦❞✉❧❛❞❛s✑ ♣♦r ❧❛ ❢✉♥❝✐ó♥ ρk✱ ❧❧❡❣❛♥❞♦ ❛sí ❛ ♦❜t❡♥❡r ♥✉❡str❛s ❡st✐♠❛❝✐♦♥❡s
❛♣r✐♦r✐ ✐♥t❡r✐♦r❡s ❡♥ ❡st❡ t✐♣♦ ❞❡ ♥♦r♠❛✳

❚r❛❜❛❥♦s ♣❡♥❞✐❡♥t❡s✳ ❊♥ ❬❙❛✇✽✸❪ ② ❬❨❛❜✾✵❪ s❡ ❤❛ ❝♦♥s✐❞❡r❛❞♦ ✉♥❛ ❝❧❛s❡ ❞❡ ♣❡s♦s
♠ás ❞é❜✐❧ q✉❡ ❧❛ ❝❧❛s❡ A∞ ❞❡ ▼✉❝❦❡♥❤♦✉♣t✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡♥ ❬❨❛❜✾✵❪ s❡ ✈é q✉❡ ❡st❛ ❝❧❛s❡
❡s ❝❛s✐ ♥❡❝❡s❛r✐❛ ♣❛r❛ ❧❛ ✈❛❧✐❞❡③ ❞❡ ✉♥❛ ❡st✐♠❛❝✐ó♥ t✐♣♦ ❋❡✛❡r♠❛♥✲❙t❡✐♥✱ ❧❛ ❝✉❛❧ ✐♥✈♦❧✉❝r❛
♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s✳ ❈♦♠♦ tr❛❜❛❥♦ ❛ ❢✉t✉r♦ ♥♦s ♣r♦♣♦♥❡♠♦s ❛ ❡st✉❞✐❛r ✉♥❛ ♣♦s✐❜❧❡
✈❡rs✐ó♥ β✲❧♦❝❛❧ ❞❡ ❡st❛ ❝❧❛s❡ ❞❡ ♣❡s♦s ② s✉ r❡❧❛❝✐ó♥ ❝♦♥ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ t✐♣♦ ❋❡✛❡r♠❛♥✲
❙t❡✐♥ q✉❡ ✐♥✈♦❧✉❝r❡ ❧❛s ✈❡rs✐♦♥❡s β✲❧♦❝❛❧❡s ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ❝♦♥s✐❞❡r❛❞♦s ❡♥
❬❨❛❜✾✵❪✳ ❖tr♦ t❡♠❛ ❞❡ ♥✉❡str♦ ✐♥t❡rés ❡s ❡❧ ❝❧ás✐❝♦ r❡s✉❧t❛❞♦ ❞❡ ❞✉❛❧✐❞❛❞ ❡♥tr❡ ❧♦s ❡s♣❛❝✐♦s
BMO ② ❧♦s ❡s♣❛❝✐♦sH1 ❞❡ ❍❛r❞②✳ ❈♦♠♦ ♦tr♦ ♣♦s✐❜❧❡ tr❛❜❛❥♦ ❛ ❢✉t✉r♦ ❡st❛♠♦s ✐♥t❡r❡s❛❞♦s
❡♥ ❡st✉❞✐❛r ✈❡rs✐♦♥❡s ❝♦♥ ♣❡s♦s β✲❧♦❝❛❧❡s ❞❡ ❡st♦s ❡s♣❛❝✐♦s ❞❡ ❍❛r❞②✱ ❞❡✜♥✐r ❧♦s át♦♠♦s
❝♦rr❡s♣♦♥❞✐❡♥t❡s✱ ❞❡t❡r♠✐♥❛r s✉ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❛tó♠✐❝❛ ② ♣r♦❜❛r q✉❡ ♥✉❡str♦s ❡s♣❛❝✐♦s
BMO r❡❧❛❝✐♦♥❛❞♦s ❛ ✉♥ ♣❡s♦ β✲❧♦❝❛❧ s♦♥ ❡❢❡❝t✐✈❛♠❡♥t❡ ❧♦s ❞✉❛❧❡s ❞❡ ❡st♦s ❡s♣❛❝✐♦s✳
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❬❆❇■✵✺❪ ❍✉❣♦ ❆✐♠❛r✱ ❆♥❛ ❇❡r♥❛r❞✐s✱ ❛♥❞ ❇✐❜✐❛♥❛ ■❛✛❡✐✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ❍❛r❞②✕
▲✐tt❧❡✇♦♦❞ ❛♥❞ ❞②❛❞✐❝ ♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥s ♦♥ s♣❛❝❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s t②♣❡✳
❏♦✉r♥❛❧ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ✸✶✷✭✶✮✿✶✵✺✕✶✷✵✱ ✷✵✵✺✳

❬❆❝q✾✷❪ P❛♦❧♦ ❆❝q✉✐st❛♣❛❝❡✳ ❖♥ BMO r❡❣✉❧❛r✐t② ❢♦r ❧✐♥❡❛r ❡❧❧✐♣t✐❝ s②st❡♠s✳ ❆♥♥❛❧✐ ❞✐
▼❛t❡♠❛t✐❝❛ P✉r❛ ❡❞ ❆♣♣❧✐❝❛t❛ ✭✶✾✷✸✲✮✱ ✶✻✶✭✶✮✿✷✸✶✕✷✻✾✱ ✶✾✾✷✳

❬❆❞❛✼✺❪ ❘♦❜❡rt ❆ ❆❞❛♠s✳ ❙♦❜♦❧❡✈ s♣❛❝❡s✱ ✈♦❧✉♠❡ ✻✺ ♦❢✳ P✉r❡ ❛♥❞ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s✱
✶✾✼✺✳

❬❆✐♠✽✺❪ ❍✉❣♦ ❆✐♠❛r✳ ❙✐♥❣✉❧❛r ✐♥t❡❣r❛❧s ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ✐❞❡♥t✐t✐❡s ♦♥ s♣❛❝❡s ♦❢ ❤♦♠♦✲
❣❡♥❡♦✉s t②♣❡✳ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✷✾✷✭✶✮✿✶✸✺✕
✶✺✸✱ ✶✾✽✺✳

❬❆▼✽✹❪ ❍✉❣♦ ❆✐♠❛r ❛♥❞ ❘♦❜❡rt♦ ❆ ▼❛❝í❛s✳ ❲❡✐❣❤t❡❞ ♥♦r♠ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ❤❛r❞②✲
❧✐tt❧❡✇♦♦❞ ♠❛①✐♠❛❧ ♦♣❡r❛t♦r ♦♥ s♣❛❝❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s t②♣❡✳ Pr♦❝❡❡❞✐♥❣s ♦❢
t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✾✶✭✷✮✿✷✶✸✕✷✶✻✱ ✶✾✽✹✳

❬❆▼✶✺❪ ❘②❛♥ ❆❧✈❛r❛❞♦ ❛♥❞ ▼❛r✐✉s ▼✐tr❡❛✳ ❍❛r❞② s♣❛❝❡s ♦♥ ❛❤❧❢♦rs✲r❡❣✉❧❛r q✉❛s✐
♠❡tr✐❝ s♣❛❝❡s✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✷✶✹✷✱ ✷✵✶✺✳

❬❇❈❈✾✸❪ ▼❛r❝♦ ❇r❛♠❛♥t✐ ❛♥❞ ▼ ❈r✐st✐♥❛ ❈❡r✉tt✐✳ W 1,2
p s♦❧✈❛❜✐❧✐t② ❢♦r t❤❡ ❝❛✉❝❤②✲

❞✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ ✈♠♦ ❝♦❡✣❝✐❡♥ts✳ ❈♦♠♠✉♥✐❝❛✲
t✐♦♥s ✐♥ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✶✽✭✾✲✶✵✮✿✶✼✸✺✕✶✼✻✸✱ ✶✾✾✸✳

❬❇❋✶✸❪ ▼❛r❝♦ ❇r❛♠❛♥t✐ ❛♥❞ ▼❛r✐❛ ❙t❡❧❧❛ ❋❛♥❝✐✉❧❧♦✳ BMO ❡st✐♠❛t❡s ❢♦r ♥♦♥✈❛r✐❛t✐♦✲
♥❛❧ ♦♣❡r❛t♦rs ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥ts str✉❝t✉r❡❞ ♦♥ ❍ör♠❛♥❞❡r✬s ✈❡❝t♦r
✜❡❧❞s ♦♥ ❈❛r♥♦t ❣r♦✉♣s✳ ❆❞✈✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✶✽✭✾✴✶✵✮✿✾✺✺✕✶✵✵✹✱ ✷✵✶✸✳

❬❈❉✶✽❪ ▼❛r✐❛ ❊✉❣❡♥✐❛ ❈❡❥❛s ❛♥❞ ❘✐❝❛r❞♦ ❉✉r❛♥✳ ❲❡✐❣❤t❡❞ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r
❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s✳ ❙t✉❞✐❛ ▼❛t❤❡♠❛t✐❝❛✱ ✷✹✸✿✶✸✕✷✹✱ ✷✵✶✽✳

❬❈❋✼✹❪ ❘♦♥❛❧❞ ❈♦✐❢♠❛♥ ❛♥❞ ❈❤❛r❧❡s ❋❡✛❡r♠❛♥✳ ❲❡✐❣❤t❡❞ ♥♦r♠ ✐♥❡q✉❛❧✐t✐❡s ❢♦r ♠❛✲
①✐♠❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s✳ ❙t✉❞✐❛ ▼❛t❤❡♠❛t✐❝❛✱ ✺✶✿✷✹✶✕✷✺✵✱ ✶✾✼✹✳

❬❈❋▲✾✶❪ ❋✐❧✐♣♣♦ ❈❤✐❛r❡♥③❛✱ ▼✐❝❤❡❧❡ ❋r❛s❝❛✱ ❛♥❞ P❧❛❝✐❞♦ ▲♦♥❣♦✳ ■♥t❡r✐♦rW 2,p ❡st✐♠❛t❡s
❢♦r ♥♦♥❞✐✈❡r❣❡♥❝❡ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥ts✳ ❘✐❝❡r❝❤❡
▼❛t✳✱ ✹✵✭✶✮✿✶✹✾✕✶✻✽✱ ✶✾✾✶✳
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❬❈❤r✾✵❪ ▼✐❝❤❛❡❧ ❈❤r✐st✳ ❆ T (b) t❤❡♦r❡♠ ✇✐t❤ r❡♠❛r❦s ♦♥ ❛♥❛❧②t✐❝ ❝❛♣❛❝✐t② ❛♥❞ t❤❡
❈❛✉❝❤② ✐♥t❡❣r❛❧✳ ■♥ ❈♦❧❧♦q✉✐✉♠ ▼❛t❤❡♠❛t✐❝✉♠✱ ✈♦❧✉♠❡ ✷✱ ♣❛❣❡s ✻✵✶✕✻✷✽✱
✶✾✾✵✳

❬❈❘❲✼✻❪ ❘♦♥❛❧❞ ❘ ❈♦✐❢♠❛♥✱ ❘✐❝❤❛r❞ ❘♦❝❤❜❡r❣✱ ❛♥❞ ●✉✐❞♦ ❲❡✐ss✳ ❋❛❝t♦r✐③❛t✐♦♥ t❤❡♦✲
r❡♠s ❢♦r ❤❛r❞② s♣❛❝❡s ✐♥ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✳ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✵✸✭✸✮✿✻✶✶✕
✻✸✺✱ ✶✾✼✻✳
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